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Abstract In this paper, we define the partition function ped;x(n), the number of [j, k]-partitions of n into
even parts distinct, where none of the parts are congruent to j (mod k) (where k > j > 1). We obtain many
infinite families of congruences modulo powers of 2 for peds ¢(n) and congruences modulo powers of 2 and
3 for pedy ;3(n). For example, for all n>0 and o, >0,

11 - 34oc+3 . 72ﬁ+l 41
4

pedo 13 (2 3 PR (T ) ) =0 (mod 16),

where s =0,2,3,4,5,6.
Keywords Congruences - Partitions with even parts distinct - [j k]-partitions

Mathematics Subject Classification 05A17 - 11P83

1 Introduction

A partition of a positive integer n is a non-increasing sequence of positive integers A; > Xy > - -+ > A4 such
that Ay + A + - - - + A = n. An {-regular partition is a partition in which none of the parts are divisible by /.
Arithmetic properties of ¢-regular partition functions have been studied by a number of mathematicians. We
can see [4, 8, 12, 16].

For positive integers j and k such that k > j > 1, a partition of n is a [j, k]-partitions if none of the parts
are congruent to j (mod k). Let pjx(n) denote the number of such partitions of n with p;;(0) = 1. The
generating function for p;x(n) is given by
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Zp,k )q" = Z]’Z)) : (1.1)

where (¢;q),, = (1 —q)(1—¢*)(1 —¢*)---.

In 2010, Andrews, Hirschhorn and Sellers [1] introduced the partition function ped(n), the number of
partitions of a positive integer n with even parts distinct (the odd parts are unrestricted). The generating
function for ped(n) is given by

%9 (444
Zped (q,q)m (G (1.2)

They obtained many Ramanujan-type congruences for ped(n). For example, for all n >0,

ped(9n +4) = 0 (mod 4) (1.3)
and

ped(9n +7) =0 (mod 12). (1.4)

For more information, one can see [6, 7, 9, 14, 15, 17].

By the motivation of the above work, in this paper, we define the partition function ped;x(n), the number
of [j, k]-partitions of a positive integer n into even parts distinct, where none of the parts are congruent to
Jj (mod k) (where k > j>1). The generating function for ped, x(n) is given by

[o°]

> pedix(n)q" =%(qi;qk)oo- (1.5)

n=0
For example, the [3, 6]-partitions of 7 into even parts distinct (ped376(7) = 8) are
7, 6+1, 5+2, 5+1+1, 44241, 4414+1+1,
24+14+14+14+1+1, 14+1+1+1+14+14+1.

Also, we have establish many infinite families of congruences modulo powers of 2 for ped;¢(n) and

congruences modulo powers of 2 and 3 for pedy ;3(n). For example, for all n>0 and a, >0,

11 - 34oc+3 . 72ﬁ+l +1
4

pedy 13 (2 3R (T ) ) =0 (mod 16),

where s = 0,2,3,4,5,6.

2 Preliminary results

In this section, we collect many identities which are useful in proving our main results.

Lemma 2.1 The following 2-dissections hold:

1 5 272
1o {82 +2qf4516 (2.1)
fl 2J16 2J8

and
1 2
== 4+4 f4 S, (2.2)
fi 8 2

The identity (2.1) is the 2-dissection of ¢(g) [10, (1.9.4)]. The identity (2.2) is the 2-dissection of (;5(61)2 [10,
(1.10.1)]. Also, one can see [2, p.40].

Lemma 2.2 The following 2-dissections hold:
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1040 M. S. M. Naika et al.

f_ffhdh | Sofdfe 53
fi - Pfufs O fzf16f24 23
fi falf f4f62fxfz4 4
12 Bfsfa T iz 24
and
BB (2.5)

fi fBfie T fa
The identity (2.3) is the same as (30.10.3) in [10]. The identity (2.4) is essentially (30.10.4) in [10]. The
equation (2.5) is the same as (22.1.14) in [10] (after using 22.1.6 and 22.1.7).

Lemma 2.3 The following 2-dissection holds:

3 2
fo_ ]22f18 +qf4.3f(1f36. (2.6)
fi St ffi2
The identity (2.6) was obtained by Xia and Yao [19].

