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Abstract The notion of skewed converse of a weighted directed graph is introduced in this article. Several
characterizations of singularity of the skewed converse of the weighted directed graphs are provided here.
This article provides some upper bounds and lower bounds on the Laplacian spectral radius of weighted
directed graphs. Characterizations of the weighted directed graphs that achieve these bounds are also
supplied here.
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1 Introduction

All our graphs are simple. The notion of weighted directed graph was first introduced by Bapat et al. in [2].
A weighted directed graph is a directed graph with simple underlying undirected graph and edges having
complex weights of unit modulus, see [2]. Thus a weighted directed graph can be obtained as follows: Take
a simple graph, assign a direction to each of its edges and finally assign a complex number of unit modulus
to each directed edges. The resulting graph is a weighted directed graph. Let G be a weighted directed graph
on the vertices 1,2...,n. We denote the set of vertices and the set of edges of G by V(G) and E(G),
respectively. From the definition, it follows that in a weighted directed graph both the edges (i, j) and
(7, i) cannot be present simultaneously. We use W;; to denote the weight of an edge (i, j). The adjacency
matrix (see [2]), A(G) = [a;] of G is an n X n matrix with ij-th entry

wi if (i,j) € E(G)
0  otherwise
Sometimes we use ‘i ~j to mean that vertices i and j are adjacent. By order and size of G we mean the

number of vertices and the number of edges in G, respectively. The degree d; of a vertex i in a weighted
directed graph G is the sum of the absolute values of the weights of the edges incident with i. Since weights
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of the edges are of unit modulus, it follows that d; is the number of edges incident with i. By D(G) we denote
the diagonal matrix with d;, the degree of the i-th vertex, as the i-th diagonal entry. The Laplacian matrix
(see [2]), denoted by L(G), of G is defined as L(G) = D(G) — A(G). Observe that L(G) coincides with the
usual Laplacian matrix and the signless Laplacian (see [3]) of an unweighted undirected graph if weights of
all the edges in G are 1 and if weights of all the edges in G are —1, respectively. Moreover, if weights of the
edges in G are £1, then viewing the edges of weight 1 as oriented and the edges of weight —1 as unoriented
we see that L(G) coincides with the Laplacian matrix of a mixed graph (see [1]). Hence the study of the
Laplacian eigenvalues of the weighted directed graphs is more generalized than that of the unweighted
undirected graphs, mixed graphs and the signless Laplacian matrix.

Recall that the Laplacian matrix of an unweighted undirected graph is always singular. However, the
signless Laplacian of an unweighted undirected graph is not always singular. The signless Laplacian of a
graph is singular if and only if the graph is bipartite (see [3, Proposition 2.1]). In [2], the authors proved that
the Laplacian matrix of a weighted directed graph is not always singular. They provided several charac-
terization of singularity of the Laplacian matrix of weighted directed graphs in [2]. A connected weighted
directed graph is called singular (resp. nonsingular) if its corresponding Laplacian matrix is singular (resp.
nonsingular).

Let G be a weighted directed graph of order n. The Laplacian matrix of G is Hermitian and positive
semidefinite (see [2]). Thus the Laplacian eigenvalues of G are real and nonnegative. We denote by 4;(G)
the i-th smallest Laplacian eigenvalue of G. Hence 0 < 2;(G) < 4(G) < - -+ < ,(G). The largest eigen-
value 4,(G) of L(G) is called the Laplacian spectral radius of G. Henceforth, we denote the Laplacian
spectral radius of G by p(G) instead of 4,(G). By Rayleigh’s Theorem (see [5]),

X*L(G)x
G) = . 1.1
p() xe{g%ééo xX*x ( )
x*L(G)x

Thus for a vector x € C", we have p(G) >
of L(G).

Let G be a weighted directed graph. Suppose that 4 is an eigenvalue of L(G) with an eigenvector x. Then
L(G)x = Ax. Thus for a vertex i we have the following equation.

and the equality holds if and only if x is an eigenvector

[di — A)x; = Zaijxj, where a;; is the ij-th entry of A(G). (1.2)

i~j

We call this equation an eigenvector equation of x at the vertex i.
The following lemma is essentially contained in [2, Theorem 8§].

