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Abstract The generalization of McShane’s identity for the quotient surface X, of any Hecke group H,,
where q is an integer greater than 3.
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1 Introduction

In this article, we prove an identity similar to the McShane’s identity for the simple geodesics lying on the
surface X, = H/H,, where H, is a subgroup of the Hecke group G, as defined in [3], and ¢ is an integer
greater than 3. X, is genus qsz surface with two cusps when ¢ is an even integer, whereas it is a genus q%l
surface with a cusp when g is odd. In [3] we have proved that the surface X, is a hyper-elliptic surface, that
is it admits an order two involution {. The involution { is a symmetry of the surface X,, which implies that
we get a symmetrical structure about any point w fixed by {. Such a point w is known as a Weierstrass point.
This means that a unit tangent plane to X, at a Weierstrass point w is symmetrical under rotation by 7. Using
the involution { we prove an identity with respect to each of the Weierstrass points.

We used the ideas of McShane in [5, 6] and [7] together with the fact that the surface X, is hyper-elliptic
to find some generalisations of his well known identities for simple geodesics. The identities are sums over
all the possible symmetric embedded pairs of pants, which contain a fixed Weierstrass point w, and which
entirely contain a simple geodesic starting from w and spiralling into one of its boundary geodesics.
Corresponding to each of these pants there are some wedged regions, called gaps, on the unit tangent disk to
the surface X, at w which contain no vector tangent to a simple geodesic. No two gaps can overlap each
other, they are either the same or disjoint from each other. Due to the result by Birman and Series in [2],
summing over all such gaps, we get the entire area of the tangent circle. We denote our symmetric pairs of

pants by PZ‘@(W where o and {(«) and h are the boundary geodesics of the pants, discussed in more details in
Section 4. By 732 we mean that « is a geodesic which corresponds to two of the three boundary geodesics of
the pants after cutting along o, that is « = {(). By P, (,) we mean a symmetric pair of pants with the cusp
as one of the boundaries.

Communicated by Gadadhar Misra.

K. Farooq (D)
FAST, National University of Computer and Emerging Sciences, Islamabad, Pakistan
E-mail: s.khadija.farooq@gmail.com

@ Springer



916 K. Farooq

Theorem A Let X, be the surface isometric to H/H,. Then we have the following identities. Let w be any
Weierstrass point. Then corresponding to all the symmetric embedded pair of pants Pz,c(a)’ PZ and Py ¢(4)
all containing w, we have
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2 A brief introduction to McShane’s identities

We first state some basic definitions and terminology used by McShane and several other authors. On a
Riemann surface one defines a complete geodesic on a surface as one which is not contained strictly in any
other geodesic. On a surface with a cusp, equipped with a complete hyperbolic structure, a cusp geodesic is a
simple geodesic with both ends up the cusp. A cusp region is defined as the region on the surface which is
conformally a punctured disk and is isometric to {z : 33 > }/ <3—3 + p > . The area of such a cusp region
is p and the length of the horocyclic curve bounding the region is p. A geodesic lamination is defined,
following Thurston, as a collection of disjoint simple geodesics which is closed as a point set. Each simple
geodesic in a lamination is called a leaf. A lamination is minimal if it has no proper closed subset which is
also a lamination. A simple closed geodesic is also a lamination with one leaf. McShane further defines an
irrational lamination to be a minimal compact lamination which is not a closed geodesic.

McShane, in 1991, studied the behavior of simple geodesics on a punctured torus, [4]. He studied the
behavior of cusp geodesics and their intersection with a small cusp region. There is a bijection between
simple closed geodesics and cusp geodesics on a punctured torus. McShane studied the cusp geodesics
together with their corresponding simple closed geodesic. He proved that corresponding to every cusp
geodesic, there are areas called gaps on a small cusp region where no other simple geodesic enters. There is
a famous result proved by Birman and Series in [2] about the set of all simple geodesics:

Theorem 2.1 Let D be the set of all simple geodesics on a hyperbolic surface. The set S of all the points
which lie on some geodesic y € D has Hausdorff dimension 1.

McShane called D the Birman-Series set, denoted it by BS set. McShane studied the set E, which is the
intersection of a small cusp region with D. The idea was to prove that corresponding to each cusp geodesic
7, there are two gaps in the cusp region which no simple geodesics other than y enter. These gaps are
bounded on both sides by geodesics with one end up the cusp and the other end spiralling to the related
simple closed geodesic. From Theorem 2.1, the Hausdorff dimension of the BS set is less than 2 therefore its
complimentary set is of full measure. This means that the sum of the areas of the gaps, for all cusp
geodesics, is equal to the area of the cusp region. As a consequence, he proved the following identity:

Theorem 2.2 (cf [4], 2.6.3) Let M be a once punctured torus, then

P E—
1+ exply] 2 (1)

where the sum is over all closed simple geodesics y and |y| represents the length of 7.

The Equation (1) can be proved for the punctured torus when its fundamental group is the commutator group
of SL(2,Z) by directly calculating the lengths of simple closed geodesics arranged in the Markoff trees.

In [5], McShane further explored the behaviour of simple geodesics around a cusp region on any
arbitrary surface M with at least one cusp. Consider E C M, to be the set of points in the intersection of the
BS set with a small cusp region H. He proved that as for the punctured torus, a point in E, on the surface M,
which belongs to a cusp geodesic is isolated in E. To prove this, he used the following result:

Theorem 2.3 (cf [5], Proposition 1) Let M be a surface with a cusp and let y be a geodesic with both ends
up the cusp. Then y is contained in a unique embedded pair of pants.

McShane calculated the area of a gap in terms of the area of the cusp region H. A gap is bounded by the
points lying on a simple geodesic with one end up the cusp and the other end spiralling into a simple closed
geodesic. Then using Theorem 2.1, he proved that the sum of the areas of all the gaps is equal to the area of
the cusp region. Hence he proved the following theorem.
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Theorem 2.4 (cf [5], Theorem 2) For a surface M, then

1 1
Zﬁ; L MR 2 (2)

where the sum is over all pairs of closed simple geodesics « and § which bound an embedded pair of pants
containing the cusp point, and |«| (resp. || ) is the length of o (resp. f3).

