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Abstract Solid codes can be used in information transmission over a noisy channel because they have
remarkable synchronization and error-detecting capabilities in the presence of noise. In this paper, we focus
on combinatoric properties of solid codes. We begin by characterizing solid codes by means of infix codes
and unbordered words. Then, we discuss the decomposition of solid codes (in particular, the maximal solid
codes). And finally, we investigate several properties of the products of the solid codes and some other kinds
of codes. Our results given in this paper significantly enrich the theory of solid codes.
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1 Introduction and preliminaries

Solid codes were introduced in the context of characterizing disjunctive domains in [11]. They were further
investigated in [4–6]. In this paper, we concentrate on the combinatoric properties of solid codes. As solid
codes can be used in information transmission via a moderate noisy channel (see [6, 7, 10]). During the
transmission, encoded messages may be distorted due to environmental conditions or faults in the channel or
may be subjected to noise and tampering such as the insertion or deletion by their synchronization capa-
bilities.Every correctly transmitted code word can also be decoded correctly and without delay, which is not
true for most kinds of codes. In addition, solid codes have amazing mathematical applications. They play a
very important role in theoretical study of languages because of the property of unique representation for
words over the same alphabet (see [8, 9, 11, 14, 15]). The potential issues of the application make them an
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object of intense attention. In this paper, we investigate some combinatorial properties of solid codes.We
first introduce the necessary concepts and notations. For additional details and definitions, the reader is
referred to the references, in particular [1, 6, 12].

Let A be a finite alphabet whose elements are called letters and A� the free monoid generated by A. The
elements and subsets of A� are called the words and languages over A respectively. Let Aþ ¼ A� n 1f g,
where 1 is the identity of A�, called the empty word. The length of a word w is denoted by |w|, which is the
number of letters of A occurring in w, and the number of occurrences of a 2 A in w is denoted by wa. We use
|X| to represent the cardinality of a language X, jXj\1 and jXj¥1 to represent X being finite and countably
infinite respectively.

We call an element x 2 A� a prefix (resp. suffix) of y 2 A�, if there exists u 2 A� such that y ¼ xu (resp.
y ¼ ux). Similarly, we call an element x 2 A� a factor (or an infix) of y 2 A� if there exist u; v 2 A� such that
y ¼ uxv.

In this paper, we use N (N0) to represent all positive (nonnegative) integers. Let X, Y be two non-empty
languages over A, n 2 N. Then, we denote

XY ¼ xyjx 2 X; y 2 Yf g;
Xn ¼fx1x2 � � � xnjxi 2 X; i ¼ 1; 2; � � � ; ng;

XðnÞ ¼ fxnjx 2 Xg;
X�1Y ¼fy 2 A�jð9x 2 XÞxy 2 Yg;
XY�1 ¼fx 2 A�jð9y 2 YÞxy 2 Xg;

PntðXÞ ¼ u 2 AþjX \ uAþ 6¼ ;f g;
SntðXÞ ¼ u 2 AþjX \ Aþu 6¼ ;f g;

IðXÞ ¼ u 2 A�jX \ A�uA� 6¼ ;f g;
FðXÞ ¼ IðXÞ n f1g:

Let X � Aþ. Then, we call X a code over A if

x1x2 � � � xm ¼ y1y2 � � � yn;

where xi; yj 2 X, i ¼ 1; 2; � � � ;m; j ¼ 1; 2; � � � ; n, implies m ¼ n, xi ¼ yi for all i ¼ 1; 2; � � � ; n. Now, we call
X a prefix code (resp. suffix code, infix code) if no element of X is a prefix (resp. suffix, infix) of another
element of X. We call X a bifix code if X is both a prefix code and a suffix code. X is called a maximal prefix
code (resp. maximal suffix code, maximal bifix code) if for any w 2 A� n X, X [ fwg is not a prefix code
(resp. suffix code, bifix code). Usually, we call X a simple code if

ð8a 2 A; x 2 XÞxa� 1:

A language X � A� is said to be r-shifting (resp. l-shifting) if A�X � XA� (resp. XA� � A�X). If X is a prefix
code (resp. suffix code) satisfying AþX � XAþ (resp. XAþ � AþX), then X is called a strict right semaphore
code (resp. strict left semaphore code) .

This paper is organized as follows. After the section of introduction , we give some characterizations of
solid codes by using infix codes and unbordered words. In Section 3, we discuss the decompositions of solid
codes, the sufficient and necessary conditions for a solid code and a maximal solid code to be decomposable
over some solid codes are given, in particular, we describe a method which can be used to decide whether
each finite solid code is decomposable over some solid code? In Section 4, we continue to study some
properties of the products of solid codes and other kinds of codes, especially, for two disjoint non-empty
languages X, Y, we give some necessary and sufficient conditions for XY to be a solid code under different
assumptions.

2 Some characterizations of solid codes

Let X � Aþ, w 2 Aþ. Then, a factorization representation

w ¼ x1y1x2y2 � � � xnynxnþ1
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such that yi 2 X and IðxjÞ \ X ¼ ;, i ¼ 1; 2; � � � ; n, j ¼ 1; 2; � � � ; nþ 1, is called an X-representation of w,
and ðx1; x2; � � � ; xnþ1Þ is called the coefficient of this representation. Denote the set of all X-coefficients of w
by CXðwÞ. For any Y � Aþ, we define CXðYÞ ¼

S
y2Y CXðyÞ.

Definition 2.1 ([11]) Let X � Aþ. Then, X is called a solid code if for any w 2 A�, w has a unique
X-representation.