Lemma 2.4 The following 3-dissection holds:

4 3 203
Jj 1618 +2qf6 9 +4q2f6 8 (2.7)

iRy A B
The identity (2.7) was obtained by Hirschhorn and Sellers [11].

Lemma 2.5 The following 3-dissections hold:

A :ﬁfii — 3qf3 + 4q3f§2—fl:§, (2.8)
fifs 2‘28 afifis — 2 ”}g:g (29)
" fffg i fi;gs " 212‘ i %f?i o 4f32f18 210
and

The equation (2.8) is the same as (14.8.5) in [10]. See also [2, p.345]. The equation (2.9) was obtained by
Hirschhorn and Sellers [13]. The identity (2.10) was obtained by Chan [5]. The identity (2.11) is nothing but
Lemma 2.6 in [3]. The identity (2.12) was proved by Toh [18].

Lemma 2.6 We require the 5-dissection formula

fi=ps(R(@)" —q—aR(T)), (2.13)
where
o f(_q7 _q4)
R(g) (=% -4

The identity (2.13) is the same as (8.1.1) in [10].
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Lemma 2.7 We require the 7-dissection formula

B¢’)  Ald) ,  sC(d)
f —f49< —q —q +gq : (2.14)
‘ C(¢) "B(q) Aq")
where A(q) = f(—¢°, —4*), B(q) = f(—¢*, —¢°) and C(q) = f(—q, —¢°).
Lemma 2.7 is an exercise in [10], see [10, (10.5.1)]. Also, one can see [2, p.303, Entry 17(v)].
Lemma 2.8 [8, Theorem 2.2] For any prime p > 5,
p—1
2 2. 324 6kt 1)p 32 ) 2
fl _ (—l)kquszf<—qw (SKH)I’ _qu (§k+l)l> 4 (—1)¥q12_41fpz.
o1 (2.15)
k= -5
k# (£p—1)/6
Furthermore, for —(p —1)/2<k<(p—1)/2 and k # (£p — 1)/6,
3k + k
2
3 Congruences for ped;q(n)
Theorem 3.1 For all n>0 and o« >0, we have
> peds (3" (24n + 15))q" = 16113 + 24qfifofg (mod 32), (3.1)

n=0
peds 6 (3 (648n + 135)) = ped; 6(3**(72n + 15)) (mod 32), (3.2
peds (3*(648n + 351)) = peds 6(3*(72n + 39)) (mod 32), (3.3
peds 6(3"(1944n + 1863)) = ped; ¢(3**(216n + 207)) (mod 32), (3.4
peds 6 (3" (9720(5n + i) + 4455)) = ped; 6(3**(1080(5n + i) + 495)) (mod 32), (3.5
where i =0,2,3,4.
Proof Setting j =3 and k = 6 in (1.5), we see that

00 . _@
;Pw%,é(n)q = (3.6)

Employing (2.3) in (3.6) and then collecting the coefficients of ¢*"*! from both sides of the resultant
equation, we get

= foftfo
ped;s(2n+1)q" = . 3.7
; sl ) fiffiz (3.7)
Substituting (2.1) in (3.7), we obtain
S . fafifi
pedszs(4n+1)q" = 3.8
2 rechslin+ e =T 08
and
0 402
> pedss(4n+3)q" = 2 12fsfi2 (3.9)

n=0 fﬁfztzf6 '

From the binomial theorem, it is easy to see that for any positive integers k and m,
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Zm — £ (mod 2), (3.10)
fm =" (mod 4), (3.11)
Bm = k" (mod 8). (3.12)
Using (2.2) in (3.9) and invoking (3.11) and (3.12), we obtain
00 12
> pedss(8n+3)q" :2%
n=0 fl f3f4 (3 13)
) .
EZ% (mod 16)
fifs
and
oo 6
> pedss(8n+7)q" :8%
n=0 hs (3.14)
18
ESM (mod 32).
3
Using (2.8), (3.10) and (3.11) in (3.14), we find that
peds 5(24n +7)q" = 8f] + 8¢*fif;® (mod 16), (3.15)
n=0
> peds6(24n + 15)q" = 1613 + 24qfifofg (mod 32) (3.16)
n=0
and
- n _— fZ3 36 15
D peds(24n +23)q" = 24T + 16gf>£° (mod 32). (3.17)
n=0 1