We can consider the sum in (2) to be over all cusp geodesics y and o = «(y) and § = f5(y) are the associated
boundaries of the pants described in Theorem 2.3.

In [6], McShane studied the punctured torus again considering the elliptic involution on this surface. He
called the set of unit vectors in the tangent space at a Weierstrass point w which are tangent to the geodesics
in the BS set the infinitesimal BS set and denoted it by X. He claimed that the vectors from the infinitesimal
BS set at each Weierstrass point behave in a similar fashion to the BS set on a horocyclic neighborhood of
the cusp on a punctured torus. It is understood that X is a subset of the unit tangent disk at w, that is
Xc{veT,M): ||v| =1}. He proved:

Theorem 2.5 (cf [6], Theorem 1.2) Let y : R — M, where M is a punctured torus, be a complete simple
geodesic parameterised by arc length. Suppose that 7(0) =w, a Weierstrass point, and set
yT = {y(¢) : £ > 0}. Then 7(0) is a unit tangent vector in X which is tangent to y* at the point w.

(1) If y goes up the cusp, then y(0) is isolated in the set X.

(2) [If y is closed, then 7(0) can be approximated from both sides by the vectors in X.

(3) If y* spirals to a closed geodesic, then 7(0) can be approximated by the vectors in X from one side.

(4) If the set of limit points of y™ is an irrational lamination, then 7(0) can be approximated from both
sides by the vectors in the set X.

Using all of the above possibilities McShane concluded that, on the surface M, there are regions in the unit
tangent disk at w which do not contain any vector tangent to a simple geodesic passing through w. These
wedge shaped regions, also called gaps, are bounded by the vectors tangent to geodesics starting from w and
spiralling into a simple closed geodesics. These gaps were calculated by McShane in terms of the angles.
The sum of all the angles forming the gaps is equal to 2x, due to the result by Birman and Series stated in
Theorem 2.1. This gives the following identity, proved in [6],

Z arcsin sech (%) = g,

where the sum is over all simple closed geodesic 7y passing through w, and as above |y| denotes length of y.

McShane further explored the behaviour of the infinitesimal Birman-Series set on a genus two surface. It
was proved in [8] that every closed genus two surface is hyper-elliptic, that is the surface admits an order
two isometry. This implies the existence of the Weierstrass points on the surface. McShane defined, in [7], a
dual class (3,7y) corresponding to a Weierstrass point w to be a separating geodesic é and a non-separating
geodesic y contained in the component of the surface containing w, such that y does not contain w. For every
w, he then gave the identity

1 T
arctan =,
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where the sum is over all dual classes (J,y) defined above.

3 McShane’s identity and Weierstrass points

In [3] it is proved that the surface X, = H/H, is a hyper-elliptic surface, for every odd integer g > 5, and
that there are ¢ Weierstrass points on it. Following the ideas used by McShane in [5, 6] and [7], we study the
behavior of simple geodesics passing through these points. To do this we consider the unit tangent disk
centered at a Weierstrass point w on X,. Following McShane we denote the infinitesimal Birman-Series set
by X, which is the set of unit tangent vectors to simple geodesics at w. Similar to McShane we find all the
gaps, in terms of angles at w, in the unit tangent disk at w where no vector is tangent to a simple geodesic.
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3.1 Proof of the analogy of Theorem 2.5 for X

Defining X as before in this section, we will prove the analogous version of Theorem 2.5 for the surface X,.
This helps us to narrow down to the only cases when unit tangent vectors in X bound a gap on the unit
tangent disk at a Weierstrass point w.

Lemma 3.1 Suppose given a Dehn twist D, relative to a simple closed geodesic o on the surface X,. Let y
be a geodesic segment starting from a Weierstrass point y € o which intersects o. at only one point x. Let A
be a primitive hyperbolic transformation fixing o. Then:

(1) The image of a simple geodesic intersecting o under the Dehn twist is also simple.

(2) For a given lift y' of y on H, there exists unique lift y’ of y passing through y’. Let x” be the unique lift
of x lying on 7’. Then there is a lift of the geodesic D”(y) passing through y’ and A"(x'), where n € Z™*
is the smallest integer such that D(y) = y.

The existence of such an integer n follows because of the following theorem:

Theorem 3.2 If ¢ is an outer automorphism of the surface X, and { is the hyper-elliptic involution, then
oL = (.

This implies that {D,{ = D,. Therefore for any Weierstrass point y, we have {(D,(y)) = Dy(y). This
implies that the image under a Dehn twist of a Weierstrass point is also a Weierstrass point. Since there are
only finite number of Weierstrass points, there exists an integer n € Z* such that D"(y) = y.

We now state our analogous version of Theorem 2.5 as follows.

Theorem 3.3 Lety: R — X, be a simple geodesic, on the surface X, parameterized by arc length such
that y(0) =w, where w is a Weierstrass point. Let y* be the geodesic segment of y such that
v = {y(0)|t > 0}, and let }(0) be the unit tangent vector in X which is tangent to y* at the point w. Then all
the conclusions of Theorem 2.5 are also true for the vector y(0) on X,

Remark 3.4 The fact that y is a complete simple geodesic is crucial. It is possible that y* itself is simple
but the complete geodesic y has a self intersection. So, by a simple geodesic we always mean simple in the
sense that the complete geodesic containing y* is simple. Otherwise y* may not belong to the BS-set in
which case 7(0) € X.

The proof of Theorem 3.3 involves different cases. We will discuss all the cases separately following the
methods used in [5] and [6].

(1) On every surface with a cusp, for every geodesic with both ends up the cusp there is a unique
embedded pair of pants enclosing it as stated in Theorem 2.3. This pair of pants has the cusp as one of
its boundaries.

(2) Let H be a horocycle bounding a cusp region and let x be a point on H which is also contained on a
geodesic with both ends up the cusp. Then x is isolated with respect to the set of points in the
intersection of H with the Birman-Series set.

