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Abstract In this paper, we study the critical Hardy inequalities with Bessel pairs with exact remainder
terms and their applications. We then establish the relations between the critical Hardy inequalities and the
subcritical Hardy inequalities on higher dimensional spaces. We also set up some Hardy identities that can
be used to deduce the critical Hardy equality via a limiting process.

Keywords Critical Hardy inequalities � Bessel pair � Remainder term � Stability

Mathematics Subject Classification 26D10 � 46E35 � 35A23

1 Introduction

The main subject of this article is the well-known Hardy inequality that plays key roles in various fields of
mathematics such as spectral theory, partial differential equations, geometric estimates, etc (see, e.g.,
[3, 4, 10, 11, 19, 20]):

Z

RN

ruj j2dx� N � 2

2

� �2 Z

RN

uj j2

xj j2
dx, u 2 C10 RN

� �
: ð1Þ

Both the Hardy type inequalities and their higher order versions have received tremendous attention in the
literature. There is a vast literature, especially, in the context of the Hardy type inequalities. Hence it is
impossible to provide a complete list of references on the subject in our short note. Therefore, we just refer
the interested reader, for instance, to [12, 29, 37] for historical backgrounds and to the monographs
[5, 24, 28, 30, 38, 39, 42] for the applications as well as the improvements and variants of the Hardy type
inequalities and Rellich type inequalities.

It is well-known that the constant N�2
2

� �2
is sharp but is never achieved. Hence, many efforts have been

devoted to improve the aforementioned Hardy inequalities. The interested reader is referred to
[1, 2, 6, 7, 13, 14, 16–18, 22, 23, 36, 44], to name just a few. We just state here a recent result in [15] that
can give a simple interpretation as well as the remainder and the nonexistence of optimizers of the Hardy
inequality:
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Theorem A Let 0\R�1, V and W be positive C1�functions on 0;Rð Þ such that
RR
0

1
rN�1V rð Þ dr ¼ 1 and

RR
0

rN�1V rð Þdr\1. Then if rN�1V ; rN�1Wð Þ is a (1�dimensional) Bessel pair on 0;Rð Þ, that is, if the

ordinary differential equation

y00ðrÞ þ N � 1

r
þ Vr rð Þ

V rð Þ

� �
y0ðrÞ þW rð Þ

V rð Þ yðrÞ ¼ 0

has a positive solution uV;W ;R on the interval 0;Rð Þ, then we have

Z

BN
R

V xj jð Þ x

xj j � ru

����
����
2

dx ¼
Z

BN
R

W xj jð Þ uj j2dxþ
Z

BN
R

V xj jð Þ x

xj j � r
u

uV ;W ;R

 !�����
�����
2

u2
V ;W;Rdx

Z

BN
R

V xj jð Þ ruj j2dx ¼
Z

BN
R

W xj jð Þ uj j2dxþ
Z

BN
R

V xj jð Þ r u

uV;W ;R

 !�����
�����
2

u2
V;W ;Rdx

for all u 2 C10 BN
R

� �
.

Here BN
R is the ball with radius R centered at the origin in RN .

Applying Theorem A to V ¼ 1;W ¼ N�2
2

� �2 1
r2 and uV;W ;1 ¼ r�

N�2
2 , we recover the equalities that could

be found in [8, 35]:

Z

RN

ruj j2dx ¼ N � 2

2

� �2 Z

RN

uj j2

xj j2
dxþ

Z

RN

r xj j
N�2

2 u
� ����

���2 1

xj j
N�2

2

�����
�����
2

dx

Z

RN

x

xj j � ru

����
����
2

dx ¼ N � 2

2

� �2 Z

RN

uj j2

xj j2
dxþ

Z

RN

x

xj j � r xj j
N�2

2 u
� �����

����
2

1

xj j
N�2

2

�����
�����
2

dx:

As a consequence, we can say that c xj j�
N�2

2 , c 2 C, are the ‘‘virtual’’ optimizers for (1) while xj j�
N�2

2 / x
xj j

� �
,

/ : SN ! C, are the ‘‘virtual’’ extremizers for the following improved Hardy inequality
Z

RN

x

xj j � ru

����
����
2

dx� N � 2

2

� �2 Z

RN

uj j2

xj j2
dx: ð2Þ

Actually, in [9, 40], the authors set up stability versions of the Hardy inequalities by adding the ‘‘distance to
the optimizers’’ non-standard remainder terms to the RHS of (1) and (2).

