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Abstract Let n>1 be an integer. A functor F € (mod-R, Ab) is called n-strongly FP -injective if F is
isomorphic to some functor — ® M in (mod-R, Ab) with M an FP,-injective left R-module. A functor G €
((mod-R)°P, Ab) is said to be n-strongly flat if G is isomorphic to some functor (—,N) in ((mod-R)°?, Ab)
with N an FP,-flat right R-module. Precovers and preenvelopes by n-strongly FP-injective and n-strongly
flat functors are investigated over a general ring. As applications, special rings are characterized in terms of
this two classes of functors.
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1 Introduction

Throughout this paper, R is an associative ring with identity and all modules are unitary. We denote by mod-
R the category of finitely presented right R-modules. The two functor categories (mod-R, Ab) and ((mod-
R)°P, Ab) play important roles in the study of the model theory of modules and the representation theory of
Artinian algebras (see e.g. [1-3, 5, 10, 11, 17, 20, 24, 26, 27]). In 2007, Herzog surprisingly developed a
general theory of this two functor categories over any ring R (see [18, 19]).

Precovers and preenvelopes were introduced in the early eighties by Enochs in terms of commutative
diagrams for modules and, independently, by Auslander with the terminology minimal left and right
approximations, who stressed the functorial viewpoint. Both approaches turned out to be extremely fruitful
for general module theory as well as for representation theory. In [26], Saorin and Del Valle investigated the
covers and envelopes theory in functor categories. They show that every functor in ((mod-R)°P, Ab) has a
flat cover and a flat envelope with the unique mapping property. Simultaneously, they asserted that every
functor in (mod-R, Ab) has an FP-injective preenvelope. Mao in [21] further studied covers and envelopes
theory in some functor categories. It is showed that every functor in (mod-R, Ab) has an FP-injective cover
with the unique mapping property. In [22], Mao furthermore considered precovers and preenvelopes by
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proper subclasses of FP-injective and flat functors, which are called strongly FP-injective and strongly flat
functors, respectively. In particular, he proved if R is a left coherent ring, then the class of strongly FP-
injective functors in (mod-R, Ab) is a covering class, and R is a left coherent ring if and only if the class of
strongly flat functors in ((mod-R)°P, Ab) is a preenveloping class.

In this paper, we introduce the notions of n-strongly FP-injective functors in (mod-R, Ab) and n-strongly
flat functors in ((mod-R)°P, Ab). Different from the results in [22], precovers and preenvelopes by n-strongly
FP-injective and n-strongly flat functors are investigated over an arbitrary ring when n > 1. It is organized
as follows:

Section 2 is devoted to make preparations for the next section. We first introduce the concepts of n-
strongly FP-injective functors in (mod-R, Ab) and n-strongly flat functors in ((mod-R)°P, Ab). Some basic
properties of this two classes of functors are obtained. For example, we obtained some closure properties of
this two class of functors. Then we explore the relationship between n-strongly FP-injective functors in
(mod-R, Ab) and n-strongly flat functors in ((mod-R)°?, Ab). In Section 3, we investigate precovers and
preenvelopes by n-strongly FP-injective and n-strongly flat functors. In particular, we prove that

Theorem 1.1 (= Theorem 3.1). Let n > 1 and R be an arbitrary ring.

(1) The class of n-strongly FP-injective (resp. n-strongly flat) functors in (mod-R, Ab) (resp. ((mod-R)°P,
Ab)) is a preenveloping class.

(2) The class of n-strongly FP-injective (resp. n-strongly flat) functors in (mod-R, Ab) (resp. ((mod-R)°P,
Ab)) is a covering class.

In Section 4, we give some characterizations of left n-coherent rings and left n-regular rings in terms of this
two classes of functors as applications.

The character module Homz (M, Q/Z) of an R-module M is denoted by M. Given R-modules M and N,
we use the abbreviation (M, N) : = Homg(M,N). We denote Mod-R (resp. R-Mod) for the category of
right (resp. left) R-modules. If F and G are objects of (mod-R, Ab) or ((mod-R)°P, Ab), then the set of
morphisms [F, G] consists of the natural transformations from F to G.

