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Abstract In this paper, we consider the class of polynomials PðzÞ :¼
Pn

j¼0

cjz
j having all zeros in a closed

disk jzj � k;wherek� 1 and obtain a result that improves and generalizes the results of Govil, Jain and others
by using certain coefficients of P(z).
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1 Introduction and statement of results

For an arbitrary entire function f(z), let Mðf ; rÞ :¼ maxjzj¼rjf ðzÞj. Turán’s inequality [6] that relates the norm
of a polynomial to that of its derivative and its various versions is a classical topic in analysis. It states that,
if P(z) is a polynomial of degree n having all its zeros in jzj � 1, then

MðP0; 1Þ� n

2
MðP; 1Þ: ð1:1Þ

The result is best possible and equality holds in (1.1) for any polynomial which has all its zeros on jzj ¼ 1.
For a polynomial P(z) of degree n having all its zeros in jzj � k; k� 1, Govil [1] proved that

MðP0; 1Þ� n

1þ kn
MðP; 1Þ: ð1:2Þ

Equality holds in (1.2) for PðzÞ ¼ zn þ kn.
In 1991, Govil [2] further improved the bound in (1.2) and proved under the same hypothesis that

MðP0; 1Þ� n

1þ kn
MðP; 1Þ þmin

jzj¼k
jPðzÞj

� �

: ð1:3Þ

Equality holds in (1.3) for PðzÞ ¼ zn þ kn.
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For more results in this direction, one can consult the books of Milovanović et al. [4] and Rahman and
Schmeisser [5]. Recently, Jain [3] obtained the following refinement of (1.2) by using the generalized form
of the classical Schwarz lemma.

Theorem 1 Let PðzÞ ¼
Pn

j¼0

cjz
j be a polynomial of degree n having all its zeros in jzj � k; k� 1, then

MðP0; 1Þ� n
jc0j þ jcnjknþ1

jc0jð1þ knþ1Þ þ jcnjðknþ1 þ k2nÞ

� �

MðP; 1Þ: ð1:4Þ

Equality holds in (1.4) for PðzÞ ¼ zn þ kn.
In this note, we prove the following generalization of (1.4). Besides, the obtained result sharpens (1.3) as

well.

Theorem 2 Let PðzÞ ¼
Pn

j¼0

cjz
j be a polynomial of degree n having all its zeros in jzj � k; k� 1, then for

0� t� 1; we have

MðP0; 1Þ� n
jc0j þ tmþ jcnjknþ1

ðjc0j þ tmÞð1þ knþ1Þ þ jcnjðknþ1 þ k2nÞ

� �

MðP; 1Þ þ tmf g; ð1:5Þ

where m ¼ minjzj¼kjPðzÞj: Equality holds in (1.5) for PðzÞ ¼ zn þ kn.

Remark 1 Since PðzÞ ¼
Pn

j¼0

cjz
j 6¼ 0 in jzj[ k; k� 1; and if z1; z2; z3; :::; zn; are the zeros of P(z), then

c0

cn

�
�
�
�
�
� ¼ jz1z2z3:::znj ¼ jz1jjz2j:::jznj � kn: Also, as in the proof of Theorem 2 (given in next section), we have

for every a with jaj � 1; the polynomial PðzÞ þ am does not vanish in jzj[ k; k� 1; hence

c0 þ am

cn

�
�
�
�

�
�
�
�� kn: ð1:6Þ

If in (1.6), we choose the argument of a suitably, we get

jc0j þ jajm� knjcnj: ð1:7Þ

If we take jaj ¼ t in (1.7) so that 0� t� 1, we get jc0j þ tm� knjcnj:
Remark 2 In fact, excepting the case when P(z) has all its zeros on jzj ¼ k; k� 1, the bound obtained in
Theorem 2 is always sharp than the bound obtained from (1.3) and for this it needs to show that

jc0j þ tmþ jcnjknþ1

ðjc0j þ tmÞð1þ knþ1Þ þ jcnjðknþ1 þ k2nÞ �
1

1þ kn
;

which is equivalent to showing

jcnjðk2nþ1 � k2nÞ� ðjc0j þ tmÞðknþ1 � knÞ;

that is

knjcnj � jc0j þ tm;

which clearly holds by Remark 1.

Remark 3 For t ¼ 0, (1.5) reduces to (1.4).
As remarked above, Theorem 2 in general gives the bound sharper than obtainable from (1.3), in some

cases the improvement can be considerably significant and this we show by means of the following example.

