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Abstract Let (Q;,%;, 1), i = 1,2, be two measure spaces, 1 <p<oo, X; = LP(Q;, i, 1), and let X;" =
{f € X; : f >0 a.e.} be the positive cone of X;. In this paper, we first show that for every standard e-isometry
F:X{ — X;, there exists a bounded linear surjective operator T : X, — X; with ||T|| = 1 such that

| TF(u) — u|| <4e, forall u € X
As its application, we prove that if lim +inf dist(ty, F(X{"))/t<1/2 forall y € Sx;» then there exists a unique
——+00
additive surjective isometry V : X" — X7 so that
|F(u) — V(u)|| <4, forallu € X; .

We also unify some results concerning the Hyers-Ulam stability of almost surjective e-isometries between
the positive cones of two LP-spaces.
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1 Introduction

The letters X and Y denote real Banach spaces, and F : X — Y an g¢-isometry for some ¢ >0, i.e.

F(x) = FO)Il = llx = yll| <&, forallx,y € X.

The mapping F is called standard if F(0) = 0. O-isometry is simply called isometry.

The classical Mazur-Ulam theorem [15] states that every surjective standard isometry between real
Banach spaces is necessarily linear. For general isometries, Figiel [11] extended Mazur-Ulam by showing
the remarkable stability result: Every standard isometry F :X — Y admits a linear left-inverse T :
spanF(X) — X of norm one, i.e., TF = Idx with |T|| = 1.
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For standard e-isometry F : X — Y, the basic question is how close is F to an actual isometry. Making
use of a result of Gruber [13], Gevietz [12] proved that for any surjective standard e-isometry F : X — Y,
there exists a linear surjective isometry U : X — Y such that

|F(x) — U(x)|| <S¢, forall x € X. (1.1)

Omladi¢ and Semrl [16, 1995] showed that the constant 5 in (1.1) can be improved to a best constant 2 (See,
also, [2, pp. 360]). This stability of the e-isometry is called Hyers-Ulam stability. Sun [19] obtained the
Hyers-Ulam stability of the almost surjective e-isometries between the positive cones of two L”-spaces.

Since 90s of the last century, the study of stability property of non-surjective e-isometry has become an
active area. A standard e-isometry F : X — Y is said to be stable provided there exist a positive number 7
and a bounded linear operator 7 : spanF(X) — X such that

ITF(x) — x|| < ye, forall x € X. (1.2)

Motivated by Figiel’s theorem, Qian [17] first studied stability of non-surjective ¢-isometries, and he showed
that every standard ¢-isometry between two L” spaces (1 <p <o0) is stable with y = 6 in (1.2). Furthermore,
the constant 6 has been improved to 2 by Semrl and Viisild [18]. However, Qian [17] presented a simple
counterexample showing that if a separable Banach space Y contains an uncomplemented closed subspace X
then for every ¢ > 0 there is a standard e-isometry F : X — Y which is unstable. The counterexample says
that the situations in investigating the stability property of non-surjective ¢-isometries are rather different
and complicated. Recently, Cheng and his collaborators [3, 4] obtained weakly universal stability formulas
for all Banach spaces. It is shown that this result is not only a generalized version of Figiel’s theorem, but
also very useful to the study of stability of e-isometries (see, for example, [7, 20-23]).

There are many situations in which one has to deal with a wedge ( or cone) of a Banach space, instead of
the whole space (see, [1, 5, 8-10]). For example, every norm semigroup of a Banach space is a wedge. In
[19], we showed a weakly stability formula for e-isometry between the positive cones of two [”-spaces: Let
(Q,Zi, 1), i =1,2, be two measure spaces, 1 <p,g<oo with éJr(lI: 1, and let X; = LP(Q;, %, 1),
Y; = L9(Q;, %, ;). Suppose that F : X — X, is a standard ¢-isometry, then for every x* € Y|", there exists
a unique ¢ € Y, with ||x*|| = ||¢|| = r such that

|(x*,u) — (P, F(u))| <2re, forall u € X;". (1.3)

In this paper, we mainly study the stability properties of the non-surjective ¢-isometries between the positive
cones of two [P-spaces. In section 2, making use of the weakly stability formula we have estabilished, we
prove the stability for the e-isometry F :X; — X5 (Theorem 2.2): there exists a bounded linear
surjective operator 7 : X, — X; with ||T|| = 1 such that

| TF(u) — u|| <4e, forall u € X .
In the section 3, applying the Theorem 2.2, we prove that if lim+inf dist(ry, F(X{))/t<1/2 forall y € Sy-,
t——+00 2
then there exists a unique additive surjective isometry V : X;” — X3 so that
|F(u) — V(u)|| <4, forallu € X; .