The equation (3.16) is o = 0 case of (3.1). Suppose that the congruence (3.1) is true for o > 0. Employing
(2.8) and (2.9) in (3.1) and then collecting the coefficients of ¢*", ¢*"*! and ¢***2 from both sides of the
resultant equation, we get

> peds (3" (720 + 15)) " =16f; + 164f/'fg (mod 32), (3.18)
n=0
- 4o n _— f27
> peds(3*(72n +39))q :24f— (mod 32) (3.19)
n=0 1
and
> pedss(3*(72n+ 63))q" = 8f5fife + 16ff; (mod 32). (3.20)
n=0

Again, utilizing (2.8) in (3.20), we get

o.¢]
Z peds(3**(216n + 63))¢" =16f] + 8fif; (mod 32), (3.21)
n=0
o0
peds (3**(216n + 135))q" =16£f; + 8qfifof (mod 32) (3.22)
n=0

and

@ Springer



On some infinite families of congruences for... 1043

> " pedss(3**(216n + 207))q" = 16ff; (mod 32). (3.23)
n=0

Substituting (2.8) and (2.9) in (3.22), we obtain

i peds ¢(3*(648n + 135))q" =16f; + 16¢f!'f2 (mod 32), (3.24)
n=0
Z peds 6(3*(648n + 351))¢" = J;Z (mod 32) (3.25)
n=0
and
f: peds 6 (3" (648n + 567))q" = 24f5ffs + 16f,f; (mod 32). (3.26)
n=0

In view of the congruences (3.18) and (3.24), we obtain (3.2).
Utilizing (2.8) in (3.26), we obtain (3.4),

> " peds(3*(1944n + 567))q" = 16 + 24fif; (mod 32) (3.27)
n=0
and
> peds (34 (24n + 15))q" = 16£5f; + 24qfifofe (mod 32), (3.28)
n=0

which proves that the result (3.1) is true for o + 1. By induction, the result (3.1) holds for all integer o > 0.
In view of the congruences (3.19) and (3.25), we obtain (3.3).
From (3.21) and (3.27), we find that

o0

Zped_g,ﬁ (3*(1944n + 567))¢"
=0 (3.29)

= peds(3**(216n + 63))q" + 16f] (mod 32).
n=0

Utilizing (2.13) in (3.29) and then extracting the coefficients of ¢”"*? from both sides of the resultant
equation, we get

> " pedss(3**(9720n + 4455) )"
n=0

00 (3.30)
= Z peds (3**(1080n + 495))¢" + 16gf; (mod 32),
which implies (3.5). ]
Theorem 3.2 For all n>0 and o> 0, we have
Zpedge, (3*(72n 4 45))q" = f”}“f“ + 16gf2f) (mod 32), (3.31)
n=0
peds 6(3*(5832n + 5589)) =ped; ¢ (3**(648n + 621)) (mod 32). (3.32)

Proof Using (2.2) in (3.8), we find that
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=) 2
Zpea’3,6(8n + )" =

(mod 8)
n=0 f14
and
2 2
Zped36 8n+ 5)¢" = 42225° (mod 32).
n=0 f3

Using (2.9) in (3.34), we find that

> peds 6(24n + 5)q" =4f; (mod 8),
n=0

> " pedss(24n + 13)q" =4qfif, (mod 8)
n=0
and

> peds(24n +21)q" = PYRALILENN 164> 1y (mod 32).

n=0 f flf
Employing (2.10) and (2.11) in (3.37), we get

o0

> peds s(72n + 21)q" =8f] (mod 16),
n=0

;Ped3,6(72n +45)q" E24fzf}4flz

+ 16qf2 f3 (mod 32)
and

> peds(72n + 69)q" = 16ff; + 16f]f; (mod 32).
n=0

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

The equation (3.39) is o = 0 case of (3.31). Suppose that the congruence (3.31) is true for o > 0. Using (2.8)
and (2.9) in (3.31) and then collecting the coefficients of ¢*", ¢*"*! and ¢***? from both sides of the resultant

equation, we obtain

> peds 6(3*(216n + 45))q" =8f; (mod 16),
n=0

Z peds(3**(216n + 117))q" =16f* + 16¢fif, (mod 32)