We next recall some known notions needed in the sequel.

A sequence of functors F L£65Hin (C, Ab) with C a skeletally small additive category is called exact if

for every A € C, the corresponding sequence of abelian groups F (A)ﬁG(A)gH (A) is exact.

A functor X of (C, Ab) with C a skeletally small additive category is called finitely presented if [X, —]
commutes with direct limits, equivalently, there is an exact sequence (A,—) — (B, —) — X — 0 with A and
B in C.

An exact sequence 0 —» X — Y — Z — 0 in (C, Ab) with C a skeletally small additive category is called
pure [10] if it induces an exact sequence of abelian groups 0 — [P,X]| — [P,Y] — [P,Z] — O for every
finitely presented functor P of (C, Ab).

A functor F of (C, Ab) with C a skeletally small additive category is said to be FP-injective if

Ext! [X, F] = 0 for every finitely presented functor X € (C, Ab). By [20, Lemma 1.3], A functor F of (mod-
R, Ab) is FP-injective if and only if F is isomorphic to — ® M of (mod-R, Ab) for some left R-module M.
For unexplained concepts, we refer the reader to [14-16, 20, 25, 28, 29].

2 n-strongly FP-injective and n-strongly flat functor

Let n >0 be an integer, a module M is said to be finitely n -presented, if there is an exact sequence

Fn_)anl"'_’FIHFOHMH()?

where the modules F; are finitely generated and free, for every 0 <i <n. The idea of finitely n-presented can
be found in the literature, in particular in [4], and in [6].

D. Bravo [7] introduced the notions of FP,-injective and FP,-flat modules. A module M is called FP , -
injective if Ext'(P,M) = 0 for any finitely n-presented module P. A module M is said to FP ,-flat if
Tor®(F,M) = 0 for all finitely n-presented modules F. Actually, the two classes of modules are called
(n, 0)-injective and (n, 0)-flat modules, respectively in [30].

In this section, we firstly give the notions of n-strongly FP-injective and n-strongly flat functors.
Secondly, we investigate and study the basic homological properties of this two classes of functors.
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Definition 2.1 Given a ring R, a functor F € (mod-R, Ab) is called n-strongly FP-injective if F is
isomorphic to some functor — ® M in (mod-R, Ab) with M an FP,-injective left R-module.

Recall that a functor of ((mod-R)°P, Ab) is flat if it is isomorphic to a direct limit of finitely generated
projective functors, or equivalently, it is isomorphic to (—,M) for some right R-module M by [10,
Theorem 1.4].

In [11], Crivei called a flat functor (—,Z) of ((mod-R)°?, Ab) strongly flat if for every morphism
g :(—,Y)— (—,2) in ((mod-R)°?, Ab) and every finitely presented object P of ((mod-R)°P, Ab), the
induced abelian group homomorphism [P, (—,Y)] — [P, (—,Z)] is an epimorphism.

By [11, Theorem 3], the equivalence induced by the Yoneda functor H : R-Mod — ((mod-R)°?, Ab)
between R-Mod and the full subcategory of flat objects of ((mod-R)°P, Ab) restricts to equivalences between
the full subcategories flat objects of R-Mod and strongly flat objects of ((mod-R)°P, Ab), that is, a functor F
of ((mod-R)°P, Ab) is strongly flat if and only if F is isomorphic to some functor (—, M) in ((mod-R)°?, Ab)
with M a flat right R-module.

Definition 2.2 Given a ring R, a functor F € ((mod-R)”, Ab) is called n-strongly flat if F is isomorphic to
some functor (—, M) in ((mod-R)°", Ab) with M an FP,-flat right R-module.

