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Abstract In this paper, we inspect the global asymptotic stability (GAS) of Ebola—epidemic using a
modified Susceptible-Infected-Deceased-Pathogen (SIDP) model with perturbation. The feasible region is
obtained, and we determine the basic reproduction number using the next-generation matrix method. The
GAS of the disease-free and endemic equilibria are discuss and provide parameter conditions for which the
stability exists. We show theoretically that the contaminated environmental Ebola human—deceased trans-
mission model is GAS with and without probability. Numerical simulation to support our theoretical
findings are presented.
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1 Introduction

Since the discovery of Ebola virus disease (EVD) in Africa, many mathematical models have been
developed to understand the dynamical behaviour of the disease. Among these models is the Susceptible-
Infectious-Recovered-Deceased-Pathogen (SIR-DP) model. The SIR-DP model incorporated transmission
from a deceased-human through funeral practice and that of the contaminated environment. Berge et al. [1]
introduced the model and the disease-free and endemic equilibrium were investigated theoretically, and
numerically using nonstandard finite difference approach. Theoretically, the authors showed that at endemic
equilibrium of the disease the complete model only exhibits local asymptotic stability (LAS) whereas in the
absence of shedding and deceased manipulation in the environment the system is globally asymptotically
stable (GAS).

However, scholars have provided an alternative methods to inspect the behaviour of the EVD using the
SIR-DP model. Altaf and Atangana [2] used differential operators that possess crossover properties and
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fading memory to inspect the dynamical behaviour of EVD. Also, Yamazaki [3] used reaction-diffusion
partial differential equation (PDE) by including diffusive terms to all equations except that of the deceased-
human individual. The author showed that the well-posedness and stability analysis does not hold for the
Ebola PDE.

The main objective of this work is to continue investigating the endemic equilibrium GAS analysis for
the SIR-DP model in [1], where it was shown theoretically that for the model endemic equilibrium to be
GAS the environment should not be contaminated by viral particles shed from an infected and deceased
individuals. Stochastic perturbation which is also an alternative approach to study stability analysis of a
disease model has not yet been considered to the SIR-DP model. Therefore, in this paper, we extend the
model from [1] by including perturbation terms to each equation and investigate the GAS of the disease-free
and endemic equilibrium of Ebola epidemic. Including perturbation to a deterministic disease model
improved the stability analysis of an epidemics population [4].

2 Dynamical analysis of the SIDP deterministic model

We focus our study in section (4) of [1] where the virus recruitment into the environment is zero. We also
neglect the dR(t)/dt equation and only Ebola death comes into the deceased compartment. The numbers of
individuals in the susceptible, infected,and dead compartments are respectively S = S(¢),I = I(¢),D = D(t)
and the concentration of the virus in the environment is P = P(¢) at time t. The transmission rates for an
infected and deceased host are respectively given as f§; and f3,, and A for the indirect transmission. The
recruitment rate due to birth or migration is 7, natural death measure at x4 and disease induce death rate is
measure at . The recovered rate with permanent immunity is y, and viral particles are shed into the
environment by an infectious individual at a rate £ and, from the deceased, at a rate o. The burial time rate is
measure at b and the virus decayed rate in the environment is #. The deterministic SIDP model is give as

dS = (n — P,SI — B,SD — ASP — uS)dt,

dl =(B,SI + B,SD + 2SP) — (u+ 6 + y)Idt,
dD =(5I — bD )dt,

dP =(&I + oD — yP)dt,

(1)

which is subjected to initial conditions S(0) = Sy, 1(0) = Iy, D(0) = Dy and, P(0) = P,.
2.1 The feasible region and basic reproduction number

Letting N = S + I and adding the first two equations of model (1) gives dN/dt < — uN(z). For Iy > 0, it
implies that limsup,_,, N(t)<7/u. As a consequence, the third equation of model (1) yields
limsup,_, . D(t) <7d/bu. Also, the fourth equation yields limsup,_, P(t) < n(b& + ad)/buy.

Hence the feasible region

A= {0, 1), D(V, P() € R, 0<N() < 5:D(1) < 2:P() < 2520 2)
for the deterministic model is positively invariant with respect to model (1).