A solid code X over A is said to be maximal if for any w 2 A� n X, X [ fwg is not a solid code over A.
Let X � Aþ and w 2 Aþ. Then X is said to be overlap-free if PntðXÞ \ SntðXÞ ¼ ;. w is said to be

unbordered if fwg is overlap-free, otherwise, we call w bordered. Denote the set of all overlap-free
languages (resp. unbordered words) over A by OF (resp. U). Clearly, every word in an overlap-free language
is unbordered.

Lemma 2.2 ([4]) Let X be a non-empty language over A. Then X is called a solid code if and only if X is an
infix code and overlap-free.

Now we give some other characterizations of solid codes, which will be applied to the proof Proposition
4.15. For this purpose, we give the following notation: Let X be a language over A, and n 2 N, n� jXj.
Then, we denote

X½n� ¼ x1x2 � � � xnjxi 2 X; xi 6¼ xj; i 6¼ j; i; j ¼ 1; 2; � � � ; n
� �

:

Lemma 2.3 ([2, 12]) Let u be a word over A. If u is bordered, then there exist z 2 Aþ and w 2 A� such that
u ¼ zwz:

Theorem 2.4 Let X be an infix code over A. Then the following three statements are equivalent,
(1) X is a solid code;
(2) X � U and the following two conditions hold: if jXj¥1, then

ð8n 2 NÞX½n� � U;

if jXj\1, then

ð8n 2 N; 2� n� jXjÞX½n� � U;

(3) X � U and X½2�ð¼ X2 n Xð2ÞÞ � U:

Proof ð1Þ ) ð2Þ Since X is a solid code, X is overlap-free, so X � U.
Assume that jXj¥1. Let
x1; x2; � � � ; xn 2 X; xi 6¼ xj; i 6¼ j; i; j ¼ 1; 2; � � � ; n:
Suppose x1x2 � � � xn 62 U. Then by Lemma 2.3, there exist z 2 Aþ, w 2 A� such that x1x2 � � � xn ¼ zwz: If

jzj � jx1j, then there exist positive integers i, j, 2� i� j� n such that

z ¼ x1x2 � � � xi�1z1 ¼ z2xjþ1 � � � xn;

where z1 2 PntðxiÞ [ fxig; z2 2 SntðxjÞ [ fxjg.
Obviously, j 6¼ n. Otherwise, x1 2 IðxnÞ with x1 6¼ xn, which contradicts to X being an infix code. If

z2 6¼ xj, then jz2j\jx1j by L being an infix code, but in this case, Pntðx1Þ \ SntðxjÞ 6¼ ;, which contradicts to
X being overlap-free. Hence z2 ¼ xj, that is, x1x2 � � � xi�1z1 ¼ xjxjþ1 � � � xn; we get x1 ¼ xj because X is an
infix code, which contradicts to the choice of x1 and xj.

Suppose jzj\jx1j. If jzj\jxnj, then we have z 2 Pntðx1Þ \ SntðxnÞ. On the other hand, if jzj � jxnj, then we
have xn 2 Iðx1Þ with x1 6¼ xn; but either of the above two cases leads to the contradiction that X is not a solid
code.

For jXj\1, the proof is similar.
ð2Þ ) ð3Þ Immediately.
ð3Þ ) ð1Þ If X is not a solid code, then X is not overlap-free. Thus, there exist x; y 2 X such that

x ¼ uv; y ¼ vw for some u; v;w 2 Aþ.
Since X � U, x 6¼ y, and hence yx 2 X½2�. While yx ¼ vwuv 62 U, a contradiction. h
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3 A kind of decomposition of solid codes

In this section, we discuss the decompositions of solid codes. For this purpose, we first give the definition of
composition of codes.

Definition 3.1 ([1]) Let Y and Z be two codes over finite alphabets B and A respectively with B ¼ alphðYÞ.
If there is a bijection b : B! Z, then the codes Y and Z are called composable by means of b: b provides a
monomorphism b� : B� ! A�. We treat b� as b. It can be easily checked that X ¼ bðYÞ � Zþ is a code,
which is called the composition of Y and Z by means of b and denoted by X ¼ Y 	b Z or simply X ¼ Y 	 Z:

Lemma 3.2 ([8]) Let Y � Bþ and Z � Aþ be the composable solid codes. Then the composition X ¼
Y 	 Z is a solid code.

However, for the class of maximal solid codes, it is completely different.

Remark 3.3 The composition of two composable maximal solid codes may not be a maximal solid code.
For example, let A ¼ fa; bg, B ¼ fc; d; eg,

Y ¼ fcd; ceg � B�;Z ¼ abab2; a2b2ab2; a2b3
� �

� A�;

and b : B� ! A� defined by

bðcÞ ¼ abab2; bðdÞ ¼ a2b2ab2;bðeÞ ¼ a2b3:

Then, it is not hard to check that Y and Z are maximal solid codes over B and A respectively,

X ¼ bðYÞ ¼ abab2a2b2ab2; abab2a2b3
� �

is not a maximal solid code over A because X [ abab3a3b2ab2
� �

is still a solid code.

In the following, we underline a second aspect of the composition operation, namely the decomposition of a
code into simper ones.

It is easy to see that for any code X over A, there are two obvious decompositions X ¼ B 	 X and
X ¼ X 	 A, which is the trivial decomposition of X.

Definition 3.4 ([1]) Let X � Aþ be a code. Then, we call X indecomposable if X ¼ Y 	 Z and B ¼ alphðYÞ
imply Z ¼ X or Z ¼ A, otherwise, call X decomposable over Z.