Lemma 1.1 [2, Theorem 8] Let G be a connected weighted directed graph on vertices 1, ... ,n. Then L(G)
is singular if and only if there is a diagonal matrix D with diagonal entries of unit modulus such that
D*L(G)D is the usual Laplacian matrix of the underlying unweighted undirected graph.

In view of Lemma 1.1, a singular weighted directed graph can be viwed as an unweighted undirected graph
and vice versa, as far as study of Laplacian eigenvalues are concerned. Upper and lower bounds for the
spectral radius of unweighted undirected graphs have been investigated to a great extent in the literature, see
for example in [4, 6-9] and references therein.

The article is organized as follows. In Sect. 2, we introduce the notion of skewed converse of weighted
directed graphs. In this section, we provide several characterizations of singularity of the skewed converse
of weighted directed graphs. In Sect. 3, we supply some bounds on the spectral radius for weighted directed
graphs. We also characterize the weighted directed graphs which achieve these bounds. The results clearly
extends some known results for unweighted undirected graphs, to the class of all weighted directed graphs.

2 Skewed converse of weighted directed graph

In this section we introduce the notion of skewed converse of weighted directed graphs. We provide
chracterizations of singularity of the skewed converse of the weighted directed graphs in this section.

Let G be a weighted directed graph. The skewed converse of G is the weighted directed graph G
obtained from G as follows:

(a) Reverse the orientation of every edge of G, and
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(b) If an edge (u, v) of G has the weight w, then assign the weight —w to the edge (v, u) of 5
Thus if G contains an edge (u, v) of weight w, then the skewed converse of G contains an edge (v, u) of weight

—w. We use W¢ and W<E to denote the weight of a cycle C in G and 6, respectively.

Definition 2.1 (see [2]) A ij-ix-walk W in a weighted directed graph G is a finite sequence iy, ..., i of
vertices such that, for 1 <p <k — 1, either i, ~i,1. We call Wy = a;;,a;,;,. . .a;,_,;,» the weight of the walk
W, where a;; are the entries of A(G).

Lemma 2.2 Let G be a weighted directed graph and let C be a cycle of length k in G. Then
we = (—1)"We.

C
Proof Let A(G) = [a;] and A(E) = [hjj]. Observe that G contains an edge (v, u) of weight —w whenever
G contains an edge (u, v) of weight w. Thus h; = —a; for every pair of distinct vertices i, j. Let
C =[vi,v2,...,Vk,vi]- Thus
W‘g = hvlvzhvz\/3 te hvkvl

(_a\/lvz)(_avzvs) e (_avkvl)
(_l)kavlvzavwg co avkvl

(—1)*We.

O

The following lemmas provide characterizations of singularity of weighted directed graphs which are cruical
for further development.

Lemma 2.3 [2, Lemma 1] Let G be a connected weighted directed graph on vertices 1. ..,n. Then L(G) is
singular if and only if the weight of any 1-i-walk is the same. Furthermore, when L(G) is singular, 0 is a
simple eigenvalue with an eigenvector X, where X; =1 and x; = weight of the i- 1 walk in G for
i=2,...,n

Definition 2.4 [2] A cycle C in a weighted directed graph is said to be non-singular if its weight w¢ # 1.

Lemma 2.5 [2, Corollary 9] Let G be a connected weighted directed graph. Then G is non-singular if and
only if it contains a nonsingular cycle. In particular, a weighted directed tree is always singular.

The following result is one of our main result of this section which provides a characterization of singularity
of the skewed converse of singular weighted directed graphs.

Theorem 2.6 Let G be a weighted directed graph. Suppose that G is singular. Then G is singular if and
only if the underlying graph of G is bipartite.

