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Abstract The generalization of McShane’s identity for the quotient surface Rq of any Hecke group Hq,
where q is an integer greater than 3.
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1 Introduction

In this article, we prove an identity similar to the McShane’s identity for the simple geodesics lying on the
surface Rq ¼ H=Hq, where Hq is a subgroup of the Hecke group Gq as defined in [3], and q is an integer

greater than 3. Rq is genus q�2
2

surface with two cusps when q is an even integer, whereas it is a genus q�1
2

surface with a cusp when q is odd. In [3] we have proved that the surface Rq is a hyper-elliptic surface, that
is it admits an order two involution f. The involution f is a symmetry of the surface Rq, which implies that
we get a symmetrical structure about any point w fixed by f. Such a point w is known as a Weierstrass point.
This means that a unit tangent plane to Rq at a Weierstrass point w is symmetrical under rotation by p. Using
the involution f we prove an identity with respect to each of the Weierstrass points.

We used the ideas of McShane in [5, 6] and [7] together with the fact that the surface Rq is hyper-elliptic
to find some generalisations of his well known identities for simple geodesics. The identities are sums over
all the possible symmetric embedded pairs of pants, which contain a fixed Weierstrass point w, and which
entirely contain a simple geodesic starting from w and spiralling into one of its boundary geodesics.
Corresponding to each of these pants there are some wedged regions, called gaps, on the unit tangent disk to
the surface Rq at w which contain no vector tangent to a simple geodesic. No two gaps can overlap each
other, they are either the same or disjoint from each other. Due to the result by Birman and Series in [2],
summing over all such gaps, we get the entire area of the tangent circle. We denote our symmetric pairs of

pants by Ph
a;fðaÞ; where a and fðaÞ and h are the boundary geodesics of the pants, discussed in more details in

Section 4. By Ph
a we mean that a is a geodesic which corresponds to two of the three boundary geodesics of

the pants after cutting along a, that is a ¼ fðaÞ: By Pa;fðaÞ we mean a symmetric pair of pants with the cusp

as one of the boundaries.
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Theorem A Let Rq be the surface isometric to H=Hq. Then we have the following identities. Let w be any

Weierstrass point. Then corresponding to all the symmetric embedded pair of pants Ph
a;fðaÞ, Ph

a and Pa;fðaÞ,

all containing w, we have

X

Ph
a;fðaÞ;P

h
a;Pa;fðaÞ
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2 A brief introduction to McShane’s identities

We first state some basic definitions and terminology used by McShane and several other authors. On a
Riemann surface one defines a complete geodesic on a surface as one which is not contained strictly in any
other geodesic. On a surface with a cusp, equipped with a complete hyperbolic structure, a cusp geodesic is a
simple geodesic with both ends up the cusp. A cusp region is defined as the region on the surface which is
conformally a punctured disk and is isometric to fz : Iz [ g=\z7!zþ p [ . The area of such a cusp region
is p and the length of the horocyclic curve bounding the region is p. A geodesic lamination is defined,
following Thurston, as a collection of disjoint simple geodesics which is closed as a point set. Each simple
geodesic in a lamination is called a leaf. A lamination is minimal if it has no proper closed subset which is
also a lamination. A simple closed geodesic is also a lamination with one leaf. McShane further defines an
irrational lamination to be a minimal compact lamination which is not a closed geodesic.

McShane, in 1991, studied the behavior of simple geodesics on a punctured torus, [4]. He studied the
behavior of cusp geodesics and their intersection with a small cusp region. There is a bijection between
simple closed geodesics and cusp geodesics on a punctured torus. McShane studied the cusp geodesics
together with their corresponding simple closed geodesic. He proved that corresponding to every cusp
geodesic, there are areas called gaps on a small cusp region where no other simple geodesic enters. There is
a famous result proved by Birman and Series in [2] about the set of all simple geodesics:

Theorem 2.1 Let D be the set of all simple geodesics on a hyperbolic surface. The set S of all the points
which lie on some geodesic c 2 D has Hausdorff dimension 1.

McShane called D the Birman-Series set, denoted it by BS set. McShane studied the set E, which is the
intersection of a small cusp region with D. The idea was to prove that corresponding to each cusp geodesic
c, there are two gaps in the cusp region which no simple geodesics other than c enter. These gaps are
bounded on both sides by geodesics with one end up the cusp and the other end spiralling to the related
simple closed geodesic. From Theorem 2.1, the Hausdorff dimension of the BS set is less than 2 therefore its
complimentary set is of full measure. This means that the sum of the areas of the gaps, for all cusp
geodesics, is equal to the area of the cusp region. As a consequence, he proved the following identity:

Theorem 2.2 (cf [4], 2.6.3) Let M be a once punctured torus, then

X

c

1

1þ expjcj ¼
1

2
ð1Þ

where the sum is over all closed simple geodesics c and jcj represents the length of c.

The Equation (1) can be proved for the punctured torus when its fundamental group is the commutator group
of SL ð2;ZÞ by directly calculating the lengths of simple closed geodesics arranged in the Markoff trees.

In [5], McShane further explored the behaviour of simple geodesics around a cusp region on any
arbitrary surface M with at least one cusp. Consider E � M, to be the set of points in the intersection of the
BS set with a small cusp region H. He proved that as for the punctured torus, a point in E, on the surface M,
which belongs to a cusp geodesic is isolated in E. To prove this, he used the following result:

Theorem 2.3 (cf [5], Proposition 1) Let M be a surface with a cusp and let c be a geodesic with both ends
up the cusp. Then c is contained in a unique embedded pair of pants.

McShane calculated the area of a gap in terms of the area of the cusp region H. A gap is bounded by the
points lying on a simple geodesic with one end up the cusp and the other end spiralling into a simple closed
geodesic. Then using Theorem 2.1, he proved that the sum of the areas of all the gaps is equal to the area of
the cusp region. Hence he proved the following theorem.
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Theorem 2.4 (cf [5], Theorem 2) For a surface M, then

X

a;b

1

1þ e
1
2
ð aj jþ bj jÞ ¼

1

2
; ð2Þ

where the sum is over all pairs of closed simple geodesics a and b which bound an embedded pair of pants
containing the cusp point, and aj j (resp. bj j ) is the length of a (resp. b).

We can consider the sum in (2) to be over all cusp geodesics c and a ¼ aðcÞ and b ¼ bðcÞ are the associated
boundaries of the pants described in Theorem 2.3.

