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Abstract In this paper, we inspect the global asymptotic stability (GAS) of Ebola–epidemic using a
modified Susceptible-Infected-Deceased-Pathogen (SIDP) model with perturbation. The feasible region is
obtained, and we determine the basic reproduction number using the next-generation matrix method. The
GAS of the disease-free and endemic equilibria are discuss and provide parameter conditions for which the
stability exists. We show theoretically that the contaminated environmental Ebola human–deceased trans-
mission model is GAS with and without probability. Numerical simulation to support our theoretical
findings are presented.

Keywords Global analysis � Environmental transmission � Death transmission � Ebola outbreak �
Stochastic differential equation

Mathematics Subject Classification 34D10 � 34D23 � 92B05

1 Introduction

Since the discovery of Ebola virus disease (EVD) in Africa, many mathematical models have been
developed to understand the dynamical behaviour of the disease. Among these models is the Susceptible-
Infectious-Recovered-Deceased-Pathogen (SIR–DP) model. The SIR-DP model incorporated transmission
from a deceased-human through funeral practice and that of the contaminated environment. Berge et al. [1]
introduced the model and the disease-free and endemic equilibrium were investigated theoretically, and
numerically using nonstandard finite difference approach. Theoretically, the authors showed that at endemic
equilibrium of the disease the complete model only exhibits local asymptotic stability (LAS) whereas in the
absence of shedding and deceased manipulation in the environment the system is globally asymptotically
stable (GAS).

However, scholars have provided an alternative methods to inspect the behaviour of the EVD using the
SIR-DP model. Altaf and Atangana [2] used differential operators that possess crossover properties and
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fading memory to inspect the dynamical behaviour of EVD. Also, Yamazaki [3] used reaction-diffusion
partial differential equation (PDE) by including diffusive terms to all equations except that of the deceased-
human individual. The author showed that the well-posedness and stability analysis does not hold for the
Ebola PDE.

The main objective of this work is to continue investigating the endemic equilibrium GAS analysis for
the SIR–DP model in [1], where it was shown theoretically that for the model endemic equilibrium to be
GAS the environment should not be contaminated by viral particles shed from an infected and deceased
individuals. Stochastic perturbation which is also an alternative approach to study stability analysis of a
disease model has not yet been considered to the SIR–DP model. Therefore, in this paper, we extend the
model from [1] by including perturbation terms to each equation and investigate the GAS of the disease-free
and endemic equilibrium of Ebola epidemic. Including perturbation to a deterministic disease model
improved the stability analysis of an epidemics population [4].

2 Dynamical analysis of the SIDP deterministic model

We focus our study in section (4) of [1] where the virus recruitment into the environment is zero. We also
neglect the dR(t)/dt equation and only Ebola death comes into the deceased compartment. The numbers of
individuals in the susceptible, infected,and dead compartments are respectively S ¼ S tð Þ; I ¼ I tð Þ;D ¼ D tð Þ
and the concentration of the virus in the environment is P ¼ P tð Þ at time t. The transmission rates for an
infected and deceased host are respectively given as b1 and b2, and k for the indirect transmission. The
recruitment rate due to birth or migration is p, natural death measure at l and disease induce death rate is
measure at d. The recovered rate with permanent immunity is c; and viral particles are shed into the
environment by an infectious individual at a rate n and, from the deceased, at a rate a. The burial time rate is
measure at b and the virus decayed rate in the environment is g. The deterministic SIDP model is give as

dS ¼ p� b1SI � b2SD� kSP� lSð Þdt;

dI ¼ b1SI þ b2SDþ kSPÞ � lþ dþ cð ÞIð Þdt;

dD ¼ dI � bDð Þdt;

dP ¼ nI þ aD� gPð Þdt;

ð1Þ

which is subjected to initial conditions S 0ð Þ ¼ S0; I 0ð Þ ¼ I0; D 0ð Þ ¼ D0 and, P 0ð Þ ¼ P0.

2.1 The feasible region and basic reproduction number

Letting N ¼ Sþ I and adding the first two equations of model (1) gives dN=dt� p� lN tð Þ: For I0� 0, it
implies that limsupt!1NðtÞ� p=l. As a consequence, the third equation of model (1) yields
limsupt!1DðtÞ� pd=bl: Also, the fourth equation yields limsupt!1PðtÞ� p bnþ adð Þ=blg.

