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Abstract Denote by 0 (n) the greatest divisor of a positive integer n which is coprime to a given k > 2. In
the case of k = p (a prime) Joshi and Vaidya studied E,(x) :=>_, . Jp(n) — %xz (as x — o0) and
obtained E,(x) = Q. (x) by an elementary and beautiful approach. Here we study RISZ) (xX) =2 <k 5§(n) -
3(1)%;1))9 + £ x and show Rl(f) (x) = Q4 (x?). Moreover, using a method of Adhikari and Balasubramanian
we consider a bound of |R,((2) (x)|/x? for any square-free integer k.

Keywords The greatest divisor - A mean square of an arithmetical function - Asymptotic behaviour -
Estimates of error terms - Omega-results

Mathematics Subject Classification 11A25 - 11A99 - 11N37

1 Introduction

Let n > 1 and k > 2 be integers (later k be square-free), and p a prime. In [14], Suryanarayana considered the
following arithmetical function:

Se(n) == max{d : dln, (d,k) = 1}, (1)

that is, this denotes the greatest divisor of n which is coprime to k. He investigated the behaviour of

Communicated by Eknath Ghate.

This work is supported by JSPS KAKENHI: 17K05166, 19K03449.

J. Furuya

Department of Integrated and Human Sciences (Mathematics), Hamamatsu University School of Medicine, Hamamatsu
431-3192, Japan

E-mail: jfuruya@hama-med.ac.jp

T. M. Minamide (P<) - M. Nakano

Graduate School of Sciences and Technology for Innovation, Yamaguchi University, Yoshida 1677-1, Yamaguchi 753-
8512, Japan

E-mail: minamide @yamaguchi-u.ac.jp

M. Nakano
E-mail: b020vb@yamaguchi-u.ac.jp

@ Springer



A note on the mean square of the greatest divisor... 991

For example, he obtained the following formula

(k) 2 k 2
or(n + 0(2”( )xlog x), 2
2 g @
uniformly in x and k, where ok ) =k H g - —) is the Euler function, J,(k) = k? [ Lk v(k) =
> i 1 is the number of distinct prime d1V1s0 s of & In the literature, many researches have c nsmfered or(n),

namely, Joshi and Vaidya [10], Ramachandran [12], Herzog and Maxsein [9], Adhikari, Balasubramanian
and Sankaranarayanan [3], Adhikari and Balasubramanian [2], Pétermann [11], Adhikari [1], Adhikari and
Soundararajan [5], Adhikari and Chakraborty [4], Adhikari and Thangadurai [6], Singh [13], Igawa [7], and
Igawa and Sharma [8].

Here, we shall develop some results which are stated in papers [10] and [2] to the square of o (n) for a
fixed square-free integer k. In [10], Joshi and Vaidya considered the error term Ei(x) in the formula (2)

M@FZﬂ@—ﬁ%ﬁ

where a(k) =3, d (note that @(k)/J>(k) = 1/a(k), if k is square-free), and showed in the case of k = p
(any prime)
E E
fimsup 2™ — P i) P
X—00 X p-+1 X—00 X p-+1
In [9], Herzog and Maxsein, and in [3], Adhikari, Balasubramanian, and Sankaranarayanan showed that for
any square-free integer k > 2,

Ey
lim sup (x) > .
xooo X k)’ “xoo0  x a(k)

For the other direction, Adhikari and Balasubramanian [2] showed
EW_ p d®)

T
e =p+1 2
where d(k i 1 1s the divisor function.
Recently, in [%] Igawa and also in [8] Igawa and Sharma studied behaviour of

0p(n
3 n(g)

n<x
for any r>1 and ¢ € R. By their statements, for a fixed square—free integer k > 2 we have

=3 ) = e+ 0, ()

n<x

where the O-constant depends on k (for the detail of the O-term which is uniformly in x and k, see [7, 8]).