n=0
and
> " peds 5 (3*(216n + 189))¢" f“;ff” + 1670 (mod 32).
n=0
Employing (2.8) and (2.11) in (3.43) we get
> peds s (3**(648n + 189))g" =8f/ (mod 16),
n=0
Z peds 6 (3" (648n + 405))q" —sf ”}J 2 1 16f)° + 16gf3f) (mod 32)

n=0

and
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> " peds s (3*(648n + 621))q" = 16f f; + 16f]f; (mod 32). (3.46)
n=0
Using (2.8) and (2.9) in (3.45), we get
peds 6(3**(1944n + 405))q" =8f; (mod 16), (3.47)
n=0
peds 6(3**(1944n + 1053))¢" =16f,> + 16f;f1 (mod 32) (3.48)
n=0
and
> peds 6(3*(1944n + 1701)) " = 24]0“’}6‘7012 +16gf + 1670 (mod 32). (3.49)
n=0
Using (2.8) and (2.11) in (3.49), we get
> " peds(3*(5832n + 1701))g" = 8f/ (mod 16), (3.50)
n=0
> " peds s (3**(5832n + 5589))q" = 161 + 16f}f; (mod 32) (3.51)
n=0
and
> peds (37 (72n + 45))q" = 247 ”}‘”C 2 4 16g£5f; (mod 32), (3.52)
n=0 3

which proves that the congruence (3.31) is true for o 4 1. By induction, the congruence (3.31) holds for all
integer o > 0.

In view of (3.46) and (3.51), we obtain (3.32). Ol
Theorem 3.3 For all n >0 and «, f >0, we have
oo
peds (3% - 57/ (648n + 189))¢" = 8f/ (mod 16), (3.53)
n=0
peds (3** - 5771(3240n + 648i +297)) = 0 (mod 16), (3.54)
[o¢]
> peds (3 - 77 (216n + 45))¢" = 8f; (mod 16), (3.55)
n=0
peds(3** - 771 (1512n + 2165 + 99)) = 0 (mod 16), (3.56)
oo
> peds (3" - 7°/(1944n + 405))q" = 8f; (mod 16), (3.57)
n=0
peds(3** - 7P71(13608n + 19445 + 891)) = 0 (mod 16), (3.58)
oo
> peds (3" - 57/ (5832n + 1701))q" = 8f] (mod 16), (3.59)
n=0
peds (3% - 52711 (29160n + 5832i + 2673)) = 0 (mod 16), (3.60)

where i =0,2,3,4 and s =0,2,3,4,5,6.

Proof The equation (3.44) is § = 0 case of the congruence (3.53). Suppose that the congruence (3.53) is
true for o, > 0. Employing (2.13) in (3.53) and then collecting the coefficients of g>**2 from both sides of
the resultant equation, we get
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> peds(3** - 5771 (648n + 297))¢" = 8gf{ (mod 16), (3.61)
n=0

which proves (3.54) and
> peds (3" - 572(648n + 189))¢" = 8f/ (mod 16), (3.62)
n=0

which implies that the congruence (3.53) is true for § + 1. By induction, the congruence (3.53) is true for all
integers o, § > 0.

The equation (3.41) is § = 0 case of the congruence (3.55). Suppose that the congruence (3.55) is true for
o, > 0. Employing (2.14) in (3.55) and then collecting the coefficients of ¢’"** from both sides of the
resultant equation, we get

> peds(3* - 7P (2161 4 99) )" = 84f; (mod 16), (3.63)
n=0

which proves (3.56) and

> peds (3 - 7P (216n + 45))¢" = 8f; (mod 16), (3.64)
n=0

which implies that the congruence (3.55) is true for § + 1. By induction, the congruence (3.55) is true for all
integers o, § > 0.