Hence the feasible region

A ¼ S tð Þ; I tð Þ; D tð Þ; P tð Þ 2 R4
þ; 0�N tð Þ� p

l ; D tð Þ� pd
bl ; P tð Þ� p bnþadð Þ

gbl

n o
; ð2Þ

for the deterministic model is positively invariant with respect to model (1).
The basic reproduction number (R0Þ is a parametric equation use to describe whether disease-free

equilibrium (DFE) state exist (i.e., the disease will die out) or an endemic equilibrium (EE) state exists (i.e.,
the disease continues to persist). The R0 is derived using the next-generator matrix method [5] defined as

K ¼ FV�1.
The matrices associated with the DFE E0 ¼ S0; I0; D0; P0

� �
¼ p=l; 0; 0; 0ð Þ

� �
are

F ¼

pb1

l
pb2

l
kp
l

0 0 0

0 0 0

0
B@

1
CA and V ¼

lþdþcð Þ 0 0

�d b 0

�n �a g

0
B@

1
CA;

and
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K ¼ FV�1¼

pb1

l lþdþcð Þ þ
pdb2

blðlþdþcÞ þ
kp bnþadð Þ

gblðlþdþcÞ
pb2

bl þ kap
gbl

pb2

bl þ
kpðbþaÞ

gbl

0 0 0

0 0 0

0
B@

1
CA;

The spectral radius of K is

q Kð Þ ¼ pb1

l lþdþcð Þþ
pdb2

blðlþdþcÞþ
kp bnþadð Þ

gblðlþdþcÞ ;

hence, the basic reproduction number of the model is

R0 ¼
pb1

l lþdþcð Þþ
pdb2

bl lþdþcð Þþ
kp bnþadð Þ

gblðlþdþcÞ : ð3Þ

2.2 Stability analyses of the SIDP deterministic model

Theorem 1 If R0� 1, the disease-free equilibrium is globally asymptotically stable in A.

Proof Using the Lyapunov function V: A!R, where,

V S; I; D; Pð Þ ¼ IðtÞ:

Then the time derivative of V is

dV S; I;D;Pð Þ
dt

¼ b1S0I0 þ b2D0S0 þ kP0S0 � lþ dþ cð ÞI0 ð4Þ

where S0; I0; D0; and P0; are the solutions of the DFE. That is equating model (1) to zero and let S ¼
S0; I ¼ I0;D ¼ D0; andP ¼ P0; the solutions of the DFE points in terms of I0 are

S0 ¼ p� lþ dþ cð ÞI0

l
;

D0 ¼ d
b

I0;

P0 ¼ bnþ adð ÞI0

bg
:

By substituting S0; D0; and P0 into (4) we get

dV

dt
¼ b1

p� lþ dþ cð ÞI0

l

� �
I0 þ b2

p� lþ dþ cð ÞI0 tð Þ
l

� �
d
b

� �
I0

� lþdþcð ÞI0

þ k
p� lþ dþ cð ÞI0

l

� �
bnþ adð ÞI0

bg

� �
;

ð5Þ

simplifying the right-hand side, we get

dV

dt
¼ lþdþcð ÞI0 pb1

l lþdþcð Þþ
pdb2

bl lþdþcð Þþ
kp bnþadð Þ

gbl lþdþcð Þ

� �
� lþdþcð ÞI0

� lþdþcð ÞI0ð Þ2

p
pb1

l lþdþcð Þþ
pdb2

bl lþdþcð Þþ
kp bnþadð Þ

gbl lþdþcð Þ

� �
:

In terms of R0,

dV

dt
¼ lþdþcð ÞI0 R0 �

lþdþcð ÞI0

p
R0�1

� �
: ð6Þ

Thus, if dV=dt� 0, then for I0 ¼ 0,R0� 1. Also, if dV=dt ¼ 0, then for I0 ¼ 0, R0¼ 1. Hence; according to
LaSalle’s principle [6] the theorem is complete.
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Model 1 also has an EE points, E� ¼ S�; I�; D�; P�ð Þ where

S� ¼ p
lR0

; I� ¼ p
lþ dþ cð Þ 1� 1

R0

� �
; D� ¼ pd

b lþ dþ cð Þ 1� 1

R0

� �
;

P� ¼ p bnþ adð Þ
bg lþ dþ cð Þ 1� 1

R0

� �
:

ð7Þ

h

Theorem 2 If R0� 1, the endemic equilibrium is globally asymptotically stable in A.