Remark 3.5 Let A ¼ fa; b; cg, X ¼ fa2bcbc; abcabcbcg. Then X has a decomposition

X ¼ Y 	b Z

with

Y ¼ fde; gfdg � B�; Z ¼ fa2b; cbc; cab; abg � A�;

and b : B� ! A� defined by

bðdÞ ¼ a2b;bðeÞ ¼ cbc; bðf Þ ¼ cab; bðgÞ ¼ ab:

Clearly, Z is a code, that is, X is decomposable over Z. In addition, we claim that solid code fa; bcg is

indecomposable. In fact, if fa; bcg is decomposable over some code �Z, then Z � �Z
�
. Clearly, a 2 �Z. If

b 62 �Z, then bc 2 �Z, thus �Z ¼ Z. If b 2 �Z, then c 2 �Z, thus �Z ¼ A. In either cases, it leads to Z ¼ X or Z ¼ A.
In other words, there exists a solid code which is decomposable, there also exists a solid code which is
indecomposable.

Proposition 3.6 Let X, Y, Z be codes with X ¼ Y 	 Z. If X is a solid code, then so is Y.

Proof Assume that X;Z � A�, Y � B�, b : B� ! A� a monomorphism with bðBÞ ¼ Z, bðYÞ ¼ X.
Let u; xuy 2 Y with u; v 2 A�. Then bðuÞ; bðxÞbðuÞbðyÞ 2 X. By Lemma 2.2, X is an infix code, thus

bðxÞ;bðyÞ ¼ 1. By the injectivity of b, x; y ¼ 1. Therefore, Y is an infix code.
If Y is not overlap-free, then there exist y1; y2 2 Y such that uv ¼ y1 and vw ¼ y2 with u; v;w 2 Aþ.

Clearly, bðuÞ;bðvÞ;bðwÞ 6¼ 1, and

bðy1Þ ¼ bðuÞbðvÞ 2 X;bðy2Þ ¼ bðvÞbðwÞ 2 X;
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which contradicts to X being a solid code. Therefore, Y is overlap-free, by Lemma 2.2, Y is a solid code. h

For three codes X, Y, Z with X ¼ Y 	 Z, if X is a solid code, then so is Y, but Z may not be a solid code.

Proposition 3.7 There exists a decomposable solid code such that X is not decomposable over any solid
code.

Proof Let A ¼ fa; bg, X ¼ fa2b2; abab2g. Then, it is clear that X has a decomposition

X ¼ fcd; edg 	b fa2; b2; abag

with

bðcÞ ¼ a2; bðdÞ ¼ b2;bðeÞ ¼ aba:

Furthermore, we assume that X ¼ Y 	b0 Z, where Z is a solid code and Z 6¼ A;X. Notice that X � Z�. If

a 2 Z, then b 2 Z, thus Z ¼ A, a contradiction. Hence a 62 Z. It follows a2b, or a2b2, or abab2 in Z. If

a2b 2 Z, then b 2 Z, a contradiction. If a2b2 2 Z, then abab2 2 Z by the fact that Z is a solid code, that is,

Z ¼ X, a contradiction. If abab2 2 Z, then it follows that a2 or a2b or a2b2 in Z, in either case, it contradicts
to Z being a solid code or Z 6¼ X. Therefore, X is not decomposable over any solid code. h

Let S be the set of all solid codes over A. Then by Lemma 3.2 and Proposition 3.7, we have the following
Corollary.

Corollary 3.8 S 	 SˆS.

Proposition 3.9 There exists a decomposable solid code X such that X is only decomposable over a solid
code.

Proof Let A ¼ fa; b; c; dg, X ¼ fabc; dg. Then X has only two non-trivial decompositions

X ¼ Y 	b ZandX ¼ Y 0 	b0 Z 0

with

Y ¼ Y 0 ¼ fef ; gg;Z ¼ fab; c; dg;Z 0 ¼ fa; bc; dg;

b; b0 : B� ! A� defined by

bðeÞ ¼ ab;bðf Þ ¼ c;bðgÞ ¼ d; b0ðeÞ ¼ a;b0ðf Þ ¼ bc; b0ðgÞ ¼ d:

It implies that X is decomposable and only decomposable over a solid code. h

By the proof of Proposition 3.9, it is easy to obtain the following Corollary.

Corollary 3.10 Let X � Aþ be a simple code, and

ð9x 2 XÞjxj � 3:

Then X is decomposable and only decomposable over a solid code.

Proposition 3.11 There exists a decomposable solid code X such that X sometimes (under some decom-
positions) is decomposable over a solid code, and sometimes (under other decompositions) is not.

Proof Let A ¼ fa; bg and

X ¼ faba2b2aba2b2a3bab2a3bab2; aba2b2aba2b2a3bab2aba2b2a3bab2g:

Then X has a decomposition

X ¼ Y 	b Z

with

Y ¼ c2d2; c2dcd
� �

; Z ¼ aba2b2; a3bab2
� �

;

and b : B� ! A� defined by
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bðcÞ ¼ aba2b2; bðdÞ ¼ a3bab2:

Clearly, Z is a solid code.
In addition, X has another decomposition

X ¼ Y 0 	b0 Z 0

with

Y 0 ¼ cdcdeded; cdcdedcdedf g; Z 0 ¼ aba; ab2; a3b
� �

;

and b0 : B� ! A� defined by

b0ðcÞ ¼ aba; b0ðdÞ ¼ ab2;b0ðeÞ ¼ a3b:

Clearly, Z 0 is not a solid code. h

Let X and Z be a language and a code over A, respectively. Then, we denote

alphZðXÞ ¼ z 2 Zjð9u; v 2 Z�Þuzv 2 Xf g:

Theorem 3.12 Let X, Z be solid codes over A with Z 6¼ A;X. Then X is decomposable over solid code Z if
and only if Z � FðXÞ and CZðXÞ ¼ f1g:
Proof (Necessity) Let X ¼ Y 	b Z, where b : B� ! A� is a monomorphism, alphðYÞ ¼ B, Z 2 S, Z 6¼ A;X.
Then X ¼ bðYÞ � Z� and alphZðXÞ ¼ Z. Thus Z � FðXÞ and CZðXÞ ¼ f1g.