(3) Every cusp geodesic cuts every horocycle bounding the cusp perpendicularly.

3.1.1 Case I: When y goes up the cusp, then y(0) is isolated in X

When the simple geodesic y goes up the cusp then the tangent vector 7(0) at w is isolated. In order to prove
this we use the following facts from [5]:

Let y be a simple geodesic with both ends up the cusp forming the unique pants P from Theorem 2.3. Let
o and f§ be the other two boundary components of this special pair of pants. Let J, and d; be the simple
geodesics starting from w and spiralling into o and /5 respectively. We know that for a simple geodesic
starting from a point in an embedded pair of pants there are only three possibilities: either it is one of the
boundary geodesics of the pants, or it leaves the pants across one of the boundary geodesics, or thirdly it
spirals into one of the boundary geodesics. In the case of the special pair of pants P where one of the
boundaries is a cusp and the other two boundaries are « and f3, then any geodesic, apart from the boundary
geodesics and the geodesics d, and g, leaves P through one of the boundary geodesics or has both ends up
the cusp. We can cut P into four parts by cutting along the geodesic 7, along the two geodesics with one end
up the cusp and intersecting the geodesics o and f§ perpendicularly, and along the geodesic perpendicular to
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B

Fig. 1 Case I: The figure shows the one fourth part of P, containing half of the geodesic o

both o and f§ and containing the point w. Figure 1 shows a lift of one of these parts of P to the hyperbolic
plane H with the cusp at oo and a lift of w at the point E. The geodesic AB’ is a lift of the geodesic d,
crossing through the point E. A geodesic starting from w and leaving the pants through the boundary
geodesic o must have a lift which starts from E and intersects the geodesic segment AB. This means that this
lift must be lower than the lift of the geodesic 9,.

As discussed previously all the cusp geodesics intersect the horocycles bounding the cusp perpendic-
ularly. Suppose there is a geodesic lying on the pair of pants, different from 7, passing through w with ends
going up the cusp. Then this new geodesic does not intersect a horocycle H perpendicularly, as shown in
Figure 1 by the dotted line. Let 75, and 75, be unit vectors at w tangent to the geodesics d, and dy
respectively. Then from the above observation, y is the only simple geodesic which has a tangent vector #, in
the region bounded by the tangent vectors 75, and 7;,. So we get two gaps, that is the one bounded by the
vectors ¢, and #5, and the other one is #, and #;,. Similarly we get the other two gaps by rotating 6, and dg by
the involution {. Hence 7(0) is isolated on the unit tangent disk at w.

3.1.2 Case II: When y is a simple closed geodesic, then y(0) can be approximated from both sides by vectors
in X

Consider a lift 7" of the simple closed geodesic y to H, let w be the lift of w on y’. We will find sequences of
tangent vectors at w, on %, which converge to 7(0) from both sides. Let 8 be a simple geodesic passing
through a Weierstrass point w and another Weierstrass point w' # w. Let w’ be a lift of w' to H such that f3 is
the lift of ' passing through v’ and w. Let P be the hyperbolic transformation in H, such that }’ is its axis.
We can choose the attractive end point of P to be the endpoint of y which is on the right, by taking P or its
inverse. We define the sequence f3, to be the geodesic starting at w, and passing through P"(w) € y’. Since w
is a lift of w, for all n € Z*, the projection of the geodesic 3, passes through w. From Lemma 3.1, there is a
subsequence {f, } of {f,} such that the projection of every f3,, on X, is the image of " under Df/?', the ()"

Dehn twist along y, such that D;f/ (w") =w'. This implies that all of the geodesics f,, are simple. Now as n’

Fig. 2 Case II
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approaches oo, the sequence f3,, converges to a geodesic which starts from w' and is asymptotic to y’. This
means that the sequence {f,,} converges to a geodesic which projects to a simple geodesic spiralling into y
on the surface X,. Therefore the tangent vectors to f3,, at w converge to 7(0). Likewise we can define another
sequence 8, which is the image of the geodesic f’ under the Dehn twist Df},/, where 7} is the same geodesic y
with reverse orientation. This sequence also converges to a geodesic spiralling into y in the direction
opposite to that of the limit of the sequence of f3,,. Hence the tangent vectors to f3, at w converge to 7(0)

from the other side (Fig. 2).

3.1.3 Case IlI: When y* spirals into a simple closed geodesic, then }(0) can be approximated by vectors
in X on one side

We want to prove in this case that we can construct a sequence of simple geodesics with tangent vectors
converging to 7(0) from one side. Let 7' be the geodesic segment starting from w and spiralling to the
simple closed geodesic, say F’. Let y’ be a lift of ™ to H starting from w, a lift of w, and spiralling into the
unique lift F of F’, as shown in Figure 3. Choose a simple geodesic segment f§ which starts from w and
intersects F exactly once, at a point say x. Let P be the primitive hyperbolic transformation in the funda-
mental group H, such that Ax (P) = F. One can choose P such that the attractive point on F is the point
where it meets 7’ in H. Now define a sequence of geodesics 5, as geodesics passing through w and P"(x).
We want to show that there is a subsequence {f3,,} of the sequence {f5,} such that all of the geodesics f3,, are
simple. This can be proved by choosing the index n’ such that D' (w) = w, which means that each of the
geodesic segments f3,, are in the homotopy class of n'-times Dehn twisting the projection of f§ along F'.
Since P (x) approaches to the attractive point as n’ — oo, hence f3,, — 7'. Hence the unit vectors at w to the
projection of f3,, converge to 7(0).