Proof Let the Lyapunov function defined as

V1 U; tð Þ ¼ 1

2
U2

1 þ U2
2 þ U2

3 þ U2
4

� �
;

where U1 ¼ S� S�; U2 ¼ I � I�; U3 ¼ D� D� and U4 ¼ P� P�:

dV1

dt
¼ U1

dU1

dt
þ U2

dU2

dt
þ U3

dU3

dt
þ U4

dU4

dt
;

and

dU1

dt
¼ dS

dt
;

dU2

dt
¼ dI

dt
;

dU3

dt
¼ dD

dt
;

dU4

dt
¼ dP

dt
:

Consider U1 ¼ S� S�, from the EE equations

S� ¼ p
b1I� þ b2D� þ kP� þ lð Þ ;

since V1 0; 0; 0; 0ð Þ ¼ 0; 0; 0; 0ð Þ and V1 Uð Þ[ 0, hence S ¼ S�; I ¼ I�; D ¼ D� and P ¼ P�.
Therefore

U1 ¼ S� p
b1I þ b2Dþ kPþ lð Þ ; U2 ¼ I � b1SI þ b2SDþ kSPð Þ

lþ dþ cð Þ ; U3 ¼ D� d
I

b

U4 ¼P� nI þ aDð Þ
g

:

ð8Þ

then,

dV1

dt
¼ S� p

b1I þ b2Dþ kPþ lð Þ

� �
p� S lþ b1I þ b2Dþ kPð Þ½ �

þ I � b1SI þ b2SDþ kSPð Þ
lþ dþ cð Þ

� �
b1SI þ b2SDþ kSP� lþ dþ cð ÞIð Þ½ �

þ D� d
I

b

� �
dI � bD½ � þ P� nI þ aDð Þ

g

� �
nI þ aD� gP½ �:

ð9Þ

Simplifying the right-hand side we get

dV1

dt
¼� b1I þ b2Dþ kPþ lð Þ S� p

b1I þ b2Dþ kPþ lð Þ

� �2

�g P� nI þ aDð Þ
g

� �2

� lþ dþ cð Þ I � b1SI þ b2SDþ kSPð Þ
lþ dþ cð Þ

� �2

�b D� d
I

b

� �2

� 0;

h

which completes the proof of Theorem 2.
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3 Dynamical analysis of the stochastic SIDP

We now modify model (1) by perturbing the model around it equilibrium points (E0 and E�). We assume
the stochastic perturbation is of white noise type[7], which is directly proportional to distance S(t), I(t), D(t),
P(t), from the equilibrium values of model (1) and, influence on the time derivative
dSðtÞ=dt; dIðtÞ=dt; dðD tð ÞÞ=dt; dPðtÞ=dt, respectively. The SDE-SIDP model can be represented as

dX tð Þ ¼ f X; tð Þdt þ g X; tð ÞdB tð Þ; ð10Þ

where f is the deterministic equations of model (1), g X; tð Þ is the diffusion matrix which is also locally
Lipschitz function, and B tð Þ is the 4-dimensional independent standard Brownian motions defined on a
complete probability space X; F ; Pð Þ with a filtration F tf gt� 0 satisfying the usual condition (i.e., it is

increasing and right continuous while F 0 contains the null set-P). The differential operator L associated
with (10) is define as

L ¼ o

ot
þ
X4

i¼1

fi X; tð Þ o

oxi
þ 1

2

X4

i;j¼1

gT X; tð Þ o2

oxioxj

� �

ij

g X; tð Þ; ð11Þ

where T means transpose

fi Xð Þ ¼

p� b1SI � b2SD� kSP� lS

b1SI þ b2SDþ kSP� lþ dþ cð ÞI
dI � bD

nI þ aD� gP

0
BBB@

1
CCCA;

and

g Xð Þ ¼

ðX1Þh1 0 0 0

0 ðX2Þh2 0 0

0

0

0

0

ðX3Þh3

0

0

ðX4Þh4

0
BBB@

1
CCCA:

where hið1� iÞ, is known as the stochastic environmental constant.
If we consider VðX; tÞ 2 C2;1ðRd � ð0;1Þ;RþÞ as Lyapunov function, and the action of L on V is define

as

LV X; tð Þ ¼ oVðX; tÞ
ot

þ f T X; tð Þ oV X; tð Þ
ox

þ 1

2
Trace g X; tð Þ o2V X; tð Þ

oxioxj

� �

ij

gT X; tð Þ
 !

