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Abstract Denote by dkðnÞ the greatest divisor of a positive integer n which is coprime to a given k� 2. In

the case of k ¼ p (a prime) Joshi and Vaidya studied EpðxÞ :¼
P

n� x dpðnÞ � p
2ðpþ1Þ x

2 (as x!1) and

obtained EpðxÞ ¼ X�ðxÞ by an elementary and beautiful approach. Here we study Rð2Þp ðxÞ :¼
P

n� x d2
pðnÞ �

p2

3ðp2þpþ1Þ x
3 þ p

6
x and show Rð2Þp ðxÞ ¼ X�ðx2Þ. Moreover, using a method of Adhikari and Balasubramanian

we consider a bound of jRð2Þk ðxÞj=x2 for any square-free integer k.

Keywords The greatest divisor � A mean square of an arithmetical function � Asymptotic behaviour �
Estimates of error terms � Omega-results

Mathematics Subject Classification 11A25 � 11A99 � 11N37

1 Introduction

Let n� 1 and k� 2 be integers (later k be square-free), and p a prime. In [14], Suryanarayana considered the
following arithmetical function:

dkðnÞ :¼ maxfd : djn; ðd; kÞ ¼ 1g; ð1Þ

that is, this denotes the greatest divisor of n which is coprime to k. He investigated the behaviour of
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X

n� x

dkðnÞ
nr

:

For example, he obtained the following formula

X

n� x

dkðnÞ ¼
kuðkÞ
2J2ðkÞ

x2 þ O 2mðkÞx log2 x
� �

; ð2Þ

uniformly in x and k, where uðkÞ ¼ k
Q

pjk 1� 1
p

� �
is the Euler function, J2ðkÞ ¼ k2

Q
pjk 1� 1

p2

� �
, mðkÞ ¼P

pjk 1 is the number of distinct prime divisors of k. In the literature, many researches have considered dkðnÞ,
namely, Joshi and Vaidya [10], Ramachandran [12], Herzog and Maxsein [9], Adhikari, Balasubramanian
and Sankaranarayanan [3], Adhikari and Balasubramanian [2], Pétermann [11], Adhikari [1], Adhikari and
Soundararajan [5], Adhikari and Chakraborty [4], Adhikari and Thangadurai [6], Singh [13], Igawa [7], and
Igawa and Sharma [8].

Here, we shall develop some results which are stated in papers [10] and [2] to the square of dkðnÞ for a
fixed square-free integer k. In [10], Joshi and Vaidya considered the error term EkðxÞ in the formula (2)

EkðxÞ :¼
X

n� x

dkðxÞ �
k

2rðkÞ x
2;

where rðkÞ ¼
P

djk d (note that uðkÞ=J2ðkÞ ¼ 1=rðkÞ, if k is square-free), and showed in the case of k ¼ p
(any prime)

lim sup
x!1

EpðxÞ
x
¼ p

pþ 1
; lim inf

x!1

EpðxÞ
x
¼ � p

pþ 1
:

In [9], Herzog and Maxsein, and in [3], Adhikari, Balasubramanian, and Sankaranarayanan showed that for
any square-free integer k� 2,

lim sup
x!1

EkðxÞ
x
� k

rðkÞ ; lim inf
x!1

EkðxÞ
x
� � k

rðkÞ :

For the other direction, Adhikari and Balasubramanian [2] showed

lim sup
x!1

jEkðxÞj
x
� p

pþ 1

dðkÞ
2

;

where dðkÞ ¼
P

djk 1 is the divisor function.
Recently, in [7] Igawa and also in [8] Igawa and Sharma studied behaviour of

X

n� x

dr
kðnÞ
nr

for any r� 1 and r 2 R. By their statements, for a fixed square-free integer k� 2 we have

F
ð2Þ
k ðxÞ :¼

X

n� x

d2
kðnÞ ¼

k2

3r k2ð Þ x
3 þ Ok x2

� �
; ð3Þ

where the O-constant depends on k (for the detail of the O-term which is uniformly in x and k, see [7, 8]).
Using the method of Joshi and Vaidya [10, p. 792, Theorem 1.1] we can obtain (3). We will prove a
generalization of (3) in the final section of this paper. So we shall define an error term on the formula (3) by

E
ð2Þ
k ðxÞ ¼

X

n� x

d2
kðnÞ �

k2

3r k2ð Þ x
3: ð4Þ

Moreover, we shall define R
ð2Þ
k ðxÞ by

R
ð2Þ
k ðxÞ ¼ E

ð2Þ
k ðxÞ þ

kx

6
: ð5Þ

On this R
ð2Þ
k ðxÞ we shall prove the following two theorems.
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Theorem 1.1 (cf. Joshi and Vaidya [10, p. 804, (4.7), (4.8)]) In the case of k ¼ p (any prime), we have

lim sup
x!1

Rð2Þp ðxÞ
x2

¼ p2

p2 þ pþ 1
; ð6Þ

lim inf
x!1

Rð2Þp ðxÞ
x2

¼ � p2

p2 þ pþ 1
; ð7Þ

that is,

Rð2Þp ðxÞ ¼ X� x2
� �

:

Theorem 1.2 (cf. Adhikari and Balasubramanian [2, p. 38, Theorem 1]) Let k� 2 be any square-free
integer, and p be the smallest prime divisor of k. Then we have

lim sup
x!1

jRð2Þk ðxÞj
x2

� p2

p2 þ pþ 1

dðkÞ
2

; ð8Þ

where dðkÞ ¼
P

djk 1 is the divisor function.

Remark 1 Note that the integer k of dkðnÞ is not fixed in Suryanarayana [14], Ramachandran [12], Igawa
[7], and Igawa and Sharma [8], but in this present paper, integers k and p are fixed. The situation of
Theorems 1.1 and 1.2 are quite different from [12, 14, 7], and [8].

2 Some preliminary lemmas

In order to prove Theorem 1.1, we recall some properties of dkðnÞ and we prepare some lemmas on Rð2Þp ðnÞ
for positive integers n. We follow Joshi and Vaidya’s beautiful method in [10].

Lemma 2.1 (Joshi and Vaidya [10, p. 792]) Let k and n be positive integers and p a prime. Then we have

(i) dkðknÞ ¼ dkðnÞ,
(ii) dkðpnÞ ¼ pdkðnÞ, if ðp; kÞ ¼ 1,

(iii) dpðnÞ ¼ n, if p - n,

(iv) dkpðnÞ ¼ dkðnÞ, if ðp; nÞ ¼ 1.

We remark that the properties in Lemma 2.1 are very important and are used many times in the following
arguments.

Lemma 2.2 (cf. [10, p. 796, Theorems 3.1, 3.2, 3.3]) Let p be any fixed prime. For any natural numbers N
and a, we have

(i) Rð2Þp ð1Þ ¼
2p2 þ 3pþ 3

3 p2 þ pþ 1ð Þ þ
p

6
,

(ii) Rð2Þp ðpNÞ ¼ Rð2Þp ðNÞ,

(iii) Rð2Þp ðpa � 1Þ ¼ paþ2 pa � 1ð Þ
p2 þ pþ 1

.

Proof The first assertion (i) is obtained by the definitions (1), (4), (5) of dpðnÞ, Eð2Þp ðnÞ, and Rð2Þp ðnÞ, in fact,

Rð2Þp ð1Þ ¼ dð2Þp ð1Þ �
p2

p2þpþ1
þ p

6
. To prove the second assertion (ii), using Lemma 2.1 (i), (iii) we observe that
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Rð2Þp ðpNÞ ¼
X

n� pN

d2
pðnÞ �

p2

3 p2 þ pþ 1ð Þ ðpNÞ3 þ pðpNÞ
6

¼
X

n� pN

pjn

d2
pðnÞ þ

X

n� pN

p -n

d2
pðnÞ �

p5N3

3 p2 þ pþ 1ð Þ þ
pðpNÞ

6

¼
X

m�N

d2
pðmÞ þ

X

n� pN

p -n

n2 � p5N3

3 p2 þ pþ 1ð Þ þ
pðpNÞ

6

¼ � p2ðp� 1ÞN3

3
þ Eð2Þp ðNÞ þ

ðpNÞðpN þ 1Þð2pN þ 1Þ
6

� p2NðN þ 1Þð2N þ 1Þ
6

þ pðpNÞ
6

¼ Rð2Þp ðNÞ:

To prove the third assertion (iii), by the definitions (4), (5) of Eð2Þp ðnÞ, Rð2Þp ðnÞ, and Lemma 2.2 (i), (ii) we
have

Rð2Þp pa � 1ð Þ ¼
X

n� pa

d2
pðnÞ � 1� p2ðp3a � 3p2a þ 3pa � 1Þ

3 p2 þ pþ 1ð Þ þ p pa � 1ð Þ
6

¼ Rð2Þp pað Þ � 1þ paþ2 pa � 1ð Þ
p2 þ pþ 1

þ p2

3 p2 þ pþ 1ð Þ �
p

6

¼ paþ2 pa � 1ð Þ
p2 þ pþ 1

:

h

By Lemma 2.2 (iii) we get the following result immediately.