In [6], McShane studied the punctured torus again considering the elliptic involution on this surface. He
called the set of unit vectors in the tangent space at a Weierstrass point w which are tangent to the geodesics
in the BS set the infinitesimal BS set and denoted it by X. He claimed that the vectors from the infinitesimal
BS set at each Weierstrass point behave in a similar fashion to the BS set on a horocyclic neighborhood of
the cusp on a punctured torus. It is understood that X is a subset of the unit tangent disk at w, that is
X � fv 2 TwðMÞ : kvk ¼ 1g. He proved:

Theorem 2.5 (cf [6], Theorem 1.2) Let c : R! M, where M is a punctured torus, be a complete simple
geodesic parameterised by arc length. Suppose that cð0Þ ¼ w, a Weierstrass point, and set
cþ ¼ fcðtÞ : t [ 0g. Then _cð0Þ is a unit tangent vector in X which is tangent to cþ at the point w.

(1) If c goes up the cusp, then _cð0Þ is isolated in the set X.
(2) If c is closed, then _cð0Þ can be approximated from both sides by the vectors in X.
(3) If cþ spirals to a closed geodesic, then _cð0Þ can be approximated by the vectors in X from one side.
(4) If the set of limit points of cþ is an irrational lamination, then _cð0Þ can be approximated from both

sides by the vectors in the set X.

Using all of the above possibilities McShane concluded that, on the surface M, there are regions in the unit
tangent disk at w which do not contain any vector tangent to a simple geodesic passing through w. These
wedge shaped regions, also called gaps, are bounded by the vectors tangent to geodesics starting from w and
spiralling into a simple closed geodesics. These gaps were calculated by McShane in terms of the angles.
The sum of all the angles forming the gaps is equal to 2p, due to the result by Birman and Series stated in
Theorem 2.1. This gives the following identity, proved in [6],

X

c

arcsin sech
jcj
2

� �
¼ p

2
;

where the sum is over all simple closed geodesic c passing through w, and as above jcj denotes length of c.
McShane further explored the behaviour of the infinitesimal Birman-Series set on a genus two surface. It

was proved in [8] that every closed genus two surface is hyper-elliptic, that is the surface admits an order
two isometry. This implies the existence of the Weierstrass points on the surface. McShane defined, in [7], a
dual class ðd; cÞ corresponding to a Weierstrass point w to be a separating geodesic d and a non-separating
geodesic c contained in the component of the surface containing w, such that c does not contain w. For every
w, he then gave the identity

X

ðd;cÞ
arctan

1

sinhðjdj=4þ jcj=2Þ

� �
¼ p

2
;

where the sum is over all dual classes ðd; cÞ defined above.

3 McShane’s identity and Weierstrass points

In [3] it is proved that the surface Rq ¼ H=Hq is a hyper-elliptic surface, for every odd integer q� 5, and
that there are q Weierstrass points on it. Following the ideas used by McShane in [5, 6] and [7], we study the
behavior of simple geodesics passing through these points. To do this we consider the unit tangent disk
centered at a Weierstrass point w on Rq. Following McShane we denote the infinitesimal Birman-Series set
by X, which is the set of unit tangent vectors to simple geodesics at w. Similar to McShane we find all the
gaps, in terms of angles at w, in the unit tangent disk at w where no vector is tangent to a simple geodesic.
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3.1 Proof of the analogy of Theorem 2.5 for Rq

Defining X as before in this section, we will prove the analogous version of Theorem 2.5 for the surface Rq.
This helps us to narrow down to the only cases when unit tangent vectors in X bound a gap on the unit
tangent disk at a Weierstrass point w.

Lemma 3.1 Suppose given a Dehn twist Da relative to a simple closed geodesic a on the surface Rq. Let c
be a geodesic segment starting from a Weierstrass point y 62 a which intersects a at only one point x. Let A
be a primitive hyperbolic transformation fixing a. Then:

(1) The image of a simple geodesic intersecting a under the Dehn twist is also simple.
(2) For a given lift y0 of y on H, there exists unique lift c0 of c passing through y0. Let x0 be the unique lift

of x lying on c0. Then there is a lift of the geodesic Dn
aðcÞ passing through y0 and Anðx0Þ, where n 2 Zþ

is the smallest integer such that Dn
aðyÞ ¼ y.

The existence of such an integer n follows because of the following theorem:

Theorem 3.2 If / is an outer automorphism of the surface Rq and f is the hyper-elliptic involution, then
/f ¼ f/.

This implies that fDaf ¼ Da. Therefore for any Weierstrass point y, we have fðDaðyÞÞ ¼ DaðyÞ. This
implies that the image under a Dehn twist of a Weierstrass point is also a Weierstrass point. Since there are

only finite number of Weierstrass points, there exists an integer n 2 Zþ such that Dn
aðyÞ ¼ y.

We now state our analogous version of Theorem 2.5 as follows.

Theorem 3.3 Let c : R! Rq be a simple geodesic, on the surface Rq, parameterized by arc length such
that cð0Þ ¼ w, where w is a Weierstrass point. Let cþ be the geodesic segment of c such that
cþ ¼ fcðtÞjt [ 0g, and let _cð0Þ be the unit tangent vector in X which is tangent to cþ at the point w. Then all
the conclusions of Theorem 2.5 are also true for the vector _cð0Þ on Rq.

Remark 3.4 The fact that c is a complete simple geodesic is crucial. It is possible that cþ itself is simple
but the complete geodesic c has a self intersection. So, by a simple geodesic we always mean simple in the
sense that the complete geodesic containing cþ is simple. Otherwise cþ may not belong to the BS-set in
which case _cð0Þ 62 X.

The proof of Theorem 3.3 involves different cases. We will discuss all the cases separately following the
methods used in [5] and [6].

(1) On every surface with a cusp, for every geodesic with both ends up the cusp there is a unique
embedded pair of pants enclosing it as stated in Theorem 2.3. This pair of pants has the cusp as one of
its boundaries.

(2) Let H be a horocycle bounding a cusp region and let x be a point on H which is also contained on a
geodesic with both ends up the cusp. Then x is isolated with respect to the set of points in the
intersection of H with the Birman-Series set.

(3) Every cusp geodesic cuts every horocycle bounding the cusp perpendicularly.