The basic reproduction number (Ry) is a parametric equation use to describe whether disease-free
equilibrium (DFE) state exist (i.e., the disease will die out) or an endemic equilibrium (EE) state exists (i.e.,
the disease continues to persist). The Ry is derived using the next-generator matrix method [5] defined as
K=Fv'.

The matrices associated with the DFE (E° = (5°,1°, D°, P°) = (n/u,0,0,0)) are

W_EJ “_Ez % (p+6+y) 0 O
F=1 0 0 0 |and V= -0 b 0],
0 0 O = —o n

and
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np, +bu(n5[32 )+ A (b&+ad) B | hom nB2+7»n(b+0t)

H(p+0+7y) pto+y) T ombu(p+d+y)  bp T ombp bp nby
K=FV'= 0 0 0 ’
0 0 0
The spectral radius of K is
np,; ndP, A(bE+ad)

K) = ,
PIK) R(p+3+y)  bu(p+d+y)  mbu(p+d+7)

hence, the basic reproduction number of the model is

B ndp, Am(b&+oad)
 W(u++y)  bu(u+d+y)  mbp(ptd+y)”
2.2 Stability analyses of the SIDP deterministic model

Ro

Theorem 1 If Ry <1, the disease-free equilibrium is globally asymptotically stable in A.
Proof Using the Lyapunov function V: A—R, where,
V(S, I, D, P)=1(1).
Then the time derivative of V is
dv(S,1,D,P)
dt

where $°,1°, D°, and P°, are the solutions of the DFE. That is equating model (1) to zero and let S =
§°.1=1°D = D° andP = P°, the solutions of the DFE points in terms of I° are

= (a4 o+ Il°

= B,S°1° + B,D°S° + AP°S° — (4 6+ )I° (4)

SO
u
o
Dl ==°
b )
P (bE + ad)I°

bn
By substituting $°, D°, and P° into (4) we get
av T—(u+ 0+ , = (p+0+NI0)\ (3
— (u34y)I° (5)
. <n —(u+d+ y)10> ((bé + a5)10>
+ 4 )
I bn

simplifying the right-hand side, we get
np, 7o, An(b&+0ad) 0

— = (p+d+y 10( — (u+o+7)I

= ) H(p+o+y)  bu(p+d+y)  mbu(p+o+y) ( )

_((u+6+v)1°)2< B, 5P, mbawé))
n R(u+8+y)  bp(p+d+y)  mbp(pt+d+y))

In terms of Ry,

dt W:Y)I()Ro_l)‘ (6)

av
— = (n349)1° (Ro -

Thus, if dV /dt <0, then for I = 0,Rg < 1. Also, if dV /dt = 0, then for I° = 0, Ry= 1. Hence; according to
LaSalle’s principle [6] the theorem is complete.
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Model 1 also has an EE points, E* = (S*, I*, D*, P*) where

. T T 1 . 7o 1
S$t=— , I'=——(1—-—), DD=—— (1 ——],
LRy (u+9d+7) Ry b(p+ 0 +7) Ry

P (b + ad) (1_i>
S bn(p+0+7) Ro)’

O
Theorem 2 If Ry > 1, the endemic equilibrium is globally asymptotically stable in A.
Proof Let the Lyapunov function defined as
1
ViU = 5 (UT + U; + Uz + U3),
where Uy =S—-S* Uy =1—-1"; Uy =D —D* and Uy = P — P*.
dv, dU, dU, dU; dU,
7 U17+Uzw+U37+U4 ar
and
du, dS dU, dlI dUs; dD dU, dP
dtdt’ dt dt’ dt dt’ odt dt’
Consider U; = § — §*, from the EE equations
. i
~(BIF + ByDF 4 AP+ )’
since V;(0,0,0,0) = (0,0,0,0) and V;(U) > 0, hence S =S*, [ =I*, D=D* and P = P*.
Therefore
SI SD + /SP 1
Ul —S— n : 221_(ﬁ1 +ﬁ2 + )7U3:D—5—
(B + P,D + AP + p) (u+0+7) b (8)
1 D
vs—p (e +3D)
n
then,
—S(u+ pL+ B,D+ AP
(B, SI + B,SD + )SP)) .
+ | 1— SI 4+ ,SD + ASP — (u+ 96 + y)I 9
( RS st 1 g G0+ 0+ 7)) )
1 1 D
+ (D— 55) 01 — bD] + <P—¥> [E1 + D — nP).
Simplifying the right-hand side we get
vy _ n 2 ( (¢1 + ocD)>2
I+ B,D+ AP + S — —n(P————=
@~ A “)< (ﬁ11+ﬂ2D+iP+u>> ! 7
(ﬁISI+ﬁ25D+/1SP)>2 ( 1>2
—(u+o+y)|1—- —b(D -6+ <0,
(u v)< e ;) <
O