In the critical case N ¼ 2, however, the above inequalities (1) and (2) fail for any positive constant.
Nevertheless, on bounded domains, we have the following version of the critical Hardy inequality:Z

B2
R

ruj j2dx� 1

4

Z

B2
R

uj j2

xj j2 1þ ln R
xj j

� �2
dx: ð3Þ

The constant 1
4

is optimal but is not attained. Moreover, this inequality is equivalent to the critical Sobolev-
Lorentz inequality [21] and an estimate of capacity [25].

It is worth noting that (1) is invariant under the scaling uk xð Þ ¼ k
N�2

2 u kxð Þ while there is no natural scale
invariance feature for (3). Hence, in [26], Ioku and Ishiwata proved the following version of the critical
Hardy inequality

Z

B2
R

x

xj j � ru

����
����
2

dx� 1

4

Z

B2
R

uj j2

xj j2 ln R
xj j

� �2
dx: ð4Þ

In particular, they showed that (4) is invariant under the scaling uk xð Þ ¼ k�
1
2u xj jk�1x
� �

. It was also proved
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in [43] an interesting phenomenon that the critical Hardy inequality (4) is equivalent to the subcritical (2) in
higher dimensional spaces. Also, the following global version of (4) was studied in [27, 41]: for any R [ 0 :

Z

R2

x

xj j � ru

����
����
2

dx� 1

4

Z

R2

u xð Þ � u R x
xj j

� ����
���2

xj j2 ln R
xj j

���
���2

dx; u 2 C10 R2 n 0f g
� �

: ð5Þ

Motivated by the Hardy identities and inequalities for Bessel pairs in [22, 31–34], the relations between the
critical Hardy inequalities and the subcritical Hardy inequalities on higher dimensional spaces in [43], we
propose in this note several versions of the critical Hardy identities and inequalities and also study their
applications. More precisely, in section 2, we set up some critical Hardy identities for Bessel pairs and use
them to derive stability results for the subcritical Hardy inequalities. In section 3, we study the relations of
critical Hardy inequalities for Bessel pairs and the subcritical Hardy inequalities for Bessel pairs on higher
dimensional spaces. In section 4, we apply Theorem A to set up some variants of the Hardy equalities that
can be combined with a limiting procedure to derive the critical Hardy inequality.

2 Critical Hardy inequalities for Bessel pairs

Theorem 1 Assume that V and W are positive C1�functions on 0;1ð Þ n Rf g such that the ordinary
differential equation

V rð ÞrN�1u0 rð Þ
� �0þW rð ÞrN�1u rð Þ ¼ 0

has a positive solution u on 0;1ð Þ n Rf g. Then for all u 2 C10 RN n 0f g
� �

satisfying that for all r 2 SN�1 :

lim
r!R

V rð ÞrN�1 u0 rð Þ
u rð Þ u rrð Þ � u Rrð Þj j2¼ 0;

we have
Z

RN

V xj jð Þ x

xj j � ru xð Þ
����

����
2

dx�
Z

RN

W xj jð Þ u xð Þ � u R
x

xj j

� �����
����
2

dx

¼
Z

RN

V xj jð Þu2 xj jð Þ x

xj j � r
u xð Þ � u R x

xj j

� �

u xj jð Þ

0
@

1
A

������

������

2

dx

ð6Þ

and
Z

RN

V xj jð Þ r u xð Þ � u R
x

xj j

� �� �����
����
2

dx�
Z

RN

W xj jð Þ u xð Þ � u R
x

xj j

� �����
����
2

dx

¼
Z

RN

V xj jð Þu2 xj jð Þ r
u xð Þ � u R x

xj j

� �

u xj jð Þ

0
@

1
A

������

������

2

dx:

ð7Þ
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Proof Let u xð Þ � u R x
xj j

� �
¼ v xð Þu xj jð Þ. Then by integrating by parts, we have that for all r 2 SN�1 :