Proof First suppose that G is singular. Let C be a cycle of length k in the underlying graph of G. By
Lemma2.2, W<E = (—=1)"Wc. Thus WCW<E = (=1)*. Since both G and G are singular, it follows that

W<E = W¢ = 1, by Lemma 2.5. Thus 1 = (—1)k, which implies that k is even. Hence length of every cycle

in the underlying graph of G is even, that is, the underlying graph of G is bipartite.
Conversely, suppose that the underlying graph of G is bipartite. Thus length of every cycle in the
underlying graph of G is even. Let C be a cycle of length k, where k is even. Since G is singular, We = 1, by

Lemma 2.5. Using Lemma 2.2 we have W<E = (—1)kWC. Thus W% = 1. Hence weight of any cycle in G is
1. By Lemma 2.5, G is singular. O

The following result is one of our main result, which provides a characterization of singularity of the skewed
converse of non-singular weighted directed graphs.

Theorem 2.7 Let G be a weighted directed graph. Suppose that G is nonsingular. Then G is singular if
and only if the weight of all the cycles in G is real, length of each nonsingular cycle in G is odd and the
length of each singular cycle in G is even.
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Proof First suppose that G is singular. Let C be a cycle of length k in G. By Lemma 2.2, WeW— = (— l)k.
By Lemma 2.5, W<E =1. So w¢ = (fl)k. Thus we =1 if and only if & is even, that is, the cycle C is

singular if and only if k is even. Hence the weight of any cycle in G is real, more precisely it is 1, the
length of each nonsingular cycle in G is odd and the length of each singular cycle in G is even.
Conversely, suppose that the weight of all the cycles in G is real, length of each nonsingular cycle in G is
odd and the length of each singular cycle in G is even. Let C be any cycle of length k in G. Using Lemma
2.2, we see that WeW«— = (—l)k. Since Wc is real, we see that We = 1. If we = 1, then C is singular in G,
by Lemma2.5. So length of C, that is, k is even. Thus in this case W<5 = 1. On the otherhand, if wo = —1,

then C is nonsingular in G, by Lemma 2.5. So length of C, that is, k is odd. Thus in this case also W<5 =1.

Hence weight of any cycle in G is 1. By Lemma 2.5, G singular. ]

3 Bounds on Laplacian spectral radius

In this section, we supply some upper bounds and a lower bound on the Laplacian spectral radius of
weighted directed graphs. We also characterize the weighted directed graphs which achieve these bounds.

Lemma 3.1 [5, Corollary 4.3.3] Let A, B be two n X n Hermitian matrices. Assume that B is positive
semidefinite and that the eigenvalues of A and A + B are in increasing order. Then A (A) < (A + B) for
k=1,2,....n

Lemma 3.2 Let G be a weighted directed graph of order n. Suppose that G=0G- e, where e = (i,)).

Then p(G) < p(G).

Proof Observe that L(G) = L(G) + (e; — We;)(e; — We;j)", where e; and ¢; are the i-th and j-th standard
unit basis vector of R". Note that (e; — We;)(e; — We;)" is positive semidefinite. Thus i (G) < 4(G) for
k=1,2,...,n, by Lemma 3.1 Hence the lemma holds. O
As a consequence of Lemma 3.2, we obtain the following lemma.

Lemma 3.3 Let G be a weighted directed graph of order n. Let H be a subgraph of G. Then p(H) < p(G).
Proof The proof follows from repeated applications of Lemma 3.2. O

Lemma 3.4 [5, Gersgorin] Let B = [b;] be n x n matrix and let R; = Z |bij| fori =1,...,n. Then all
n

—
the eigenval B lies i — ai| <R} /
e eigenvalues of B lies in ,L:J1{|Z ai;| <R} oy

Let G be a weighted directed graph. Let A(G) = (a;) and A(g) = (b;j). Observe that b; = —a,;;. By
equation 1.2, it follows that, if A is an eigenvalue of L(E) with an eigenvector x, then the eigenvector
equation at a vertex i of L(?}) is

[d,' — ﬂx,- = Z(—Eg)xj or /1)6,' = dix,- + Zﬁ,’jxj‘ (31)

i~j i~j

The following theorem provides an upper bound for laplacian sepctral radius of weighted directed graphs.
Moreover, it characterize the weighted directed graphs which achieve the upper bound.