3.1.4 Case IV: When the set of limit points of 7" is an irrational lamination, then y(0) is neither isolated
nor it is a boundary point of X

This can be proved by following Theorem 13 of [5] by replacing the cusp at co by the Weierstrass point w.
We will define two sequences of simple geodesics which converge to y* from both sides. The vectors
tangent to the geodesics in the sequences hence converge to $(0) on the unit tangent disk centered at w. Let
/' be the irrational lamination, that is a lamination which is minimal but not a simple closed geodesic. A lift
of this irrational lamination to H would be a collection of semicircles. Let 4 be the semicircle with largest
radius among all these lifts of A’ and 7't be a lift of ™ asymptotic to 4. Consider a simple geodesic f§ that
starts from w and intersects A’ more than once. Since A’ is an irrational lamination, f3 intersects it infinitely
many times. As /' is in the limit set of 7 and 1’ is minimal, this means that the closure of y* is dense in 1.
Therefore 8 also intersects with 9" infinitely many times. We can assume that 8 intersects y* almost
perpendicularly. We define here some of the terminologies used in [5]. Let p be the point in the intersection
BN A such that it is closest to the point w in terms of the arc length along 8. We denote the points of
intersection of 7 with  as y; in the order along y*, where i € Z*. Define a function ¥ : y* N f — R™, such
that Y (y;) = dg(p, y;) that is it assigns each intersection point y; the distance, along f3, between y; and p. One
defines the point y; € y* N f to be a closest approach if and only if for any j<i implies Y/(y;) > ¥ (y;). Two

Fig. 3 Case III
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closest approaches y; and y;, i <j, are said to be consecutive if there does not exists an integer k, where
i<k<j, such that y; is also a closest approach.

Using these closest approaches one can construct simple geodesics. One defines a join as a curve starting
from w along y™ till it meets f at y; for some i and then following back along 8 towards w. Pulling it tight
gives a closed geodesic passing through w. The lift of a join is shown by dotted line in the top diagram in
Figure 4, where w, y* and f8 are lifts of w, 7+ and f8 to H, respectively. The double join is a curve defined as
the one starting from w following f till it meets 7™ at say y; for some i then following along y* till it meets f3
again at say y; for some j # i then following back along f towards w. The geodesic in the homotopy class of
the double join is also a closed geodesic passing through w. The lift of a double join is shown by dotted line
in the bottom diagram in Figure 4.

Lemma 3.5 (c¢f. [5], Lemma 6)

(1) If y; is a closest approach then the join at y; is a simple geodesic.
(2) Ify; and y; are consecutive closest approaches then the double join between them is a simple geodesic.

Proof This lemma can be proved by using the fact that the join (resp. double join) is through a closest
approach (resp. consecutive closest approach) and the assumption that it is not simple leads to a contra-
diction of the definition of the join (resp. double join). O

One can denote the i closest approach as y?. Also denote {f,7"}, as the join through y¥, and {B, 7™, }, as
the double join through y; and yj, ;.

Lemma 3.6 (cf. [5], Lemma 7) Let y! be the sequence of closest approaches then y; — p asi — oo and the
sequence tends to p monotonically in the sense that Yy is monotone decreasing.

Proof The proof of this lemma follows the fact that since p is in the set A’ N 8 and since no point in this set
is isolated, then for any point a € A’ N B there exists a point b € A’ N B such that b is between p and a along
B. Since y* is dense in /1, there is always a point from the set 7 N B between p and a. U

Lemma 3.7 (cf. [5], Lemma 9) Let d+ (yi41,y;) denote the distance between y; and y;,; measured along
y*. Then d+ (yiy1,yi) — 0o as i — oo.

Proof This lemma is true because otherwise we can construct a sequence of simple closed geodesics o;
from the segment of y*, from y; to y;,;, with bounded lengths. Also this sequence converges to A, since
yi — p. Following the well known result that the set of simple closed geodesics with bounded lengths is
finite, therefore A’ should also be a simple closed geodesic. This leads to a contradiction to the fact that 1’ is
an irrational lamination. O

Lemma 3.8 The sequence of the joins defined with respect to the closest approach, {f,y"},, converges to
a lamination containing y™.

Fig. 4 Case IV
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Proof This can be seen from the top diagram in Figure 4. Let ' C H be the geodesic starting from w
which is a lift of the geodesic 8. Consider the lift y of the ith closest approach y! on the lift y'* of the
geodesic y*. There is a unique lift of 8, say f5; C H, which contains y; on H. The geodesic that corresponds
to the join {f,7"}, is the geodesic, shown by the dotted line, from w to the lift of w on f;. Since
dy (v, yt,1) — o0 as i — oo, this implies that the height of the lift f; approaches to 0 as i — cc. Hence the
result. O

From the above theorem, we can see that this subsequence of joins have tangent vectors at w which converge
to 7(0) from the right of p*. This proves the fact that in this case (0) is not isolated. In order to prove that it
is not a boundary point as well, we need to construct a sequence of geodesics with tangent vectors
converging to 7(0) from the left. For this we use the geodesics defined by the double joins.

Lemma 3.9 The sequence defined by the geodesics formed by the double joins through the consecutive
closest approaches converges to a lamination containing y%.

Proof We follow the procedure similar to the one we used in case of the joins. Take 8 to be a lift of § on
H intersecting A as seen in Figure 4. For a double join {f,7", B},, one follows ' from w till it meets the
only lift, say y7, of y; on . There is a unique lift of y* containing this lift y;, say 7. So the double join
{B,7y", B}, then follows from y; along the lift y; till it meets the unique lift y; | of y; , on y,. From here it
then follows the unique lift ;.| of § containing this lift y;,, back to the lift of w along f8;,,. The geodesic
corresponding to this double join is a simple closed geodesic and its lift on H is the one starting from w' and
ending at the end point of f5;, ;. The convergence can be seen from the fact that 4, (y;, |, y;) — o0o. As these
points grow further apart, the radius of f;,; approaches to 0. This proves the result. O

We now need to show that all the double joins eventually converge to y* from the left side. To prove this
we assume that for a large integer N, 8, converges on the right side of the y* for all i > N. This means that
there exists a point, say yx, at which f;,, intersects y"*. Since the lift of w on f;,; should be on the right
according to our assumption, this means V/(yx) <¥(y;,,). Let y;,, =y; where j € Z*. Then one defines a
tortoise path shown in Figure 5 by bold lines, as defined in [5], where b is the lift of w on y;. Let K be the
length of the geodesic segment connecting ' to 7™/, and let the length of the geodesic segment of this
tortoise path that lying on the geodesic y*' be equal to d,+ (w,yr) — C where C is the length of the geodesic
segment on % from w to the point on this geodesic where the tortoise path takes the turn on y*. From here
we can see that both K and C are independent of the values of i and the point b on the geodesic ; is a lift of
w. So from the figure we can see that

dy (Way;‘kﬂ) >dy+ (W,y;‘k) + dv*(“’a)’k) -C—-K- 2'//()’1*)

So for sufficiently large i we have d,+(w,y;) = d,+ (w,y},,) > d,+(w, yi), which means j > k. But we have
already seen that y(y;) > y(yx) which contradicts the fact that y; = y;, | is a closest approach. Therefore our
assumption that the sequence of double joins eventually lies on the right side is false.