ZR

0

W rð Þ u rrð Þ � u Rrð Þj j2rN�1dr

¼
ZR

0

W rð Þ v rrð Þj j2 u rð Þj j2rN�1dr

¼ �
ZR

0

v rrð Þj j2u rð Þ V rð ÞrN�1u0 rð Þ
� �0

dr

¼
ZR

0

V rð ÞrN�1u0 rð Þ v rrð Þj j2u rð Þ
h i0

dr

¼
ZR

0

V rð ÞrN�1 v rrð Þu0 rð Þ þ u rð Þvr rrð Þ½ �2�
ZR

0

V rð ÞrN�1 u rð Þvr rrð Þ½ �2

¼
ZR

0

V rð ÞrN�1 d

dr
u rrð Þ � u Rrð Þ½ �

� �2

�
ZR

0

V rð ÞrN�1 u rð Þvr rrð Þ½ �2

¼
ZR

0

V rð ÞrN�1 d

dr
u rrð Þ

� �2

�
ZR

0

V rð ÞrN�1 u rð Þvr rrð Þ½ �2:

We note here that we used the assumptions of u to deal with boundary terms in the above integrating by
parts process. Thus,

Z

BN
R

W xj jð Þ u xð Þ � u R
x

xj j

� �����
����
2

dx�
Z

BN
R

V xj jð Þ x

xj j � ru xð Þ
����

����
2

dx

¼
Z

BN
R

V xj jð Þu2 x

xj j � r
u xð Þ � u R x

xj j

� �

u

0
@

1
A

������

������

2

dx:
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Similarly

Z1

R

W rð Þ u rrð Þ � u Rrð Þj j2rN�1dr

¼
Z1

R

W rð Þ v rrð Þj j2 u rð Þj j2rN�1dr

¼ �
Z1

R

v rrð Þj j2u rð Þ V rð ÞrN�1u0 rð Þ
� �0

dr

¼
Z1

R

V rð ÞrN�1u0 rð Þ v rrð Þj j2u rð Þ
h i0

dr

¼
Z1

R

V rð ÞrN�1 v rrð Þu0 rð Þ þ u rð Þvr rrð Þ½ �2�
Z1

R

V rð ÞrN�1 u rð Þvr rrð Þ½ �2

¼
Z1

R

V rð ÞrN�1 d

dr
u rrð Þ � u Rrð Þ½ �

� �2

�
Z1

R

V rð ÞrN�1 u rð Þvr rrð Þ½ �2

¼
Z1

R

V rð ÞrN�1 d

dr
u rrð Þ

� �2

�
Z1

R

V rð ÞrN�1 u rð Þvr rrð Þ½ �2

and
Z

RNnBN
R

W xj jð Þ u xð Þ � u R
x

xj j

� �����
����
2

dx�
Z

RNnBN
R

V xj jð Þ x

xj j � ru xð Þ
����

����
2

dx

¼
Z

RNnBN
R

V xj jð Þu2 x

xj j � r
u xð Þ � u R x

xj j

� �

u

0
@

1
A

������

������

2

dx:

Hence we get the desired equality (6)
To prove (7), we let v xð Þ ¼ u xð Þ � u R x

xj j

� �
. Assume that the decomposition of v into the spherical

harmonics is v ¼
X1
k¼0

vk ¼
X1
k¼0

fk rð Þ/k rð Þ. where /k rð Þ are the orthonormal eigenfunctions of the Laplace-

Beltrami operator with corresponding eigenvalues ck ¼ k N þ k � 2ð Þ, k� 0. We note that the corresponding

components fk are in C10 RN
� �

and satisfy fk rð Þ ¼ O rk
� �

, f 0k rð Þ ¼ O rk�1
� �

as r # 0. In particular

/0 rð Þ ¼ 1, c0 ¼ 0 and f0 rð Þ ¼ 1

oBrj j

Z

oBr

uds:

Also, for any k 2 N :

Dvk ¼ Dfk rð Þ � ck
fk rð Þ

r2

� �
/k rð Þ.
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Then

Z

RN

V xj jð Þ x

xj j � rv

����
����
2

dx ¼
Z1

0

Z

SN�1

V rð Þ
X1
k¼0

ovk

or

�����
�����
2

rN�1drdr

¼
Z1

0

Z

SN�1

V rð Þ
X1
k¼0

f 0k rð Þ/k rð Þ
�����

�����
2

rN�1drdr

¼
X1
k¼0

SN�1
�� ��Z

1

0

V rð Þ f 0k rð Þ
�� ��2rN�1dr

¼
X1
k¼0

Z

RN

V xj jð Þ rfk xj jð Þj j2:

Next, we note thatZ

RN

vV xj jð ÞDvdx

¼
Z1

0

Z

SN�1

V rð Þ
X1
k¼0

fk rð Þ/k rð Þ
X1
k¼0

f 00k rð Þ þ N � 1

r
f 0k rð Þ � ck

fk rð Þ
r2

� �
/k rð ÞrN�1drdr

¼
X1
k¼0

SN�1
�� ��Z

1

0

V rð Þfk rð Þ f 00k rð Þ þ N � 1

r
f 0k rð Þ � ck

fk rð Þ
r2

� �
rN�1drdr

and Z

RN

vrV xj jð Þ � rvdx

¼
Z1

0

Z

SN�1

X1
k¼0

fk rð Þ/k rð Þ
 !