which completes the proof of Theorem 2.
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3 Dynamical analysis of the stochastic SIDP

We now modify model (1) by perturbing the model around it equilibrium points (E® and E*). We assume
the stochastic perturbation is of white noise type[7], which is directly proportional to distance S(¢), I1(¢), D(?),
P(t), from the equilibrium values of model (1) and, influence on the time derivative
dS(t)/dt,dl(t)/dt,d(D(t))/dt,dP(t)/dt, respectively. The SDE-SIDP model can be represented as

dX(t) =f(X, t)dt + g(X, t)dB(t), (10)

where f is the deterministic equations of model (1), g(X, ¢) is the diffusion matrix which is also locally
Lipschitz function, and B(¢) is the 4-dimensional independent standard Brownian motions defined on a
complete probability space (Q, F, [P) with a filtration {F,},. , satisfying the usual condition (i.e., it is
increasing and right continuous while F contains the null set-P). The differential operator L associated
with (10) is define as

4 62
+th (X, 1) Z <ax,ax,> g(X, 1), (11)

=1
where T means transpose
7 — BySI — B,SD — ISP — uS
BySI+ BoSD + ISP — (u+ 6+ y)I

(X) =
filX) 81 — bD ’
El+ aD — yP
and
(X1)0, 0 0 0
0 (X2)6, 0 0
X —
s(X) 0 0 (X3)05 0
0 0 0 (X4)04

where 0;(1 <i), is known as the stochastic environmental constant.
If we consider V(X,t) € C*'(R? x (0,00),R.) as Lyapunov function, and the action of L on V is define
as

V(X1 V(X,1)
o (X,1) o

1 VX, )\ o
+§Trace <g(X, r) <miaxj>ljg X, 0|,

V() [V OV oV oV
ox '

LV(X,t) =

(12)

where 1 <i,j<4

Ox; " xy  dx; Oy
Lemma 1 ([8, 9]). Suppose that there exists a function V(X t) € C2(Q) satisfying the following
inequalities:
w1 |X|p < V(X, l) < CO2|X|p,
LV(X, 1)< — s3] X[
where p > 0 and w1, w,, w3 are positive constants, then the trivial solution of (10) is exponentially p-
stable for all t > 0. Note that, if p = 2, then the trivial solution of (10) is globally asymptotically stable in

probability.
The stability definition in [8] is considered throughout this section.
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3.1 Stochastic stability of the disease-free equilibrium

Theorem 3 Assume that 07 <2y and Ry <1 holds, then the DFE (n/u , 0, 0, 0,) is globally asymptot-
ically stable in probability.

Proof Let define the Lyapunov function as
1
Vo(U) =§C1U12+C2U2+C3U3+C4U47 (13)

where Uy =S —2,Uy=1 U3;=D, Uy=Pand C; (i =1,2,3,4) are real positive constants to be chosen
later. The linearization of this system around E° takes the form

dU(t) = f(U(t))dt + g(U(1))dB(t),
where U(t) = col(Uy(t), Ua(t), Us(t), Ua(t))
—U1,u —%ﬁle —ﬁﬁng, —ﬁ)vU4

~Us(u+0+7—5B,) +2BoUs + AUy

fU@) = ,
oU, — bUs
UyE + alUs — nUy
and
U0, 0 0 0
0 U O 0
U(t)) =
g(U(1)) 0 0 U105 o |’
0 0 0 U0,
hence
C0iU? 0 0 0
62V2(U)> . 0 0 00
<g< )(anaU,- ,.jg( =1 o o000
0 000

Using (12), we get

s T .
LV, =C U, (—Ulll—uﬁle _;ﬂ2U3 —HAU4> + C2<U2( B — (#+5+V)>

s
U
+Eﬁ2U3 +E}~U4>
H K
1
+C3(5U2 — bU3) + C4(5U2 + olUs — 1’]U4) + EH%UIZCI

=—C (#—%90 U12_<<N+5+V—n—ﬂl>cz — (0C3 + §C4)>U2

u
— (bC3 — <n7ﬁ2C2 + O(C4>> U3

AT T \
— <11C4 — 7C2> U4 — ﬁC1<ﬂlU2 + ﬁ2U3 + /LU4)U1.