Lemma 2.3 Let a and n be positive integers. For any prime p, we have

lim
a!1

Rð2Þp pa � 1ð Þ
pa � 1ð Þ2

¼ p2

p2 þ pþ 1
;

which implies

lim sup
n!1

Rð2Þp ðnÞ
n2

� p2

p2 þ pþ 1
: ð9Þ

Lemma 2.4 (cf. [10, p. 798, Theorem 3.5]) For any positive integer n we have Rð2Þp ðnÞ�Rð2Þp ð1Þ.
Moreover, we get

lim inf
n!1

Rð2Þp ðnÞ ¼ Rð2Þp ð1Þ ¼
2p2 þ 3pþ 3

3 p2 þ pþ 1ð Þ þ
p

6
:

Proof First, we shall prove Rð2Þp ðnÞ�Rð2Þp ð1Þ for n satisfying pa� n\paþ1 (a ¼ 0; 1; . . .) by the induction
on a.

In the case of a ¼ 0, that is, 1� n\p, since the positive integers m� n are not divided by p, we see that

d2
pðmÞ ¼ m2 by Lemma 2.1 (iii). Hence
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Rð2Þp ðnÞ ¼
X

m� n

d2
pðmÞ �

p2n3

3 p2 þ pþ 1ð Þ þ
pn

6

¼ n3

3
þ n2

2
þ n

6
� p2n3

3 p2 þ pþ 1ð Þ þ
pn

6

¼ ðpþ 1Þn3

3 p2 þ pþ 1ð Þ þ
3p2 þ 3pþ 3ð Þn2

6 p2 þ pþ 1ð Þ þ
p2 þ pþ 1ð Þn

6 p2 þ pþ 1ð Þ þ
pn

6
:

ð10Þ

In the right hand side of (10), we set n ¼ 1, then

Rð2Þp ðnÞ�
pþ 1

3 p2 þ pþ 1ð Þ þ
3p2 þ 3pþ 3

6 p2 þ pþ 1ð Þ þ
p2 þ pþ 1

6 p2 þ pþ 1ð Þ þ
p

6

¼ 4p2 þ 6pþ 6

6ðp2 þ pþ 1Þ þ
p

6

¼ Rð2Þp ð1Þ;

here, in the last equality we use Lemma 2.2 (i).
Now assume that the assertion is true for pa� n\paþ1 (a� 0). Let m be any integer such that

paþ1�m\paþ2. Note that we can write m ¼ npþ r (pa� n\paþ1, 0� r� p� 1). By Lemma 2.1 (iii) we
observe that

Rð2Þp ðmÞ ¼
X

j�m

d2
pðjÞ �

p2m3

3 p2 þ pþ 1ð Þ þ
pm

6

¼
X

j� np

d2
pðjÞ þ

X

np\j� npþr

d2
pðjÞ �

p2 npþ rð Þ3

3 p2 þ pþ 1ð Þ þ
pðnpþ rÞ

6

¼ p2

3r p2ð Þ ðnpÞ3 þ Eð2Þp ðnpÞ þ
X

np\j� npþr

d2
pðjÞ �

p2ðnpþ rÞ3

3 p2 þ pþ 1ð Þ

þ pðnpÞ
6
þ pr

6

¼ Rð2Þp ðnpÞ þ
X

np\j� npþr

j2 � 3ðnpÞ2p2r þ 3ðnpÞp2r2 þ p2r3

3 p2 þ pþ 1ð Þ þ pr

6
:

ð11Þ

Here, we see that

X

np\j� npþr

j2 ¼ 6rðnpÞ2 þ 6r2 þ 6rð ÞðnpÞ þ 2r3 þ 3r2 þ r

6
� p2 þ pþ 1

p2 þ pþ 1

¼ rp2ðnpÞ2

p2 þ pþ 1
þ r2p2ðnpÞ

p2 þ pþ 1
þ r3p

3 p2 þ pþ 1ð Þ

þ rðpþ 1ÞðnpÞ2

p2 þ pþ 1
þ r2ðpþ 1ÞðnpÞ

p2 þ pþ 1
þ rðnpÞ þ r3ðpþ 1Þ

3 p2 þ pþ 1ð Þ þ
3r2 þ r

6
:

ð12Þ

Hence by (11), (12), Lemma 2.2 (ii), and the assertion of induction we have

Rð2Þp ðmÞ ¼ Rð2Þp ðnÞ þ
rðpþ 1ÞðnpÞ2

p2 þ pþ 1
þ r2ðpþ 1ÞðnpÞ

p2 þ pþ 1
þ rðnpÞ

þ r3ðpþ 1Þ
3 p2 þ pþ 1ð Þ þ

3r2 þ r

6
þ pr

6

�Rð2Þp ðnÞ
�Rð2Þp ð1Þ:

ð13Þ
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Therefore, we get the first assertion. The second assertion is trivial. Actually, by Lemma 2.2 (ii) we see that

Rð2Þp ð1Þ ¼ Rð2Þp ðpÞ ¼ Rð2Þp p2ð Þ ¼ � � �, and hence by the first assertion we obtain the second assertion.