Example 1 Consider PðzÞ ¼ z2 þ 3zþ 5
4
. Clearly P(z) is a polynomial of degree 2 having all its zeros in

jzj � 5
2
. We take k ¼ 3 and find that

min
jzj¼3
jPðzÞj ¼ 5

4
and max

jzj¼1
jPðzÞj ¼ 21

4
:

For this polynomial, with k ¼ 3, we have by (1.3),
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MðP0; 1Þ� 1:30;

while as Theorem 2 (with t ¼ 1), gives

MðP0; 1Þ� 2:68:

In the same way, Theorem 2 in general provides much better information than Theorem 1 regarding
MðP0; 1Þ, in case when P(z) has all its zeros in jzj\k; k� 1. We illustrate this with the help of the following
example.

Example 2 Consider PðzÞ ¼ z3 � z2 þ z� 1, which is a polynomial of degree 3. Clearly, P(z) has all its
zeros in jzj � 1. We take k ¼ 2 and find that

min
jzj¼2
jPðzÞj ¼ 5 and max

jzj¼1
jPðzÞj ¼ 4:

Using Theorem 1 for this polynomial with k ¼ 2, we see that

MðP0; 1Þ� 2:1;

while as Theorem 2 (with t ¼ 1), gives

MðP0; 1Þ� 3:26;

which is much better than the bound given by (1.4).

2 Proof of the Theorem

Proof of Theorem 2 If PðzÞ ¼
Pn

j¼0

cjz
j has a zero on jzj ¼ k, then m ¼ minjzj¼k jPðzÞj ¼ 0 and the result

follows from Theorem 1 in this case. Henceforth, we suppose that P(z) has all its zeros in jzj\k; k� 1.

Let HðzÞ ¼ PðkzÞ and GðzÞ ¼ znHð1zÞ ¼ znPðkzÞ: Then all the zeros of G(z) lie in jzj[ 1 and jHðzÞj ¼
jGðzÞj for jzj ¼ 1.

This gives

znP
k

z

� ��
�
�
�
�

�
�
�
�
�
¼ jPðkzÞj �mforjzj ¼ 1:

It follows by the Minimum Modulus Principle, that

znP
k

z

� ��
�
�
�
�

�
�
�
�
�
�m for jzj � 1:

Replacing z by 1
z, it implies that

jPðkzÞj �mjzjn for jzj � 1;

or

jPðzÞj �m
z

k

�
�
�
�
�
�
n

for jzj � k: ð2:1Þ

Now, consider the polynomial FðzÞ ¼ PðzÞ þ am; where a is a complex number with jaj � 1, then all the
zeros of F(z) lie in jzj � k. Because, if for some z ¼ z1 with jz1j[ k, we have Fðz1Þ ¼ Pðz1Þ þ am ¼ 0, then

jPðz1Þj ¼ jamj �m\m
z1

k

�
�
�
�
�
�
n

;

which contradicts (2.1). Hence, for every complex number a with jaj � 1, the polynomial

FðzÞ ¼ PðzÞ þ am ¼ ðc0 þ amÞ þ
Pn

j¼1

cjz
j, has all its zeros in jzj � k, where k� 1. Applying Theorem 1 to

the polynomial F(z), we get for every complex a with jaj � 1 and jzj ¼ 1,
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max
jzj¼1
jP0ðzÞj � n

jc0 þ amj þ jcnjknþ1

jc0 þ amjð1þ knþ1Þ þ jcnjðknþ1 þ k2nÞ

� �

jPðzÞ þ amj: ð2:2Þ

For every a 2 C, we have

jc0 þ amj � jc0j þ jajm;

and since the function
xþjcnjknþ1

xð1þknþ1Þþjcnjðknþ1þk2nÞ

� �
is decreasing for k� 1, it follows from (2.2) that for every a

with jaj � 1 and jzj ¼ 1,

MðP0; 1Þ� n
jc0j þ jajmþ jcnjknþ1

ðjc0j þ jajmÞð1þ knþ1Þ þ jcnjðknþ1 þ k2nÞ

� �

jPðzÞ þ amj: ð2:3Þ

Choosing the argument of a on the right hand side of (2.3) such that

jPðzÞ þ amj ¼ jPðzÞj þ jajm;

we obtain from (2.3) that

MðP0; 1Þ� n
jc0j þ jajmþ jcnjknþ1

ðjc0j þ jajmÞð1þ knþ1Þ þ jcnjðknþ1 þ k2nÞ

� �

jPðzÞj þ jajmf g;

for every a with jaj � 1 and jzj ¼ 1, thereby leading to (1.5). This completes the proof of Theorem 2. h
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