Remark 2.3 Let R be a ring. Then we have

(1) A functor in (mod-R, Ab) is 1-strongly FP-injective if and only if it is strongly FP-injective in [22].
For any positive integers n, any n-strongly FP-injective functor in (mod-R, Ab) is clearly (n+ 1)-
strongly FP-injective, but the converse may not be true by [7, Example 1.3]. Any n-strongly FP-
injective functor in (mod-R, Ab) is FP-injective.

(2) A functor in ((mod-R)®, Ab) is 1-strongly flat if and only if it is strongly flat. For any positive integers
n>1, any n-strongly flat functor in ((mod-R), Ab) is clearly (n + 1)-strongly flat, but the converse
may not be true by [7, Example 1.3]. Any n-strongly flat functor in ((mod-R)", Ab) is clearly flat.

(3) For the case n = 1 has been investigated by Mao in [22], we only focus on the cases n > 1 in the rest
of this article.

Let F be an additive functor from an additive category C to Ab. We denote by F* the character functor of F
from CP to Ab, defined by F*(M) = (F(M))" for any M € C. There is a standard morphism 6y : F — F**
defined by (0F),,(x)(t) = t(x) for any M € C, x € F(M),t € F"(M).

The following result plays a momentous role in this paper, which shows that there is a duality between n-
strongly FP-injective functors in (mod-R, Ab) and n-strongly flat functors in ((mod-R)°?, Ab).

Proposition 2.4 For any ring R, the following statements hold.

(1) A functor F in ((mod-R)°®, Ab) is n-strongly flat if and only if F is n-strongly FP-injective in (mod-R,
AD).

(2) A functor F in (mod-R, Ab) is n-strongly FP-injective if and only if F" is n-strongly flat in ((mod-R)®,
Ab).

Proof (1) “="Let F = (—,M) € ((mod-R)°", Ab) with M an FP,-flat right R-module. Then M* is an
FP,-injective left R-module and so — ® M is an n-strongly FP-injective functor in (mod-R, Ab). By [9,
Lemma 2], (—,M)" =~ — @ M* € (mod-R, Ab). Thus F* = (—, M)" is an n-strongly FP-injective functor
in (mod-R, Ab).

“ < Since F* is an FP-injective functor in (mod-R, Ab), F is a flat functor in ((mod-R)°?, Ab) by [21,
Proposition 2.9(2)]. Let F = (—,N) € ((mod-R)°®, Ab). Then F* = (—,N)" = — @ N* € (mod-R, Ab) by
[9, Lemma 2]. So N is an FP,-injective left R-module by hypothesis. Thus N is an FP,-flat right R-module
by [7, Propositon 3.5]. Hence F is an n-strongly flat functor in ((mod-R)°?, Ab).

2 “=" If F=—®M is an n-strongly FP-injective functor in (mod-R, Ab), then
(—®@M)" = (-, M*). Note that M* is an FP,-flat right R-module by [7, Propositon 3.6]. So (— ® M)"
is an n-strongly flat functor.

“ <" 1If F* is an n-strongly flat functor, then F is an FP-injective functor by [21, Proposition 2.9(1)]. Let
F=—@®N. Then (—®N)" = (—,N*). So N* is an FP,-flat right R-module and hence N is an FP,-
injective left R-module by [7, Propositon 3.6]. Therefore F is n-strongly FP-injective. O

According to Propositions 2.4, we have the following corollary and closure properties of this two classes of
functors.
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Corollary 2.5 (1) A functor F of (mod-R, Ab) is n-strongly FP-injective if and only if F*" is n-strongly
FP-injective in (mod-R, Ab).

(2) A functor F of ((mod-R)°P, Ab) is n-strongly flat if and only if F*7 is n-strongly flat in ((mod-R)°P,
Ab).

Proposition 2.6 For any ring R, the following statements hold.

(1) The class of n-strongly FP-injective functors in (mod-R, Ab) is closed under extensions, direct sums,
direct products, direct summands and direct limits.

(2) The class of n-strongly flat functors in ((mod-R)°®, Ab) is closed under extensions, direct sums, direct
products, direct summands and direct limits.