3.1.1 Case I: When c goes up the cusp, then _cð0Þ is isolated in X

When the simple geodesic c goes up the cusp then the tangent vector _cð0Þ at w is isolated. In order to prove
this we use the following facts from [5]:

Let c be a simple geodesic with both ends up the cusp forming the unique pants P from Theorem 2.3. Let
a and b be the other two boundary components of this special pair of pants. Let da and db be the simple
geodesics starting from w and spiralling into a and b respectively. We know that for a simple geodesic
starting from a point in an embedded pair of pants there are only three possibilities: either it is one of the
boundary geodesics of the pants, or it leaves the pants across one of the boundary geodesics, or thirdly it
spirals into one of the boundary geodesics. In the case of the special pair of pants P where one of the
boundaries is a cusp and the other two boundaries are a and b, then any geodesic, apart from the boundary
geodesics and the geodesics da and db, leaves P through one of the boundary geodesics or has both ends up
the cusp. We can cut P into four parts by cutting along the geodesic c, along the two geodesics with one end
up the cusp and intersecting the geodesics a and b perpendicularly, and along the geodesic perpendicular to
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both a and b and containing the point w. Figure 1 shows a lift of one of these parts of P to the hyperbolic
plane H with the cusp at 1 and a lift of w at the point E. The geodesic AB0 is a lift of the geodesic da
crossing through the point E. A geodesic starting from w and leaving the pants through the boundary
geodesic a must have a lift which starts from E and intersects the geodesic segment AB. This means that this
lift must be lower than the lift of the geodesic da.

As discussed previously all the cusp geodesics intersect the horocycles bounding the cusp perpendic-
ularly. Suppose there is a geodesic lying on the pair of pants, different from c, passing through w with ends
going up the cusp. Then this new geodesic does not intersect a horocycle H perpendicularly, as shown in
Figure 1 by the dotted line. Let tda and tdb be unit vectors at w tangent to the geodesics da and db

respectively. Then from the above observation, c is the only simple geodesic which has a tangent vector tc in
the region bounded by the tangent vectors tda and tdb . So we get two gaps, that is the one bounded by the

vectors tc and tda and the other one is tc and tda . Similarly we get the other two gaps by rotating da and db by
the involution f. Hence _cð0Þ is isolated on the unit tangent disk at w.

3.1.2 Case II: When c is a simple closed geodesic, then _cð0Þ can be approximated from both sides by vectors
in X

Consider a lift c0 of the simple closed geodesic c to H, let ~w be the lift of w on c0. We will find sequences of

tangent vectors at w, on Rq, which converge to _cð0Þ from both sides. Let b0 be a simple geodesic passing

through a Weierstrass point w and another Weierstrass point w0 6¼ w. Let ~w0 be a lift of w0 to H such that b is

the lift of b0 passing through ~w0 and ~w. Let P be the hyperbolic transformation in Hq such that c0 is its axis.
We can choose the attractive end point of P to be the endpoint of c which is on the right, by taking P or its
inverse. We define the sequence bn to be the geodesic starting at ~w; and passing through Pnð ~wÞ 2 c0. Since ~w
is a lift of w, for all n 2 Zþ, the projection of the geodesic bn passes through w. From Lemma 3.1, there is a

subsequence fbn0g of fbng such that the projection of every bn0 on Rq is the image of b0 under Dn0
c , the ðn0Þth

Dehn twist along c, such that Dn0
c ðw0Þ ¼ w0. This implies that all of the geodesics bn0 are simple. Now as n0

Fig. 1 Case I: The figure shows the one fourth part of Pa;b containing half of the geodesic a

Fig. 2 Case II
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approaches 1, the sequence bn0 converges to a geodesic which starts from ~w0 and is asymptotic to c0. This
means that the sequence fbn0 g converges to a geodesic which projects to a simple geodesic spiralling into c
on the surface Rq. Therefore the tangent vectors to bn0 at w converge to _cð0Þ. Likewise we can define another

sequence b0n0 which is the image of the geodesic b0 under the Dehn twist Dn0
�c , where �c is the same geodesic c

with reverse orientation. This sequence also converges to a geodesic spiralling into c in the direction

opposite to that of the limit of the sequence of bn0 . Hence the tangent vectors to b0n0 at w converge to _cð0Þ
from the other side (Fig. 2).

3.1.3 Case III: When cþ spirals into a simple closed geodesic, then _cð0Þ can be approximated by vectors
in X on one side

We want to prove in this case that we can construct a sequence of simple geodesics with tangent vectors
converging to _cð0Þ from one side. Let cþ be the geodesic segment starting from w and spiralling to the
simple closed geodesic, say F0. Let c0 be a lift of cþ to H starting from ~w, a lift of w, and spiralling into the
unique lift F of F0, as shown in Figure 3. Choose a simple geodesic segment b which starts from ~w and
intersects F exactly once, at a point say x. Let P be the primitive hyperbolic transformation in the funda-
mental group Hq such that Ax ðPÞ ¼ F. One can choose P such that the attractive point on F is the point
where it meets c0 in H. Now define a sequence of geodesics bn as geodesics passing through ~w and PnðxÞ.
We want to show that there is a subsequence fbn0 g of the sequence fbng such that all of the geodesics bn0 are

simple. This can be proved by choosing the index n0 such that Dn0
F0 ðwÞ ¼ w, which means that each of the

geodesic segments bn0 are in the homotopy class of n0-times Dehn twisting the projection of b along F0.

Since Pn0 ðxÞ approaches to the attractive point as n0 ! 1, hence bn0 ! c0. Hence the unit vectors at w to the
projection of bn0 converge to _cð0Þ.

3.1.4 Case IV: When the set of limit points of cþ is an irrational lamination, then _cð0Þ is neither isolated
nor it is a boundary point of X

This can be proved by following Theorem 13 of [5] by replacing the cusp at1 by the Weierstrass point w.
We will define two sequences of simple geodesics which converge to cþ from both sides. The vectors
tangent to the geodesics in the sequences hence converge to _cð0Þ on the unit tangent disk centered at w. Let

k0 be the irrational lamination, that is a lamination which is minimal but not a simple closed geodesic. A lift
of this irrational lamination to H would be a collection of semicircles. Let k be the semicircle with largest

radius among all these lifts of k0 and c0þ be a lift of cþ asymptotic to k. Consider a simple geodesic b that

starts from w and intersects k0 more than once. Since k0 is an irrational lamination, b intersects it infinitely

many times. As k0 is in the limit set of cþ and k0 is minimal, this means that the closure of cþ is dense in k0.
Therefore b also intersects with cþ infinitely many times. We can assume that b intersects cþ almost
perpendicularly. We define here some of the terminologies used in [5]. Let p be the point in the intersection

b \ k0 such that it is closest to the point w in terms of the arc length along b. We denote the points of

intersection of cþ with b as yi in the order along cþ, where i 2 Zþ. Define a function w : cþ \ b! Rþ, such
that wðyiÞ ¼ dbðp; yiÞ that is it assigns each intersection point yi the distance, along b, between yi and p. One

defines the point yi 2 cþ \ b to be a closest approach if and only if for any j\i implies wðyjÞ[wðyiÞ. Two

Fig. 3 Case III
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closest approaches yi and yj, i\j, are said to be consecutive if there does not exists an integer k, where
i\k\j, such that yk is also a closest approach.