V 0 rð Þ
r

r;rð Þ �
X1
k¼0

f 0k rð Þ/k rð Þ; fk rð Þ
r
rSN�1/k rð Þ

� �" #
rN�1drdr

¼
X1
k¼0

SN�1
�� ��Z

1

0

V 0 rð Þfk rð Þf 0k rð ÞrN�1drdr:

Hence Z

RN

V xj jð Þ rvj j2dx ¼ �
Z

RN

vr � V xj jð Þrvð Þdx

¼ �
Z

RN

vV xj jð ÞDvdx�
Z

RN

vrV xj jð Þ � rvdx

¼ �
X1
k¼0

SN�1
�� ��Z

1

0

V rð Þfk rð Þ f 00k rð Þ þ N � 1

r
f 0k rð Þ � ck

fk rð Þ
r2

� �
þ V 0 rð Þfk rð Þf 0k rð Þ

	 

rN�1dr

¼
X1
k¼0

Z

RN

V xj jð Þ rfk xj jð Þj j2þckV xj jð Þ fk xj jð Þj j2

xj j2
dx:

We now can deduce that
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Z

RN

V xj jð Þ rvj j2dx ¼
Z

RN

V xj jð Þ x

xj j � rv

����
����
2

dxþ
X1
k¼0

Z

RN

ckV xj jð Þ fk xj jð Þj j2

xj j2
dx:

Similarly, by noting that
v xð Þ

u xj jð Þ ¼
X1
k¼0

fk rð Þ
u rð Þ/k rð Þ we also have

Z

RN

V xj jð Þu2 xj jð Þ r v

u

����
����
2

dx

¼
Z

RN

V xj jð Þu2 xj jð Þ x

xj j � r
v

u

����
����
2

dxþ
X1
k¼0

Z

RN

ckV xj jð Þu2 xj jð Þ
fk xj jð Þ
u xj jð Þ

���
���2

xj j2
dx

¼
Z

RN

V xj jð Þu2 xj jð Þ x

xj j � r
v

u

����
����
2

dxþ
X1
k¼0

Z

RN

ckV xj jð Þ fk xj jð Þj j2

xj j2
dx:

Hence Z

RN

V xj jð Þ rvj j2dx

¼
Z

RN

V xj jð Þ x

xj j � rv

����
����
2

dxþ
Z

RN

V xj jð Þu2 xj jð Þ r v

u

����
����
2

dx�
Z

RN

V xj jð Þu2 xj jð Þ x

xj j � r
v

u

����
����
2

dx

¼
Z

RN

W xj jð Þ vj j2dxþ
Z

RN

V xj jð Þu2 xj jð Þ r v xð Þ
u xj jð Þ

� �����
����
2

dx:

Equivalently,
Z

RN

V xj jð Þ r u xð Þ � u R
x

xj j

� �� �����
����
2

dx�
Z

RN

W xj jð Þ u xð Þ � u R
x

xj j

� �����
����
2

dx

¼
Z

RN

V xj jð Þu2 xj jð Þ r
u xð Þ � u R x

xj j

� �

u xj jð Þ

0
@

1
A

������

������

2

dx:

h

As a consequence of our main result, we obtain the following identity that establishes the stability of
subcritical Hardy inequalities:
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Theorem 2 For u 2 C10 RN
� �

, N� 3, one has
Z

RN

x

xj j � ru

����
����
2

dx� N � 2ð Þ2

4

Z

RN

uj j2

xj j2
dx

¼ 1

4

Z

RN

xj j
N�2

2 u xð Þ � R
N�2

2 u R x
xj j

� ����
���2

xj jN ln
xj j
R

���
���2

dx

þ
Z

RN

1

xj jN�2
ln

xj j
R

����
���� x

xj j � r
xj j

N�2
2 u xð Þ � R

N�2
2 u R x

xj j

� �
ffiffiffiffiffiffiffiffiffiffiffiffi
ln

xj j
R

���
���

r
0
BB@

1
CCA

��������

��������

2

dx:

As a by-product,

Z

RN

x

xj j � ru

����
����
2

dx� N � 2ð Þ2

4

Z

RN

uj j2

xj j2
dx� 1

4
sup
R [ 0

Z

RN

u xð Þ � R
N�2

2 u R x
xj j

� �
xj j�

N�2
2

���
���2

xj j2 ln
xj j
R

���
���2

dx:

Proof We note that with V rð Þ ¼ 1
rN�2 and W ¼ 1

4rN lnr
Rj j

2, then u ¼
ffiffiffiffiffiffiffiffiffiffi
ln r

R

�� ��q
. In this case, we have that for any

u 2 C10 RN n 0f g
� �

and any r 2 SN�1 :

lim
r!R

V rð ÞrN�1 u0 rð Þ
u rð Þ u rrð Þ � u Rrð Þj j2

����
���� ¼ lim

r!R

1

rN�2
rN�1

ffiffiffiffiffiffiffiffiffiffi
ln r

R

�� ��q� �0
ffiffiffiffiffiffiffiffiffiffi
ln r

R

�� ��q
�������

�������
u rrð Þ � u Rrð Þj j2

. lim
r!R

1

ln r
R

�� �� ruk k2
1 R� rð Þ2¼ 0

Hence for any u 2 C10 RN n 0f g
� �

:

Z

RN

1

xj jN�2

x

xj j � ru xð Þ
����

����
2

dx ¼ 1

4

Z

RN

u xð Þ � u R x
xj j

� ����
���2

xj jN ln
xj j
R

���
���2

dx

þ
Z

RN

1

xj jN�2
ln

xj j
R

����
���� x

xj j � r
u xð Þ � u R x

xj j

� �
ffiffiffiffiffiffiffiffiffiffiffiffi
ln

xj j
R

���
���

r
0
BB@

1
CCA

��������

��������

2

dx

and

Z

RN

1

xj jN�2
r u xð Þ � u R

x

xj j

� �� �����
����
2

dx ¼ 1

4

Z

RN

u xð Þ � u R x
xj j

� ����
���2

xj jN ln
xj j
R

���
���2

dx

þ
Z

RN

1

xj jN�2
ln

xj j
R

����
���� r

u xð Þ � u R x
xj j

� �
ffiffiffiffiffiffiffiffiffiffiffiffi
ln

xj j
R

���
���

r
0
BB@

1
CCA

��������

��������

2

dx
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As an application, using Theorem A with V ¼ 1; W ¼ N�2
2

� �2 1
r2 we obtain

Z

RN

x

xj j � ru

����
����
2

dx� N � 2ð Þ2

4

Z

RN

uj j2

xj j2
dx

¼
Z

RN

x

xj j � r xj j
N�2

2 u
� �����

����
2

1

xj j
N�2

2

�����
�����
2

dx

¼ 1

4

Z

RN

xj j
N�2

2 u xð Þ � R
N�2

2 u R x
xj j

� ����
���2

xj jN ln
xj j
R

���
���2

dx

þ
Z

RN

1

xj jN�2
ln

xj j
R

����
���� x

xj j � r
xj j

N�2
2 u xð Þ � R

N�2
2 u R x

xj j

� �
ffiffiffiffiffiffiffiffiffiffiffiffi
ln

xj j
R

���
���

r
0
BB@

1
CCA

��������

��������

2

dx

which implies

Z

RN

x

xj j � ru

����
����
2

dx� N � 2ð Þ2

4

Z

RN

uj j2

xj j2
dx� 1

4
sup
R [ 0

Z

RN

u xð Þ � R
N�2

2 u R x
xj j

� �
xj j�

N�2
2

���
���2

xj j2 ln
xj j
R

���
���2

dx:

h

3 Connections of the critical and the subcritical Hardy type inequalities

Let m [ 2: We recall that V ;Wð Þ is a m�dimensional Bessel pair on 0;1ð Þ if the ordinary differential
equation

y00ðrÞ þ m� 1

r
þ Vr rð Þ

V rð Þ

� �
y0ðrÞ þW rð Þ

V rð Þ yðrÞ ¼ 0

has a positive solution uV;W ;1 on the interval 0;1ð Þ. The main aim of this section is to prove that

Theorem 3 If V R exp �r�að Þð Þr�mþaþ2; a2 R exp �r�að Þð Þ2W R exp �r�að Þð Þr�m�a
� �

is m�dimensional
Bessel pair on 0;1ð Þ for some a[ 0 and R [ 0, then for v 2 C10 B2