Proof (1) Let 0 - —®@M — G — — ® L — 0 be an exact sequence in (mod-R, Ab) with — ® M and
— ® L n-strongly FP-injective. Then G is FP-injective by [21, Proposition 2.3(1)]. Let G = — ® N. Then we
get the exact sequence 0 — M — N — L — 0 of left R-modules. So N is FP,-injective since M and L are
FP,-injective by [7, Proposition 3.10]. Hence G is an n-strongly FP-injective functor.

Let {— ® M;} be a family of n-strongly FP-injective functors in (mod-R, Ab). Then [[(— ® M;) =
—Q[[M;and [[(— ® M;) = — ® [[ M; by [28, Lemma 13.2]. By [31, Proposition 2.4], we have that [ [ M;
and [[M; are FP,-injective. So [[(— ® M;) and [[(— ® M;) are n-strongly FP-injective functors. One can
easily check that it is also closed under direct summands.

Let (— ® M;),., be any direct system in ((mod-R)°®, Ab) with each — ® M; an n-strongly FP-injective
functor. Note that lim(— ® M;) = — ® limM;. Since limM; is an FP,-injective left R-module by [7,

Proposition 3.10], then lim(— ® M;) is an n-strongly FP-injective functor.

(2) Let 0 = A — B — C — 0 be an exact sequence in ((mod-R)°®, Ab) with A and C n-strongly flat.
Then we obtain the exact sequence 0 — C* — BT — At — 0 in (mod-R, Ab). Note that A™ and C™ are n-
strongly FP-injective by Proposition 2.4. So B is n-strongly FP-injective by (1). Thus B is n-strongly flat.

Let {(—,M;)} be a family of n-strongly flat functors in ((mod-R)°P, Ab). Note that [][(—,M;) =
(=, 1IM;) and [[(—,M;) = (—,[[M;). By [31, Theorem 2.14] the remark above it, we have that [ [ M; and
[1M; are FP,-flat. So [[(—,M;) and [[(—, M;) are n-strongly flat functors. One can easily check that it is
also closed under direct summands.

Let ((—,M;)),.; be any direct system in ((mod-R)°?, Ab) with each (—,M;) an n-strongly flat functor.
Then lim(—, M;) = (—,lim M;). Since lim M; is an FP,-flat right R-module by [7, Proposition 3.11], then

lim(—, M;) is an n-strongly flat functor. O

As a consequence of Proposition 2.6, we get other closure properties of this two classes.

Corollary 2.7 For any ring R, the following statements hold.

(1) The class of n-strongly FP-injective functors in (mod-R, Ab) is closed under pure subfunctors and
pure quotients.

(2) The class of n-strongly flat functors in ((mod-R)*, Ab)is closed under pure subfunctors and pure
quotients.

Proof (1) Let 0 - F — G — H — 0 be a pure exact sequence in (mod-R, Ab) with G n-strongly FP-
injective. Then we obtain the split exact sequence 0 — H™ — G — F* — 0 in ((mod-R)°?, Ab) by [27,
Theorem 2]. Since G* is n-strongly flat by Proposition 2.4, then F™ and H™ are n-strongly flat by
Proposition 2.6(2). Thus F and H are n-strongly FP-injective.

(2) The proof is similar to (1). g

3 Precovers and preenvelopes by n-strongly FP-injective and n-strongly flat functors

Let A be any category and B a class of objects in .A. Recall from [13, 15] that a morphism ¢ : B — A in A is
a B-precover of A if B € B and, for any morphism f : B — A with B € B, there is a morphism g : B — B
such that ¢g = f. A B-precover ¢ : B — A is called a B -cover of A if every endomorphism g : B — B such
that ¢g = ¢ is an isomorphism. The class B is called a precovering class (resp. covering class) if every
object in A has a B-precover (resp. B-cover). Dually we have the definitions of B-(pre)envelopes and
(pre)enveloping classes. B-covers (B-envelopes) may not exist in general, but if they exist, they are unique
up to isomorphism.
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It is known that the class of strongly flat functors in ((mod-R)°P, Ab) is a covering class by the proof of
[11, Corollary 4] and the class of strongly FP-injective functor in (mod-R, Ab) is a preenveloping class by
[22, Proposition 3.1]. Furthermore, if R is a left coherent ring, then the class of strongly FP-injective
functors in (mod-R, Ab) is a covering class, and R is a left coherent ring if and only if the class of strongly
flat functors in ((mod-R)°P, Ab) is a preenveloping class by [22, Proposition 3.1]. Here we have

Theorem 3.1 Let R be an arbitrary ring.