The proofs of rest of the identities (3.57)-(3.60) are simillar to the proofs of the identities (3.53)-(3.56).
So, we omit the details. O

Theorem 3.4 For all n >0 and «, f >0, we have
peds 6(3*(72n + 15)) = 0 (mod 16), (3.65)
peds (72n + 69) = 0 (mod 16), (3.66)
(3.67)
(3.68)

peds (3**(216n + 117)) = 0 (mod 16), 3.67
peds ¢(3**(1944n + 1053)) = 0 (mod 16), 3.68
> peds (3" 5 (720 + 39))¢" = &f! (mod 16), (3.69)
n=0
peds ¢(3** - 5271 (360n + 72i +51)) = 0 (mod 16), (3.70)
N 2B n _— Qg
> peds (5% (72n 4 21))q" = 8f] (mod 16), (3.71)
n=0
peds ¢ (5771 (360n + 725 +33)) = 0 (mod 16), (3.72)
> peds (3" -5 (216n + 63))q" = 8f] (mod 16), (3.73)
n=0
peds ¢(3** - 5*F1(1080n + 2165 + 99)) = 0 (mod 16), (3.74)
> peds (3" - 57 (648n + 351))g" = 8f," (mod 16), (3.75)
n=0
peds (3% - 57+1(3240n + 648i + 455)) = 0 (mod 16), (3.76)

where i =0,1,3,4 and s =0,2,3,4.
Proof From the equations (3.18) and (3.40), we obtain (3.65) and (3.66) respectively.
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From the equations (3.42) and (3.48), we obtain (3.67) and (3.68) respectively.
The equation (3.19) becomes

> peds(3*(72n + 39))q" = &f!* (mod 16), (3.77)
n=0

which is f = 0 case of (3.69). Suppose that the congruence (3.69) is true for 5 > 0. Utilizing (2.13) in (3.69)

and then comparing the coefficients of ¢>**3 on both sides of the resultant equation, we get
Y peds (3% - 5P (72n + 51)) ¢" = 84*f23 (mod 16), (3.78)
n=0
which proves (3.70) and
i peds (3% - 5742720 + 39)) ¢" = 8f (mod 16), (3.79)
n=0

which implies that the congruence (3.69) is true for f + 1. Hence, by induction, the congruence (3.69) holds
for all integers «, > 0.
The rest of the proofs of the identities (3.71)-(3.76) are similar to the proofs of the identities (3.53) and

(3.69). So, we omit the details. O
Theorem 3.5 For all n >0 and « >0, we have
peds(24n +7) = 0 (mod 8), (3.80)
peds 5(24n +23) = 0 (mod 8), (3.81)
oo
> pedss(3*(24n+ 3))g" = 2fif> (mod 8), (3.82)
n=0
peds 6 (3" (72n 4 24i + 9)) = 0 (mod 8), (3.83)
peds 6(3*13(72n 4 24i +9)) = 0 (mod 8), (3.84)
o0
D peds(5(24n + 11))q" = 4Af; (mod 8), (3.85)
n=0
o0
> pedss (5 (24n+7))q" = 4’ fiof s (mod 8), (3.86)
n=0
ped; 6(577(120n + 245 + 7)) = 0 (mod 8), (3.87)
o0
> pedso(77(24n+ 5))¢" = 4f; (mod 8), (3.88)
n=0
> peds (77! (24n + 11))¢" = 4qf; (mod 8), (3.89)
n=0
peds (7771 (168n + 24t + 11)) = 0 (mod 8), (3.90)

where i = 1,2, s =0,1,3,4 and t = 0,2, 3,4, 5,6.

Proof From the equations (3.15) and (3.17), we obtain (3.80) and (3.81) respectively.
The equation (3.13) becomes

00 212
> pedss(8n+3)g" = 2@ (mod 8). (3.91)
n=0 3

Using (2.9) in (3.91), we find that
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> " peds5(24n + 3)q" = 2fif> (mod 8), (3.92)
n=0
> " pedss(24n + 11)q" = 4ff; (mod 8) (3.93)
n=0
and
> peds(24n +19)q" = 2fif; (mod 4). (3.94)
n=0

The equation (3.92) is o = 0 case of (3.82). Suppose that the congruence (3.82) is true for o > 0. Utilizing

(2.9) in (3.82) and then comparing the coefficients of ¢*", ¢*"*! and ¢*"*? on both sides of the resultant
equation, we get
o0
> pedss(3**(72n+ 3))q" = 2fi (mod 4), (3.95)
n=0
o0
> peds 6(3*(72n +27))q" = 6ffs (mod 8) (3.96)
n=0
and
00 f3
> peds (3" (720 + 51))¢" = 4> (mod 8). (3.97)
n=0 fl
The equation (3.96) implies (3.83) and
> peds(3*(216n +27))q" = 6fif> (mod 8). (3.98)
n=0
Again, using (2.9) in (3.98), we obtain
o0
> " peds 5 (3**(648n + 243)) " = 2fsfs (mod 8), (3.99)
n=0
which implies (3.84) and
peds ¢ (3 (24n + 3))¢" = 2fif> (mod 8), (3.100)
n=0

which proves that the congruence (3.82) is true for o + 1. By induction, the congruence (3.82) holds for all
integer o > 0.
The rest of the proofs of the identities are similar. So, we omit the details. O