From here we conclude that the tangent vector 7(0) is neither isolated nor a boundary point. At this point
we have proved all the possibilities in Theorem 2.5.

/-
Bit1

Fig. 5 The tortoise path shown by bold line
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4 Constructing pairs of pants

We have proved in Theorem 3.3 that every vector in X at a Weierstrass point w behaves according to the
type of the simple geodesic it is tangent to. The only possibility for a vector, tangent to a simple geodesic, to
be approached from only one side by vectors in X is when the geodesic it is tangent to, spirals into a simple
closed geodesic. Similarly the only possibility for a vector to be isolated in X is when it is tangent to a cusp
geodesic. So every vector tangent to a cusp geodesic or a simple geodesic spiralling into a simple closed
geodesic, at w, is a boundary to a gap. These gaps do not contain any unit vector tangent to a simple
geodesic. In this section we prove:

Theorem 4.1 Let w be a Weierstrass point. Given any simple geodesic d, starting from w and spiralling
into a simple closed geodesic h not containing w, there exists a symmetric pair of pants P containing the
Weierstrass point w and 6. Moreover h is one of the boundaries of P.

Remark 4.2

(1) By symmetric pair of pants P, we mean which is mapped onto itself under the involution {, that is
(P) =P,

(2) We will show that all such pairs of pants are unique in Corollary 5.3.

Once the pair of pants is constructed, then the next step will be to find the gaps. In the case of the cusp
geodesic the gaps can be found by constructing pants, with the cusp as one of the boundaries, containing w
and the cusp geodesic. For our convenience we denote a pair of pants in Theorem 4.1 as P, where p, g and
r are the boundary geodesics. The boundaries in the subscript are a pair such that both are intersected
perpendicularly by a geodesic segment passing through w, while the one in the superscript is the boundary
opposite to this geodesic segment. We write PZ for Pz’q, meaning that a single geodesic g corresponds to
two boundary geodesics after cutting. We also write P, in the special case in which the boundary opposite
to the geodesic segment through w is the cusp.

4.1 Types of simple closed geodesic h

To find the pairs of pants described in Theorem 4.1, we first discuss all of the possibilities for the simple
closed geodesic i and the corresponding geodesics spiralling into A.

4.1.1 Case I: When h is mapped to itself by { preserving the orientation

For every oriented geodesic # which is mapped onto itself by {, such that { preserves the orientation of &, we
can find four simple geodesic segments starting from w and spiralling into 4. One of these geodesics we
denote &, spiralling with the same orientation as that of /. Let &, be the image of J; under the involution {.
Since the orientation of 4 is preserved by (, then J; is also a simple geodesic starting from w and spiralling
into / in the same direction. Another pair of simple geodesic segments 6, and J,,, starting from w such that
each one is an image of the other, spiral into /4 in the same direction as each other but opposite to the
orientation 4. Corresponding to these geodesics we have four tangent vectors in X at w. Note that 5; U 5_;{' is
a complete simple geodesic, as is 6, U 5;’, where by 6 we mean the geodesic 6 with reverse orientation.
This is because each of the four segments passes through w and rotate through an angle of 180° about w
under the action of {, therefore 5,f U 52” should map to itself but with opposite direction. See for example
Figure 6(a).

4.1.2 Case 1I: When h is mapped to itself by { reversing the orientation

If & is an oriented geodesic mapped to itself by { with reverse orientation, then similar to the case of a
geodesic with orientation preserved by { we have two pairs of simple geodesic segments passing through w.
One pair is &, and J,, and the other one is §, and J,’, these pairs make two complete spiralling geodesics.
In each pair the geodesics are image of one another under the involution { and spiral into 4 in opposite
directions. Therefore, we again have four vectors tangent to these geodesics at w. The geodesics 5; U 5;{,
and §, U 5;/ are complete simple geodesics.
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Note that in this case 4 is non-separating, because if it is separating we will have two components of the
surface with & as boundary on both components. Since {(k) maps to h with reverse orientation, then both
components of the surface must switch onto one another, which is impossible as this will not fix the
Weierstrass points.

4.1.3 Case IlI: When h is not mapped to itself by { such that h\{(h) = ()

This case is not as straightforward as the ones where the # is fixed under the involution. Let / be an oriented
simple closed geodesic, then {(h) is also a simple closed geodesic with the same orientation as that of A,
where h # {(h). So with respect to the simple geodesic segment 5; spiralling into # with the same ori-
entation as that of & then there exists another geodesic segment 52?’,0 starting from w and spiralling into {(h)

with the same orientation. Similarly, with respect to the simple geodesic J, spiralling into & with reverse
orientation as that of 4 then there exists a simple geodesic 557(1/1) which starts from w and spirals into {(/) also
with the reverse orientation as that of 4. Here as before &, U 5%) and 9, U 55(;) are complete simple
geodesics. See Figure 10.

4.1.4 Case IV: When h is not mapped to itself by { and h 0 {(h) # ()

Let i be a simple closed geodesic such that 4 is not fixed by (. Then & and {(h) intersect each other
transversally. So the two geodesic segments, 5; and 5& hy» starting from w and spiralling into /# and {(h) also

intersect each other. As both of these spiralling geodesics are image of one another under {, then J,” U 5&,1)

is a complete geodesic which intersects itself transversally. Therefore, in this case we cannot find a complete
simple geodesic passing through w and spiralling into & and {(h). Therefore it is not possible to find a gap
bounded on both sides by unit tangent vectors in X in this case. This leads us to the following lemma.