R n 0f g
� �

:
Z

B2
R

V yj jð Þ y

yj j � rv yð Þ
����

����
2

�
Z

B2
R

W yj jð Þ v yð Þj j2:

Moreover, there exists a m�dimensional Bessel pair eV ; eW� �
on 0;1ð Þ such that for all v 2 C10 B2

R n 0f g
� �

,
there exists u 2 C10 Rm n 0f gð Þ such that

xm

x2

a
Z

B2
R

V yj jð Þ y

yj j � rv yð Þ
����

����
2

dy�
Z

B2
R

W yj jð Þ v yð Þj j2dy

2
64

3
75

¼
Z

Rm

eV xj jð Þ x

xj j � ru xð Þ
����

����
2

dx�
Z

Rm

eW xj jð Þ u xð Þj j2dx:
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Proof For x 2 Rm and y 2 R2 we use the polar coordinates:

y ¼ s;wð Þ where s ¼ yj j and 0�w\2p

x ¼ r; h1; :::; hm�1ð Þ where r ¼ xj j and 0� h1; :::; hm�2\p, 0� hm�1\2p:

Now, for v 2 C10 B2
R n 0f g

� �
, we set

u r; h1; :::; hm�1ð Þ ¼ u r; hm�1ð Þ ¼ v s;wð Þ

r ¼ ln
R

s

� ��1
a

i.e. s ¼ R exp �r�að Þ; a [ 0

hm�1 ¼ w:

We have that

ou

or
¼ ov

os

os

or

¼ ov

os
asr�a�1

We note that u is independent of h1; :::; hm�2:
Let

V sð Þ ¼ eV ln
R

s

� ��1
a

 !
ln

R

s

� ��m�a�2
a

W sð Þ ¼ 1

a2

eW ln R
s

� ��1
a

� �

s2 ln R
s

� �m
aþ1

:

Then by polar coordinate on Rm : x ¼ r; h1; :::; hm�1ð Þ, we get
Z

Rm

eV xj jð Þ x

xj j � ru xð Þ
����

����
2

dx

¼
Z1

0

Zp

h1¼0

:::

Zp

hm�2¼0

Z2p

hm�1¼0

eV rð Þ oru r; hm�Nþ1; :::; hm�1ð Þj j2
Ym�1

1

sin hj

� �m�1�j
dhj

 !
rm�1dr

¼
Ym�2

1

Zp

hj¼0

sin hj

� �m�1�j
dhj

2
64

3
75
Z1

0

Z2p

hm�1¼0

eV rð Þ oru r; hm�1ð Þj j2dhm�1rm�1dr

¼ a
Ym�2

1

Zp

hj¼0

sin hj

� �m�1�j
dhj

2
64

3
75
ZR

0

Z2p

w¼0

eV ln
R

s

� ��1
a

 !
ln

R

s

� ��m�a�2
a

osv s;wð Þj j2dwsds

¼ xm

x2

a
Z

B2
R

eV ln
R

yj j

� ��1
a

 !
ln

R

yj j

� ��m�a�2
a y

yj j � rv yð Þ
����

����
2

dy

¼ xm

x2

a
Z

B2
R

V yj jð Þ y

yj j � rv yð Þ
����

����
2

dy:

On the other hand,
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Z

Rm

eW xj jð Þ u xð Þj j2dx

¼
Z1

0

Zp

h1¼0

:::