(14)

Since S+ 1<m/pin A [10], we have U; <0,0<U, < ﬁ,O<U3§ ﬁ,O<U4§ ,Ev hence,
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1
LV, < —C (u - 5@%) U%—((u +6+ v—’%‘) Cy — (3Cs + 564)) Us

- <bC3 — <Tcﬂ2C2 + OCC4>> U; — ( in )U4.
n n

We choose C,, C3 and Cy4 such that

(15)

5c3+5c4<(u+5+y—ﬁ>

and
«Cs + ™2, <pe,
U
which equivalent to

od nof,
N Cy + bi

<O;5+5>C4<<(u+5+y)——<ﬁ1 5£2>> 2.

We choose C, and Cy4 such that

C2<5C3<(u+5+y—ﬂ>cz—§c4,

we can see that

A
_T[CZ <71C47
u

which equivalent to
An (ad od op
n—ﬂ<?+C>C2<(?+6>C4<<(,u+5+7)——<ﬁ1 2>>C27

(ﬂ1 L W)dwéw),

we can see that

hence

Ro<1.

Since the conditions of the DFE of Theorem 3 are satisfy it signify that the solution of (15) is less than zero.
Therefore, from (15) we get

1
LV,<—C (u - 59%> U%—g ((u +0+ v—%‘) G — (3C; + éc4>) U;

A
_r (bC3 - <Tcﬁ2C2 + OCC4>>U§ — EC4 (1’]C4 — TCCQ) Ui,
u n n 1

which according to Lemma 1 complete the proof of Theorem 3. O
3.2 Stochastic stability of the endemic equilibrium

The SDE of the SIDP model can be at its interior EE by using a change of variable technique given as:
um=8S—-8:; ww=I-I"; us3=D—-D" ; uy=P—P".

The linearization of this system around the endemic system takes the form
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du(t) = f (u(t))dt + g(u(t))dB(t), (17)
where u(t) = col(uy (1), wua(t),us(t), us(t))
l/l191 0 0 0
O B |
0 0 0 u404

—uy(u+ Bl + BD* + AP*) — B,S*ur — 8% uz — AS*uy
ur(BiI" + D" + AP*) —ur(u+ 0+ 7y — B1S7) + BrS7us + AS"us
51/{2 — bu3

ur & + oz — Ny

From the first EE equation of (1), that is
) * * * T
n—S (I + D" + P+ pu) =0= B I" + f,D" + AP =5
Using Lemma 1, we obtain the following theorem.
Theorem 4 Suppose that 07 <2m/S*,05<2(u+7+93), 03 <2b, 0; <2y,
’S* By n S*(B,S")° < (6 + ByS")?
e 2n— 807 2(u+y+3)—03
21 — S*Q%
2u+y+0)—0;

S*p? >
where ¢ = (1 — ,uS*)/BIS*Z, then the EE is globally asymptotically stable in probability.
Proof Let consider a Lyapunov function

Vi(u,t) = % (21 u% + Zzug + Z3u% + Z4u421),

where Z;(i = 1,2,3,4) are positive constants to be chosen later.

Zy (u160,)* 0 0 0
Vs (u,t 0 (w0, 0 0
g' (u, t)i’%(f’ Lo, 1) = 2(1el2) ) ,
Ou 0 0 Z3(u3s) 0
0 0 0 Z4(u404)2
1 0°Va(u,t 1
ETrace <gT(u, t) #g(u7 t)) =5 (O%M%Zl + 0732y + 03U3Z; + OiuﬁZ4),
By using (12), we get
T 1 1
Lvy = - Z, <S— - 50%> uj ~Z» (<u+6+v) —BiS*(H) - 5%) 15

1 1 . m— uS*
_Z3<b—§9§>u§— Z4<n—§92>ui— (ZIBIS —ZQ( S;u >>M1M2 (]9)

-7 (u1u3[32$* + umMS*) + (235 + ZZBZS*)uzm
+ (Zzis* + Z4 f)u2u4 + Zyouzuy.