Using the method of Joshi and Vaidya [10, p. 792, Theorem 1.1] we can obtain (3). We will prove a

generalization of (3) in the final section of this paper. So we shall define an error term on the formula (3) by
2

3(n 3 4
0= 200~ 5 @)
Moreover, we shall define R,(f) (x) by
kx
R0 =B (@) + ¢ (5)
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Theorem 1.1 (cf. Joshi and Vaidya [10, p. 804, (4.7), (4.8)]) In the case of k = p (any prime), we have

R (x 2
lim sup - 2( ): 5 P , (6)
X—00 X p-+p+ 1
R (x 2
timint Y P (7)
x—00 X pr+p+1

that is,

2 2
R](, )(x) = Q. ().
Theorem 1.2 (cf. Adhikari and Balasubramanian [2, p. 38, Theorem 1)) Let k >2 be any square-free
integer, and p be the smallest prime divisor of k. Then we have

2 2
lim sup IRy (%) < P d(k)7 (8)

x—o0 XX T pP+p+1 2

where d(k) =3, 1 is the divisor function.

Remark 1 Note that the integer k of 0, (n) is not fixed in Suryanarayana [14], Ramachandran [12], Igawa
[7], and Igawa and Sharma [8], but in this present paper, integers k and p are fixed. The situation of
Theorems 1.1 and 1.2 are quite different from [12, 14, 7], and [8].

2 Some preliminary lemmas

In order to prove Theorem 1.1, we recall some properties of dx(n) and we prepare some lemmas on R,(f)(n)
for positive integers n. We follow Joshi and Vaidya’s beautiful method in [10].

Lemma 2.1 (Joshi and Vaidya [10, p. 792]) Let k and n be positive integers and p a prime. Then we have

(i) O(kn) = 0x(n),

i) Selpn) = poe(n). if (p.k) = 1.
(iii) 0p(n) = n, if p{n,
(iv)  Ogp(n) = ok(n), if (p,n) = 1.

We remark that the properties in Lemma 2.1 are very important and are used many times in the following
arguments.

Lemma 2.2 (cf [10, p. 796, Theorems 3.1, 3.2, 3.3]) Let p be any fixed prime. For any natural numbers N
and o, we have
B 202 +3p+3 p

i) RPN)="T"F"-472
O &7 3(p2+p+1)+6
Qi) R (pN) = RP(N),
oc+2( o 1)
i) RO —1) =L )
Proof ~The first assertion (i) is obtained by the definitions (1), (4), (5) of 6,(n), E?)(n), and R?)(n), in fact,
Rz()2) (1) = 51()2) (1) - 1#1;“ +£. To prove the second assertion (ii), using Lemma 2.1 (i), (iii) we observe that
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RI(})(PN) _ Z 512)(n) P @N)3+P(PN)

R 32 +p+) 6
N p(pN)
= Y B+ Y G- +
P p 2
W SN W SN 32 +p+1) 6
pln pin
SA73
m=N n<pN P
pin
2(p— 1)N3 (2 1
__re . )N +Ep(]v)Jr(pN)(Pi\“r6)( pN + 1)
PP N(N +1)(2N +1)  p(pN)
— -
6 6
_ 2
=R (N).

To prove the third assertion (iii), by the definitions (4), (5) of E{?)(n), R?)(n), and Lemma 2.2 (i), (ii) we
have

PP =3+ 1) p(p* 1)

RP(p* —1) = 0%(n) — 1 -
p =) ; o) 32+ p+ 1) 6
o+2 *_ 1 2
:R(2)(poc)_1+p2 (P )+ . 14 _1_7
r pPH+p+1  3p*+p+1) 6
:pa(JrZ(poz_l)
pPHp+1

By Lemma 2.2 (iii) we get the following result immediately.
Lemma 2.3 Let o and n be positive integers. For any prime p, we have

. RP(p* 1) p*
lim -2 = )
0—00 (p% _ 1) p-+p+1

which implies

R (n 2

lim sup -2 5 ) > — P .
n—o0 n p*+p+1

Lemma 2.4 (c¢f. [10, p. 798, Theorem 3.5]) For any positive integer n we have Réz)(n)ZRf)(l).
Moreover, we get

©)

2p* +3p+3
iminfR® (n) = RA ()= PP P
11}&10101pr (n) =R,”(1) 30 4 p 1) —|—6.
Proof  First, we shall prove R? (n) >R (1) for n satisfying p* <n<p*™' (« =0, 1,...) by the induction
on .
In the case of o = 0, that is, 1 <n<p, since the positive integers m < n are not divided by p, we see that

&(m) = m* by Lemma 2.1 (iii). Hence
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994 J. Furuya et al.