;

ð12Þ

where 1� i; j� 4

oVðX; tÞ
ox

¼ col
oV

ox1

;
oV

ox2

;
oV

ox1

;
oV

ox4

� �
:

Lemma 1 ([8, 9]). Suppose that there exists a function VðX; tÞ 2 C2ðXÞ satisfying the following
inequalities:

x1 Xj jp�V X; tð Þ�x2 Xj jp;
LV X; tð Þ� � x3 Xj jp:

where p [ 0 and x1;x2;x3 are positive constants, then the trivial solution of (10) is exponentially p-
stable for all t� 0: Note that, if p ¼ 2, then the trivial solution of (10) is globally asymptotically stable in
probability.

The stability definition in [8] is considered throughout this section.
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3.1 Stochastic stability of the disease-free equilibrium

Theorem 3 Assume that h2
1\2l and R0\1 holds, then the DFE p=l ; 0; 0; 0;ð Þ is globally asymptot-

ically stable in probability.

Proof Let define the Lyapunov function as

V2 Uð Þ ¼ 1

2
C1U2

1 þ C2U2 þ C3U3 þ C4U4; ð13Þ

where U1 ¼ S� p
l ;U2 ¼ I U3 ¼ D; U4 ¼ P and Ci ði ¼ 1; 2; 3; 4Þ are real positive constants to be chosen

later. The linearization of this system around E0 takes the form

dU tð Þ ¼ f U tð Þð Þdt þ g U tð Þð ÞdB tð Þ;

where U tð Þ ¼ col U1ðtÞ; U2ðtÞ;U3ðtÞ; U4ðtÞð Þ

f U tð Þð Þ ¼

�U1l� p
l b1U2 � p

l b2U3 � p
l kU4

�U2 lþ dþ c� p
l b1

� �
þ p

l b2U3 þ p
l kU4

dU2 � bU3

U2nþ aU3 � gU4

0
BBBBB@

1
CCCCCA
;

and

g U tð Þð Þ ¼

U1h1 0 0 0

0 U2h2 0 0

0

0

0

0

U3h3

0

0

U4h4

0
BBB@

1
CCCA;

hence

g Uð Þ o2V2 Uð Þ
oUioUj

� �

ij

gT Uð Þ
 !

¼

C1h
2
1U2

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCA:

Using (12), we get

LV2 ¼C1U1 �U1l�
p
l

b1U2 �
p
l

b2U3 �
p
l

kU4

� �
þ C2 U2

p
l

b1 � ðlþ dþ cÞ
� ��

þ p
l

b2U3 þ
p
l

kU4

�

þC3 dU2 � bU3ð Þ þ C4 nU2 þ aU3 � gU4ð Þ þ 1

2
h2

1U2
1C1

¼�C1 l� 1

2
h2

1

� �
U2

1� lþ dþ c� pb1

l

� �
C2 � dC3 þ nC4ð Þ

� �
U2

� bC3 �
pb2

l
C2 þ aC4

� �� �
U3

� gC4 �
kp
l

C2

� �
U4 �

p
l

C1 b1U2 þ b2U3 þ kU4ð ÞU1:

ð14Þ

Since Sþ I� p=l in A [10], we have U1� 0; 0\U2� p
l ; 0\U3� p

l ; 0\U4� p
l, hence,
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LV2��C1 l� 1

2
h2

1

� �
U2

1� lþ dþ c� pb1

l

� �
C2 � dC3 þ nC4ð Þ

� �
U2

� bC3 �
pb2

l
C2 þ aC4

� �� �
U3 � gC4 �

kp
l

C2

� �
U4:

ð15Þ

We choose C2, C3 and C4 such that

dC3 þ nC4\ lþ dþ c� pb1

l

� �
C2

and

aC4 þ
pb2

l
C2\bC3;

which equivalent to

ad
b

C4 þ
pdb2

bl
C2\dC3\ lþ dþ c� pb1

l

� �
C2 � nC4;

we can see that

ad
b
þ n

� �
C4\ lþ dþ cð Þ � p

l
b1 þ

db2

b

� �� �
C2:

We choose C2 and C4 such that

kp
l

C2\gC4;

which equivalent to

kp
gl

ad
b
þ n

� �
C2\

ad
b
þ n

� �
C4\ lþ dþ cð Þ � p

l
b1 þ

db2

b

� �� �
C2;

we can see that

p
l

b1 þ
db2

b
þ k bnþ adð Þ

gb

� �
\ lþ dþ cð Þ;

hence

R0\1:

Since the conditions of the DFE of Theorem 3 are satisfy it signify that the solution of (15) is less than zero.
Therefore, from (15) we get

LV2��C1 l� 1

2
h2

1

� �
U2

1�
p
l

lþ dþ c� pb1

l

� �
C2 � dC3 þ nC4ð Þ

� �
U2

2

� p
l

bC3 �
pb2

l
C2 þ aC4

� �� �
U2

3 �
p
l

C4 gC4 �
kp
l

C2

� �
U2

4 ;

ð16Þ

which according to Lemma 1 complete the proof of Theorem 3. h

3.2 Stochastic stability of the endemic equilibrium

The SDE of the SIDP model can be at its interior EE by using a change of variable technique given as:

u1 ¼ S� S� ; u2 ¼ I � I� ; u3 ¼ D� D� ; u4 ¼ P� P�:

The linearization of this system around the endemic system takes the form
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du tð Þ ¼ f u tð Þð Þdt þ g u tð Þð ÞdB tð Þ; ð17Þ

where u tð Þ ¼ col u1ðtÞ; u2ðtÞ; u3ðtÞ; u4ðtÞð Þ

g u tð Þð Þ ¼

u1h1 0 0 0

0 u2h2 0 0

0

0

0

0

u3h3

0

0

u4h4

0
BBB@

1
CCCA;

f u tð Þð Þ ¼

�u1 lþ b1I� þ b2D� þ kP�ð Þ � b1S�u2 � b2S�u3 � kS�u4

u1 b1I� þ b2D� þ kP�ð Þ � u2 lþ dþ c� b1S�ð Þ þ b2S�u3 þ kS�u4

du2 � bu3

u2nþ au3 � gu4

0
BBB@

1
CCCA;

From the first EE equation of (1), that is

p� S� b1I� þ b2D� þ kPþ lð Þ ¼ 0) b1I� þ b2D� þ kP�¼ p
S�
� l;

Using Lemma 1, we obtain the following theorem.

Theorem 4 Suppose that h2
1\2p=S�; h2

2\2 lþ cþ dð Þ; h2
3\2b; h2

4\2g;

a2S�b1

n2
þ S� ub2S�ð Þ2

2p� S�h2
1

\
dþ b2S�ð Þ2

2 lþ cþ dð Þ � h2
2

;

S�u2 [
2p� S�h2

1

2 lþ cþ dð Þ � h2
2

;

ð18Þ

where u ¼ p� lS�ð Þ=b1S�
2

; then the EE is globally asymptotically stable in probability.

Proof Let consider a Lyapunov function

V3 u; tð Þ ¼ 1

2
Z1u2

1 þ Z2u2
2 þ Z3u2

1 þ Z4u2
4

� �
;

where Ziði ¼ 1; 2; 3; 4Þ are positive constants to be chosen later.

gT u; tð Þ o
2V3 u; tð Þ

ou2
g u; tð Þ ¼

Z1 u1h1ð Þ2 0 0 0

0 Z2 u2h2ð Þ2 0 0

0

0

0

0

Z3 u3h3ð Þ2

0

0

Z4 u4h4ð Þ2

0
BBBB@

1
CCCCA
;

1

2
Trace gT u; tð Þ o

2V3 u; tð Þ
ou2

g u; tð Þ
� �

¼ 1

2
h2

1u2
1Z1 þ h2

2u2
2Z2 þ h2

3u2
3Z3 þ h2

4u2
4Z4

� �
;