Using these closest approaches one can construct simple geodesics. One defines a join as a curve starting
from w along cþ till it meets b at yi for some i and then following back along b towards w. Pulling it tight
gives a closed geodesic passing through w. The lift of a join is shown by dotted line in the top diagram in

Figure 4, where ~w, cþ0 and b0 are lifts of w, cþ and b to H, respectively. The double join is a curve defined as
the one starting from w following b till it meets cþ at say yi for some i then following along cþ till it meets b
again at say yj for some j 6¼ i then following back along b towards w. The geodesic in the homotopy class of
the double join is also a closed geodesic passing through w. The lift of a double join is shown by dotted line
in the bottom diagram in Figure 4.

Lemma 3.5 (cf. [5], Lemma 6)

(1) If yi is a closest approach then the join at yi is a simple geodesic.
(2) If yi and yj are consecutive closest approaches then the double join between them is a simple geodesic.

Proof This lemma can be proved by using the fact that the join (resp. double join) is through a closest
approach (resp. consecutive closest approach) and the assumption that it is not simple leads to a contra-
diction of the definition of the join (resp. double join). h

One can denote the ith closest approach as y�i . Also denote fb; cþgi as the join through y�i , and fb; cþ;bgi as
the double join through y�i and y�iþ1.

Lemma 3.6 (cf. [5], Lemma 7) Let y�i be the sequence of closest approaches then y�i ! p as i!1 and the
sequence tends to p monotonically in the sense that w is monotone decreasing.

Proof The proof of this lemma follows the fact that since p is in the set k0 \ b and since no point in this set

is isolated, then for any point a 2 k0 \ b there exists a point b 2 k0 \ b such that b is between p and a along

b. Since cþ is dense in k0, there is always a point from the set cþ \ b between p and a. h

Lemma 3.7 (cf. [5], Lemma 9) Let dcþðyiþ1; yiÞ denote the distance between yi and yiþ1 measured along
cþ. Then dcþðyiþ1; yiÞ ! 1 as i!1.

Proof This lemma is true because otherwise we can construct a sequence of simple closed geodesics ai

from the segment of cþ, from yi to yiþ1, with bounded lengths. Also this sequence converges to k0, since
yi ! p. Following the well known result that the set of simple closed geodesics with bounded lengths is

finite, therefore k0 should also be a simple closed geodesic. This leads to a contradiction to the fact that k0 is
an irrational lamination. h

Lemma 3.8 The sequence of the joins defined with respect to the closest approach, fb; cþgi, converges to
a lamination containing cþ.

Fig. 4 Case IV
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Proof This can be seen from the top diagram in Figure 4. Let b0 � H be the geodesic starting from w
which is a lift of the geodesic b. Consider the lift �y�i of the ith closest approach y�i on the lift c0þ of the
geodesic cþ. There is a unique lift of b, say bi � H, which contains �y�i on H. The geodesic that corresponds
to the join fb; cþgi is the geodesic, shown by the dotted line, from ~w to the lift of w on bi. Since
dcþðy�i ; y�iþ1Þ ! 1 as i!1, this implies that the height of the lift bi approaches to 0 as i!1. Hence the

result. h

From the above theorem, we can see that this subsequence of joins have tangent vectors at w which converge
to _cð0Þ from the right of cþ. This proves the fact that in this case _cð0Þ is not isolated. In order to prove that it
is not a boundary point as well, we need to construct a sequence of geodesics with tangent vectors
converging to _cð0Þ from the left. For this we use the geodesics defined by the double joins.

Lemma 3.9 The sequence defined by the geodesics formed by the double joins through the consecutive
closest approaches converges to a lamination containing cþ.

Proof We follow the procedure similar to the one we used in case of the joins. Take b0 to be a lift of b on

H intersecting k as seen in Figure 4. For a double join fb; cþ; bgi, one follows b0 from w till it meets the

only lift, say �y�i , of y�i on b0. There is a unique lift of cþ containing this lift �y�i , say ci. So the double join
fb; cþ; bgi then follows from �y�i along the lift ci till it meets the unique lift �y�iþ1 of y�iþ1 on ci. From here it

then follows the unique lift biþ1 of b containing this lift �y�iþ1 back to the lift of w along biþ1. The geodesic

corresponding to this double join is a simple closed geodesic and its lift on H is the one starting from w0 and
ending at the end point of biþ1. The convergence can be seen from the fact that dcþðy�iþ1; y

�
i Þ ! 1. As these

points grow further apart, the radius of biþ1 approaches to 0. This proves the result. h

We now need to show that all the double joins eventually converge to cþ from the left side. To prove this
we assume that for a large integer N, biþ1 converges on the right side of the cþ for all i [ N. This means that

there exists a point, say yk, at which biþ1 intersects c0þ. Since the lift of w on biþ1 should be on the right

according to our assumption, this means wðykÞ\wðy�iþ1Þ. Let y�iþ1 ¼ yj where j 2 Zþ. Then one defines a

tortoise path shown in Figure 5 by bold lines, as defined in [5], where b is the lift of w on ci. Let K be the

length of the geodesic segment connecting b0 to cþ0, and let the length of the geodesic segment of this
tortoise path that lying on the geodesic cþ0 be equal to dcþðw; ykÞ � C where C is the length of the geodesic

segment on cþ0 from w to the point on this geodesic where the tortoise path takes the turn on cþ0. From here
we can see that both K and C are independent of the values of i and the point b on the geodesic ci is a lift of
w. So from the figure we can see that

dcþðw; y�iþ1Þ� dcþðw; y�i Þ þ dcþðw; ykÞ � C � K � 2wðy�i Þ:

So for sufficiently large i we have dcþðw; yjÞ ¼ dcþðw; y�iþ1Þ[ dcþðw; ykÞ, which means j [ k. But we have
already seen that wðyjÞ[ wðykÞ which contradicts the fact that yj ¼ y�iþ1 is a closest approach. Therefore our

assumption that the sequence of double joins eventually lies on the right side is false.
From here we conclude that the tangent vector _cð0Þ is neither isolated nor a boundary point. At this point

we have proved all the possibilities in Theorem 2.5.