2.3
RO (n) = 3" 62(m) e
! ng:n r 3(pP+p+1) 6
3 2 2.3
:£+i+n p°n pn (10)

32 6_3(172+p+1)+€
D BpP+3p 43 (PP +p+ln pn
32 +p+1) 6(p>2+p+1) 6(M+p+1) 6
In the right hand side of (10), we set n = 1, then
2 2
r 3p*+p+1) 6(p*+p+1) 6(p*+p+1) 6
_ W ept6 p
6(p*+p+1) 6
_ p®2)
_Rp (1)7

here, in the last equality we use Lemma 2.2 (i).

Now assume that the assertion is true for p* <n<p*"' («>0). Let m be any integer such that
p* <m<p*™2. Note that we can write m = np +r (p* <n<p*™', 0<r<p —1). By Lemma 2.1 (iii) we
observe that

R = S50 -5 e
- j;p 52(j) + "P<;lp+r5;(j) _ 312;2121; :Jrr)i) JrP(np6+ r)
N 3:;2) (np)” + ;) (np) + ,1p<jzs‘2p+, 5,() - m (11)
+p(zp) N %
=R (np) + i Z fo 3@,;)2,;2& i(pp)fl) +pr s

Here, we see that

Y, = 6r(np)* + (6r* + 6r)(np) +2r° +3r2 +r p* +p+1

X 2
np<j<np+r 6 14 +p +1

_pmp)’ | Pp(np) rp (12)
pP+p+1 p*+p+1 3(p*+p+1)

rp+ D(mp)’ | P p+ 1) ()
pP+p+1 PP+p+1

P(p+1) 32 +r
3pP+p+1) 6

Hence by (11), (12), Lemma 2.2 (ii), and the assertion of induction we have

R (m) = R?) (n) r(p+ 1) (np)* | PP(p+1)(np)

+ r(np) +

+

y Piptl T pEiprr )
Pp+1) 3rP+r pr

3 ipr) 6 e (13)
2

>R (n)

>R2)(1).
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Therefore, we get the first assertion. The second assertion is trivial. Actually, by Lemma 2.2 (ii) we see that

2 _ pC — R@)(2) — : : :
RI(7 (1) = RI(7 )(p) = RI(7 )(p?) = - - -, and hence by the first assertion we obtain the second assertion.
O
Lemma 2.5 (cf. [10, p. 796, Theorem 3.4)) For any integer n satisfying p* <n<p**' (¢ =0,1,2,...) we
have
R (n) <RP (p™*' —1). (14)

Proof We shall prove the assertion (14) by the induction on o > 0.
Let « =0 (i.e., 1 <n<p). On the right hand side of (10) we put n = p — 1 and use Lemma 2.2 (iii) then

R<z>(n)<(p+1)(p—1)3 (3p* +3p+3)(p — 1)* pP-1 _ pp-1)
P 3(pr+p+1) 6(p* +p+1) 6(p> +p+1) 6
_rp-1

P+p+1

2

<RP(p—1)

this shows (14) is true for oo = 0.

Let n be any integer satisfying p* <n<p**' («>0). Assume that (14) is true. For m such that
P <m<p ™2, we shall writt m=np+r (p*<n<p*1,0<r<p-—1). In (13) we shall use the
assumption, then

RO (o1 1) 4 1@ D0 | P+ 1))
r pP+p+1 pPP+p+1
Pp+1) 3r2+r+lz

3p*+p+1) 6 6

Here, in the right hand side of (15) we put r = p — 1 and n = p**' — 1, and use Lemma 2.2 (iii) then

o+5

R[g2> (m) <
(15)

+ r(np) +

p p o p—p

PP hpHl  prapl
PP = )P +p+ )

pP+p+1
(-0 +1) 3 -1’+(p-1) pp-1)
3(p*+p+1) 6 6

a2 1) p*—p (p— 1)3(p+1)

P 4p+1 0 3PP +p+1)
V=1 -1 1)
6 6
— 1()2) (pOC+2 _ 1)

Therefore, we obtain the assertion (14) for any a > 0.

=RD(p

Lemma 2.6 (cf [10, p. 800-801]) For any prime p we put
_ =D+ =D+ -1+ (-1 pp-1)
C, = +(p 1)+3(p2+p+1) + G + e

pPP+p+1
Let o be any non-negative integer. For any positive integer n satisfying p* <n<p**t! we have the following
inequality.