By using (12), we get

LV3 ¼� Z1

p
S�
� 1

2
h2

1

� �
u2

1 �Z2 lþdþcð Þ � b1S� tð Þ � 1

2
h2

2

� �
u2

2

� Z3 b� 1

2
h2

3

� �
u2

3 � Z4 g� 1

2
h2

4

� �
u2

4 � Z1b1S� � Z2

p� lS�

S�

� �� �
u1u2

� Z1 u1u3b2S� þ u1u4kS�ð Þ þ Z3dþ Z2b2S�ð Þu2u3

þ Z2kS� þ Z4 nð Þu2u4 þ Z4au3u4:

ð19Þ

We choose Z2 ¼ Z3 and
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Z1 ¼ Z2

p� lS�ð Þ
b1S�

2 ¼ uZ2:

Then we get

LV3 ¼� Z1

p
S�
� 1

2
h2

1

� �
u2

1�Z2 lþ cþ dð Þ � 1

2
h2

2

� �
u2

2�Z3 b� 1

2
h2

3

� �
u2

3&þZ2S�b1u2
2

� Z4 g� 1

2
h2

4

� �
u2

4 � Z2 ub2S�u1u3 þ ukS�u1u4ð Þ þ Z3 dþ b2S�ð Þu2u3

þ Z3kS�u2u4 þ Z4 nu2u4 þ Z4au3u4:

ð20Þ

Using Cauchy inequality [11] for ub2S�u1u3; dþ b2S�ð Þu2u3; ukS�u1u4; nu2u4; au3u4 and kS�u2u4

we get

ub2S�u1u3�
2S� ub2S�ð Þ2u2

3

2p� S�h2
1

þ 1

4

p
S�
� 1

2
h2

1

� �
u2

1;

ukS�u1u4�
2S� ukS�ð Þ2u2

4

2p� S�h2
1

þ 1

4

p
S�
� 1

2
h2

1

� �
u2

1;

dþ b2S�ð Þu2u3�
2 dþ b2S�ð Þ2u2

3

2 lþ cþ dð Þ � h2
2

þ 1

4
lþ cþ dð Þ � 1

2
h2

2

� �
u2

2;

kS�u2u4�
2 kS�ð Þ2u2

4

2 lþ cþ dð Þ � h2
2

þ 1

4
lþ cþ dð Þ � 1

2
h2

2

� �
u2

2;

nu2u4�
2n2u2

2

2g� h2
4

þ 1

4
g� 1

2
h2

4

� �
u2

4;

au3u4�
2a2u2

3

2g� h2
4

þ 1

4
g� 1

2
h2

4

� �
u2

4:

ð21Þ

Substituting (21) into (20), we get

LV3� � Z1

2uþ 1

2u

� �
p
S�
� 1

2
h2

1

� �
u2

1 � Z2

1

2
lþ cþ d� 1

2
h2

2

� �
u2

2

� Z4

2n2

h2
4 � 2g

�Z3S�b1

 !
u2

2

�Z3 b� 1

2
h2

3

� �
u2

3 � Z3

2S� ub2S�ð Þ2

2p� S�h2
1

� 2 dþ b2S�ð Þ2

2 lþ cþ dð Þ � h2
2

 ! 

�Z4

2a2

2g� h2
4

!
u2

3

� Z4

1

2
g� 1

2
h2

4

� �
u2

4 � Z3

2S� ukS�ð Þ2

2p� S�h2
1

� 2 kS�ð Þ2

2 lþ cþ dð Þ � h2
2

 !
u2

4:

ð22Þ

Let choose Z3 and Z4 such that

Z3S�b1\Z4

2n2

h2
4 � 2g

;

and
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Z4

2a2

2g� h2
4

\Z3

2S� ub2S�ð Þ2

2p� S�h2
1

� 2 dþ b2S�ð Þ2

2 lþ cþ dð Þ � h2
2

¼ f

 !
;

which is equivalent to

Z4

2a2S�b1

2g� h2
4

� �
f
\Z3S�b1\Z4

2n2

h2
4 � 2g

;

we can see that

a2S
�
b1

2g� h2
4

� �
f
\

n2

h2
4 � 2g

;

therefore

a2S�b1

n2
\

dþ b2S�ð Þ2

2 lþ cþ dð Þ � h2
2

� S� ub2S�ð Þ2

2p� S�h2
1

;

hence

a2S�b1

n2
þ S� ub2S�ð Þ2

2p� S�h2
1

\
dþ b2S�ð Þ2

2 lþ cþ dð Þ � h2
2

: ð23Þ

Also, we choose Z3 such that

S� ukS�ð Þ2

2p� S�h2
1

[
kS�ð Þ2

2 lþ cþ dð Þ � h2
2

;

and

S�u2 [
2p� S�h2

1

2 lþ cþ dð Þ � h2
2

: ð24Þ

Therefore, since the conditions of (18) are satisfy we can rewrite (22) for some positive constants M, P, Q
and R, as