Furthermore, we unify some results concerning the Hyers-Ulam stability of almost surjective g-isometries
between the positive cones of two LP-spaces.

All symbols and notations in this paper are standard. We use X to denote a real Banach space and X* its
dual. By (resp. Sx) stands for the closed unit ball (resp. the unit sphere) of X. B(X, Y) denotes for the space of
all bounded linear operators from X to Y. For a subspace M C X, M~ presents the annihilator of M, i.e.,
Mt = {x* € X*: (x*,x) = Ofor all x € M} Given a topological space Q, suppose that A C Q and ¢ : Q —
R is a real-valued function, we use the notion ¢|, to denote the restriction of ¢ to A.

2 Stability of non-surjective e-isometries between the positive cones of [”-spaces
Let (Q;, %, 1;), i = 1,2, be two measure spaces, 1 <p<oo, and let X; = L (Q;, %, i;) with X;" be the

positive cone of X;. In this section, we mainly show the stability of the e-isometries between the positive
cones of two LP-spaces, i.e., for every e-isometry F : X, — X5, there exists a bounded linear operator
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T : X, — X; of norm one such that TF — Idxl* is uniformly bounded by 4¢ on X;. We first recall some

preliminaries.

Recall a wedge in a Banach space X is a convex set closed under multiplication by non-negative scalars.
The span of a wedge W is simply W — W. W is said to be (respectively, almost) reproducing whenever
W — W = X (respectively, W — W is dense in X). A wedge W is said to be a cone if WN —-W = 0.

Lemma 2.1. [19, Lemma 2.3] Suppose that X, Y are Banach space, W C X is a closed wedge, Y is
uniformly convex. Let F : W — Y be a standard ¢-isometry. Then

V(x) = lim @ Yxe W, (2.1)

1—00
defines an additive isometry V: W — Y.

The Theorem 2.2 below is the main result of this section, and it is essentially inspired by [19, Theorem 3.1].
We give the details for the convenience of the reader.

Theorem 2.2. Let (Q;,%;, 1), i = 1,2, be two measure spaces, | <p <oo, and let X; = LP(Q;, Z;, ;) with
X" be the positive cone of X;. Suppose that F : X{ — X3 is a standard e-isometry, then there exists a
bounded linear surjective operator T : X, — X with ||T|| = 1 such that

| TF(u) — u|| <4e, forallu e X;. (2.2)
Proof.  Suppose that X; = L7(Q;, Z;, 1;), ¥; = L9(Q;, &, ;) with 1 <p, g < oo, 117 +$ = 1. Note that they are

both (super) reflexive, and we have X; = Y;, Y/ = X;. For the standard e-isometry F : X — X; , we define
V:X] — X by

V(u) = lim @, Vu € X (2.3)

1—00

According to Lemma 2.1, V : X{ — X7 is an additive isometry. For any x € X, let u(w) = max{x(w), 0}
and v(w) = max{—x(w),0} so that x =u —v € X{7 — X = X;. Put

Ulx) =V(u) —V(v), (2.4)
then U : X; — X, is well-defined. The additivity of V implies that U is additive. We assert that U is a linear

isometry. For any x|, x, € X, there exist u;, vy, uz,v, € Xl+ such that x; = u; — v and x, = up — v,. Then,
we have

[U(x1) = Ul = [[(V(ur) = V(v1)) = (V(u2) = V()|

= [[(V(ur) + V(v2)) = (V(v1) + V(u2))]]

= [IV(ur +v2) = V(vi + ur)]|

= [[(ur +v2) = (vi + wo)|

= [[(ur = v1) = (w2 = )|

= |lx1 — x2.
This yields that U is an isometry. This and the additivity together imply that U is a linear isometry. Let
M = U(X;), then M is linear isometric to X;. By [14, p. 162], M is 1-complemented in X;, i.e., there exist a

closed subspace N C X, with M NN = {0} and a projection P : X, — M along N such that X, = M + N
and ||P|| = 1. We shall show that 7= U~'P is the desired mapping. Clearly, T is surjective with
I = [1P] = 1.