Fig. 5 The tortoise path shown by bold line
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4 Constructing pairs of pants

We have proved in Theorem 3.3 that every vector in X at a Weierstrass point w behaves according to the
type of the simple geodesic it is tangent to. The only possibility for a vector, tangent to a simple geodesic, to
be approached from only one side by vectors in X is when the geodesic it is tangent to, spirals into a simple
closed geodesic. Similarly the only possibility for a vector to be isolated in X is when it is tangent to a cusp
geodesic. So every vector tangent to a cusp geodesic or a simple geodesic spiralling into a simple closed
geodesic, at w, is a boundary to a gap. These gaps do not contain any unit vector tangent to a simple
geodesic. In this section we prove:

Theorem 4.1 Let w be a Weierstrass point. Given any simple geodesic dh starting from w and spiralling
into a simple closed geodesic h not containing w, there exists a symmetric pair of pants P containing the
Weierstrass point w and dh. Moreover h is one of the boundaries of P.

Remark 4.2

(1) By symmetric pair of pants P, we mean which is mapped onto itself under the involution f, that is
fðPÞ ¼ P.

(2) We will show that all such pairs of pants are unique in Corollary 5.3.

Once the pair of pants is constructed, then the next step will be to find the gaps. In the case of the cusp
geodesic the gaps can be found by constructing pants, with the cusp as one of the boundaries, containing w
and the cusp geodesic. For our convenience we denote a pair of pants in Theorem 4.1 as Pp

q;r, where p, q and
r are the boundary geodesics. The boundaries in the subscript are a pair such that both are intersected
perpendicularly by a geodesic segment passing through w, while the one in the superscript is the boundary
opposite to this geodesic segment. We write Pp

q for Pp
q;q, meaning that a single geodesic q corresponds to

two boundary geodesics after cutting. We also write Pq;r in the special case in which the boundary opposite
to the geodesic segment through w is the cusp.

4.1 Types of simple closed geodesic h

To find the pairs of pants described in Theorem 4.1, we first discuss all of the possibilities for the simple
closed geodesic h and the corresponding geodesics spiralling into h.

4.1.1 Case I: When h is mapped to itself by f preserving the orientation

For every oriented geodesic h which is mapped onto itself by f, such that f preserves the orientation of h, we
can find four simple geodesic segments starting from w and spiralling into h. One of these geodesics we

denote dþh spiralling with the same orientation as that of h. Let dþ0h be the image of dþh under the involution f.

Since the orientation of h is preserved by f, then dþ0h is also a simple geodesic starting from w and spiralling
into h in the same direction. Another pair of simple geodesic segments d�h and d�h0, starting from w such that
each one is an image of the other, spiral into h in the same direction as each other but opposite to the

orientation h. Corresponding to these geodesics we have four tangent vectors in X at w. Note that dþh [ �dþ0h is

a complete simple geodesic, as is d�h [ �d�0h , where by �d we mean the geodesic d with reverse orientation.
This is because each of the four segments passes through w and rotate through an angle of 180� about w

under the action of f, therefore d�h [ �d�0h should map to itself but with opposite direction. See for example
Figure 6(a).

4.1.2 Case II: When h is mapped to itself by f reversing the orientation

If h is an oriented geodesic mapped to itself by f with reverse orientation, then similar to the case of a
geodesic with orientation preserved by f we have two pairs of simple geodesic segments passing through w.

One pair is dþh and dþ0h , and the other one is d�h and d�0h , these pairs make two complete spiralling geodesics.
In each pair the geodesics are image of one another under the involution f and spiral into h in opposite

directions. Therefore, we again have four vectors tangent to these geodesics at w. The geodesics dþh [ �dþh0
and d�h [ �d�0h are complete simple geodesics.
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Note that in this case h is non-separating, because if it is separating we will have two components of the
surface with h as boundary on both components. Since fðhÞ maps to h with reverse orientation, then both
components of the surface must switch onto one another, which is impossible as this will not fix the
Weierstrass points.

4.1.3 Case III: When h is not mapped to itself by f such that h \ fðhÞ ¼ ;

This case is not as straightforward as the ones where the h is fixed under the involution. Let h be an oriented
simple closed geodesic, then fðhÞ is also a simple closed geodesic with the same orientation as that of h,

where h 6¼ fðhÞ. So with respect to the simple geodesic segment dþh spiralling into h with the same ori-

entation as that of h then there exists another geodesic segment dþ0fðhÞ starting from w and spiralling into fðhÞ
with the same orientation. Similarly, with respect to the simple geodesic d�h spiralling into h with reverse

orientation as that of h then there exists a simple geodesic d�0fðhÞ which starts from w and spirals into fðhÞ also

with the reverse orientation as that of h. Here as before dþh [ �dþ0fðhÞ and d�h [ �d�0fðhÞ are complete simple

geodesics. See Figure 10.

4.1.4 Case IV: When h is not mapped to itself by f and h \ fðhÞ 6¼ ;

Let h be a simple closed geodesic such that h is not fixed by f. Then h and fðhÞ intersect each other

transversally. So the two geodesic segments, dþh and �dþfðhÞ, starting from w and spiralling into h and fðhÞ also

intersect each other. As both of these spiralling geodesics are image of one another under f, then dþh [ �dþfðhÞ
is a complete geodesic which intersects itself transversally. Therefore, in this case we cannot find a complete
simple geodesic passing through w and spiralling into h and fðhÞ. Therefore it is not possible to find a gap
bounded on both sides by unit tangent vectors in X in this case. This leads us to the following lemma.

Lemma 4.3 A unit vector at w, tangent to a geodesic spiralling into a simple closed geodesic h, bounds a
gap if and only if either fðhÞ ¼ h( or �h), or fðhÞ and h are disjoint.

Thus to prove Theorem 4.1, we have to show how to find symmetric pants when h is in cases I, II and III
only.