Lemma 4.3 A unit vector at w, tangent to a geodesic spiralling into a simple closed geodesic h, bounds a
gap if and only if either {(h) = h( or h), or {(h) and h are disjoint.

Thus to prove Theorem 4.1, we have to show how to find symmetric pants when # is in cases I, II and III
only.

4.2 Constructing a pair of pants when 4 is mapped onto itself by {

In this section, we discuss how to construct the pants in Theorem 4.1 in cases I and II above. Let 4 be a
simple closed geodesic which maps to itself under {. We now explain how we obtain the symmetric
embedded pair of pants containing w as in Theorem 4.1. We have seen that there exist two pairs of simple
geodesics spiralling into /4, namely the pair 52’ and 52' and the pair 6, and 5;. As above, this case is divided

@ (b) © )

Fig. 6 Figures showing different possible configurations when {(h) = h or h
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Fig. 7 The symmetric pair of pants PZ. 8

into further two sub cases, that is, when the orientation is preserved and when it is reversed. Then the pair of
pants having & as one of its boundary components, denoted by PZ_ p Or 772, can be created as follows:

4.2.1 Case I: When h is mapped onto itself under [ preserving orientation

Consider a geodesic I which passes through w and intersects & perpendicularly. Since I’ passes through a
Weierstrass point, it must be symmetric under {, because a 180° rotation about w obviously maps a geodesic
passing through w to itself. This means that I’ is a geodesic with passes through w and intersects A
perpendicularly from both sides, therefore dividing % into two equal parts, say h; and h. Let [ be the
geodesic segment of /', containing w, such that both of its end points lie on 4. Now we can construct the
other boundaries of the required pair of pants Pﬁ_’ s as follows: The boundary geodesic « can be obtained by
pulling tight the piece-wise smooth geodesic I, U k;. Similarly f is obtained from the geodesic U h,. Since
h and I’ are symmetric and from the construction of « and f§ we can see that § = {(«). So clearly the pair of
pants enclosed by these geodesics must be preserved by (.

Hence we have three geodesics &, « and 5. The three geodesics are the boundaries of an embedded
symmetric pair of pants, Pﬁ,ﬁ(oc)’ which contains the point w, as shown in Figure 7.

Note that for a simple closed geodesic & mapped onto itself with reverse orientation under (, the same
construction will not work. We might end up having all the three geodesics 4, « and § homotopic to each
other, as shown in Figure 6 part (b). Alternatively it might happen that the three geodesics do not bound an
embedded pair of pants. Examples are when 7% is one of the geodesics shown in Figure 6, part (c) and (d).

4.2.2 Case II: When h is mapped onto itself by { with reverse orientation

In order to construct a symmetric pair of pants with respect to the geodesic 4, by cutting along i, we get two
boundary components of the pair of pants which correspond to /4. These boundaries are such that one
boundary is mapped onto the other under {. So, now we have to construct one more geodesic which bounds a
symmetric pair of pants together with the two boundaries corresponding to 4. Now consider a simple

Fig. 8 The pair of pants ’Pil
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() (b) (©)

Fig. 9 More possible configurations for the case when & is mapped onto itself with reverse orientation

Fig. 10 The pair of pants sz.g(h)

geodesic ' passing through w and intersecting / perpendicularly. Since % is mapped onto itself by { and w is
fixed by {, then /' is also symmetric which means that I’ intersects & perpendicularly from the other side as
well, shown in Figure 8. Now to construct the third boundary / of the pair of pants Pfh n= Pﬁ,, we pull tight
the piecewise smooth curve constructed as follows: Starting from w, we follow /' until it meets % then follow
round the geodesic £ till we come back to the point, on &, where we started. We then follow 7 in its opposite
direction till it intersects 4 again from the other side, from here we follow along A, in the opposite direction
taking one complete round, till we reach back to the starting point, on A, and from here we follow I towards
w. This piecewise smooth curve is shown in Figure 8 by bold lines. Therefore, we get our required
embedded pair of pants cut out with the geodesic / together with the boundary curves both corresponding to
h. Some other cases when / is mapped onto itself with reverse orientation are also shown in Figure 9.

4.3 Constructing a pair of pants when / is not preserved by {

We can construct pair of pants in this case only then # is as describe in Case III. For every 4 of this type, we
have two simple geodesics with one end w and the other end spiralling into % in opposite directions.
Similarly, for every {(h) we again get two simple geodesics with the same properties as for . As seen
previously, we only have one possibility for a non symmetric simple closed geodesic 4 that is 2 N {(h) = (.
In order to construct a symmetric pair of pants having 4 as one of its boundary geodesics, then {(%) also has
to be one of the boundaries. So our required pair of pants is denoted by Péﬁg(h).

To construct the simple closed geodesic I, we first consider a geodesic I’ passing through w and
intersecting 4 perpendicularly. Since I passes through w, a Weierstrass point, then it must be symmetric.
This means that I’ also intersects { (k) perpendicularly from the other side, see Figure 10. The construction of
the geodesic [ is similar to the case when /4 is mapped onto itself by { reversing orientation. So we construct
a piecewise smooth curve by starting from the point w following /' till it meets 4, then following round # till
it comes back to the starting point point on /2 which meets I’. From here we follow ' in the opposite direction
till it meets {(k) on the other side, and then we switch to {(h) following round it till it meets /' again, then
move along !’ towards w. Pulling this curve tight gives the geodesic [, as seen in Figure 10. There is a
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Fig. 11 The pair of pants ’PQ’:(I)

possibility that the curve [ bounds a cusp region. In that case the pair of pants have cusp as one of its
boundaries and |{| = 0.
This completes the proof of Theorem 4.1.

5 Constructing gaps
For every Weierstrass point w we have different embedded pair of pants containing w inside the pants.