For every x* € Y|, by [19, Theorem 2.5], there exists a unique ¢ € Y, satisfies (1.3). Define Q0 : Y| —
Y, by

o(x") = ¢. (2.5)
Then Q is well-defined and norm preserved. Define Q|,, : Y;" — M* by
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Oly(x") = Q(x") |- (2.6)
We assert that Q|,, is an additive isometry. It follows from (1.3), for x},x5 € Y;", we have
|} + x5, 1) = (Q(x]) + Q(x3), F(w))] < 2(|Ix7[| + lIx3]])e, for all u € X (2.7)
and
|(x] + x5, u) — (Q(x} +x5), F(u)| <2||x] + x5||¢, forall u € X;. (2.8)
(2.7) and (2.8) together imply that
{Q(x]) + Q(x3) — Qx] + x3), F(u))| <4([lxi[| + [|x3[])e, for all u € X", (2.9)

Substituting nu for u# in (2.9), and dividing the both sides by n, we obtain that
(0(]) + 0(53) — O] +33), V() =0,
This implies that (Q(x}) + Q(x3))],, = Q(x} + x3)|,, and QJ,, is additive.
For xj,x; € Y|, by (1.3) again, we have
(6} = 5) — (Q(¥)) — Q(x3), Fw)| <201 + 3 l)e, for all w € X{ 2.10)
Thus, for every x = u —v € X{” — X/ = X;, we have
6} = s — ) — (O(x}) — Q(), Flu) — FO)| < 4(1i] + e 1)

Since Y; is uniformly smooth, there exists a unique x = u; —v; € X" — X" = X; with ||x]| =1 so that
x =d|xj —x5]|, ie., (x,x] —x5) = ||x] — x5]||. Substituting nu; and nv, for u and v in (2.11), and dividing
the both sides by n, we have

() —xq,m = i) = (Q(x)) = Q(x), V(wr) = V(v1)). (2.12)

Note that [|[V(u1) —=V(W)||=jus —wi]|l=1 and V(uy)—V(v;) €M, we obtain that
101y (1) — Qly(3)]| = Il — 311

On the other hand, note that M C X, is reflexive, strictly convex and Gateaux smooth, M* is also Gateaux
smooth. There exists g € M with ||g|]| = 1 such that g = d||Q|,,(x}) — Ol,,(x3)||. Since U : X; — M is a
linear surjective isometry, there is a x = u; — v € Xf’ — X" =X, so that U(x) = g. Substituting nu; and
nvy for u and v in (2.11), and dividing the both sides by n, we have

= xg,u = vi) = (Q()) = Q(x3), V(wr) = V(n1)) = (Qly (1) = Qlu(x3), &) (2.13)
Note that |lu; — vi|| = ||U(u; — v1)|| = 1, we obtain that ||x] — x5|| > [|Q],,(x}) — Q|,,(x3)]]. Consequently,
we have ||xj —x5|| = ||Ql,,(x7) — Ol,,(x5)|| and QJ,, is an isometry. Therefore, for any x* € Y, we have

I = Q) = 121y () = (1213 (x") Pl

Since X; is uniformly convex and uniformly smooth, we have Q(x*) = Q|,,(x*)P.
For any x* € Y}, we define that x} () = max{x*(w), 0} and x;(®w) = max{—x*(w), 0} so that x},x} € ¥;"
and x* = x] — x5. Put

Ol (x") = Qly (x]) — Qly(x3), (2.14)
then Q|,, : Y1 — M* is well-defined. Since Q,, is an additive isometry, Q|,, is a linear isometry. For every
x=u—veX —X/ =X, and x* =xj —xj € Y]" — Y| =Y, by substituting nu; and nv; for u and v in
(2.11), and dividing the both sides by n, we have

<X*)x> = <XT _x;a - V>
=(Q(x7) = Q(x)), V(1) = V(v1))
= {00y — Q) |y Uy — 1))
= (0ly(x"), U(x)).