LV3� � ðMu2
1 þ Pu2

2 þ Qu3
3 þ Ru2

4Þ; ð25Þ

where

M ¼ Z1

2uþ 1

2u

� �
p
S�
� 1

2
h2

1

� �
;

P ¼Z2

1

2
lþ cþ d� 1

2
h2

2

� �
� S�b1Z3 �

2n2

2g� h2
4

Z4

Q ¼Z3 bþ 2 dþ b2S�ð Þ2

2 lþ cþ dð Þ � h2
2

� 2S� ub2S�ð Þ2

2p� S�h2
1

� 1

2
h2

3

 !
� Z4

2a2

2g� h2
4

;

R ¼Z4

1

2
g� 1

2
h2

4

� �
þ Z3

2S� ukS�ð Þ2

2p� S�h2
1

� 2 kS�ð Þ2

2 lþ cþ dð Þ � h2
2

 !

If we let # ¼ min M;P;Q;Rf g; then #[ 0; from (22)we can see that

LV3ðuðtÞÞ� � # uðtÞj j2:

According to Lemma 1, we conclude that the SIDP-SDE model EE is asymptotically stable in probability. h
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4 Numerical simulation

In this section, we give some numerical analysis to support our theorems using the Euler-Maruyama method
as described in [12]. Since the DFE always exist, we only analyse the EE state of the stochastic SIDP model.
Therefore, the SIDP-SDEs model can be rewritten as the following discretisation equations

Snþ1 ¼Sn þ ð p� lSn � Sn b1In þ b2Dn þ kPnð Þð ÞÞDt þ h1 Sn � S�ð Þ
ffiffiffiffiffi
Dt
p

qn;

Inþ1 ¼In þ ð Sn b1In þ b2Dn þ kPnð Þ � lþ cþ dð ÞInð ÞÞDt þ h2 In � I�ð Þ
ffiffiffiffiffi
Dt
p

qn;

Dnþ1 ¼Dn þ ð dIn � bDnð ÞÞDt þ h3 Dn � D�ð Þ
ffiffiffiffiffi
Dt
p

qn;

Pnþ1 ¼Pn þ ð nIn þ aDn � gPnð ÞÞDt þ h4 Pn � P�ð Þ
ffiffiffiffiffi
Dt
p

qn;

where qn	N 0; 1ð Þ; ð1� n�NÞ with time partition interval [0,T] into N ¼ 1000 equal subintervals of width
Dt ¼ T=N, where T = 200.

Using parameter values,

b1¼0:006;b2¼0:012; k¼0:01; l¼0:02; d¼0:9; c¼0:06; b¼0:8; n¼0:04; a¼0:04;

g¼0:03;

as in [1], and by assuming p¼5, we get, R0 ¼ 12:2, and E� ¼ 20:49; 4:68; 5:27; 13:27ð Þ: With initial
values of Sð0Þ ¼ 80; I 0ð Þ ¼ 10; D 0ð Þ ¼ 10; P 0ð Þ ¼ 0, in Figure 1,Theorem 2 is confirmed to be GAS at
the endemic state.

In Figure 2, for

u ¼ p� lS�
S�2b1

¼ 4:5902

2:5190
¼ 1:8222;

S�a2b1

n2
þ S�ðuS�b2Þ2

2p� S�h2
1

¼ 0:0002

0:016
þ 4:1137

9:2604
¼ 0:5672

\
S�ðdþ S�b2Þ2

2ðlþ cþ dÞ � h2
2

¼ 1:3130

1:8975
¼ 0:6920;

S�u2 ¼68:0203 [
2p� S�h2

1

2 lþ cþ dð Þ � h2
2

¼ 9:2624

1:8975
¼ 4:8814;

h2
1 ¼ 0:19ð Þ2 ¼ 0:0361\

2p
S�
¼ 0:4880; h2

4 ¼ 0:2ð Þ2 ¼ 0:04\2ð0:03Þ ¼ 0:06;

h2
2 ¼ 0:25ð Þ2 ¼ 0:0625\2 lþ cþ dð Þ ¼ 1:96; h2

3 ¼ 0:15ð Þ2 ¼ 0:0225\2b ¼ 1:6;

Fig. 1 Global analysis for the deterministic SIDP model when R0 [ 1 and Dt¼ 0:2
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we observe Theorem 4 is confirmed to be GAS at the endemic state and the fluctuation of the disease
dynamics is high since the noise intensities are large.