(1) The class of n-strongly FP-injective (resp. n-strongly flat) functors in (mod-R, Ab) (resp. ((mod-R)”
Ab)) is a preenveloping class.

(3) The class of n-strongly FP-injective (resp. n-strongly flat) functors in (mod-R, Ab) (resp. ((mod-R)®”
Ab)) is a covering class.

Proof (1) Since the class of n-strongly FP-injective (resp. n-strongly flat) functors in (mod-R, Ab) (resp.
((mod-R)°P, Ab)) is closed under direct products and pure subfunctors by Proposition 2.6 and Corollary 2.7,
it is a preenveloping class by [12, Theorem 4.1].

(2) Since the class of n-strongly FP-injective (resp. n-strongly flat) functors in (mod-R, Ab) (resp. ((mod-
R)°P, Ab)) is closed under direct limits and pure quotients by Proposition 2.6 and Corollary 2.7, it is a
covering class by [12, Theorem 2.4]. ]

The following result gives the relation between the FP-injective precover (resp. preenvelope) in R-Mod and
n-strongly FP-injective precover (resp. preenvelope) in (mod-R, Ab).

Proposition 3.2 Let ALB be a homomorphism of left R-modules . Then

(1) Alp is an FP-injective precover (resp. cover) of B in R-Mod if and only if — ® A ®B is an n-
strongly FP-injective precover (resp. cover) of — ® B in (mod-R, Ab).

(2) A-=B is an FP-injective preenvelope (resp. envelope) of A in R-Mod if and only if — ® A - & _ ®B is
an n-strongly FP-injective preenvelope (resp. envelope) of — ® A in (mod-R, Ab).

Proof 1t follows from [22, Theorem 3.2] by letting H : R-Mod — (mod-R, Ab) be the covariant functor
given by H(M) = — ® M and C = the class of all FP,-injective left R-modules. O

The following result gives the relation between the flat precover (resp. preenvelope) in Mod-R and n-
strongly flat precover (resp. preenvelope) in ((mod-R)°P, Ab).

Proposition 3.3 Let ALB be a homomorphism of right R-modules . Then

(1) ALB is a flat precover (resp. cover) of B in Mod-R if and only if (—, A)(j)(—, B) is an n-strongly flat
precover (resp. cover) of (—,B) in ((mod-R)", Ab). )

(2) A—B is a flat preenvelope (resp envelope) of A in Mod-R if and only if (—,A) = (—,B) is an n-
strongly flat preenvelope (resp. envelope) of (—,A) in ((mod-R)*", Ab).

Proof 1t follows from [22, Theorem 3.2] by letting H: Mod-R — ((mod-R)°P, Ab) be the covariant functor
given by M — (—, M) and C = the class of all FP,-flat right R-modules. O

Finally, we point out that there exists some kind of duality between n-strongly FP-injective (resp. n-strongly
flat) preenvelopes and n-strongly flat (resp. n-strongly FP-injective) precovers of functors.

For a covariant additive functor F from an additive category C to Ab and a contravariant additive functor
G from C to Ab, there is a natural isomorphism trg : [F,G"] — [G,F] defined by 15 g(w),,(x)(y) =
oy (y)(x) for any w € [F,G"],M € C,x € G(M) and y € F(M).

Proposition 3.4 Let R be a ring. Then we have

(1) If f:A— B is an n-strongly FP-injective preenvelope of a functor A in (mod-R, Ab), then f* :
B" — AT is an n-strongly flat precover of A* in ((mod-R)**, Ab).