Sufficiency. Let b : B! Z be a bijection. Then b provides a monomorphism b� : B� ! A�, we treat b� as

b. We write b�1ðXÞ ¼ Y . Since b is injective and X is a code, Y is also a code. The fact that Z � FðXÞ and
CZðXÞ ¼ f1g implies that X � Z�andalphZðXÞ ¼ Z: Thus X ¼ bðYÞ and alphðYÞ ¼ B, that is, X ¼ Y 	b Z,
Z 6¼ A;X. Therefore, X is decomposable over solid code Z. h

Based on Theorem 3.12, we give a method to decide whether a finite solid code is decomposoable over a
solid code. For this, we define a partial order � l as follows:

(1) if jxj 6¼ jyj, then x� ly if and only if jxj � jyj;
(2) if jxj ¼ jyj, then for all n 2 N, � l is the lexicographic order on An.

Clearly, � l is a total order on A�.

Theorem 3.13 For a finite solid code L, it is decidable whether L is is decomposable over a solid code.

Proof Let X ¼ fx1� lx2� l � � � � lxng be a solid code, n� 2. Then, we take u
ð1Þ
1 2 Pntðx1Þ \ U with

�
�
�u
ð1Þ
1

�
�
� ¼ min

n
jyj
�
�
�y 2 Pntðx1Þ \ U

o
:

Since fuð1Þ1 g is a solid code, the fuð1Þ1 g-presentation of every word in X is unique. Let

Z
ð1Þ
1 ¼

�
u
ð1Þ
1

�[
 

C�
u
ð1Þ
1

�ðXÞ n
[

k2N0

C�
u
ð1Þ
1

�ðXÞ
� �2þk

!

:

Then, it is clear that Z
ð1Þ
1 � FðXÞ. If Z

ð1Þ
1 is a solid code and Z

ð1Þ
1 6¼ A, then C

Z
ð1Þ
1

ðXÞ ¼ f1g, and hence X is

decomposable over Z
ð1Þ
1 from Proposition 3.12. If Z

ð1Þ
1 is not a solid code, then we take u

ð1Þ
2 2 Pntðx1Þ \ U

such that
�
�
�u
ð1Þ
2

�
�
�[

�
�
�u
ð1Þ
1

�
�
�

and the following implication hold

‘‘v 2 Pntðx1Þ \ U&jvj\
�
�
�u
ð1Þ
2

�
�
�) v ¼ u

ð1Þ
1 :00

Let
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Z
ð1Þ
2 ¼

�
u
ð1Þ
2

�[
C�

u
ð1Þ
2

�ðXÞ n
[

k2N0

C�
u
ð1Þ
2

�ðXÞ
� �2þk

 !

:

If Z
ð1Þ
2 is not a solid code, we repeat the argument, then we get u

ð1Þ
3 ; u

ð1Þ
4 ; � � �, and Z

ð1Þ
3 ; Z

ð1Þ
4 ; � � � with

�
�
�u
ð1Þ
3

�
�
�\
�
�
�u
ð1Þ
4

�
�
�\ � � � :

Since the length of prefixes of x1 are strictly increasing and bounded above x1, the argument can not be

repeated infinitely. We assume that the process terminates at m1-th step with uð1Þm1
¼ x1. Next, we consider

word x2. Take u
ð2Þ
1 2 Pntðx2Þ \ U with

�
�
�u
ð2Þ
1

�
�
� ¼ min

n
jyj
�
�
�y 2 Pntðx2Þ \ U

o
:

Since
�

u
ð2Þ
1

�
is a solid code, the

�
u
ð2Þ
1

�
-presentation of X n fx1g is unique. We write

Z
ð2Þ
1 ¼ fx1g

[�
u
ð2Þ
1

�[
C�

u
ð2Þ
1

�ðX n fx1gÞ n
[

k2N0

C�
u
ð2Þ
1

�ðX n fx1gÞ
� �2þk

 !

:

If Z
ð2Þ
1 is a solid code, then C

Z
ð2Þ
1

ðXÞ ¼ f1g, thus, X is decomposable over Z
ð2Þ
1 from Theorem 3.12. If Z

ð2Þ
1 is

not a solid code, then we adopt similar discussion as above on x1. If it is necessary, then we repeat the same
argument on x3; x4; � � � ; xn. In the process, if there are positive integers i, j, 1� i\mn, 1� j� n such that

Z
ðjÞ
i 2 S, Z

ðjÞ
i 6¼ A, then X is decomposable over Z

ðjÞ
i . Otherwise, ZðnÞmn

¼ X for some n, thus, X is not

decomposable over any solid code. h

Example 3.14 Let A ¼ fa; bg and

X ¼ fabab2aba2b2; abab2aba3b2g � Aþ:

Then, the steps of the calculations are as follows:
(i) Take u

ð1Þ
1 ¼ a, then Z

ð1Þ
1 ¼ A.

(ii) Take u
ð1Þ
2 ¼ ab, then CfabgðXÞ ¼ fa2; a; bg; thus Z

ð1Þ
2 ¼ A.