In Figure 3, we notice that the stochastic model’s stability properties are similar to the deterministic
when the noise intensity is small. This signifies that in the case of the large noise intensity, the stochastic
model is more appropriate to explain the Ebola epidemic dynamics and the deterministic for small intensity
noise.

5 Conclusion

In this paper, we use stochastic perturbation to investigate the global stability of the Susceptible-Infected-
Deceased-Pathogen (SIDP) model for Ebola epidemics. Theoretically, our study shows that the contami-
nated environmental Ebola human–deceased transmission model is globally asymptotically stable with and
without probability at the model endemic equilibrium states. From the numerical results, we notice that

Fig. 2 Global analysis for the stochastic SIDP model when R0 [ 1; using h1¼ 0:19; h2¼ 0:25; h3¼ 0:15; h4¼ 0:22;Dt¼ 0:2

Fig. 3 Global analysis for the stochastic SIDP model when R0 [ 1, using h1¼ 0:0475; h2¼ 0:0625; h3¼ 0:0:0375;
h4¼ 0:0550;Dt¼ 0:2
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when the noise density is too small, the stochastic and deterministic models stability property are equal. In
this situation we can neglect the noise and use the deterministic model to describe the disease dynamics. The
stochastic model shows to be more appropriate to understand the dynamic of the host-deceased-pathogen
transmission model of EVD when the noise intensities are large.
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for this works.

Funding This research was funded by the Key Project of National Science Foundation of China, grant no 11531006.

References

1. T. Berge, J.M.S. Lubuma, G.M. Moremedi, N. Morris, R. Kondera-Shava, A simple mathematical model for Ebola in
Africa, J. Biol. Dyn.,11(2017),42–74.

2. K.M. Altaf, A. Atangana, Dynamics of Ebola disease in the framework of different fractional derivatives,
Entropy.,21(2019),1–32. https://doi.org/10.3390/e21030303.

3. K. Yamazaki, Threshold dynamics of reaction-diffusion partial differential equations model of Ebola virus disease, Int.
J. Biomath.,11(2018).

4. X. Mao, Almost sure exponential stabilization by discrete-time stochastic feedback control, IEEE Trans. Automat.
Contr.,61(2016).

5. P. Van Den Driessche, J. Watmough, Reproduction numbers and sub-threshold endemic equilibria for compartmental
models of disease transmission, Math. Biosci.,180(2002),29–48.

6. J.P. LaSalle, The stability of dynamical Systems, CBMS-NSF Reg. Conf. Ser. Appl. Math., 25(1976), 1–88.
7. E. Beretta, V. Kolmanovskii, L. Shaikhet, Stability of epidemic model with time delays influenced by stochastic pertur-

bations, Math. Comput. Simul.45(1998)269–277.
8. V.N. Afanas’ev, V.B. Kolmanovskii, V.R. Nosov, Mathematical theory of control systems design, cent.Math.Comp.

Sci.,The Netherlands, (1996).
9. D. Mukherjee, Stability Analysis of a Stochastic model for prey-predator system with disease in the prey, Nonlinear Anal.

Model. Control. 8 (2003) 83–92.
10. H. El Maroufy, A. Lahrouz, P. Leach, Qualitative behaviour of a model of an SIRS epidemic: Stability and permanence,

Appl. Math. Inf. Sci.5(2011)220–238.
11. W. Liu, A SIRS epidemic model incorporating media coverage with random perturbation, Abstr. Appl. Anal.(2013)1–9.

https://doi.org/10.1155/2013/792308.
12. E. Allen, Modeling with Itbo stochastic differential equations, Springer, The Netherlands, (2007).

123

Global analysis of an environmental and death... 1105



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2021-12-16T08:55:40+0530
	Preflight Ticket Signature