h

Lemma 2.5 (cf. [10, p. 796, Theorem 3.4]) For any integer n satisfying pa� n\paþ1 (a ¼ 0; 1; 2; . . .) we
have

Rð2Þp ðnÞ�Rð2Þp paþ1 � 1
� �

: ð14Þ

Proof We shall prove the assertion (14) by the induction on a� 0.
Let a ¼ 0 (i.e., 1� n\p). On the right hand side of (10) we put n ¼ p� 1 and use Lemma 2.2 (iii) then

Rð2Þp ðnÞ�
ðpþ 1Þðp� 1Þ3

3 p2 þ pþ 1ð Þ þ
3p2 þ 3pþ 3ð Þðp� 1Þ2

6 p2 þ pþ 1ð Þ þ p3 � 1

6 p2 þ pþ 1ð Þ þ
pðp� 1Þ

6

¼ p3ðp� 1Þ
p2 þ pþ 1

�Rð2Þp ðp� 1Þ

this shows (14) is true for a ¼ 0.
Let n be any integer satisfying pa� n\paþ1 (a� 0). Assume that (14) is true. For m such that

paþ1�m\paþ2, we shall write m ¼ npþ r ðpa� n\paþ1; 0� r� p� 1Þ. In (13) we shall use the
assumption, then

Rð2Þp ðmÞ�Rð2Þp paþ1 � 1
� �

þ rðpþ 1ÞðnpÞ2

p2 þ pþ 1
þ r2ðpþ 1ÞðnpÞ

p2 þ pþ 1

þ rðnpÞ þ r3ðpþ 1Þ
3 p2 þ pþ 1ð Þ þ

3r2 þ r

6
þ pr

6
:

ð15Þ

Here, in the right hand side of (15) we put r ¼ p� 1 and n ¼ paþ1 � 1, and use Lemma 2.2 (iii) then

�Rð2Þp paþ1 � 1
� �

þ Rð2Þp paþ2 � 1
� �

� Rð2Þp paþ1 � 1
� �

� paþ5 � paþ2

p2 þ pþ 1
þ p3 � p

p2 þ pþ 1

þ p2 � pð Þ paþ1 � 1ð Þ p2 þ pþ 1ð Þ
p2 þ pþ 1

þ ðp� 1Þ3ðpþ 1Þ
3 p2 þ pþ 1ð Þ þ

3ðp� 1Þ2 þ ðp� 1Þ
6

þ pðp� 1Þ
6

¼ Rð2Þp paþ2 � 1
� �

� p4 � p3

p2 þ pþ 1
þ ðp� 1Þ3ðpþ 1Þ

3 p2 þ pþ 1ð Þ

þ 3ðp� 1Þ2 þ ðp� 1Þ
6

þ pðp� 1Þ
6

¼ Rð2Þp paþ2 � 1
� �

:

Therefore, we obtain the assertion (14) for any a� 0:
h

Lemma 2.6 (cf. [10, p. 800–801]) For any prime p we put

Cp :¼ ðp� 1Þ2ðpþ 1Þ
p2 þ pþ 1

þ ðp� 1Þ þ ðp� 1Þ3ðpþ 1Þ
3 p2 þ pþ 1ð Þ þ

3ðp� 1Þ2 þ ðp� 1Þ
6

þ pðp� 1Þ
6

:

Let a be any non-negative integer. For any positive integer n satisfying pa� n\paþ1 we have the following
inequality.
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Rð2Þp ðnÞ
n2

� p2

p2 þ pþ 1
þ 1

14n
þ ðaþ 1ÞCp

pa
: ð16Þ

Proof Let a ¼ 0 (1� n\p). In the proof of Lemma 2.3 we divide (10) by n2 and add �1=ð14nÞ, then we
have

Rð2Þp ðnÞ
n2

� 1

14n
� p2 � 1

3 p2 þ pþ 1ð Þ þ
3ðp2 þ pþ 1Þ
6 p2 þ pþ 1ð Þ �

1

14n
þ pþ 1

6n

¼ p2

p2 þ pþ 1
þ�p2 þ 3pþ 1

6 p2 þ pþ 1ð Þ �
1

14n
þ pþ 1

6n
:

Here note that if p� 5, then �p2 þ 3pþ 1\0, moreover, if p ¼ 2 (in this case n ¼ 1), we see

�p2 þ 3pþ 1

6 p2 þ pþ 1ð Þ �
1

14n
¼ 0;

and if p ¼ 3 (in this case n ¼ 1; 2) we observe that

�p2 þ 3pþ 1

6 p2 þ pþ 1ð Þ �
1

14n
\0:

Hence, we get

Rð2Þp ðnÞ
n2

� 1

14n
� p2

p2 þ pþ 1
þ pþ 1

6n

� p2

p2 þ pþ 1
þ pþ 1

6
þ 5p� 7

6

¼ p2

p2 þ pþ 1
þ p� 1

� p2

p2 þ pþ 1
þ Cp:

We see that the assertion (16) is true for a ¼ 0.
Assume that (16) is true for pa� n\paþ1 (a� 0). Let m be any integer such that paþ1�m\paþ2. As was

done in the proofs of previous lemmas, we write m ¼ npþ r (pa� n\paþ1, 0� r� p� 1). By (13) we get

Rð2Þp ðmÞ
m2

� 1

14m
¼ � 1

14m

þ 1

m2
Rð2Þp ðnÞ þ

rðpþ 1ÞðnpÞ2

p2 þ pþ 1

 !

þ 1

m2

r2ðpþ 1ÞðnpÞ
p2 þ pþ 1

þ rðnpÞ
� �

þ 1

m2

r3ðpþ 1Þ
3 p2 þ pþ 1ð Þ þ

3r2 þ r

6
þ pr

6

� �

:

As for the right hand side of the above identity, in the second line we put m ¼ np and r ¼ p� 1, in the third

line, replace np by m, and we put r ¼ p� 1, in the fourth line, we put r ¼ p� 1, and replace m2 by m, then
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� � 1

14m

þ 1

p2

Rð2Þp ðnÞ
n2

þ p2 � 1

p2 þ pþ 1

þ 1

m

ðp� 1Þ2ðpþ 1Þ
p2 þ pþ 1

þ ðp� 1Þ
 !

þ 1

m

ðp� 1Þ3ðpþ 1Þ
3 p2 þ pþ 1ð Þ þ

3ðp� 1Þ2 þ ðp� 1Þ
6

þ pðp� 1Þ
6

 !

:

Next, in the second line we shall use the assumption, in the third and fourth lines, we put m ¼ paþ1.
Therefore

� � 1

14m
þ p2

p2 þ pþ 1
þ 1

14np2
þ ðaþ 1ÞCp

paþ2
þ Cp

paþ1

� � 1

14m
þ 1

14np2
þ p2

p2 þ pþ 1
þ ðaþ 2ÞCp

paþ1
:

Now we shall remark that

� 1

14m
þ 1

14np2
¼ 1

14

1

np2
� 1

npþ r

� �

� 1

14

1

np2
� 1

npþ p� 1

� �

¼ 1

14

ð1� pÞðnp� 1Þ
ðnp2Þðnpþ p� 1Þ\0:

So we obtain

Rð2Þp ðmÞ
m2

� p2

p2 þ pþ 1
þ 1

14m
þ ðaþ 2ÞCp

paþ1
;

and finally we get the assertion (16) for any a� 0. h

Theorem 2.7 (cf. [10, p. 799, Theorem 3.6]) For any prime p we have

lim sup
n!1

Rð2Þp ðnÞ
n2

¼ p2

p2 þ pþ 1
: ð17Þ

Proof By Lemma 2.6, for any integer n� 1 satisfying pa� n\paþ1, since a� log n
log p and 1

pa \ p
n we see that

Rð2Þp ðnÞ
n2

� p2

p2 þ pþ 1
þ 1

14n
þ p

n

log n

log p
þ 1

� �

Cp:

Then by the inequality we obtain

lim sup
n!1

Rð2Þp ðnÞ
n2

� p2

p2 þ pþ 1
:

From this and (9) we reach the assertion (17). h

3 Proof of Theorem 1.1

In the previous section we obtained some results on Rð2Þp ðnÞ for positive integers n. To prove Theorem 1.1

we need one more lemma on Rð2Þp ðxÞ for the continuous variable x [ 0 similar to [10, Section 4].

Lemma 3.1 Let N � 1 be any integer. For x 2 ½N;N þ 1Þ we have

(i) Rð2Þp ðxÞ is continuous,
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(ii) Rð2Þp ðxÞ ¼ Rð2Þp ð½x�Þ þ � p2½x�2
p2þpþ1

þ p
6

� �
fxg � p2

p2þpþ1
½x�fxg2 þ fxg

3

3

� �
with fxg ¼ x� ½x� (here [x] is the

largest integer not exceeding x).