Theorem 3.5 Let G be a weighted directed graph of order n and let A be the maximum degree of G. Then
p(G) <2A. Furthermore, p(G) = 2A if and only if G is regular and the skewed converse of G is singular.

Proof Observe that the degree d; of a vertex i in G is the sum of the absolute values of the off-diagonal
entries of L(G). Thus by Lemma 3.4, we see that there exists a vertex u of G such that |p(G) — d,| <d,. This
implies that p(G) <2A. Hence we have A + 1 < p(G) <2A.

Suppose that G is regular and G is singular. Then G is A-regular. Let V(G) = {1,2,...,n}. Let x be the
vector defined as x; = 1 and x; = weight of the i — 1 walk in G fori= 2,...,n. By Lemma 2.3, x is a

—
null vector of G.
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(A=20)x, = —Ax, =Y —x, = Y _(—ayly)x,

u~j ur~j
= > (—ayaj)x,
un~j
= E —aujxj.
un~j

Thus L(G)x = 2Ax, that is, 2A is an eigenvalue of L(G). Hence p(G) = 2A.

Conversely, assume that p(G) = 2A. Let x be an eigenvector corresponding to the eigenvalue 2A of L(G).
Let |x,,| = max{|x,| : u € V(G)}. Then d,,|x,| < |2A — d,,||x,,|- By eigenvector equation 1.2 at w, we have
(dy —2A)x, = Z a,x;. Thus

wn~j

dylxy| <2A — d,,||x0] =

D
wej
This implies that d,,|x,,| = Z |x;|. Observe that d,, |x,,| = Z x| So Z x| = Z |x;], which implies that
Z x| — |xj| = 0. It followsthat |x,,| = |x;| for each vertex/j adjacenttdo w. SinteG is connected, we see
W)
that |x;| = |x;| for all i,j € V(G). Without loss of generality, assume that |x;| = 1, for all i € V(G).

By the eigenvector equation (see eq.1.2) of x at i for the eigenvalue 2A of L(G), we see that

< Z |awx;| = Z x| < duwfxw -

wn~j wn~j

2A)Ci = d,-x,- + Z(—au)x, (32)
i~
Thus
2A = |2A)Cl| = d,-x,- + Z(—a,-j)xj S |dix[| + Z|(—a[j)xj‘ = Zd, S 2A. (33)
i~j i~j

Hence d; = A for all i, that is, G is regular.
Now from equation 3.2, we have Ax; = Z(—aij)xj for all i € V(G). Thus

«—

Ax; = Z(—EU)XJ- for alli € V(G), that is, AX;+ Z(Elj)ij =0X/for alli€ V(G). Thus X is an
i~j i~
eigenvector of L(E) corresponding eigenvalue 0. Hence G is singular. O

In view of Lemma 1.1, we see that singular weighted directed graphs are nothing but the unweighted
undirected graphs. Hence we have the following lemma due to Merris [7], for singular weighted directed
graphs.

Lemma 3.6 [7] Let G be a singular connected weighted graph on n vertices with at least one edge. Then
A+ 1<p(G), where A is the maximum degree of G. The equality holds if and only if A =n — 1.

The following lemma says that the equality in the bound given in Lemma 3.6 need no hold for a weighted
directed graph with A =n — 1.

Lemma 3.7 Consider the star graph K, with all its edge weight 1. Let H be the weighted directed
graph obtained from K ,—1 by joining two of its pendant vertices with a directed edge of weight W # 1.
Then p(H) > n.