(iii) Take u
ð1Þ
3 ¼ ababab2, then Cfababab2gðXÞ ¼ faba2b2; aba3b2g; thus,

Z
ð1Þ
3 ¼ fababab2; aba2b2; aba3b2g:

It is easy to check that Z
ð1Þ
3 2 S. Therefore, X is decomposable and decomposable over solid code Z

ð1Þ
3 .

For the decomposition of maximal solid codes, we have the following important result:

Proposition 3.15 Let X, Y be codes, Z a solid code with. If X is a maximal solid code, then Y and Z are
both maximal solid codes. X ¼ Y 	 Z

Proof Assume that X; Z � A�, Y � B�, b : B� ! A� is a monomorphism defined by bðBÞ ¼ Z, bðYÞ ¼ X.
By Proposition 3.6, Y is a solid code. If Y is not a maximal solid code, then there exists y 2 A� n Y such

that Y [ fyg is a solid code. Since b is monomorphism, bðyÞ 62 X and bðY [ fygÞ ¼ X [ fbðyÞg. By Lemma
3.2, X [ fbðyÞg is a solid code over A, which contradicts to X being a maximal solid code.

If Z is not a maximal solid code over A, then there exists z0 2 A� n Z such that Z [ z0f g is a solid code. Let

b0 ¼ b�1ðz0Þ. Then b0 62 B. While Y � B�, so b0 62 Y , and hence z0 62 X and Y [ b0f g is also a solid code. By
Lemma 3.2, X [ z0f g is a solid code over A, a contradiction. h

Proposition 3.16 Let X and Z be a maximal solid code and a solid code over A respectively. Then X is
decomposable over solid code Z if and only if X� � Z� and Z 6¼ A;X:

Proof (Necessity) If X is decomposable over solid code Z, then there exists code Y with Y 6¼ B;X such that
X ¼ Y 	 Z, so X � Z�, thus X� � Z�.

Sufficiency. Assume that X� � Z�. Then X � Z�. Let �Z ¼ alphZðXÞ. Then, X � �Z� and C �ZðXÞ ¼ f1g.
Clearly, �Z � Z. By Theorem 3.12, X is decomposable over solid code �Z. From Proposition 3.15, we have �Z
is a maximal solid code. While �Z � Z, thus �Z ¼ Z. h
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4 Solid codes and the products (concatenations) of codes

Lemma 4.1 ([3, 12]) The class of infix codes is closed under concatenation.

A language X over A is said to be thin if there exists w 2 A� such that A�wA� \ X ¼ ;.
Lemma 4.2 ([1]) Let X be a thin language over A. Then X is a maximal prefix (suffix, bifix) code if and
only if X is a prefix (suffix, bifix) code and a maximal code.

Lemma 4.3 ( [1]) Let X be a finite maximal code over A. Then for each a 2 A, there is a positive integer n
such that an 2 X:

Lemma 4.4 ([3]) Let X be a non-empty language over A. Then the following three statements are
equivalent,

(1) X is a strict right semaphore code;
(2) X ¼ An for some n 2 N, that is, X is a full uniform code;
(3) X is a strict left semaphore code.

Lemma 4.5 ([13]) Let X, Y be two overlap-free bifix codes over A. Then XY � U if and only if
XþYþ � U:

Lemma 4.6 ([4]) Let X, Y be two disjoint non-empty languages over A. If X [ Y is a solid code, then XY is
a solid code.

Now we give another sufficient condition for the concatenation XY of two disjoint nonempty languages
X, Y to be a solid code besides the condition that is provided by Lemma 4.6.

Proposition 4.7 Let X, Y be two disjoint non-empty languages over A. If X [ Y is an overlap-free bifix
code, X and Y are both infix codes, then XY is a solid code.

Proof Since X and Y are infix codes, XY is an infix code by Lemma 4.1. If XY is not a solid code, then there
exist x1; x2 2 X, y1; y2 2 Y such that uv ¼ x1y1; vw ¼ x2y2 for some u; v;w 2 Aþ. We divide the proof into
the following three cases.

Case 1 When juj[ jx1j, there exists z1 2 Aþ such that u ¼ x1z1 and y1 ¼ z1v, we consider the following
three subcases.

(1) If jvj[ jx2j, then v ¼ x2z2 and y2 ¼ z2w for some z2 2 Aþ. It implies that y1 ¼ z1x2z2, thus
Pntðy2Þ \ Sntðy1Þ 6¼ ;, a contradiction.

(2) If jvj ¼ jx2j, then v ¼ x2. Thus, y1 ¼ z1x2, a contradiction.
(3) If jvj\jx2j, then x2 ¼ vz3 for some z3 2 Aþ. Thus, Pntðx2Þ \ Sntðy1Þ 6¼ ;, a contradiction.

Case 2 When juj ¼ jx1j, then we have u ¼ x1; v ¼ y1. Thus, y1w ¼ vw ¼ x2y2. Since X [ Y is a bifix code,

y1 ¼ x2, a contradiction.
Case 3 When juj\jx1j, then we have x1 ¼ uz4 and v ¼ z4y1 for some z4 2 Aþ, there are the following

three possibilities.

(1) If jvj[ jx2j, by (1.1), then v ¼ x2z2, y2 ¼ z2w, z2 2 Aþ. Thus, v ¼ x2z2 ¼ z4y1. When jx2j[ jz4j, we
get y1 ¼ z5z2 for some z5 2 Aþ, thus Pntðy2Þ \ Sntðy1Þ 6¼ ;, a contradiction; when jx2j ¼ jz4j, we get
y2 ¼ y1w, a contradiction; when jx2j\jz4j, we get z4 ¼ x2z6 and z2 ¼ z6y1 for some z6 2 Aþ. Thus
x1 ¼ ux2z6, y2 ¼ z6y1w, a contradiction.