(2) If g: C — Dis an n-strongly flat preenvelope of a functor C in ((mod-R)®, Ab), then g* : D* — C*
is an n-strongly FP-injective precover of C* in (mod-R, Ab).

Proof (1)Iff:A — Bis an n-strongly FP-injective preenvelope of a functor A in (mod-R, Ab), then B* is
n-strongly flat in ((mod-R)°P, Ab) by Proposition 2.4. For any n-strongly flat functor F in ((mod-R)°P, Ab),
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FT* is an n-strongly FP-injective functor in (mod-R, Ab) by Proposition 2.4. So f* : [B,F*] — [A,F] is an
epimorphism. Consider the following commutative diagram:

f*
>

(B, F] [A, ']

TB,F TA,F

Lo U
*
[F,BT] > [F,AT].
Since 14 F and 15 F are isomorphisms, (f*), : [F,B"| — [F,A"] is an epimorphism. So f* : BY — A is an
n-strongly flat precover of A* in ((mod-R)°?, Ab).

(2) If g : C — D is an n-strongly flat preenvelope of a functor C in ((mod-R)°P, Ab), then D" is an n-
strongly FP-injective functor in (mod-R, Ab) by Proposition 2.4. For any n-strongly FP-injective functor G
in (mod-R, Ab), G* is n-strongly flat by Proposition 2.4. Thus g* : [D,G"] — [C,G™] is an epimorphism.
Consider the following commutative diagram:

(gt

G0 Y 6o

TG,D TG, C
\ \4

D,¢* - (.G,

Since 16,¢ and 16 p are isomorphisms, (¢7), : [G,D*] — [G,C"] is an epimorphism. So g* : D" — C*
is an n-strongly FP-injective precover of C* in (mod-R, Ab). O

4 Applications

In [8], Costa introduced n-coherent ring and (n, d)-ring which may serve to shed further light on the
structures of non-Noetherian rings. Recall that a ring R is called right n-coherent in case every n-presented
right R-module is (n + 1)-presented. For a commutative ring R, Costa called R an (n, d)-ring, if every n-
presented R-module has projective dimension at most d. An (n, 0)-ring is called an n -von Neumann regular
ring in paper [23]. In the following, we characterize left n-coherent rings and left n-regular rings in terms of
n-strongly FP-injective and n-strongly flat functors as applications.

Proposition 4.1 Let R be a ring. Then the following statements are equivalent.

(1) R is a left n-coherent ring.

(2) every (n+ 1)-strongly FP-injective functor in (mod-R, Ab) is n-strongly FP-injective functor.

(3) every m-strongly FP-injective functor in (mod-R, Ab) with m>n+ 1 is n-strongly FP-injective
functor.

(4) every (n+ 1)-strongly flat functor in ((mod-R)°®, Ab) is n-strongly flat functor.

(5) every m-strongly flat functor in ((mod-R)°", Ab) with m >n + 1 is n-strongly flat functor.

(6) The class of n-strongly FP-injective functors in (mod-R, Ab) is closed under cokernels of
monomorphisms.

(7) The class of n-strongly flat functors in ((mod-R), Ab) is closed under kernels of epimorphisms.

Proof (1)&(2) R is a left n-coherent ring if and only if every FP,,-injective left R-module is FP,-
injective by [7, Theorem 5.5] if and only if every (n + 1)-strongly FP-injective functor in (mod-R, Ab) is n-
strongly FP-injective.
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()&(@3) R is a left n-coherent ring if and only if every FP,-injective left R-module with m>n + 1 is
FP,-injective by [7, Theorem 5.5] if and only if every m-strongly FP-injective functor in (mod-R, Ab) is n-
strongly FP-injective.

(1)& (4) R is left n-coherent ring if and only if every FP,-flat right R-module FP,-flat by [7,
Theorem 5.6] if and only if every (n + 1)-strongly flat functor in ((mod-R)°?, Ab) is n-strongly flat.