Proof Assume that the vertices of K ,_; are 1,2...,n such that degree of 1 is n — 1. Without loss of
generality let H = K ,—1 + (2,3), where weight of the edge (2, 3) is w # 1. Then
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0 0 0 O 07
0O 1 —w O 0
O —-w 1 0 --- 0
L(H) :L(KLH,]) + 0 0 O 0

0O 0 o0 0 0 O]

Observe that x = [ 1 ﬁ n%ll x ﬁ}t is an eigenvector of L(K) ,—;) corresponding to the eigenvalue n.
Thus xuf%‘)x = n. We see that
X*L(H)x 2(1 — Rew)
il e Tt S e 4
x*x nn—1)
X*L(H)x

> n. Hence

Since W # 1 and |w| = 1, we see that I — Re (w) > 0. Thus —
X*x

*L(H
p(H) = max YL(H)x >n
xeC" x40  X*X

O

Remark 3.8 Let G be a non-singular unicyclic weighted directed graph. Let C be the non-singular cycle in
G. Suppos that T = G — e, where ¢ = (u,v) is an edge of C. Clearly, T is a weighted directed tree. By
Lemma 2.5, T is singular. By Lemma 1.1, there exists a diagonal matrix D with diagonal entries of unit
modulus such that D*L(T)D is the usual Laplacian matrix of the underlying unweighted undirected graph of
T, that is D*L(T)D is the Laplacian matrix of weighted directed graph with all edges of weight 1 whose
underlying graph is same as that of 7. Thus D*L(G)D is the Laplacian matrix of the non-singular unicyclic
weighted directed graph, denoted by PG obtained as follows:

(a) Take the weighted directed tree T with all edges of weight 1 whose underlying graph is same as that
of T,
(b) Add the edge e = (u,v) in PT and assign it the weight w¢ # 1.

Hence the Laplacian eigenvalues of G and G are same.

The following theorem provides a lower bound for Laplacian sepctral radius of weighted directed graphs.
Moreover, it characterizes the weighted directed graphs which achieve the lower bound.

Theorem 3.9 Let G be a weighted directed graph of order n and let A be the maximum degree of G. Then
A+ 1< p(G). Furthermore, p(G) = A+ 1 if and only if A=n — 1 and G is singular.

Proof Let A(G) = [a;]. Observe that the underlying graph of G contains a subgraph H = K; . Without
loss of generality assume that vertices of H are 1,2,...,A, A+ 1 such that degree of the vertex 1 is A. Let

% € C*! be the vector defined as x; = A and for i = 2,...A+1,
{ —w;  if (l7 l) € E(H)
X =
' —wy; if (1,i) € E(H)
Observe that x; = —ay; fori =2,...,A+ 1. Thus

A+1

(A= (A+1))x;=-A= Zauxi.

and fori=2,...,A+1

(1 - (A + 1)))6,’ = 7A)Ci = Aali = Aaﬂ = a1 X].
It follows that A+ 1 is a Laplacian eigenvalue of Kj;a. Thus A+ 1<p(K;a). By Lemma 3.3,
p(Kia) <p(G). Hence A+ 1<p(G).

Suppose that p(G) = A + 1. To the contrary, assume that A<n — 1. Then G contains a tree T obtained
from K A by inserting a new vertex and making it adjacent to a pendant vertex of K 4. Note that order of T
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is A+2 and maximum degree of T is A. Thus A+ 1<p(T), by Lemma 3.6. By Lemma 3.3,
A+ 1<p(T) < p(G), a contradiction. Hence A =n — 1.

Next, to the contrary assume that G is non-singular. Then G contains a non-singular cycle, by Lemma?2.5.
Since A =n — 1 and G has a non-singular cycle, we see that G contains a spanning subgraph H obtained
from the weighted directed star garph K| ,_; by joining two of its pendant vertices with a directed edge. By
Remark 3.8, PH is obtained from K ,_; with all edges of weight 1 by joining two of its pendant vertices
with a directed edge of weight w# 1. Note that p(H) = p(’H). By Lemma 3.7, we have
A+1=n<p(’H). By Lemma 3.3, p(H) < p(G). Thus A + 1< p(G), a contradiction. Hence G is singular.

Conversely, assume that A =n — 1 and G is singular. By Lemma 3.6, p(G) = A+ 1. O

Combining Theorem 3.5 and Theorem 3.9, we have the following result providing sharp bounds on the
Laplacian spectral radius of weighted directed graphs.