@ Springer




996 J. Furuya et al.

n T pt4+p+1 l4n pr

Proof Leta =0 (1 <n<p). In the proof of Lemma 2.3 we divide (10) by n?> and add —1/(14n), then we
have

(16)

RP() 1 pPol 3(pP4p+l) 1 pl
n? 4n=3p>+p+1) 6(p>*+p+1) 14n  On
p’ -pP*+3p+1 1 p+l1

TP Hptl 6P +p+1) 14n ' 6n
Here note that if p > 5, then —p2 + 3p + 1 <0, moreover, if p = 2 (in this case n = 1), we see
Pl 1
6(p*>*+p+1) l4n
and if p = 3 (in this case n = 1,2) we observe that

-p*+3p+1 1

62 tpt 1) ldn

Hence, we get

n? 14n— p*+p+1 6n
2
+1 5p—7
<= p P T P
pr+p+1 6 6
2
p
Pip+1
P

< —5———+C,.
“pr+p+1 7

We see that the assertion (16) is true for oo = 0.
Assume that (16) is true for p* <n<p**! (¢ > 0). Let m be any integer such that p**! <m <p**2. As was
done in the proofs of previous lemmas, we write m = np + r (p* <n<p*™',0<r<p — 1). By (13) we get

2
RY)m) 1 1
m? 14m 14m
1 r(p—ﬁ—l)(np)2
— [ R®
+m2< 14 (l’l)—|— p2+p+1
1 (P (p+1)(np)

1 Pp+1) 372 +r pr
m?> \3(p>+p+1) 6 6

As for the right hand side of the above identity, in the second line we put m = np and r = p — 1, in the third
line, replace np by m, and we put r = p — 1, in the fourth line, we put r = p — 1, and replace m? by m, then
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1
< -
- 14m
1 R® (n) pz _1

A5
+p2 n? pr+p+1

+1<<p—1>2<p+1>+(,)1)>

m\ p*+p+1
L1 -+ 3p-1"+(p- 1)+p(p— 1)
m\ 3(p*+p+1) 6 6 '

Next, in the second line we shall use the assumption, in the third and fourth lines, we put m = p**!.
Therefore

- 1 N P’ 1 (a+1)C,  C,
— 14m p2 +p +1 14np2 pd+2 potJrl
1 1 P? (x+2)Cp

<
= l4mJr 14np? +p2 +p+1 prtl

Now we shall remark that

SNL R SRS B (S SN N D B S R
14m = 14np?> 14 \np> np+r) — 14\np?> np+p—1
1 (1-p)p—1)

= <0.
14 (np*)(np +p — 1)

So we obtain

R;z) (m) < p2 L (OC + 2)Cp

m2 T pl4+p+1 14m prtt
and finally we get the assertion (16) for any o > 0. U
Theorem 2.7 (cf. [10, p. 799, Theorem 3.6]) For any prime p we have
R}(}) (n) »

lim sup (17)

n—so M pPPHp+1]
logn
logp

Proof By Lemma 2.6, for any integer n > 1 satisfying p* < n<p**!, since o <

R (n) P2 1 p(logn
n T p*+p+1 14n n\logp

and [% < £ we see that

- 1>c,,.

Then by the inequality we obtain

lim su < .
n—»oop n? - P2 +p+ 1

From this and (9) we reach the assertion (17). ]

3 Proof of Theorem 1.1

In the previous section we obtained some results on Réz)(n) for positive integers n. To prove Theorem 1.1
we need one more lemma on Rf) (x) for the continuous variable x > 0 similar to [10, Section 4].

Lemma 3.1 Let N > 1 be any integer. For x € [N,N + 1) we have

. 2 . .
(1) Rfl )(x) is continuous,
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998 J. Furuya et al.

2

i) RO = RE () + (— 2L

largest integer not exceeding x).

+ '5’) {x} - 1#;“ ([x] {(x}* + %) with {x} = x — [x] (here [x] is the

Proof The first assertion (i) is trivial from the definition (5) of R,(f) (x). Moreover, by the definition (5) we
have the second assertion (ii) easily. O

Proof of Theorem 1.1 Assume N > ,/% be any integer, by Lemma 3.1 we see that R/<72) (x) is
decreasing on [N,N + 1), and

for any x € [N,N + 1).
Then by Lemma 3.1 and Theorem 2.7 we get the assertion (6) as follows.