4.2 Constructing a pair of pants when h is mapped onto itself by f

In this section, we discuss how to construct the pants in Theorem 4.1 in cases I and II above. Let h be a
simple closed geodesic which maps to itself under f. We now explain how we obtain the symmetric
embedded pair of pants containing w as in Theorem 4.1. We have seen that there exist two pairs of simple

geodesics spiralling into h, namely the pair dþh and �dþh and the pair d�h and �d�h . As above, this case is divided

Fig. 6 Figures showing different possible configurations when fðhÞ ¼ h or �h
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into further two sub cases, that is, when the orientation is preserved and when it is reversed. Then the pair of

pants having h as one of its boundary components, denoted by Ph
a;b or Pl

h, can be created as follows:

4.2.1 Case I: When h is mapped onto itself under f preserving orientation

Consider a geodesic l0 which passes through w and intersects h perpendicularly. Since l0 passes through a
Weierstrass point, it must be symmetric under f, because a 180� rotation about w obviously maps a geodesic
passing through w to itself. This means that l0 is a geodesic with passes through w and intersects h
perpendicularly from both sides, therefore dividing h into two equal parts, say h1 and h2. Let l00 be the
geodesic segment of l0, containing w, such that both of its end points lie on h. Now we can construct the

other boundaries of the required pair of pants Ph
a;b as follows: The boundary geodesic a can be obtained by

pulling tight the piece-wise smooth geodesic l00 [ h1. Similarly b is obtained from the geodesic l00 [ h2. Since
h and l0 are symmetric and from the construction of a and b we can see that b ¼ fðaÞ. So clearly the pair of
pants enclosed by these geodesics must be preserved by f.

Hence we have three geodesics h, a and b. The three geodesics are the boundaries of an embedded

symmetric pair of pants, Ph
a;fðaÞ, which contains the point w, as shown in Figure 7.

Note that for a simple closed geodesic h mapped onto itself with reverse orientation under f, the same
construction will not work. We might end up having all the three geodesics h, a and b homotopic to each
other, as shown in Figure 6 part (b). Alternatively it might happen that the three geodesics do not bound an
embedded pair of pants. Examples are when h is one of the geodesics shown in Figure 6, part (c) and (d).

4.2.2 Case II: When h is mapped onto itself by f with reverse orientation

In order to construct a symmetric pair of pants with respect to the geodesic h, by cutting along h, we get two
boundary components of the pair of pants which correspond to h. These boundaries are such that one
boundary is mapped onto the other under f. So, now we have to construct one more geodesic which bounds a
symmetric pair of pants together with the two boundaries corresponding to h. Now consider a simple

Fig. 7 The symmetric pair of pants Ph
a;b

Fig. 8 The pair of pants Pl
h
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geodesic l0 passing through w and intersecting h perpendicularly. Since h is mapped onto itself by f and w is
fixed by f, then l0 is also symmetric which means that l0 intersects h perpendicularly from the other side as

well, shown in Figure 8. Now to construct the third boundary l of the pair of pants Pl
h;h ¼ Pl

h, we pull tight

the piecewise smooth curve constructed as follows: Starting from w, we follow l0 until it meets h then follow
round the geodesic h till we come back to the point, on h, where we started. We then follow l0 in its opposite
direction till it intersects h again from the other side, from here we follow along h, in the opposite direction
taking one complete round, till we reach back to the starting point, on h, and from here we follow l0 towards
w. This piecewise smooth curve is shown in Figure 8 by bold lines. Therefore, we get our required
embedded pair of pants cut out with the geodesic l together with the boundary curves both corresponding to
h. Some other cases when h is mapped onto itself with reverse orientation are also shown in Figure 9.

4.3 Constructing a pair of pants when h is not preserved by f

We can construct pair of pants in this case only then h is as describe in Case III. For every h of this type, we
have two simple geodesics with one end w and the other end spiralling into h in opposite directions.
Similarly, for every fðhÞ we again get two simple geodesics with the same properties as for h. As seen
previously, we only have one possibility for a non symmetric simple closed geodesic h that is h \ fðhÞ ¼ ;.
In order to construct a symmetric pair of pants having h as one of its boundary geodesics, then fðhÞ also has

to be one of the boundaries. So our required pair of pants is denoted by Pl
h;fðhÞ.

To construct the simple closed geodesic l, we first consider a geodesic l0 passing through w and
intersecting h perpendicularly. Since l0 passes through w, a Weierstrass point, then it must be symmetric.
This means that l0 also intersects fðhÞ perpendicularly from the other side, see Figure 10. The construction of
the geodesic l is similar to the case when h is mapped onto itself by f reversing orientation. So we construct
a piecewise smooth curve by starting from the point w following l0 till it meets h, then following round h till
it comes back to the starting point point on h which meets l0. From here we follow l0 in the opposite direction
till it meets fðhÞ on the other side, and then we switch to fðhÞ following round it till it meets l0 again, then
move along l0 towards w. Pulling this curve tight gives the geodesic l, as seen in Figure 10. There is a

Fig. 9 More possible configurations for the case when h is mapped onto itself with reverse orientation

Fig. 10 The pair of pants Pl
h;fðhÞ
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possibility that the curve l bounds a cusp region. In that case the pair of pants have cusp as one of its
boundaries and jlj ¼ 0.

This completes the proof of Theorem 4.1.

5 Constructing gaps

For every Weierstrass point w we have different embedded pair of pants containing w inside the pants.
Corresponding to all these pants we get distinct gaps which contains no simple geodesic, crossing w. We can
summarise all the different types of symmetric pants as follows:

(1) Ph
a;fðaÞ, preserved by the involution f,

(2) Ph
a, also preserved by f, where a is fixed by f.

(3) Pa;fðaÞ containing the cusp. These are also fixed by f as we show later in the section.

For each pants of types 1, 2 and 3 there are four gaps. We first discuss the gaps in the case of the special
pair of pants Ph

a;fðaÞ and Ph
a, that is type 1 and 2. In order to construct a gap one follows the construction

shown in Figure 11. Let d�h and dþh be the geodesics which start from w and spiral into h from the left and
right respectively. Let da and db be geodesics that start from w and spiral into a and b ¼ fðaÞ respectively

where b is either �a or a \ b ¼ ;. Let td�h and tdþh be the unit tangent vectors to the geodesics d�h and dþh at w,

respectively. Similarly, let tda (resp. tdb) be unit tangent vector to da (resp. db) at w. We need to show that

there does not exist any vector between tda and td�h (resp. tdb and tdþh ) which is tangent to a simple geodesic at

w. For this we use the following result.

Fig. 11 The pair of pants Ph
a;fðaÞ

Fig. 12 The pentagon ABCDE represents a lift of one fourth part of Ph
a;fðaÞ, where E is a lift of w
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Proposition 5.1 In the pair of pants of the from Ph
a;fðaÞ or Ph

a, the tangent vectors td�h and tda (respectively
tdþh and tdb) define a gap, that is, there does not exist any vector tangent to a simple closed geodesic between

td�h and tda (respectively tdþh and tdb), where b ¼ fðaÞ.