Theorem 3.10 Let G be a weighted directed graph of order n and let A be the maximum degree of G. Then
A+1<p(G)<2A.

The equality in the left holds if and only if A =n — 1 and G is singular. Furthermore, the equality in the
right holds if and only if G is regular and the skewed converse of G is singular.

The following result provides an upper bound for the class of weighted directed graphs involving the
number of vertices, the number of edges, the minimum and maximum degree. This result extends the bound
obtained in [6] to the class of all weighted directed graphs. Moreover, it characterize the weighted directed
graphs which achieve the bound.

Theorem 3.11 Let G be a weighted directed graph of order n and size m. Then

p(G) < /287 +4m — 5(n — 1) + A — 1),

where A and 0 denote the largest and smallest degree of G, respectively. Furthermore, the equality holds if
and only if G is regular and the skewed converse of G is singular.

Proof Let x be an eigenvector of L(G) corresponding to p(G) with x*x = 1. We have

p(G)xu =dyx, + Z(_auv)xv = Z(xu - auvxv)~

So
p(G)xl = (G <D (1l + @) =D (1l + |0])
Thus

p(G) xul” < (Z(Ixu + va|)> (3.4)

u~v

<d, Z(|Xu| + |x,|)*(using Cauchy-Schwarz inequality) (3.5)
2 2
= dﬁ‘xu| + 2dy|x.| Z o + du Z e (3.6)

Observe that

2], Z x| < Z(|xu‘2 + |XV|2) = du|xu|2 + Z ‘XV|2- (3.7)

ur~vy u~vy ur~vy

Using equation 3.7 in equation 3.6, we have

2 2 2 2 2 2
p(G)|xl Sd:ﬂxu‘ +2du|xu|Z|XV|+duZ|XV| §2d5|xu\ +2duz‘XV| : (3.8)

u~v u~v u~v

Now

@ Springer




1152 D. Kalita

£

=2m { |xu|2+z< Z du>|xv|2}
veV \u~vy#u

<2m {Zd|xu| +Z§n—d—l|xv|}

ucV veV

=2m — 51’1—1 (5—1)Zdu|xu|2
ucV

<2m—6(n—1)+A(0—-1)

Now equation 3.8 implies that

PGl <23 Bl +23 " dY  Inf

ucV ucV ucV ve~u
ST SIRE) SrD BiM
ucV ucV v~u (39)
<207 " [x P+ 4m = 25(n — 1) +2A(5 — 1)
ucV

=2A* +4m —26(n— 1) +2A(6 — 1)
Since » _ |x,|* = 1, it follows that

ucV

G) < \/28% 4+ 4m —25(n — 1) + 2A( — 1) (3.10)

Assume that the equality holds, that is,

G) = /24 + 4m — 20(n — 1) +2A(5 — 1).

Then inequalities 3.9 must be equalities, which implies that the inequalities 3.8 and 3.4 are equalities. Thus
Alx” + 2dux] Y ol +de o =240 +2d, Y o that s, d2lw” = 2dulx] D | +

d,» x> =0 for any u € V(G). This implies that d, Y _ x> — 2d,Jxu| Y _ x| +du Y _ |x|* =0, that is,
di > (Peul® = 20wl ] + [6%) = du Y (x| = [x])* = 0 for any u € V(G).

Thus |x,| = |x,| for any vertex v adjacent to u in G. Since G is connected, we see that |x,| = |x,| for all
u,v € V(G). So |x;] # 0 for all i € V(G). Let i be a vertex of degree A, that is, d; = A. Then the equality in
inequality 3.4 implies that p(G)*|x;|* = 4d?|x;|* = 4A%|x;|*. Thus p(G) = 2A. Hence G is regular and G is
singular, by Theorem 3.10.

Conversely assume that G is regular and G is singular. Then p(G) = 2A, by Theorem 3.10. Since G is
regular, we see that 6 = A. Thus

p(G) = 2A = \/2A% 4 4m — 20(n — 1) +2A(5 — 1).
Hence the equality holds. O
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