Theorem 3.6 For all n>0 and o >0, we have

peds6(24n +9) = 0 (mod 4), (3.101)

peds 6(24n + 17) = 0 (mod 4), (3.102)

peds6(24n + 13) = 0 (mod 4), (3.103)

petrn 3= (3 (o) T g
ped 6(3*(72n + 51)) = 0 (mod 4), (3.105)
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> " pedss(5*(24n + 19))¢" = 2fifg (mod 4), (3.106)
n=0
> peds (51 (24n + 23))q" = 2¢°fsf5y (mod 4), (3.107)
n=0
peds 6 (57 (120n + 24i + 23)) = 0 (mod 4), (3.108)

where i =0,1,2.4.
Proof The equation (3.33) becomes

Zped37(,(8n + 1)q" E]E (mod 4). (3.109)
n=0 f3
Equating the coefficients of ¢***! and ¢**2 on both sides of the above equation, we arrive at (3.101) and

(3.102) respectively.

From the equation (3.36), we get (3.103).

From the congruences (3.95) and (3.97), we obtain (3.104) and (3.105) respectively.

The congruence (3.94) is « = 0 case of (3.106). The rest of the proofs of the identities are similar. So, we
omit the details. O

4 Congruences for pedy 15(n)

Theorem 4.1 For all n>0 and o> 0, we have

00 ri2 7. 34a+2 41 . .
D pedss(2-3%n + = )¢ = 24013/ (mod 32), (1)
n=0
23. 34oz+4 1 23. 34oz+2 1
peds 13 (2 3% 4 %) = pedo 1 <2 3% 4 %) (mod 32), (4.2)
13. 34o<+5 1 13- 34a+3 1
pedos (23740 + =2 1) = pedy (2344 4 200 (mod 32). (4.3)
' 4 ' 4
Proof Setting j =9 and k = 18 in (1.5), we see that
o0
Jafo
edy 13(n)q" = 7——. 4.4
2 pedasn)d’ =20 (44)

Using (2.11) in (4.4) and then collecting the coefficients of ¢°**! from both sides of the resultant equation,
we get

0 2 rd
p€d9,18(3l’l + 1)qn :J% (45)
n=0 1J/6
Utilizing (2.4) in (4.5), we find that
> peds1s(6n + 4)q" = 4fifofe (mod 32). (4.6)
n=0
Using (2.9) in (4.6), we get
> " peds1s(18n + 4)q" = 4f; (mod 8), (4.7)
n=0
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> " pedy,5(18n + 10)g" = 4f;f; (mod 8) (4.8)
n=0
and
> " pedo 15(18n + 16)q" = 24f,f5f2 (mod 32), (4.9)
n=0

which is o = 0 case of (4.1). Suppose that the congruence (4.1) is true for « > 0. Employing (2.9) in the

equation (4.1) and then collecting the coefficients of ¢*, g**! and ¢*"*2, we get
zoc: ped 13 <2 3% 4 7344$) q" = 8f] (mod 16), (4.10)
n=0
i peds 1 (2 S, 4 %) q" = 8fCfafs (mod 32) (4.11)
n=0
and
i peds 15 (2 3%y 4 %) q" = 16f7f (mod 32). (4.12)
n=0
Using (2.8) in (4.11), we get
i ped 15 <2 3ty 534:“) q" = 8f° (mod 16), (4.13)
n=0
i peds 15 (2 3y 4 1332f3+1> q" = 16f3f; (mod 32) (4.14)
n=0
and
i pedo 13 (2 L3y %) q" = 8fifpfY (mod 32). (4.15)
n=0
Utilizing (2.9) in (4.15), we get
i pedy 13 <2 L34y 4 7344&) q" = 8f] (mod 16), (4.16)
n=0
i pedy 13 <2 L3Sy, 4 %) q" = 24f f3fs (mod 32) (4.17)
n=0
and
00 23 . 34ac+4 +1
nz:; peds 1 (2 3y 4> q" = 16£2f¢ (mod 32). (4.18)
In view of the congruences (4.12) and (4.18), we obtain (4.2).
Using (2.8) in (4.17), we find that
ipedg,lg (2 36, 4 534"4&> q" = 8f15 (mod 16), (4.19)
n=0
i pedy 13 (2 L34ty %) q" = 16f3f; (mod 32) (4.20)
n=0