We choose Z, = Z; and
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(m — pS*)
Z\ =2 = ¢Z
1 2 BS" 0Y%)
Then we get
1 1 1
LV; =— Z, <% - 59%> ui~2Z> ((M +7+0) - 5(9%) 15~Z; (b - 59§> &AZS By

1 : " : 20
- Z (n - E@Z) Ut — 7y (@ByS urus + @S uyug) + Z3( + BoS™)uaus (20)

4+ Z32S uous + Zy Eurug + Zyomzuy.

Using Cauchy inequality [11] for @B,S*ujuz, (6 + PoS*)uous, @AS u us, Eupus, omzuy and AS*upuy
we get

28 (0B, S Vu: 1 (m 1
o8y < OB T 3+—(———@%)u%,

— 546 4\s 2
. 2S*<<MS*>2 >
\ QL i S
PAS U uy < —S*(J% 4 0
2(0 4 B,S ) 1 2\ 2
(0 + ByS*)upuz < 2+ (u+7y+9) ——02 us,
2
B Jr(ﬂyst)é) " 2

1
+ - ((u+y+5 9§>u2,

AS urus <
’ 4*2(u+v+5>—02

2

282 1 1
§M2M4S2 _;2+Z "1—59 ”‘Zp
1 % 2

< 20%u3 N 0
o bl BTN W
UzUsg > 2 — 02 4 n

Substituting (21) into (20), we get

LVi< — Zl(Z(Z(J;])(?E@z) 22%(u+y+5%0§)u§
— (a@f_% —Z3S*/31> U
(v 402)id - <Z3 (z;;«fﬁsz*s;; - fjfgi*f@) -
—Z4 ﬁ) u%

1 1 25*(pAS* 2(28*)?
—Z4—<ﬂ——9§>ui— 73 (o )2 (487) 5 .
2 2 2n— 807 2(u+y+90)—0;

Let choose Z5 and Z; such that

282

ZS' By <Zy5——,
SR

and
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242 25 (pB,S*)*  2(3+ B,SY)
Z S <7, (0B, 2) _ ( B.SY) S=11,
2n—0; 2n —S*07  2(u+y+90)—05
which is equivalent to
2028 28
406—[2] <Z3S'p, <Z4QL7
(211 - 04)f 0; —2n

we can see that
“2S*ﬂ 1 52
W) )
(2’1 - 94)f 0y —2n

therefore

2*S* B < (0+ B,S")? B S (pByS*)?
& 2u+y+0)—0; 2m—S07°

hence
BBy S (oBS) (04 BS)
& 2m— 8§07 2u+y+9)—03

Also, we choose Z3 such that
' (2S")? - (4s7)°
2807~ 2(u+y+0)—05

and
21 — §*07

S p* > .
¢ 2(u+y+90) - 603

(23)

(24)

Therefore, since the conditions of (18) are satisfy we can rewrite (22) for some positive constants M, P, Q

and R, as

LV3 < — (Muf + Pu3 + Qui + Ruj),

20 + 1 i 1
=2 (2500 (5 -30),

1 1
P =23 (u+~/+5—20§) —S*BZs —

where

2

—Z
20— 03 !

=Z5| b+ -
¢ 3( 2u+y+0) -7 2m—856* 27

1 1 28*(0iS*)? 2(18*)?
R=Z4—(n——0§>+ 7 (2 )2 - (287) .
2 2 2n— 8§07 2(u+y+0)—0;

If we let ¥ = min{M, P, Q, R}; then ¥ > 0, from (22)we can see that
LV3(u(t)) < — Olu(t).