(2.15)

This implies that x* = Q|,,(x*)U.
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Note that U : X; — M is a linear surjective isometry. Let U* : M* — Y| be the conjugate operator of U,
then U* is also a linear surjective isometry.
For any x* € Y; and x € X, by (2.15) we have

(U Qly (x"),x) = (Qly (x"), Ux) = (x", ). (2.16)

Thus, U*Q|,, = Idy,. This implies that Q|,, = (U*)"" and Q),, is a linear surjective isometry.

For any ¢ € M*, there exists x* €Y, so that Q|,(x")=¢. Let xj=max{x"(w),0} and
x5 = max{—x*(w),0}. Then we have x* =x} —x; € Y;' —¥]" =Y, and ||x}|| <|]x*|| and ||x3]| <|[x*|]. By
(2.15), for any u € X;", we have

{9, U(u) — PF(u))|

(¢, U(u)) = (¢, PF(u))]

(Ol (x"), Uu)) = (Qlyy (x"), PF(u))]

(o u) = (Qly (x1) — Qly (), PF(w))]
(o 1) = (Qly ()P = Qly ()P, F(w))]
(o u) —

{

(

<

*

Il
=
<

)

I
=
<

=

5 (0(x}) = O(x3), F(u))]
x; —x5,u) — (0(x]) — Q(x3), F(u))]

u

=

|
|
|
|
|
|
2

<2([xqll + s le < 4l
= 4lolle.
This yields that
|U(u) — PF(u)|| <4e, forall u € X" (2.17)
Let T = U~'P, and we complete the proof. O

3 Some applications

Let (Q;, X, 1;), i = 1,2, be two measure spaces, 1 <p<oo, and let X; = 17(Q;,%;, ;) with X;” be the
positive cone of X;. Suppose that F : X;” — X5 is a standard é-isometry. In this section, we will present
some applications of our main result Theorem 2.2. We first present a sufficient and necessary condition to
guarantee that F can be uniformly approximated by an additive surjective isometry V : X{” — X; (Theo-
rem 3.1). Then we unify some results concerning the Hyers-Ulam stability of almost surjective e-isometries
between the positive cones of two L”-spaces. We first recall some notations which are used in Vestfrid [21].
Suppose that Y is a Banach space, for a nonempty A C Y, and y € Sy, we denote
0(y,A4) = liminf dist(ry, A)/|¢|, and =(4) = sup o(y, A).
t1|—00 yESy
Vestfrid [21] first proved that for any Banach spaces X, Y, and for any standard e-isometry F : X — Y, if
T(F(X)) <1/2, then there is a surjective linear isometry U : X — Y such that

IF(x) — U(x)|| <2, forall x € X.

Furthermore, Cheng et al. [6] showed that the result is still true if the condition 7(F (X)) <1/2 was replaced
by o(y, F(X))<1/2 for all y € Sy (see also, [23]).

The following theorem can be regarded as a generalization of Cheng [6, Theorem 2.5]. For a standard e-
isometry F : X{" — X7, and for y € Sy+, we denote

o0y, F(X\')) = lim inf dist(ty, F(X,')) /1, and Z(F(X,")) = sup 2(y, F(X[")).

yESX;r
Theorem 3.1. Let (Q;,%;, ), i = 1,2, be two measure spaces, | <p <oo, and let X; = L7 (Q;, Z;, ;) with

X" be the positive cone of X;. Suppose that F : X — X5 is a standard ¢-isometry, then there is a unique
additive surjective isometry V : X; — X5 such that
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|F(u) — V(u)|| <4e¢, forallu € X{, (3.1)

if and only if
o, F(X])) = ltierinfdist(ty,F(Xf))/t< 1/2forall y € Sy:. (3.2)

Proof. Necessity: Suppose that there exists a unique additive surjective isometry V : X — X5 such that
(3.1) holds, then for any y € Sy and 7 € R*, there exist {u,} € X; such that V(u,) = ry. This implies that

dist(ty, F(X)) <[V (ur) = F(ur) || < 4e.

Thus,
o(y, F(X{")) = liminf dist(ty, F(X]"))/t < liminf 4¢/t = 0<1/2.
t——400 t—+00

(3.2) is shown.

Sufficiency: Suppose that X; = L7 (Q;, %, i.), Yi = L9(Q;, T, i) with 1<p,g<oo, 14+ 1=1, and F:
X{ — X3 is a standard ¢-isometry. Let V : X" — X, be as in (2.3), then V is an additive 1sometry. We shall
show that V is surjective, and it is the desired mapping.