Zp

hm�2¼0

Z2p

hm�1¼0

eW rð Þ u r; h1; :::; hm�1ð Þj j2
Ym�1

1

sin hj

� �m�1�j
dhj

 !
rm�1dr

¼
Ym�2

1

Zp

hj¼0

sin hj

� �m�1�j
dhj

2
64

3
75
Z1

0

Z2p

hm�1¼0

eW rð Þ u r; hm�1ð Þj j2dhm�1rm�1dr

¼ 1

a
xm

x2

ZR

0

Z2p

w¼0

eW ln
R

s

� ��1
a

 !
v s;wð Þj j2dw ln

R

s

� ��m
a�1

1

s
ds

¼ 1

a
xm

x2

Z

B2
R

eW ln
R

yj j

� ��1
a

 !
1

yj j2
1

ln R
yj j

� �m
aþ1

v yð Þj j2dy

¼ xm

x2

a
Z

B2
R

W yj jð Þ v yð Þj j2dy

Since V R exp �r�að Þð Þr�mþaþ2; a2 R exp �r�að Þð Þ2W R exp �r�að Þð Þr�m�a
� �

is m�dimensional Bessel pair

on 0;1ð Þ, eV ; eW� �
is a m�dimensional Bessel pair on 0;1ð Þ. Hence we have

xm

x2

a
Z

B2
R

V yj jð Þ y

yj j � rv yð Þ
����

����
2

dy�
Z

B2
R

W yj jð Þ v yð Þj j2dy

2
64

3
75

¼
Z

Rm

eV xj jð Þ x

xj j � ru xð Þ
����

����
2

dx�
Z

Rm

eW xj jð Þ u xð Þj j2dx� 0:

h

Example 1 Let V ¼ 1 and W ¼ 1
4

1

lnR
rð Þ

2
r2

, then with a ¼ m� 2

V R exp �r�að Þð Þr�mþaþ2 ¼ 1

and

a2 R exp �r�að Þð Þ2W R exp �r�að Þð Þr�m�a

¼ 1

4
a2 R exp �r�að Þð Þ2 1

ln R
R exp �r�að Þ

� �2

R exp �r�að Þð Þ2
r�m�a

¼ a2

4
r�2:

Hence we recover the following identity that could be found in [43]:
Z

Rm

x

xj j � ru

����
����
2

dx� m� 2

2

� �2 Z

Rm

uj j2

xj j2
dx

¼ xm

x2

m� 2ð Þ
Z

B2
R

y

yj j � rv yð Þ
����

����
2

dy� 1

4

Z

B2
R

v yð Þj j2

yj j2 ln R
yj j

���
���2

dy

0
B@

1
CA

where in the polar coordinate
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u r; h1; :::; hm�1ð Þ ¼ u r; hm�1ð Þ ¼ v s;wð Þ

r ¼ ln
R

s

� ��1
a

i.e. s ¼ R exp �r�að Þ

hm�1 ¼ w:

Noting that by Theorem A, we have
Z

Rm

x

xj j � ru

����
����
2

dx� m� 2

2

� �2 Z

Rm

uj j2

xj j2
dx

¼
Z

Rm

x

xj j � r xj j
m�2

2 u
� �����

����
2

1

xj j
m�2

2

�����
�����
2

dx:

Using polar coordinates, we deduce

Z

Rm

x

xj j � r xj j
m�2

2 u
� �����

����
2

1

xj j
m�2

2

�����
�����
2

dx

¼
Z1

0

Zp

h1¼0

:::

Zp

hm�2¼0

Z2p

hm�1¼0

1

rm�2
or r

m�2
2 u r; hm�Nþ1; :::; hm�1ð Þ

h i���
���2 Ym�1

1

sin hj

� �m�1�j
dhj

 !
rm�1dr

¼
Ym�2

1

Zp

hj¼0

sin hj

� �m�1�j
dhj

2
64

3
75
Z1

0

Z2p

hm�1¼0

r
m�2

2 oru r; hm�1ð Þ þ m� 2

2
r

m�4
2 u r; hm�1ð Þ

	 
2

dhm�1rdr

¼ xm

x2

ZR

0

Z2p

w¼0

ln
R

s

� �aþ2
2a

osv s;wð Þaþ a
2s

ln
R

s

� ��a�2
2a

v s;wð Þ
" #2

dw ln
R

s

� ��aþ2
a 1

a
sds

¼ xm

x2

a
ZR

0

Z2p

w¼0

ln
R

s

� �
osv s;wð Þ þ 1

2s
v s;wð Þ

	 
2

dw
1

ln R
s

� �2
sds

¼ xm

x2

a
ZR

0

Z2p

w¼0

os
v s;wð Þffiffiffiffiffiffiffi

ln R
s

q
0
B@

1
CA

2
64

3
75

2

dw ln
R

s
sds

¼ xm

x2

a
Z

B2
R

y

yj j � r
v yð Þffiffiffiffiffiffiffiffi

ln R
yj j

q
0
B@

1
CA

�������

�������

2

ln
R

yj j dy:

Hence, we get the following critical Hardy identity

Z

B2
R

y

yj j � rv yð Þ
����

����
2

dy� 1

4

Z

B2
R

v yð Þj j2

yj j2 ln R
yj j

���
���2

dy ¼
Z

B2
R

y

yj j � r
v yð Þffiffiffiffiffiffiffiffi

ln R
yj j

q
0
B@

1
CA

�������

�������

2

ln
R

yj j dy:

Example 2 Let 0� k\m� 2, V ¼ 1 and W ¼ 1
4

1

lnR
rð Þ

2
r2

, then with a ¼ m� 2� k

V R exp �r�að Þð Þr�mþaþ2 ¼ r�k

and
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a2 R exp �r�að Þð Þ2W R exp �r�að Þð Þr�m�a

¼ 1

4
a2 R exp �r�að Þð Þ2 1

ln R
R exp �r�að Þ

� �2

R exp �r�að Þð Þ2
r�m�a

¼ 1

4
a2r�k�2

Then we obtain the following equality:
Z

Rm

1

xj jk
x

xj j � ru

����
����
2

dx� m� k� 2

2

� �2 Z

Rm

uj j2

xj jkþ2
dx

¼ xm

x2

m� 2� kð Þ
Z

B2
R

y

yj j � rv yð Þ
����

����
2

dy� 1

4

Z

B2
R

v yð Þj j2

yj j2 ln R
yj j

���
���2

dy

0
B@

1
CA

where in the polar coordinate

u r; h1; :::; hm�1ð Þ ¼ u r; hm�1ð Þ ¼ v s;wð Þ

r ¼ ln
R

s

� ��1
a

i.e. s ¼ R exp �r�að Þ

hm�1 ¼ w:

4 Some improved Hardy identities

We begin this section with the following weighted Hardy identity:

Theorem 4 Let N [ 2 and 0� k\N � 2. For all u 2 C10 BN
R n 0f g

� �
, we have

Z

BN
R

1

xj jk
x

xj j � ru

����
����
2

dx� 1

4

Z

BN
R

uj j2

xj jkþ2 1� R
xj j

� �2þk�N

N�2�k

 !2
dx

¼
Z

BN
R

x

xj j � r
uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xj j
R

� �2þk�N

�1

r
0
BB@

1
CCA

��������

��������

2

xj j
R

� �2þk�N

�1

" #
dx:

ð8Þ

Proof Let V ¼ 1
rk and W ¼ N�k�2

2

� �2 1

rkþ2 1� R
rð Þ

2þk�N
� �2. Then rN�1V ; rN�1Wð Þ is a (1�dimensional) Bessel

pair on 0;Rð Þ with u ¼ R�
N�k�2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r
R

� �2þk�N�1

q
. Hence, by Theorem A, we obtain

Z

BN
R

1

xj jk
x

xj j � ru

����
����
2

dx� N � k� 2

2

� �2 Z

BN
R

uj j2

xj jkþ2
1� R

xj j

� �2þk�N
� �2

dx

¼
Z

BN
R

x

xj j � r
uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xj j
R

� �2þk�N

�1

r
0
BB@

1
CCA

��������

��������

2

xj j
R

� �2þk�N

�1

" #
dx:
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Equivalently,
Z

BN
R

x

xj j � ru

����
����
2

dx� 1

4

Z

BN
R

uj j2

xj jkþ2 1� R
xj j

� �2þk�N

N�2�k

 !2
dx

¼
Z

BN
R

x

xj j � r
uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xj j
R

� �2þk�N

�1

r
0
BB@

1
CCA

��������

��������

2

xj j
R

� �2þk�N

�1

" #
dx:

h

As a consequence, we get
Z

BN
R

1

xj jk
x

xj j � ru

����
����
2

dx� 1

4

Z

BN
R

uj j2

xj jkþ2 1� R
xj j

� �2þk�N

N�2�k

 !2
dx

Also, by noting that

N � 2� kð Þ ln R

xj j � 1� R

xj j

� �2þk�N

we get
Z

BN
R

1

xj jk
x

xj j � ru

����
����
2

dx� 1

4

Z

BN
R

uj j2

xj jkþ2
ln R

xj j

� �2
dx:

Now if we send k! N � 2 in (8), we obtain the critical Hardy inequality:
Z

BN
R

1

xj jN�2

x

xj j � ru

����
����
2

dx� 1

4

Z

BN
R

uj j2

xj jN ln R
xj j

� �2
dx

¼
Z

BN
R

1

xj jN�2
ln

R

xj j

����
���� x

xj j � r
u xð Þffiffiffiffiffiffiffiffiffiffiffiffi

ln R
xj j

���
���

r
0
BB@

1
CCA

��������

��������

2

dx:
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