2( 6+ BzS*)z 25*((/’[325*)2 15 7 20
—= —Zy———,
2n — 94

(25)

According to Lemma 1, we conclude that the SIDP-SDE model EE is asymptotically stable in probability. []
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4 Numerical simulation

In this section, we give some numerical analysis to support our theorems using the Euler-Maruyama method
as described in [12]. Since the DFE always exist, we only analyse the EE state of the stochastic SIDP model.
Therefore, the SIDP-SDEs model can be rewritten as the following discretisation equations

Sus1 =Su + (= Sy — Su(Bi1n + BoDy + AP,))) At + 0,(S, — )V Atp,,
sy =Ly + ((Sa(By + BoDo + APy) — (1 + 7 + 8)1)) At + 02 (1, — ")V Atp,,
Dyyi1 =D, + (31, — bD,))At + 03(D, — D*)VAtp,,

Pyt =Py + (&1, + oD, — nP,))At + 04(P, — P*)VAtp,,

where p, ~N(0,1), (1 <n <N) with time partition interval [0,T] into N = 1000 equal subintervals of width
At =T/N, where T = 200.

Using parameter values,

B,=0.006, B,=0.012, 1=0.01, u=0.02, §=0.9, y=0.06, b=0.8, ¢=0.04, 2=0.04,
1n=0.03,

as in [1], and by assuming n=5, we get, Ry = 12.2, and E* = (20.49, 4.68, 5.27, 13.27). With initial

values of S(0) = 80, 1(0) = 10, D(0) = 10, P(0) = 0, in Figure 1,Theorem 2 is confirmed to be GAS at
the endemic state.

In Figure 2, for

_ m—pSx  4.5902
? = Tg28, T 25190

S*a?By  S*(pS*B,)°  0.0002  4.1137

= 1.8222,

— =0.5672
& 2m—$0 0016 ' 9.2604
S5 (5 + S*B,)? 1.3130
(0+S*B,) = = 0.6920,
2(u+y+9)—0, 18975
21— §*60° 2624
S'0? =68.0203 > — S0 92624 eey

2p+y+0)— 05 18975
2
0? =(0.19)* = 0.0361 < S—” — 0.4880, 02 = (0.2)* = 0.04<2(0.03) = 0.06,

03 =(0.25)* = 0.0625<2(u+7 + ) = 1.96, 6% = (0.15)* = 0.0225<2b = 1.6,

Deterministic model

100
—S
71 |
80 E D
c I —P
S 60} 1
8 |
2 |
O 40+
o \
{
20 _{“\‘/ [ —
O 1 L 1
0 50 100 150 200

Time (days)

Fig. 1 Global analysis for the deterministic SIDP model when Ry > 1 and Ar=0.2
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Stochastic model

100
— 8
—
80 “ D
c \ — P
L2 607 1
g |
2 40!
8 40 “‘ “‘/\“vm\
W4
20 v
0 50 100 150 200

Time (days)

Fig. 2 Global analysis for the stochastic SIDP model when Ry > 1, using 6, =0.19,0, =0.25,05 =0.15,0,=0.22,Ar=0.2

Stochastic model

100
—S
80 | :) 1
c —P
S 60
L
2
Q.
O 407
o
SN\ -
201 e i
”\\ A TN A T
0 N —
0 50 100 150 200

Time (days)

Fig. 3 Global analysis for the stochastic SIDP model when Ry > 1, using 0, =0.0475, 0, =0.0625, 03 =0.0.0375,
04 =0.0550,Ar=0.2

we observe Theorem 4 is confirmed to be GAS at the endemic state and the fluctuation of the disease
dynamics is high since the noise intensities are large.

In Figure 3, we notice that the stochastic model’s stability properties are similar to the deterministic
when the noise intensity is small. This signifies that in the case of the large noise intensity, the stochastic
model is more appropriate to explain the Ebola epidemic dynamics and the deterministic for small intensity
noise.

5 Conclusion

In this paper, we use stochastic perturbation to investigate the global stability of the Susceptible-Infected-
Deceased-Pathogen (SIDP) model for Ebola epidemics. Theoretically, our study shows that the contami-
nated environmental Ebola human—deceased transmission model is globally asymptotically stable with and
without probability at the model endemic equilibrium states. From the numerical results, we notice that
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when the noise density is too small, the stochastic and deterministic models stability property are equal. In
this situation we can neglect the noise and use the deterministic model to describe the disease dynamics. The
stochastic model shows to be more appropriate to understand the dynamic of the host-deceased-pathogen
transmission model of EVD when the noise intensities are large.
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