Let U : X; — X, be as in (2.4), then U is a linear isometry with U‘XT = V. Note that M = U(X;) is 1-
complemented in X,. Then, there exists a closed subspace N C X, such that X, =M + N with
MNN={0}. P:X, — M is the projection along N with ||P|| = 1. We assert that U is surjective.
Suppose, to the contrary, that M = U(X;) is a proper closed subspace of X,. There exists a g € N N X, with
llgll = 1. Hypothesis (3.2) implies that there exist a sequence (,) C R* with 7, — oo and a sequence
{up} ey € X{ such that

t,g — F
limM = p<1/2. (3.3)
According to Theorem 2.2, there exists a bounded linear operator 7 : X, — X; with ||T|| = 1 such that

| TF (1) — ul| <4e, forallu € X . (3.4)
Since ||T|| =1, ||T*|| = 1. For any x* € Sy,, we have || T*(x*)|| < ||x*||. Note that ¥; is uniformly smooth,

there exists a x = u — v € X;{ — X{" with ||x|| = 1 such that (x*,x) = ||x*||. Substituting nu and nv for u in
(3.4) respectively, and dividing the both sides by n, we have

, <F(nu) - F(nv)) )

n n

8¢
< =, 3.5
<= (35)

Therefore,

n n
(3.6)

F(nu) F(nv)
T - 0.

) Ty )
This implies that (T*x*, V(u) — V(v)) = (T*x*, U(x)) = (x*,x), and || T*(x*)|| > ||x*||. This shows that T* :
Yy —Y, is a linear isometry. Note that T*x* =d||U(x)||. Since [|T*x*P||<1 and
(T*x*P,U(x)) = (T*x*,U(x)) = |U(x)||, we have T*x*P = T*x*. This entails that T*x* € N*.

For any u, in (3.3), let u € Sy, with u’ = d||u,||. Therefore, by (3.3), we have
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4e > || TF (un) — up|| > |(uyy, TF (n) — )|
= [y, ttn) = (T" 14y, F(un))|
= [ty tn) = (T "1y, F ) — 18)|
2 ||l = [1F (un) — 1ag]|
2 |F(un)ll — & = ||F(un) — tugll
2 lltngll = 2[F (un) — tagll — &

F n) — In
:tn<1 —27H (ui g||) —&— 0.

This contradiction says that U is surjective.
Substituting nu for u in (3.4), and dividing the both sides by n, we have

1TV (u )—u||_11mH ( ’”‘)) —MHSHZHL:,S_O' (3.7)

This yields that TV = IdX+ and TU = Idx,. Note that U is a linear surjective isometry, T is also a linear
surjective isometry with T=0U" . Therefore, by (3.4), for any u € X", we have

1F () = V(u)l| = U (F(u) = V()| = ITF () — ul| < 4e. (3-8)
The proof is complete. O

Let (M,d;) and (M,,d,) be two metric spaces and 6 be a nonnegative real number. Recall that a map
F : M| — M, is called J-surjective, if for every y € M, there is x € M| with dy(y, F(x)) < (see [18]). (see,
[3]) A subset N in a metric space (M, d) is called a sublinear growth net in metric d provided for any fixed
wo € M,

dw,N
lim 7(W’ )

=0.
d(w,wp)—00 d(W, Wo)

According to Theorem 3.1 , we present the following results concerning the Hyers-Ulam stability of almost
surjective e-isometries between the positive cones of two L-spaces.

Theorem 3.2. Let X;, F : X — X be as in Theorem 3.1. Then the following statements are equivalent:

(1) There is a unique additive surjective isometry V : X" — X5 such that ||F(u) — V(u)|| <4¢ for all
ueXxt,
(2) F is o-surjective for some 0> 0,

(3) F(X) conmins a sublinear growth net of X5,

@ oy, F(X{)) = l1m+1nf dist(ty, F(X;"))/t = 0 for all y € S,

5) oy, F(X{)) = l1m1nfdlst(ty, F(X{))/t<1/2forally € Sxts

(6) T(F(Xf’)) < 1/2,

(7N z(F(X;)) =0.

Proof. [19, Theorem 3.1] yields that (1) < (2) < (3). It is trivial that (1) = (4) = (7) = (6) = (5).
Theorem 3.1 implies that (5) = (1). Therefore, all of them are equivalent. O
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