Proof The first assertion (i) is trivial from the definition (5) of R
ð2Þ
k ðxÞ. Moreover, by the definition (5) we

have the second assertion (ii) easily. h

Proof of Theorem 1.1 Assume N�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p3þp2þp

6p2

q
be any integer, by Lemma 3.1 we see that Rð2Þp ðxÞ is

decreasing on ½N;N þ 1Þ, and

Rð2Þp ðxÞ
x2

�
Rð2Þp ð½x�Þ
½x�2

for any x 2 ½N;N þ 1Þ.
Then by Lemma 3.1 and Theorem 2.7 we get the assertion (6) as follows.

lim sup
x!1

Rð2Þp ðxÞ
x2

¼ lim
x!1

sup
t [ x

Rð2Þp ðtÞ
t2

( )( )

¼ lim
x!1

sup
N [ x

Rð2Þp ðNÞ
N2

( )( )

¼ lim sup
N!1

Rð2Þp ðNÞ
N2

¼ p2

p2 þ pþ 1
:

Next we shall show the assertion (7). By Lemma 3.1 (ii) and the first assertion of Lemma 2.4, we have

Rð2Þp ðxÞ
x2
�

Rð2Þp ð1Þ
x2

� p2

p2 þ pþ 1

x2 � 2xfxg þ fxg2
� �

fxg
x2

� p2

p2 þ pþ 1

xþ 1=3

x2

� � p2

p2 þ pþ 1
� p2

p2 þ pþ 1

1

x
þ 1

3x2

� �

:

Hence we get that

lim inf
x!1

Rð2Þp ðxÞ
x2

¼ lim
x!1

inf
t [ x

Rð2Þp ðtÞ
t2

( )( )

� � p2

p2 þ pþ 1
: ð18Þ

On the other hand, since by Lemma 3.1 (ii) we observe that

Rð2Þp ðxÞ
x2

�
Rð2Þp ð½x�Þ

x2
� p2

p2 þ pþ 1

½x�2fxg
x2

þ pfxg
6x2

:

Now we take a sequence xm ¼ pm þ hm, where hm ¼ 1� 1=ð2mÞ (m ¼ 1; 2; . . .). Since ½xm� ¼ pm,
fxmg ¼ 1� 1=ð2mÞ, and Lemma 2.2 (ii) we have

Rð2Þp ðxmÞ
x2
m
�

Rð2Þp ð1Þ
p2m

� p2

p2 þ pþ 1

p2m 1� 1
2m

� �

pm þ 1ð Þ2
þ p

6p2m
: ð19Þ

Hence we get
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lim inf
m!1

Rð2Þp ðxmÞ
x2
m
� lim inf

m!1

Rð2Þp ð1Þ
p2m

� p2

p2 þ pþ 1

p2m 1� 1
2m

� �

pm þ 1ð Þ2
þ p

6p2m

 !

¼ lim
m!1

Rð2Þp ð1Þ
p2m

� p2

p2 þ pþ 1

p2m 1� 1
2m

� �

pm þ 1ð Þ2
þ p

6p2m

 !

¼ � p2

p2 þ pþ 1
:

By this estimate we obtain

lim inf
x!1

Rð2Þp ðxÞ
x2

¼ lim
x!1

inf
t [ x

Rð2Þp ðtÞ
t2

( )( )

� lim
x!1

inf
m [ x

Rð2Þp ðxmÞ
x2
m

( )( )

¼ lim inf
m!1

Rð2Þp xmð Þ
x2
m

� � p2

p2 þ pþ 1
:

ð20Þ

By (18) and (20) we reach the assertion (7) of Theorem 1.1. h

4 proof of Theorem 1.2

We shall prove Theorem 1.2 using Adhikari and Balasubramanian’s method in [2] and Theorem 1.1. To this
end, we prepare the following lemma which is an analogue of (2.1) in [2] (see also [10, p. 793,
Theorem 2.1]).

Lemma 4.1 (Adhikari and Balasubramanian [2, p. 39]) Let k be any square-free integer � 2. We write

k ¼ p1p2 � � � pr (pi are primes such that p1\p2\ � � �\pr), and m ¼ k=pr. As for F
ð2Þ
k ðxÞ which is defined in

(3) we have

F
ð2Þ
k ðxÞ � F

ð2Þ
k

x

pr

� �

¼ m2

3rðm2Þ 1� 1

pr

� �

x3 þ Rð2Þm ðxÞ � p2
r Rð2Þm

x

pr

� �

� mð1� prÞx
6

:

ð21Þ

Moreover, let b be the positive integer satisfying pbþ1
r � x. We have

F
ð2Þ
k ðxÞ � F

ð2Þ
k

x

pbþ1
r

 !

¼ k2

3rðk2Þ 1� 1

p3bþ3
r

 !

x3

þ Rð2Þm ðxÞ þ ð1� p2
r Þ Rð2Þm

x

pr

� �

þ � � � þ Rð2Þm

x

pb
r

 ! !

� p2
r Rð2Þm

x

pbþ1
r

 !