R@)(x R (¢
lim sup -2 ( ): lim < sup< -2 0
X—00 x? X=00 |t >x 12

) RY ()
= um § Su
AN

L REW)

i

__r
prHp+1

Next we shall show the assertion (7). By Lemma 3.1 (ii) and the first assertion of Lemma 2.4, we have
2 2
Rf) (x) y R}()z)(l) - e (x — 2x{x} + {x} ){x} - P x+1/3
X2 T a2 pPP+p+1 x? pPP+p+1 x

2 2
S SN (A
pPP+p+1l pPHp+1\x 382

R (x R2) (¢ 2
lim inf 2 2( ) tim { in "2() R (18)
t

Hence we get that

X—00 X x—oo | t>x _p2+p+1

On the other hand, since by Lemma 3.1 (ii) we observe that

RO RO  p2 [P pla)
2 T X2 prHp+1 X2 6x2

Now we take a sequence x, =p'+6,, where 6,=1-1/2v) (v=1,2,...). Since [x,]=p",
{xy} =1—=1/(2v), and Lemma 2.2 (ii) we have

2T P pPPApEl (1)} oY

Hence we get
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R (%, R (1 2 (] _ L
1iminf"§‘) P2<>—2p P 2;)+p2
vooo oy v—o \ p? pPHp+1 (pr41)°  6p
<R,<3><1> [ U )

PP AL (1)t

By this estimate we obtain

R?)(x,
< 1im{jnf{ ? gx)}}
x—oo | v>ux x5 (20)

By (18) and (20) we reach the assertion (7) of Theorem 1.1. O

4 proof of Theorem 1.2

We shall prove Theorem 1.2 using Adhikari and Balasubramanian’s method in [2] and Theorem 1.1. To this
end, we prepare the following lemma which is an analogue of (2.1) in [2] (see also [10, p. 793,
Theorem 2.1]).

Lemma 4.1 (Adhikari and Balasubramanian [2, p. 39]) Let k be any square-free integer > 2. We write
k = p\p>---pr (p; are primes such that py <p, < --- <p,), and m = k/p,. As for F,Ez) (x) which is defined in

(3) we have
2 1
A0 = B (2) = oty (1) + B2 = 282 (2)
) 3e(m) " p r (21)

m(l —p,)x
—

Moreover, let 5 be the positive integer satisfying pf“ <x. We have

2
) @ x ) _ _k [
F7 (x) — Fy ( /;+1> - 30(k?) (1 _p3ﬁ+3>x

2p(2) X k 1
PR ) 2 - .
DKy, <p§+l) + 6 ( pf+l>x

Proof By a similar result of Lemma 2.1 (i) and Lemma 2.1 (ii), (iv) we have
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Fro= > am+ Y. am= > @)+ Y. &n)

n<x n<x L<x/p: n<x
Pr | n pr*n Pr)Vl
X
P (D) R - Y B0
" lSX/p,

and we get
X X
F]£2) (x) — F}E2) (p ) = Fr(nZ) (x) — pfFr(n?) (p_>

On the right hand side of this identity, we shall use the definition (5) of R,(f) (x), then we have the first
assertion (21). Now we take a positive integer f§ such that pf” < x. For the identity (21) we shall replace x
by x/p, successively f-times, then

FO(XY g (XN _m (1) (xY
) ) 3e(m?) U p) bl
@ (XY _ g (X} _ml=p)x
o) —riei () -5

where [ =0, 1,..., 5. Summing up all these (5 + 1)-identities we get the second assertion (22). O

Proof of Theorem 1.2 We shall prove by induction on the number of distinct prime factors of square-free
integer k. In the case of v(k) = 1, the assertion (8) is true by Theorem 1.1. So we shall assume that the
assertion (8) is true for v(k) =r — 1:

‘R'(f)(x)‘ . dk (23)

i

)
msup —— < T

where p is the smallest prime divisor of k.
Now we shall take a square-free integer k such that v(k) =r. We write k =pip,---p, = mp,

(p1 <p2< --- <p,). In this setting, we use the definition (5) of R/((z) (x) in the left hand side of (22), then

2
_ ( ,
x2 3x p{’5+l x2 p£+l x2 pﬁ+l
R® (x 1—p? X X X
N mxz( ), xzpr) R§$><;)+R,<3><p—2>+-~-+R(nf) 2.
. : P

From this we have

RPW)| k1] of x 2 x
< —+ =R | —— Z\Ry | ——
2 = 3y + 52 k PEH + 2 PEH
R (x R (x R2 (=
R2wl, o [1RPG)] 1 R G LR
A ] e e R
)T () ()

—n

We shall take any & > 0. Since R\ (x) = O, (x?),
also sufficiently large) we have

or sufficiently large integer f§ (keeping pf“ <ux, so x is

@ Springer



A note on the mean square of the greatest divisor... 1001

2
X Dyl X
w(5pn) e )

By the assumption of induction, for the same ¢ > 0 we have

R p dm)
XX T pi+p+1 2

k1

<e.
3x

+¢& for any x > xg.