Corresponding to all these pants we get distinct gaps which contains no simple geodesic, crossing w. We can
summarise all the different types of symmetric pants as follows:

(1) P;((a , preserved by the involution ,
2 P, aiso preserved by {, where o is fixed by (.

(3) Py (s containing the cusp. These are also fixed by { as we show later in the section.

For each pants of types 1, 2 and 3 there are four gaps. We first discuss the gaps in the case of the special
pair of pants Pz,g(a) and PZ, that is type 1 and 2. In order to construct a gap one follows the construction
shown in Figure 11.Let d, and &, be the geodesics which start from w and spiral into & from the left and
right respectively. Let d, and dg be geodesics that start from w and spiral into « and = {(«) respectively
where f is either & or « N f = (). Let 5, and 5+ be the unit tangent vectors to the geodesics J, and 8, atw,
respectively. Similarly, let 75, (resp. #5,) be unit tangent vector to J, (resp. dg) at w. We need to show that
there does not exist any vector between 75, and 7. (resp. 75, and t(s;) which is tangent to a simple geodesic at
w. For this we use the following result.

|h|/4

B

Fig. 12 The pentagon ABCDE represents a lift of one fourth part of Pﬁ,:(a)’ where E is a lift of w
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Proposition 5.1 In the pair of pants of the from PZ,C(a) or Pg, the tangent vectors ts. and t;s, (respectively

Is: and t5,) define a gap, that is, there does not exist any vector tangent to a simple closed geodesic between
ts,; and ts, (respectively 15+ and ts,), where = {(a).

Proof On a pair of pants, the only simple closed geodesics contained on it completely are the boundary
geodesics. So there are two possibilities for a simple geodesic, intersecting with a pair of pants, which passes
through the Weierstrass point w. One is that it leaves the pair of pants across the boundary geodesics « or f3,
and the other possibility is that it leaves across the geodesic #. We need to show that in all the cases, the
tangent to any simple closed geodesic at w stays away from the wedge made by lst and 75, and similarly that

the same is true for the wedge #5; and 75, on the unit tangent disk at w.

Consider Figure 12, which shows a lift of one fourth part of the pants to the hyperbolic plane H. This
right angled pentagon is obtained by cutting the pair of pants shown in Figure 11 along the geodesic y and
the common perpendiculars of f8, & and o, . The geodesic segment AB, shown in Figure 12, is the lift of one
fourth part of the separating geodesic 4 in H where E represents a lift of the point w. The line EB’ represents
a lift of the geodesic 5;[. We can clearly see that a geodesic starting from w and exiting the pair of pants
from A would be higher than the geodesic §; because it would be a geodesic segment starting from E and
intersecting some point on the geodesic segment AB. The same holds for the geodesic ¢, . Similarly a
geodesic starting from E and intersecting the geodesic DC, which is a lift of half of «, would be lower than
the geodesic EC’, which is a lift of J,. The same is true for 5/;. Hence the result. O

Now we discuss the pants containing the cusp. Corresponding to every Weierstrass point w, there are some
geodesics, say 7, passing through w with both ends up the cusp. In this case we consider the pair of pants
with cusp as one of the boundaries, following Theorem 2.3.

Now in addition to the gaps defined in the Proposition 5.1, there are some more gaps corresponding to all
the cusp geodesics that pass through w. For all such geodesics we are able to construct the pants P, g, or in
other words P, ;) and § = {(«) such that & N f = (), which are again symmetric under the involution (. Let

15, and 5, be defined in the similar way as in the case of 7’2,;5- Then we get the following result.

Theorem 5.2 Using Theorem 3.3 for cusp geodesics, we can find some gaps corresponding to every pair
of pants of the form P, g containing w.

Proof Let y be the simple geodesic with both ends up the cusp and let P, g be the pants described above.
We know that every simple geodesic, other than the boundaries, either leaves the pants from any one of the
boundary geodesic or goes up the cusp. Let J, and d4 be the geodesics starting from w and spiralling into a
and f respectively. From Figure 1, we can see that all the geodesics leaving the pants through the boundary
geodesics are lower then these geodesics. We know that all the cusp geodesics intersect all the horocycles
bounding the cusp perpendicularly. It is shown in Figure 1, by the dotted line, that if there is another
geodesic starting from w and going up the cusp, then it does not intersect the horocycle H perpendicularly.
Therefore y is the only simple geodesic which has its tangent vector in the region bounded by the tangent
vectors 15, and . g

Corollary 5.3 Each of the pair of pants described in Theorem 4.1 is unique.

Proof The uniqueness can be proved using the fact that in each of the pairs of pants there exist gaps which
contain no simple geodesic. Suppose there is another pair of pants P’ also containing the point w, the
spiralling geodesic Jy,, and has the simple closed geodesic % as one of its boundaries. This means that there
exists a gap g’ on P’ at w which is bounded on one side by the unit tangent vector to J;, at w. But there also
exists a gap g corresponding to the pants P which is also bounded on one side by the tangent vector at w to
the spiralling geodesic Jj, by Theorem 3.3. This implies either ¢ C g or g C ¢’. But in either case there
exists a simple geodesic passing through w lying within the bigger gap. This simple geodesic is the boundary
geodesic of the smaller gap other than §,. This leads to a contradiction. This means that the simple geodesic
bounding each of the gaps from the other side should also be the same. Hence, P is the same as P'. [

Corollary 5.4 The gaps described in Proposition 5.1 and 5.2, are all mutually disjoint.

Proof Suppose there are two gaps g; and g; in the tangent disk at w, such that g; N g2 # ¢. From definition
of gaps, they do not contain any vector which is tangent to a simple geodesic. Also these gaps are bounded
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on both sides by simple geodesics either spiralling to a simple closed geodesic or which have both ends up
the cusp. But since g; and g; intersects each other, there must be a vector tangent to one of the boundary
geodesics of g, in g; and g; in g,. This cannot be true by the definition of gaps. This leads us to a
contradiction. Therefore, all gaps are disjoint. O

6 Calculating the gaps

Theorem 6.1 The angles subtended at w by the gaps described in Proposition 5.1, corresponding to
’PZ’C((X) and P", are equal to
1

2 arctan ,
exp(|h|/4 + |o]/2)

respectively.