and
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0 7. 34a+6 +1
> " peds <2 L34ty 4 4> q" = 24ff2 (mod 32), (4.21)
n=0

which implies that the congruence (4.1) is true for « 4 1. By induction, the congruence (4.1) is true for all
integer o > 0.
In view of the congruences (4.14) and (4.20), we obtain (4.3). O

Theorem 4.2 For all n>0 and o, f >0, we have

f: peds 13 <2 3352y HHZ¢) ¢" = 8f] (mod 16), (4.22)
n=0

peds 1 (2 L3423 S (5 4 ) 4 - 34%345%1 T 1) =0 (mod 16), (4.23)
i peds 13 <2 b 2y W) q" = 8> (mod 16), (4.24)
n=0

peds s (2 3t 2 (7 4 ) 4 L 34“34723“ i 1) = 0 (mod 16), (4.25)
i peds 15 (2 3452y 73“44¢> q" = 8f] (mod 16), (4.26)
n=0

peds 15 <2 L34S 52+ (5 4 ) 1 11 ~34a+4‘.‘-52/3+1 + 1> — 0 (mod 16), (427)
i peds 1 <2 A LR 53“54&) q" = 8f7 (mod 16), (4.28)
n=0

11 - 34ot+5 . 72ﬁ+l +1
4

pedy 13 <2 3MEO P2 (T 4 5) + > =0 (mod 16), (4.29)

where i =0,2,3,4 and s =0,2,3,4,5,6.
Proof The congruence (4.10) is § = 0 case of (4.22). Suppose that the congruence (4.22) is true for

o, > 0. Employing (2.13) in the equation (4.22) and then collecting the coefficients of ¢°"*2, we get
ipedm(Z 33 52, 11 -34a+24.‘-52/3+1 + 1>q" _ 8qf57 (mod 16), (4.30)
n=0

which proves (4.23) and

zm:palg,]s <2 L343 §2p42, 4 7 . 34ot2 .452ﬁ+2 + 1>qn — 8f17 (mod 16), (4.31)
n=0

which proves that the congruence (4.22) is true for  + 1. By induction, the congruence (4.22) holds for all
integers o, f > 0.
The congruence (4.13) is § = 0 case of (4.24). Suppose that the congruence (4.24) is true for > 0.

Employing (2.14) in the equation (4.24) and then collecting the coefficients of ¢’ we get
i peds 15 (2 gtara qaper, | 11300 47%] + l)q" = 8¢f5 (mod 16), (4.32)
n=0
which proves (4.25) and
f: pedos (z ytara gz, 530 '47%2 t l)q" = 8% (mod 16), (4.33)
n=0
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which implies that the congruence (4.24) is true for § + 1. By induction, the congruence (4.24) is true for all
integers o, f§ > 0.
The proofs of the congruences (4.26)-(4.29) are similar to the proofs of the congruences (4.22)-(4.25). So,

we omit the details. O
Theorem 4.3 For all n>0 and >0, we have
pedg 15(18n 4+ 10) = 0 (mod 4), (4.34)
> 15-7% 41
> pedo s (18 70+ f> ¢" = 4f° (mod 8), (4.35)
n=0

3372+ 4

ped 13 <18 ST (T 4s) + 1

) = 0 (mod 8), (4.36)

where s =0,2,3,4,5,6.