(2) If jvj ¼ jx2j, then v ¼ x2. Thus, v ¼ x2 ¼ z4y1, a contradiction.
(3) If jvj\jx2j, by (1.3), then x2 ¼ vz3, z3 2 Aþ. Thus, x2 ¼ z4y1z3, which implies Pntðx2Þ \ Sntðx1Þ 6¼ ;, a

contradiction.

Therefore, XY is a solid code. h

Remark 4.8

(1) Let A ¼ fa; b; cg, X ¼ fab; acg;Y ¼ fa2cbcg: Then, we can easily check that X [ Y is an overlap-free
bifix code, X and Y are both infix codes, and XY is a solid code, but X [ Y is not a solid code since
X [ Y is not an infix code. In other words, Proposition 4.7 provides a condition which is relatively
weaker than Lemma 4.6 to ensure XY being a solid code.
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(2) The converse of Proposition 4.7 may not be true. For example, let A ¼ fa; b; cg, X ¼
fabc2b2; c2bg; Y ¼ fab2g: Then, it is easy to check that X [ Y is an overlap-free bifix code, XY is a
solid code, but X not an infix code.

Proposition 4.9 If Y is a finite maximal prefix (suffix, bifix) code over A, then XY is never a solid code for
any non-empty language X over A.

Proof By Lemma 4.2, Y is a finite maximal code. By Lemma 4.3, for each a 2 A, there is a positive integer
n such that an 2 Y , that is, for every letter a in A, a is the last letter of some word in Y. Hence XY is not
overlap-free for any non-empty language X over A. Therefore, XY is never a solid code. h

Similarly, we deduce the following result:

Proposition 4.10 If X is a finite maximal prefix (suffix, bifix) code over A, then XY is never a solid code for
any non-empty language Y over A.

Proposition 4.11 If Y is is an r-shifting suffix code over A, then XY is never a solid code for any non-empty
language X over A.

Proof Suppose that there exists a non-empty language X over A such that XY is a solid code. Then, XY is a
prefix code. Hence, Y is an r-shifting bifix code, and therefore, a strict right semaphore code. By Lemma 4.4,
we have Y is a full uniform code, then, for every a 2 A, a is the last letter of some word in Y, a contradiction.
h

Symmetrically, we have the following Proposition.

Proposition 4.12 If X is an l-shifting prefix code over A, then XY is never a solid code for any non-empty
language Y over A.

Now, we investigate some sufficient and necessary conditions under which the catenation of two disjoint
non-empty languages X and Y becomes a solid codes under some different assumptions. For this, we define
the following notations: Let X � Aþ. Then, we denote

�PntðXÞ ¼
[

x2PntðXÞ
Xx�1;

�SntðXÞ ¼
[

x2SntðXÞ
x�1X:

Theorem 4.13 Let X, Y be two disjoint non-empty languages over A, and X [ Y an infix code. Then X is a
solid code if and only if the following two conditions hold,Y
ð1ÞPntðXÞ \ SntðYÞ ¼ ;;
ð2Þ �SntðXÞ \ �PntðYÞ ¼ ;.

Proof Necessity. ð1Þ is clear. We only need to show �SntðXÞ \ �PntðYÞ ¼ ;. Suppose �SntðXÞ \ �PntðYÞ 6¼ ;, let

w 2 �SntðXÞ \ �PntðYÞ; then there exist u; v; s; t 2 Aþ such that uv; vw 2 X and ws; st 2 Y , and hence
uvws; vwst 2 XY , the result contradicts to XY being a solid code.

Sufficiency. Since X [ Y is an infix code, X and Y are both infix codes, we know that XY is an infix code by
Lemma 4.1. If XY is not overlap-free, then there exist x1; x2 2 X, y1; y2 2 Y such that x1y1 overlaps with
x2y2. Since X [ Y is an infix code, there are the following two cases as shown below Figure 1 and Figure 2

� � � � � �

x1 y1

x2 y2

z

Fig. 1 case 1
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respectively. In Figure 1 and Figure 2, we have z 2 PntðXÞ \ SntðYÞ and z0 2 �SntðXÞ \ �PntðYÞ respectively, a
contradiction. Therefore, XY is overlap-free, and hence a solid code.

h

Theorem 4.14 Let X,Y be two solid codes over A. Then the following four statements are equivalent,
(1) XY is overlap-free;
(2) XY � U;
(3) ð8m; n 2 NÞXmYn is overlap-free;
(4) ð9m; n 2 NÞXmYn is overlap-free.

Proof ð1Þ ) ð2Þ It is a direct consequence of the definitions of unbordered words and overlap-free
languages.
ð2Þ ) ð3Þ Since X and Y are both infix codes, by Lemma 4.1, we have

ð8m; n 2 NÞXmYnisaninfixcode:

By Lemma 4.5, XþYþ � U, and hence, we deduce that

ð8m; n 2 NÞXmYn � U:

If there exist m; n 2 N such that XmYn is not overlap-free, then ðXmYnÞ½2�*U by Theorem 2.4, thus there
exist u; v 2 XmYn with u 6¼ v such that uv 62 U. By Lemma 2.3, uv ¼ wzw for some w 2 Aþ, z 2 Aþ. Let

u ¼ x01x02 � � � x0my01 � � � y0n
and

v ¼ x1x2 � � � xmy1 � � � yn:

where x01; x2;
0 � � � ; x0m; x1; � � � ; xm 2 X, y01; y

0
2; � � � ; y0n; y1; � � � ; yn 2 Y : Then

x01x02 � � � x0my01 � � � y0nx1x2 � � � xmy1 � � � yn ¼ wzw: ð1Þ

If jwj[ jx1x2 � � � xmy1 � � � ynj, then there exists z0 2 Aþ such that w ¼ z0x1x2 � � � xmy1 � � � yn, and hence

x01x02 � � � x0my01 � � � y0n ¼ z0ðx1x2 � � � xmy1 � � � ynzÞz0;

which contradicts to XmYn � U. Thus jwj � jx1x2 � � � xmy1 � � � ynj. Similarly, jwj � jx01x02 � � � x0my01 � � � y0nj.
Therefore, for Equality (1), we consider the following two cases:Case 1 When w ¼ v1xiþ1 � � � xmy1 � � � yn,
where 1� i�m, v1 2 SntðxiÞ [ fxig, then there are the following two possibilities:

(1) If w ¼ x01x02 � � � x0j�1u1, where 1� j�m, u1 2 Pntðx0jÞ [ fx0jg, then

w ¼ v1xiþ1 � � � xmy1 � � � yn ¼ x01x02 � � � x0j�1u1:

Obviously, u1 2 Sntðxixiþ1 � � � xmy1 � � � ynÞ. While u1 2 Pntðx0jÞ [ fx0jg, which implies

XþYþ 3 x0jxixiþ1 � � � xmy1 � � � yn 62 U;

a contradiction.
(2) If w ¼ x01x02 � � � x0my01 � � � y0j�1u2, where 1� j� n, u2 2 Pntðy0jÞ [ fy0jg, then

w ¼ v1xiþ1 � � � xmy1 � � � yn ¼ x01x02 � � � x0my01 � � � y0j�1u2:

If v1 6¼ xi, then jx01j[ jv1j by the fact that X is an infix code, but in this case, Pntðx01Þ \ SntðxiÞ 6¼ ;, which
contradicts to X being overlap-free. Hence v1 ¼ xi, that is,

� � � � � �

x1

z′
y1

x2 y2

Fig. 2 case 2
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xixiþ1 � � � xmy1 � � � yn ¼ x01x02 � � � x0my01 � � � y0j�1u2:

Since X is an infix code, xi ¼ x01, similarly, we have

xiþ1 ¼ x02; � � � ; xm ¼ x0m�iþ1:

It follows

y1y2 � � � yn ¼ x0m�iþ2 � � � x0my01 � � � y0j�1u2:

Clearly,

y1y2 � � � yn 2 Pntðx0m�iþ2 � � � x0my01 � � � y0j�1y0jÞ [ fx0m�iþ2 � � � x0my01 � � � y0j�1y0jg;

which implies

XþYþ 3 x0m�iþ2 � � � x0my01 � � � y0j�1y0jy1 � � � yn 62 U;

a contradiction.

Case 2 When w ¼ v2yiþ1 � � � yn, where 1� i� n, v2 2 SntðyiÞ [ fyig, then there are two subcases depending on

the length of w:

(1) If w ¼ x01x02 � � � x0j�1u1, where 1� j�m, u1 2 Pntðx0jÞ [ fx0jg, then

w ¼ v2yiþ1 � � � yn ¼ x01x02 � � � x0j�1u1:

Clearly, v2 2 Pntðx01x02 � � � x0j�1x0jÞ [ fx01x02 � � � x0j�1x0jg. But v2 2 SntðyiÞ [ fyig, which implies

XþYþ 3 x01x02 � � � x0j�1x0jyi 62 U;

a contradiction.
(2) If w ¼ x01x02 � � � x0my01 � � � y0j�1u2, where 1� j� n, u2 2 Pntðy0jÞ [ fy0jg, then

w ¼ v2yiþ1 � � � yn ¼ x01x02 � � � x0my01 � � � y0j�1u2:

Clearly, v2 2 Pntðx01x02 � � � x0my01 � � � y0j�1y0jÞ. While v2 2 SntðyiÞ [ fyig, which implies

XþYþ 3 x01x02 � � � x0my01 � � � y0j�1y0jyi 62 U;

a contradiction.

ð3Þ ) ð4Þ Immediately.
ð4Þ ) ð1Þ If ðm; nÞ ¼ ð1; 1Þ, there is nothing need to do. If ðm; nÞ 6¼ ð1; 1Þ, it is sufficient to prove the

following two implications

‘‘ð8m� 2; n� 1;m; n 2 NÞXmYn 2 OF) Xm�1Yn 2 OF00 ð2Þ

and

‘‘ð8m� 1; n� 2;m; n 2 NÞXmYn 2 OF) XmYn�1 2 OF00; ð3Þ

then by induction, we have XY 2 OF.
Here, we only prove (2), (3) is similar. Assume that XmYn 2 OF, m� 2, n� 1, m; n 2 N. Then

XmYn � U. If Xm�1Yn is not overlap-free, then there exist u; v 2 Xm�1Yn such that u ¼ rw; v ¼ ws for some
r;w; s 2 Aþ. Let

u ¼ rw ¼ x1x2 � � � xm�1y1 � � � yn

and

v ¼ ws ¼ x01x02 � � � x0m�1y01 � � � y0n:

where x1; x2; � � � ; xm�1; x
0
1; � � � ; x0m�1 2 X, y1; y2; � � � ; yn; y

0
1; � � � ; y0n 2 Y . Then, we divide the proof into the

following two cases:
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Case 1 When w ¼ s1xiþ1 � � � xm�1y1 � � � yn, where 1� i�m� 1, s1 2 SntðxiÞ [ fxig, then there are two
possibilities as follows:

(1) If w ¼ x01 � � � x0j�1r1, where 1� j�m� 1, r1 2 Pntðx0jÞ [ fx0jg, then

w ¼ s1xiþ1 � � � xm�1y1 � � � yn ¼ x01 � � � x0j�1r1:

Clearly, r1 2 Sntðxixiþ1 � � � xm�1y1 � � � ynÞ. While r1 2 Pntðx0jÞ [ fx0jg, which implies

XmYn 3 x0j � � � x0j
zfflfflffl}|fflfflffl{

i

xixiþ1 � � � xm�1y1 � � � yn 62 U;

a contradiction.
(2) If w ¼ x01 � � � x0m�1y01 � � � y0j�1r2, where 1� j� n, r2 2 Pntðy0jÞ [ fy0jg, then

w ¼ s1xiþ1 � � � xm�1y1 � � � yn ¼ x01 � � � x0m�1y01 � � � y0j�1r2:

If s1 6¼ xi, then jx01j[ js1j by the fact that X is an infix code, but in this case, Pntðx01Þ \ SntðxiÞ 6¼ ;, which
contradicts to X being overlap-free. Hence s1 ¼ xi. Similarly, we get r2 ¼ y0j, thus

xixiþ1 � � � xm�1y1 � � � yn�1yn ¼ x01x02 � � � x0m�1y01 � � � y0j�1y0j:

The fact that X and Y are infix codes implies that xi ¼ x01 and y0j ¼ yn, similarly, we have

xiþ1 ¼ x02; � � � ; xm�1 ¼ x0m�i; y
0
j�1 ¼ yn�1; � � � ; y01 ¼ yn�jþ1:

Thus, we have

y1y2 � � � yn�j ¼ x0m�iþ1 � � � x0m�1:

It follows that

XmYn 3 x0m�iþ1 � � � x0m�1 x1 � � � x1

zfflfflfflffl}|fflfflfflffl{
m�iþ1

y1 � � � y1

zfflfflfflffl}|fflfflfflffl{
j

y1y2 � � � yn�j 62 U;

a contradiction.

Case 2 When w ¼ s2yiþ1 � � � yn, 1� i� n, s2 2 SntðyiÞ [ fyig, then we consider the following two subcases:

(1) If w ¼ x01 � � � x0j�1r1, 1� j�m� 1, r1 2 Pntðx0jÞ [ fx0jg, then

w ¼ s2yiþ1 � � � yn ¼ x01 � � � x0j�1r1:

Obviously, s2 2 Pntðx01 � � � x0m�1Þ [ fx01 � � � xm�1g. While s2 2 SntðyiÞ [ fyig, which implies

XmYn 3 x01 � � � x0m�1x01 y1 � � � y1

zfflfflfflffl}|fflfflfflffl{
n�1

yi 62 U;

a contradiction.
(2) If w ¼ x01 � � � x0m�1y01 � � � y0j�1r2, where 1� j� n, r2 2 Pntðy0jÞ [ fy0jg, then

w ¼ s2yiþ1 � � � yn ¼ x01 � � � x0m�1y01 � � � y0j�1r2:

Obviously, i 6¼ n. Otherwise, we get Pntðy0jÞ \ SntðynÞ 6¼ ; or y0j 2 IðynÞ with y0j 6¼ IðynÞ, either one of these
two cases contradicts to Y being a solid code. If r2 6¼ y0j, then jr2j\jynj by the fact that Y is an infix code, but

in this case, Pntðy0jÞ \ SntðynÞ 6¼ ;, a contradiction. Hence r2 ¼ y0j, that is,

s2yiþ1 � � � yn�1yn ¼ x01 � � � x0m�1y01 � � � y0j�1y0j:

Since Y is an infix code,

y0j ¼ yn; y
0
j�1 ¼ yn�1; � � � ;

and n� i� j. It yields that
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s2yiþ1 � � � yn�j ¼ x01 � � � x0m�1ors2 ¼ x01 � � � x0m�1:

For the former, we observe x01 � � � x0m�1 2 Sntðyiyiþ1 � � � yn�jÞ [ fyiyiþ1 � � � yn�jg. Thus, we have

XmYn 3 x01 � � � x0m�1x0m�1 yi � � � yi
zfflfflffl}|fflfflffl{

iþj

yiþ1 � � � yn�j 62 U;

a contradiction. For the latter, we observe s2 2 SntðyiÞ [ fyig, thus

XmYn 3 x01 � � � x0m�1x0m�1 yi � � � yi
zfflfflffl}|fflfflffl{

n

62 U;

a contradiction.

Therefore, Xm�1Yn 2 OF, that is, (2) holds.
h

Furthermore, by Lemma 2.2 and Lemma 4.1, it is easy to deduce the following important result.

Theorem 4.15 Let X, Y be two solid codes over A. Then the following statements are equivalent,
(1) XY is a solid code;
(2) ð8m; n 2 NÞXmYn is a solid code;
(3) ð9m; n 2 NÞXmYn is a solid code.

By applying Lemma 4.6 and Theorem 4.15, we have the following Corollary.

Corollary 4.16 Let X, Y be two disjoint non-empty languages over A. If X [ Y is a solid code, then XmYn

is a solid code for all m; n� 1;,m; n 2 N:

By using the composition of solid codes, we are able to give a simper proof. Then, we have
Another proof of Corollary 4.16: Let B be an alphabet bijectively associate to Z, B ¼ C [ D be the

partition of B induced by Z ¼ X [ Y , and let Q ¼ XmYn. Then

Q ¼ CmDn 	 Z:

Clearly, for any positive integers m, n, CmDn is a solid code. Thus, Q is a solid code by Lemma 3.2.
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