Proof Consider a lift of one of the pentagons on H shown in Figure 12 which contains half of o, the
figure is similar to the one shown in [7]. In the figure the vertex E is the point w and the geodesics
connecting E with C’ and B’ are the geodesics J, and &, respectively. The gap defined above is equal to the
angle between J,, and 5; at w. In Figure 12, the side a is the geodesic segment starting from w and cutting «
perpendicularly, similarly the side y is the geodesic passing through w and intersecting % perpendicularly on
both sides. The side b is the common perpendicular of the boundary geodesics /& and «.

Let 0 be the angle ZDEC' in the triangle AC'DE. Since it is a triangle with angles /2, 0 and 0, we have

tan @ = 1/sinha. (3)
Similarly, let 6 be the angle /B'EA in AEAB' with angels n/2, §' and 0, we have
tan ' = 1/ sinh(|y|/2). (4)

The gap we want to find out is the angle /2 — 0 — . Now since all internal angles in the pentagon ABCDE
are right angles, we have the following equations from [1],

sinh(|«|/2) sinha = cosh(|h|/4), (5)
and
sinh(|h|/4) sinh(|y|/2) = cosh(|«|/2). (6)
Combining (3) with (5) and (4) with (6) we get the following,
__sinh(]o/2)
tan 0 = W, (7)
and
, _ sinh(|h|/4)
tan 0’ = W. (8)

Since tan(n/2 — 0 — 0') = cot(0 + 6').this gives us
—cot0 cotl [200sh(|cx|/2 — |h|/4) ]

1
2 _ _ / — =
tan(z/2 — 6 — ) cot 0 + cot ¢/ sinh(|A]/2) + sinh(|a])

Hence, by the double angle formulas, we get

;L 1
n/2—0—0 _arCtan[sinh(|h|/4+|oc|/2)} 9)

The formula in Equation (9) can be further simplified, following [9], by using the following identity.
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1
arctan (sinhp) = 2arctan(exp(—p)), (10)

due to the fact that

2exp(—p) 1
1 —exp(—2p) sinhp’

tan(2 arctan(exp(—p))) =

So, we can rewrite our gap as

2aretan prum/i ¥ |o</2>] |

Similarly for the remaining three pentagons, following the same steps as above, we get the other gaps. [J
Now we calculate the gaps discussed in Theorem 5.2 when one of the boundaries is a cusp.

Theorem 6.2 The gaps described in Theorem 5.2, corresponding to P, (), are equal to

2 arctan [

st

Proof This can be seen from Figure 1, which shows a quadrilateral which is a lift of one fourth part of the
pants P, () containing half of «. The gap defined in Theorem 5.2 is the angel 0 between y and J, at w.
Following the procedure from Theorem 6.1, we get

tan(n/2 — 0) = 1/ sinha.

Figure 1 shows a quadrilateral with all angles equal to /2 for the exception of one which is 0 at the cusp.
So for the quadrilateral EAB with one vertex at infinity we have, using the formulas from [1],

sinha = 1/ sinh(|«|/2).
For the triangle EAB’ we have the formula tan 0 = 1/ sinh a. Our required angle is 6 = 7/2 — 0. Therefore
tan @' = 1/ sinh(|«|/2),
and hence,
0’ = arctan[1/ sinh(|«|/2)] = 2 arctan[1/ exp(|«|/2)].

Similarly we can calculated the other three gaps in the pair of pants P, ;(,). Note that these gaps are the same
as the gaps calculated in Equation (9), in Theorem 5.1 when £ is a cusp, that is when |i| = 0. Hence the
result.

7 Proof of Theorem 1

In order to complete this proof the only thing left is to sum up all the gaps. We have the following types of
gaps,

(1) For the pair of pants of the form Pzﬁé(a)we get four equal gaps, so we have
4 { 2 arctan — x| |
o +5)

(2) The pants of the form Pﬁ also gives four equal gaps
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41 2 arctan N
exp (% + %)

(3) For the pants of the form P, g, containing cusp which means Pé’c_’ P when |h| = 0, also gives four gaps
with equal lengths, therefore we have

4 (2 arctan {#MJ ) .

Summing up all these gaps we get the following identity for a fixed Weierstrass point w,

>

h i n
P (o P Py 2 arctan |: \hl\ 7l :| =L
~0

This completes the proof of Theorem 1.

8 Comparison between Theorem and [9]

After completing the proof of Theorem 1 we had a brief discussion with Ser Peow Tan. He suggested that it
could be proved by taking the quotient of the surface X, with the hyper-elliptic involution { which gives us a
sphere with ¢ cone point of angle 7 and a cusp. On this quotient surface X, /(, we can apply the formula for a
cone surface from [9] which reduces in our case to the following:

Theorem 8.1 ([9], Theorem 1.16) Let M be a compact hyperbolic cone-surface with all cone angles equal
to m, and let all the cone points be Ag, Aj, ..., Ay. Then fixing a cone point A; one gets,
2 arctan r

lall6l — 2
o.f EXp—5 2

where, the sum is taken over all unordered pairs of generalized simple closed geodesics a, b on M which
bound with A; an embedded pair of pants on M (note that one of @, b might be a cusp in which case the
length is equal to 0 ).

The identity in Theorem 8.1 is the sum over pairs of pants, say P,, on the quotient surface X,/{ with the
cone point A; as one of the boundaries. The lift of all such pants on the surface X, have three boundary
geodesics. One of the boundaries of the pants P, lifts to a geodesic with twice its length which becomes a
separating geodesic on X,, whereas the other geodesic boundary lifts to two different non-separating

geodesics with equal lengths onZ,. That is, the pair of pants P, on X, /( lifts to a pair of pants Pi‘(’ pon Xy
such that || = 2|b| and || = || = |a|. Hence the expression in Theorem 8.1 becomes 2 arctan -

1
hl\ ¢
p(5+%)

(3
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