Proof From the equation (4.8), we obtain (4.34).
The equation (4.7) is § = 0 case of (4.35). The rest of the proofs of the identities (4.35) and (4.36) are
similar to the proofs of the identities (4.24) and (4.25). So, we omit the details. Ol

Theorem 4.4 For all n>0, we have

pedy 13(54n + 52) = 0 (mod 27), (4.37)
pedy 15(162n + 88) = 0 (mod 27), (4.38)
peds 15(162n + 142) = 0 (mod 27). (4.39)

Proof Using (2.7) in (4.5) and then collecting the coefficients of ¢**2 from both sides of the resultant
equation, we find that

o st
> " pedos(9n+7)q" = 122 1130 . (4.40)
n=0
From the binomial theorem, it is easy to see that for any positive integers ¢ and k,
7 =£1, (mod 3), (4.41)
Ok = 3 (mod 9). (4.42)
The equation (4.40) along with (4.42) becomes
o0 3,3
> pedys(9n+7)q" = 12@ (mod 27). (4.43)
1

n=0

Using (2.5) in (4.43), we get

00 412
> " peds1s(18n + 7)q" Elzfu;+f3 (mod 27)
6

pr (4.44)
=3f,f2f5 (mod 9)
and
> " pedy 15(18n + 16)q" = 12£}f2 (mod 27). (4.45)
n=0
Employing (2.8) in (4.45), we obtain (4.37) and
pedy 13(54n + 34)q" = 18f¢fo (mod 27), (4.46)
n=0
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which implies (4.38) and (4.39). l
—6
Theorem 4.5 For any prime p > 5 with () =—-1,1<j<p—1and for all n >0, o >0, we have
4
- 135 - p* + 1
> peds s (162 p¥*n+ ’i) q" = 18f3f; (mod 27), (4.47)
n=0
135 - 20+2 1
pedy 13 (162 N pn +0) + #) = 0 (mod 27), (4.48)
where i =1,2,3,---p— 1.
Proof From the equation (4.46), we have
o0
> " peds5(162n + 34)g" = 18f3f; (mod 27), (4.49)

n=0

which is o = 0 case of the congruence (4.47). Suppose that the congruence (4.47) is true for all o> 0.
Employing (2.15) in (4.47), we get

> 135 p2+2 4 1
> pedo s <162 pP g 4 ”4) q" = 18f,,f3, (mod 27), (4.50)
n=0
which proves (4.48) and
x 135 - p***2 41
> " peds 1 (162 pP 4 +) q" = 18f>fs (mod 27), (4.51)
n=0

which proves that the congruence (4.47) is true for o + 1. By induction, the congruence (4.47) holds for
all integer o > 0. O

Theorem 4.6 For all n>0 and o >0, we have

pedy 15(18n +7) = 0 (mod 12), (4.52)

pedy 13(18n + 13) = 0 (mod 12), (4.53)

pedyg 13(6n +3) = 0 (mod 3), (4.54)

pedy 13(6n +5) = 0 (mod 6), (4.55)

i peds 1 (2 302 4 34?%) q" = 3fifof# (mod 9). (4.56)
n=0

Proof Employing (2.6) in (4.4) and then collecting the coefficients of ¢g*"*! from both sides of the resultant
equation, we obtain

- Ffafis
pedo 13(2n + 1)q" = . 4.57
2 peds 18( ) Ffefo (4.57)
Using (2.12) in (4.57), we have
S Je fofg
edo 13(6n+ 1)g" ==+ 12—, 4.58
;p 9,18( )q f3 qf15f32 ( )
00 f3 4
> " pedys(6n+3)q" =3 % (4.59)
n=0 1

and
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o 2 3
> pedos(6n+5)q" =6 2}: zfé . (4.60)
n=0

From the equations (4.58)-(4.60), we obtain (4.52)-(4.55) respectively.
The congruence (4.44) is o = 0 case of (4.56). Suppose that the congruence (4.56) is true for a > 0.
Employing (2.9) in the equation (4.56) and then collecting the coefficients of ¢*', we get

S 34oc+3 1 4
Zped9,18 (2 3P 4 4+> q' = 3fLJ]:22f3 (mod 9). (4.61)
n=0 6

Using (2.9) in (4.61) and then collecting the coefficients of ¢g* and ¢*'*! alternatively from the resultant
equations, we obtain

S P L AP 2
Zpedg,lg 2-3 n-+ —a q" = 3f1fof5 (mod 9), (4'62)
n=0

which implies that the congruence (4.56) is true for o + 1. By induction, the congruence (4.56) is true for all
integer o > 0. O
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