Proof On a pair of pants, the only simple closed geodesics contained on it completely are the boundary
geodesics. So there are two possibilities for a simple geodesic, intersecting with a pair of pants, which passes
through the Weierstrass point w. One is that it leaves the pair of pants across the boundary geodesics a or b,
and the other possibility is that it leaves across the geodesic h. We need to show that in all the cases, the
tangent to any simple closed geodesic at w stays away from the wedge made by tdþh and tdb , and similarly that

the same is true for the wedge td�h and tda on the unit tangent disk at w.

Consider Figure 12, which shows a lift of one fourth part of the pants to the hyperbolic plane H. This
right angled pentagon is obtained by cutting the pair of pants shown in Figure 11 along the geodesic c and
the common perpendiculars of b, h and a, b. The geodesic segment AB, shown in Figure 12, is the lift of one
fourth part of the separating geodesic h in H where E represents a lift of the point w. The line EB0 represents

a lift of the geodesic dþh . We can clearly see that a geodesic starting from w and exiting the pair of pants

from h would be higher than the geodesic dþh because it would be a geodesic segment starting from E and
intersecting some point on the geodesic segment AB. The same holds for the geodesic d�h . Similarly a
geodesic starting from E and intersecting the geodesic DC, which is a lift of half of a, would be lower than
the geodesic EC0, which is a lift of da. The same is true for db. Hence the result. h

Now we discuss the pants containing the cusp. Corresponding to every Weierstrass point w, there are some
geodesics, say c, passing through w with both ends up the cusp. In this case we consider the pair of pants
with cusp as one of the boundaries, following Theorem 2.3.

Now in addition to the gaps defined in the Proposition 5.1, there are some more gaps corresponding to all
the cusp geodesics that pass through w. For all such geodesics we are able to construct the pants Pa;b, or in
other words Pa;fðaÞ and b ¼ fðaÞ such that a \ b ¼ ;, which are again symmetric under the involution f. Let

tda and tdb be defined in the similar way as in the case of Ph
a;b. Then we get the following result.

Theorem 5.2 Using Theorem 3.3 for cusp geodesics, we can find some gaps corresponding to every pair
of pants of the form Pa;b containing w.

Proof Let c be the simple geodesic with both ends up the cusp and let Pa;b be the pants described above.
We know that every simple geodesic, other than the boundaries, either leaves the pants from any one of the
boundary geodesic or goes up the cusp. Let da and db be the geodesics starting from w and spiralling into a
and b respectively. From Figure 1, we can see that all the geodesics leaving the pants through the boundary
geodesics are lower then these geodesics. We know that all the cusp geodesics intersect all the horocycles
bounding the cusp perpendicularly. It is shown in Figure 1, by the dotted line, that if there is another
geodesic starting from w and going up the cusp, then it does not intersect the horocycle H perpendicularly.
Therefore c is the only simple geodesic which has its tangent vector in the region bounded by the tangent
vectors tda and tdb . h

Corollary 5.3 Each of the pair of pants described in Theorem 4.1 is unique.

Proof The uniqueness can be proved using the fact that in each of the pairs of pants there exist gaps which
contain no simple geodesic. Suppose there is another pair of pants P0 also containing the point w, the
spiralling geodesic dh, and has the simple closed geodesic h as one of its boundaries. This means that there
exists a gap g0 on P0 at w which is bounded on one side by the unit tangent vector to dh at w. But there also
exists a gap g corresponding to the pants P which is also bounded on one side by the tangent vector at w to
the spiralling geodesic dh, by Theorem 3.3. This implies either g0 � g or g � g0. But in either case there
exists a simple geodesic passing through w lying within the bigger gap. This simple geodesic is the boundary
geodesic of the smaller gap other than dh. This leads to a contradiction. This means that the simple geodesic
bounding each of the gaps from the other side should also be the same. Hence, P is the same as P0. h

Corollary 5.4 The gaps described in Proposition 5.1 and 5.2, are all mutually disjoint.

Proof Suppose there are two gaps g1 and g2 in the tangent disk at w, such that g1 \ g2 6¼ /. From definition
of gaps, they do not contain any vector which is tangent to a simple geodesic. Also these gaps are bounded
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on both sides by simple geodesics either spiralling to a simple closed geodesic or which have both ends up
the cusp. But since g1 and g2 intersects each other, there must be a vector tangent to one of the boundary
geodesics of g2 in g1 and g1 in g2. This cannot be true by the definition of gaps. This leads us to a
contradiction. Therefore, all gaps are disjoint. h

6 Calculating the gaps

Theorem 6.1 The angles subtended at w by the gaps described in Proposition 5.1, corresponding to

Ph
a;fðaÞ and Ph

a, are equal to

2 arctan
1

expðjhj=4þ jaj=2Þ

� �
;

respectively.

Proof Consider a lift of one of the pentagons on H shown in Figure 12 which contains half of a, the
figure is similar to the one shown in [7]. In the figure the vertex E is the point w and the geodesics

connecting E with C0 and B0 are the geodesics da and dþh respectively. The gap defined above is equal to the

angle between da and dþh at w. In Figure 12, the side a is the geodesic segment starting from w and cutting a
perpendicularly, similarly the side c is the geodesic passing through w and intersecting h perpendicularly on
both sides. The side b is the common perpendicular of the boundary geodesics h and a.

Let h be the angle \DEC0 in the triangle MC0DE. Since it is a triangle with angles p=2, h and 0, we have

tan h ¼ 1= sinh a: ð3Þ

Similarly, let h0 be the angle \B0EA in MEAB0 with angels p=2, h0 and 0, we have

tan h0 ¼ 1= sinhðjcj=2Þ: ð4Þ

The gap we want to find out is the angle p=2� h� h0. Now since all internal angles in the pentagon ABCDE
are right angles, we have the following equations from [1],

sinhðjaj=2Þ sinh a ¼ coshðjhj=4Þ; ð5Þ

and

sinhðjhj=4Þ sinhðjcj=2Þ ¼ coshðjaj=2Þ: ð6Þ

Combining (3) with (5) and (4) with (6) we get the following,

tan h ¼ sinhðjaj=2Þ
coshðjhj=4Þ ; ð7Þ

and

tan h0 ¼ sinhðjhj=4Þ
coshðjaj=2Þ : ð8Þ

Since tanðp=2� h� h0Þ ¼ cotðhþ h0Þ.this gives us

tanðp=2� h� h0Þ ¼ 1� cot h cot h0

cot hþ cot h0
¼ 2 coshðjaj=2� jhj=4Þ

sinhðjhj=2Þ þ sinhðjajÞ

� �
:

Hence, by the double angle formulas, we get

p=2� h� h0 ¼ arctan
1

sinhðjhj=4þ jaj=2Þ

� �
: ð9Þ

The formula in Equation (9) can be further simplified, following [9], by using the following identity.
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arctan
1

sinh p

� �
¼ 2 arctanðexpð�pÞÞ; ð10Þ

due to the fact that

tanð2 arctanðexpð�pÞÞÞ ¼ 2 expð�pÞ
1� expð�2pÞ ¼

1

sinh p
:

So, we can rewrite our gap as

2 arctan
1

expðjhj=4þ jaj=2Þ

� �
:

Similarly for the remaining three pentagons, following the same steps as above, we get the other gaps. h

Now we calculate the gaps discussed in Theorem 5.2 when one of the boundaries is a cusp.

Theorem 6.2 The gaps described in Theorem 5.2, corresponding to Pa;fðaÞ, are equal to

2 arctan
1

expðjaj=2Þ

� �
:

Proof This can be seen from Figure 1, which shows a quadrilateral which is a lift of one fourth part of the
pants Pa;fðaÞ containing half of a. The gap defined in Theorem 5.2 is the angel h between c and da at w.
Following the procedure from Theorem 6.1, we get

tanðp=2� hÞ ¼ 1= sinh a:

Figure 1 shows a quadrilateral with all angles equal to p=2 for the exception of one which is 0 at the cusp.
So for the quadrilateral EAB with one vertex at infinity we have, using the formulas from [1],

sinh a ¼ 1= sinhðjaj=2Þ:

For the triangle EAB0 we have the formula tan h ¼ 1= sinh a. Our required angle is h0 ¼ p=2� h. Therefore

tan h0 ¼ 1= sinhðjaj=2Þ;

and hence,

h0 ¼ arctan½1= sinhðjaj=2Þ	 ¼ 2 arctan 1= exp jaj=2ð Þ½ 	:

Similarly we can calculated the other three gaps in the pair of pants Pa;fðaÞ. Note that these gaps are the same
as the gaps calculated in Equation (9), in Theorem 5.1 when h is a cusp, that is when jhj ¼ 0. Hence the
result. h

7 Proof of Theorem 1

In order to complete this proof the only thing left is to sum up all the gaps. We have the following types of
gaps,

(1) For the pair of pants of the form Ph
a;fðaÞwe get four equal gaps, so we have

4 2 arctan
1

exp
jhj
4
þ jaj

2

� �

2
4

3
5

0
@

1
A;

(2) The pants of the form Ph
a also gives four equal gaps
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4 2 arctan
1

exp
jhj
4
þ jaj

2

� �

2
4

3
5

0
@

1
A;

(3) For the pants of the form Pa;b, containing cusp which means Ph
a;b when jhj ¼ 0, also gives four gaps

with equal lengths, therefore we have

4 2 arctan
1

expðjajÞ

� �� �
:

Summing up all these gaps we get the following identity for a fixed Weierstrass point w,
X

Ph
a;fðaÞ;P

h
a;Pa;fðaÞ2 arctan 1

exp
jhj
4
þjaj

2ð Þ

� �
¼p

2
:

This completes the proof of Theorem 1.

8 Comparison between Theorem and [9]

After completing the proof of Theorem 1 we had a brief discussion with Ser Peow Tan. He suggested that it
could be proved by taking the quotient of the surface Rq with the hyper-elliptic involution f which gives us a
sphere with q cone point of angle p and a cusp. On this quotient surface Rq=f, we can apply the formula for a
cone surface from [9] which reduces in our case to the following:

Theorem 8.1 ([9], Theorem 1.16) Let M be a compact hyperbolic cone-surface with all cone angles equal
to p, and let all the cone points be D0;D1; . . .;DN . Then fixing a cone point Dj one gets,

X

a;b

2 arctan
1

exp
jajþjbj

2

¼ p
2
;

where, the sum is taken over all unordered pairs of generalized simple closed geodesics a, b on M which
bound with Dj an embedded pair of pants on M (note that one of a, b might be a cusp in which case the
length is equal to 0 ).

The identity in Theorem 8.1 is the sum over pairs of pants, say Pa;b, on the quotient surface Rq=f with the
cone point Dj as one of the boundaries. The lift of all such pants on the surface Rq have three boundary
geodesics. One of the boundaries of the pants Pa;b lifts to a geodesic with twice its length which becomes a
separating geodesic on Rq, whereas the other geodesic boundary lifts to two different non-separating

geodesics with equal lengths onRq. That is, the pair of pants Pa;b on Rq=f lifts to a pair of pants Ph
a;b on Rq

such that jhj ¼ 2jbj and jaj ¼ jbj ¼ jaj. Hence the expression in Theorem 8.1 becomes 2 arctan 1

exp
jaj
2
þjhj

4ð Þ.

References

1. A. Beardon, The geometry of discrete groups, Springer-Verlag, New York 1983.
2. J. Birman, C. Series, An algorithm for simple curves on surfaces, J. London Math. Soc. (2) 29 (1984), 331-342.
3. K. Farooq, The structural properties of quotient surfaces of a Hecke group, Conform. Geom. Dyn. 23 (2019), 262-282.
4. G. McShane, A remarkable identity for the length of curves on surfaces, - Ph.D. thesis, University of Warwick, 1991.
5. G. McShane, Simple geodesics and a series constant over Teichmuller space, Invent. Math. 132 (1998) 607-632.
6. G. McShane, Weierstrass points and simple geodesics, Bull. London Math. Soc. 36 (2004) 181-187.
7. G. McShane, Simple geodesics on surfaces of genus two, Annales Academi Scientiarum Fennic 31 (2006) 31-38
8. A. Haas, The geometry of the hyperelliptic involution in genus two, Proceedings of Amer. Math. Soc. (1) 105 (1989)

159-165.
9. S.P. Tan, Y.L. Wong & Y. Zhang, Generalisation of McShane’s identity to hyperbolic cone-surfaces, J. Differential Geom.

72 (2006) 73-112.

123

A note on the McShane’s identity for Hecke groups 931



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2021-12-16T08:02:44+0530
	Preflight Ticket Signature