So, for sufficiently large x satisfying x/ pf > xo we observe that

RO (x R (x R (=
ROWL RG] 1R G I
= —-1)| = — e v
)C2 +(pr ) p% <x)2 +pjt <L)2 + +p3 (ﬂi)Z
Pr r? ?
2
P L(m)—l-s
pP+tp+1 2
1 1 1 p2 d(m) 1 1 1
2
-Dll=-+=+ | o
2
p d(m)
< 1+1 2
_p2+p+1( +1) 2 Ttz
2 d
pPP+p+1 2

Therefore, we see that for any ¢ > 0 there exists a sufficiently large x; > 0 satisfying

2)
R P dK
x> T pP+p+1 2

+¢& for any x> xi,

which shows the assertion (8) is true for v(k) = r. O

5 A generalization of Joshi and Vaidya’s theorem

Finally, as we mentioned in the introduction, using the method of [10] we shall show a generalization of (3)
(when k > 2 is a fixed square-free integer). In the following theorem, if we set r = 1 we obtain Theorem 1.1
of [10], and if we set r = 2 we get (3).

Theorem 5.1 (cf. Joshi and Vaidya [10, Theorem 1.1]) Let r > 1 be a fixed integer and k > 2 be a fixed
square-free integer. Moreover, we write F,Er) (x) = > <. 0c(n). Then, we have

kr

() () —
B = e

KT O()  (x — o0), (24)

where a(m) =3, d.

Proof We shall prove the formula (24) by the induction with respect to the number of distinct prime

factors of k. First, in the case of v(k) = 1 we shall deduce

F(x :p—rxr“JrOx’ . 25
Y0 = e ) (25)

By Lemma 2.1 (i), (iii) we observe that
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1002 J. Furuya et al.

FOx) = > s+ Y. on)

n<x n<x
pln pin (26)
= Z (3;(m)+Zn’— Z n'.
m<x/p n<x n<x
pln
Since, by partial summation it is easily seen that
;nr _ H_lerﬂ + O(Xr)7 (27>
we obtain
Z n" =p" Z m = iy +l 1)px”r1 +0(x").
n<x m<x/p (28)

pln
Hence, by (26), (27), and (28) we have

F{(x) — F)) C) = ri . (1 —Il)>x’+‘ +0(x") (29)

which is a generalization of (2.1) in [10, p. 793]. As for (29), by a similar argument to obtain (22) we get
1 1 1 1 1
M (x) = _Z R T R TR v 3|
F, (x)_r_'_1 <1 p) <1+pr+l+(pr+1)2+ +(pr+l)“>x

ro(v(14 5+t

1 P +1
— s 0 r
T AETEET R

which implies (25), here « is the positive integer satisfying p* < x and p**! > x.

Since the formula (25) has been shown, next we assume that the assertion (24) is true for k = p1p, -+ - p;
(here p; (=1,...,]) are distinct primes). We shall consider the case v(k)=I[+1,
k=pi1---pis1 - Pir1 = Kpiy1- By an argument similar to the case kK = p we obtain

r r X r r r
F§<131+1 (x) = FI(<131+1 (P—> + F;()(x) R 4ES Z 5K(m)
s m<x/priy

and by the assumption of the induction we get

(1) n (X K AW r
F - F — ) =1 —— 0] . 30
Kpre Kpre (PHI) (r+1)o(K") ( Pl+1>x o) (30)

By a similar method in the proof of Theorem 4.1 (22) to the above (30), we have

r r+1
(r) K 1 r+1 pl+1 1 r
N = e\ — i —+0 0
KP1+1(x) (r—|— I)O'(K”) ( p[_H)x (p;ill —1 + (xH»l + (x )

_ (Klerl)r r+1 r
=T et O

Therefore, we reach the assertion (24). ]
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