þ k

6
1� 1

pbþ1
r

 !

x:

ð22Þ

Proof By a similar result of Lemma 2.1 (i) and Lemma 2.1 (ii), (iv) we have
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F
ð2Þ
k ðxÞ ¼

X

n� x

pr j n

d2
kðnÞ þ

X

n� x

pr-n

d2
kðnÞ ¼

X

l� x=pr

d2
kðprlÞ þ

X

n� x

pr-n

d2
mðnÞ

¼ F
ð2Þ
k

x

pr

� �

þ Fð2Þm ðxÞ � p2
r

X

l� x=pr

d2
mðlÞ;

and we get

F
ð2Þ
k ðxÞ � F

ð2Þ
k

x

pr

� �

¼ Fð2Þm ðxÞ � p2
r Fð2Þm

x

pr

� �

:

On the right hand side of this identity, we shall use the definition (5) of R
ð2Þ
k ðxÞ, then we have the first

assertion (21). Now we take a positive integer b such that pbþ1
r � x. For the identity (21) we shall replace x

by x=pr successively b-times, then

F
ð2Þ
k

x

pl
r

� �

� F
ð2Þ
k

x

plþ1
r

� �

¼ m2

3r m2ð Þ 1� 1

pr

� �
x

pl
r

� �3

þ Rð2Þm

x

pl
r

� �

� p2
r Rð2Þm

x

plþ1
r

� �

� mð1� prÞ
6

x

pl
r

;

where l ¼ 0; 1; . . .; b. Summing up all these ðbþ 1Þ-identities we get the second assertion (22). h

Proof of Theorem 1.2 We shall prove by induction on the number of distinct prime factors of square-free
integer k. In the case of mðkÞ ¼ 1, the assertion (8) is true by Theorem 1.1. So we shall assume that the
assertion (8) is true for mðkÞ ¼ r � 1:

lim sup
x!1

R
ð2Þ
k ðxÞ

	
	
	

	
	
	

x2
� p2

p2 þ pþ 1

dðkÞ
2

; ð23Þ

where p is the smallest prime divisor of k.
Now we shall take a square-free integer k such that mðkÞ ¼ r. We write k ¼ p1p2 � � � pr ¼ mpr

(p1\p2\ � � �\pr). In this setting, we use the definition (5) of R
ð2Þ
k ðxÞ in the left hand side of (22), then

R
ð2Þ
k ðxÞ
x2

¼ k

3x
1� 1

pbþ1
r

 !

þ 1

x2
R
ð2Þ
k

x

pbþ1
r

 !

� p2
r

x2
Rm

x

pbþ1
r

 !

þ Rð2Þm ðxÞ
x2

þ ð1� p2
r Þ

x2
Rð2Þm

x

pr

� �

þ Rð2Þm

x

p2
r

� �

þ � � � þ Rð2Þm

x

pb
r

 ! !

:

From this we have

jRð2Þk ðxÞj
x2

� k

3x
þ 1

x2
R
ð2Þ
k

x

pbþ1
r

 !	
	
	
	
	

	
	
	
	
	
þ p2

r

x2
Rm

x

pbþ1
r

 !	
	
	
	
	

	
	
	
	
	

þ jR
ð2Þ
m ðxÞj
x2

þ p2
r � 1

� � 1

p2
r

Rð2Þm
x
pr

� �	
	
	

	
	
	

x
pr

� �2
þ 1

p4
r

Rð2Þm
x
p2

r

� �	
	
	

	
	
	

x
p2

r

� �2
þ � � � þ 1

p2b
r

Rð2Þm
x

pb
r

� �	
	
	

	
	
	

x

pb
r

� �2

0

B
@

1

C
A

We shall take any e [ 0. Since R
ð2Þ
k ðxÞ ¼ Okðx2Þ, for sufficiently large integer b (keeping pbþ1

r � x, so x is
also sufficiently large) we have
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k

3x
þ 1

x2
Rk

x

pbþ1
r

 !	
	
	
	
	

	
	
	
	
	
þ p2

r

x2
Rð2Þm

x

pbþ1

� �	
	
	
	

	
	
	
	� e:

By the assumption of induction, for the same e [ 0 we have

jR2
mðxÞj
x2

� p2

p2 þ pþ 1

dðmÞ
2
þ e for any x� x0:

So, for sufficiently large x satisfying x=pb
r � x0 we observe that

jRð2Þm ðxÞj
x2

þ p2
r � 1

� � 1

p2
r

Rð2Þm
x
pr

� �	
	
	

	
	
	

x
pr

� �2
þ 1

p4
r

Rð2Þm
x
p2

r

� �	
	
	

	
	
	

x
p2

r

� �2
þ � � � þ 1

p2b
r

Rð2Þm
x

pb
r

� �	
	
	

	
	
	

x

pb
r

� �2

0

B
@

1

C
A

� p2

p2 þ pþ 1

dðmÞ
2
þ e

þ ðp2
r � 1Þ 1

p2
r

þ 1

p4
r

þ � � � þ 1

p2b
r

 !
p2

p2 þ pþ 1

dðmÞ
2
þ 1

p2
r

þ 1

p4
r

þ � � � þ 1

p2b
r

 !

e

 !