(1)< (5) R is left n-coherent ring if and only if every FP,-flat right R-module with m >n + 1 is FP,-flat
by [7, Theorem 5.6] if and only if every m-strongly flat functor in ((mod-R)°P, Ab) is n-strongly flat.

(H=(©6)Let0 > —®K — —®M — L — 0 be a short exact sequence in (mod-R, Ab), where K and M
are FP,-injective left R-modules. We claim that L is an n-strongly FP-injective functor. Note that L is FP-
injective by [21, Proposition 2.3(1)], thus L = — ® C. Then we have a short exact sequence 0 — K —
M — C — 0 of left R-modules. By [7, Theorem 5.5], C is FP,-injective. The claim follows.

(6)= (1) Let 0 - K — M — C — be a short exact sequence of left R-modules with K, M FP,-injective,
then we have an induced exact sequence — ® K - — ® M — — ® C — 0 in (mod-R, Ab). It is clear that
— ® C is n-strongly FP-injective by hypothesis. So C is an FP,-injective left R-modules, which implies that
R is a left n-coherent ring by [7, Theorem 5.5].

(6)< (7) by Proposition 2.4. ]

We recall that a ring R is called left n-regular, if it is a left (n, 0)-ring [31].
Proposition 4.2 The following conditions are equivalent for a ring R:

(1) R is a left n-regular ring.

(2) Every FP-injective functor in (mod-R, Ab) is n-strongly FP-injective.
(3) Every injective functor in (mod-R, Ab) is n-strongly FP-injective.

(4) Every flat functor in ((mod-R)", Ab) is n-strongly flat.

(5) Every projective functor in ((mod-R), Ab) is n-strongly flat.

Proof (1) = (2) Let F € (mod-R, Ab) be an FP-injective functor. Then F = — ® M. Note that any left R-
module is FP,-injective by [31, Theorem 3.9]. So F is n-strongly FP-injective.

(2) = (3) and (4) = (5) are trivial.

(3) = (1) Let M be any right R-module. Then — ® M is an injective functor in (mod-R, Ab) and so is n-
strongly FP-injective. Thus M is FP,-injective. So M is FP,-flat. Hence R is a left n-regular ring by [31,
Theorem 3.9].

(1) = (4) Let F € ((mod-R)°?, Ab) be an flat functor. Then F = (—,N). Since N is FP,-flat by [31,
Theorem 3.9], then F = (—, N) is n-strongly flat.

(5) = (1) Let M be any finitely presented right R-module. Then (—, M) is a projective functor in (mod-R,
Ab) and so is n-strongly flat. Thus M is FP,-flat. Hence R is a left n-regular ring by [31, Theorem 3.9] again.
]

We give an example showing that the converse of (1) from Proposition 3.4 does not hold true.

Example 4.3 Let n > 2. Suppose R is a ring that every functor in (mod-R, Ab) is n-strongly FP-injective
but not a left (n — 1)-coherent ring. By Proposition 4.1, there exists a functor A in (mod-R, Ab) which is not
an (n — 1)-strongly FP-injective functor. Then the (n — 1)-strongly FP-injective preenvelope f : A — F of
A, which does exist by Theorem 3.1, cannot be an n-strongly FP-injective preenvelope, because the induced
map (f,A) : (F,A) — (A, A) is not an epimorphism. It follows that the converse of (1) from Proposition 3.4
does not hold true.

We round off this paper by the following remark.

Remark 4.4  As we known, R is a von Neumann regular ring if and only if every object of ((mod-R)*", Ab)
is flat if and only if every object of (mod-R, Ab) is FP-injective (See [5, 21]), and R is a von Neumann
regular ring if and only if every object of ((mod-R)*®, Ab) is strongly flat if and only if every object of (mod-
R, AD) is strongly FP-injective (See [22]). But the question whether R is a left n-regular ring if and only if
every object of ((mod-R), Ab) is n-strongly flat if and only if every object of (mod-R, Ab) is n-strongly FP-
injective, is open.
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