� p2

p2 þ pþ 1
ð1þ 1Þ dðmÞ

2
þ 2e

¼ p2

p2 þ pþ 1

dðkÞ
2
þ 2e:

Therefore, we see that for any e [ 0 there exists a sufficiently large x1 [ 0 satisfying

R
ð2Þ
k ðxÞ

	
	
	

	
	
	

x2
� p2

p2 þ pþ 1

dðkÞ
2
þ e for any x� x1;

which shows the assertion (8) is true for mðkÞ ¼ r. h

5 A generalization of Joshi and Vaidya’s theorem

Finally, as we mentioned in the introduction, using the method of [10] we shall show a generalization of (3)
(when k� 2 is a fixed square-free integer). In the following theorem, if we set r ¼ 1 we obtain Theorem 1.1
of [10], and if we set r ¼ 2 we get (3).

Theorem 5.1 (cf. Joshi and Vaidya [10, Theorem 1.1]) Let r� 1 be a fixed integer and k� 2 be a fixed

square-free integer. Moreover, we write F
ðrÞ
k ðxÞ ¼

P
n� x dr

kðnÞ. Then, we have

F
ðrÞ
k ðxÞ ¼

kr

ðr þ 1Þr krð Þ x
rþ1 þ Ok xrð Þ ðx!1Þ; ð24Þ

where rðmÞ ¼
P

djm d.

Proof We shall prove the formula (24) by the induction with respect to the number of distinct prime
factors of k. First, in the case of mðkÞ ¼ 1 we shall deduce

FðrÞp ðxÞ ¼
pr

ðr þ 1Þr prð Þ x
rþ1 þ O xrð Þ: ð25Þ

By Lemma 2.1 (i), (iii) we observe that
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FðrÞp ðxÞ ¼
X

n� x

pjn

dr
pðnÞ þ

X

n� x

p - n

dr
pðnÞ

¼
X

m� x=p

dr
pðmÞ þ

X

n� x

nr �
X

n� x

pjn

nr:
ð26Þ

Since, by partial summation it is easily seen that

X

n� x

nr ¼ 1

r þ 1
xrþ1 þ O xrð Þ; ð27Þ

we obtain

X

n� x

pjn

nr ¼ pr
X

m� x=p

mr ¼ 1

ðr þ 1Þp xrþ1 þ O xrð Þ:
ð28Þ

Hence, by (26), (27), and (28) we have

FðrÞp ðxÞ � FðrÞp

x

p

� �

¼ 1

r þ 1
1� 1

p

� �

xrþ1 þ O xrð Þ ð29Þ

which is a generalization of (2.1) in [10, p. 793]. As for (29), by a similar argument to obtain (22) we get

FðrÞp ðxÞ ¼
1

r þ 1
1� 1

p

� �

1þ 1

prþ1
þ 1

prþ1ð Þ2
þ � � � þ 1

prþ1ð Þa

 !

xrþ1

þ O xr 1þ 1

pr
þ � � � þ 1

prð Þa
� �� �

¼ 1

ðr þ 1Þ
pr

pr þ pr�1 þ � � � þ 1
xrþ1 þ O xrð Þ

which implies (25), here a is the positive integer satisfying pa� x and paþ1 [ x.
Since the formula (25) has been shown, next we assume that the assertion (24) is true for k ¼ p1p2 � � � pl

(here pi (i ¼ 1; . . .; l) are distinct primes). We shall consider the case mðkÞ ¼ lþ 1,
k ¼ p1 � � � plþ1 � plþ1 ¼ Kplþ1. By an argument similar to the case k ¼ p we obtain

F
ðrÞ
Kplþ1
ðxÞ ¼ F

ðrÞ
Kplþ1

x

plþ1

� �

þ F
ðrÞ
K ðxÞ � pr

lþ1

X

m� x=plþ1

dr
KðmÞ

and by the assumption of the induction we get

F
ðrÞ
Kplþ1
� F

ðrÞ
Kplþ1

x

plþ1

� �

¼ Kr

ðr þ 1Þr Krð Þ 1� 1

plþ1

� �

xr þ O xrð Þ: ð30Þ

By a similar method in the proof of Theorem 4.1 (22) to the above (30), we have

F
ðrÞ
Kplþ1
ðxÞ ¼ Kr

ðr þ 1ÞrðKrÞ 1� 1

plþ1

� �

xrþ1 prþ1
lþ1

prþ1
lþ1 � 1

þ O
1

xrþ1

� � !

þ O xrð Þ

¼ ðKplþ1Þr

ðr þ 1Þr ðKplþ1Þrð Þ x
rþ1 þ O xrð Þ:

Therefore, we reach the assertion (24). h
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