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Abstract Let A be a nonempty finite set of integers. For a real number m, the set m � A ¼ fma : a 2 Ag
denotes the set of m-dilates of A. In 2008, Bukh initiated an interesting problem of finding a lower bound for
the sumset of dilated sets, i.e., a lower bound for jm1 � Aþ m2 � Aþ � � � þ mn � Aj, where m1;m2; . . .;mn are
integers. In this paper, we consider the case j3 � Aþ k � Aj, where k is a prime number � 5. Under some
assumptions on A, first we give a general lower bound on the cardinality of 3 � Aþ k � A then, for large sets
A, under the same assumptions, we improve this general lower bound. The results also hold true for the
general sumset q � Aþ k � A, where q is any odd prime \k, under the similar assumptions on A.

Keywords Additive combinatorics � Sumsets of dilates

Mathematics Subject Classification 11B13 � 11P70

1 Introduction

Let h� 2 and let A1;A2; . . .;Ah be sets of integers. The sumset of these sets, is a set of integers, defined by

A1 þ A2 þ � � � þ Ah :¼ fa1 þ a2 þ � � � þ ah : ai 2 Ai for i ¼ 1; 2; . . .; hg:

If A is a set of integers such that Ai ¼ A for i ¼ 1; 2; . . .; h, then we denote the sumset A1 þ A2 þ � � � þ Ah by
hA and it is called the h-fold sumset of A.

Let k be a nonzero real number. The k-dilation, k � A of A is defined by k � A ¼ fka : a 2 Ag. Bukh [2]
studied the sumset of t dilated sets of the finite set A of integers and proved in his main theorem that

jk1 � Aþ k2 � Aþ � � � þ kt � Aj � ðjk1j þ jk2j þ � � � þ jktjÞjAj � oðjAjÞ;
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where ðk1; k2; . . .; ktÞ 2 Zt with gcdðk1; k2; . . .; ktÞ ¼ 1: Here and elsewhere, |A| denotes the cardinality of
the set A and jkj denotes the absolute value of the real number k.

Confining ourselves to the sum of only two dilates, it is enough to consider only the normalized sums
[10] m � Aþ k � A satisfying k�m� 1 and gcdðm; kÞ ¼ 1. We divide the study of m � Aþ k � A into cases
depending on the values of m.

Case 1. (m ¼ 1). If k ¼ 1, then it is a 2-fold sum of A. Nathanson [9] gave the sharp lower bound for |hA|,
where h� 2 and studied the extremal case satisfying the bound, i.e., the sets for which the lower bound is
achieved. For k ¼ 2, Nathanson [11] and Cilleruelo et al. [4] proved that jAþ 2 � Aj � 3jAj � 2 and if the
equality holds, then A is an arithmetic progression or a singleton. For k ¼ 3; Cilleruelo et al. [4] proved that
jAþ 3 � Aj � 4jAj � 4. If the equality holds, then A ¼ 3 � f0; 1; . . .; ng þ f0; 1g or A ¼ f0; 1; 3g or A ¼
f0; 1; 4g or A is an affine transform of one of these sets. The lower bound was also proved using different
methods in [1, 6]. For k ¼ 4, Du et al. [5] proved that jAþ 4 � Aj � 5jAj � 6 for jAj � 5.

The cases k� 3 are much more involved. In fact, Cilleruelo et al. [4] also conjectured that for sufficiently
large set A, jAþ k � Aj � ðk þ 1ÞjAj � dkðk þ 2Þ=4e. Cilleruelo et al. [3] gave a positive answer to the above
conjecture for k a prime. Later, Du et al. [5] also gave a positive answer to this conjecture in the cases when
k is a power of a prime and k is a product of two distinct primes. To the best of our knowledge that is all
known in the case m ¼ 1.

Case 2. (m ¼ 2). Hamidoune and Rué [7] proved that if k is an odd prime and jAj[ 8kk, then

j2 � Aþ k � Aj � ðk þ 2ÞjAj � k2 � k þ 2:

Extending the result of Hamidoune and Rué [7], Ljujic [8] obtained the same lower bound for the case k a
power of an odd prime and the case k a product of two distinct odd primes. Again this is where we would
like to stop in this case.

Case 3. ðm ¼ 3Þ. This case is handled in this paper in a special situation and then it is generalized for
m ¼ q, where q is an odd prime \k. Under some assumptions on A, first we give a general lower bound on
the cardinality of 3 � Aþ k � A then, for large sets A, under the same assumptions, we improve this general
bound. The results also hold true for the general sumset q � Aþ k � A, where q is any odd prime \k, under
the similar assumptions on A. More precisely, we prove Lemma 3.2 and Theorem 3.6 and generalize them in
the Remarks 3.5 and 3.7, respectively.

In Section 2, we give notation and some already known results that are used to prove our main results in
Section 3.

2 Notation and preliminary results

Throughout this paper we use the following notation.
Let A be a finite set of integers and let k be a prime number [ 3. Since the cardinality of sums of dilates

is invariant under the affine transformation, we can assume that 0 2 A and gcdðAÞ ¼ 1. Let Â be the natural

projection of A on Z=kZ. If jÂj ¼ j, we denote by A1;A2; . . .;Aj the distinct congruence classes of A modulo
k also called k-components of A. So, we have A ¼ A1 [ A2 [ � � � [ Aj. Let ckðAÞ denote the number of

distinct congruence classes of A modulo k, i.e., ckðAÞ ¼ jÂj. We also assume that jA1j � jA2j � � � � � jAjj.
Let Ai ¼ k � Xi þ ui, where 0� ui\k for all i. Define E ¼ f1� i� j : 0\ckðXiÞ\kg,
F ¼ f1� i� j : ckðXiÞ ¼ kg. Let also AE ¼ [i2EAi and AF ¼ [i2FAi. Observe that j� 2 whenever jAj � 2.
Furthermore, define Drs ¼ ð3 � Ar þ k � AÞ n ð3 � Ar þ k � AsÞ for 1� r; s� j. Then

j3 � Ar þ k � Aj ¼ j3 � Ar þ k � Asj þ jDrsj ¼ j3 � Xr þ k � Xsj þ jDrsj:

Proposition 2.1 has been taken from [7, Proposition 3.2] and it is used at several places in the proofs of the
results of Section 3.

Proposition 2.1 Let A and B be finite set of integers and let m and n be coprime integers. Then
jn � Aþ m � Bj � cnðBÞjAj þ cmðAÞjBj � cmðAÞcnðBÞ.
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3 Main Results

Lemma 3.1 (including its proof) is a suitable transformation of already known result [3, Lemma 2.4] which
fits into our current problem.

Lemma 3.1

(i) Let k be a prime number. If i 2 E, then jMiij � jAsj for any s 6¼ i.
(ii)

P
i2E jDiij � ðjEj � 1ÞjA1j þ jA2j.

Proof (i) Let i 2 E. Let a and b be distinct elements in Z=kZ. If X̂i þ a ¼ X̂i þ b, then

X̂i ¼ X̂i þ b� a ¼ X̂i þ 2ðb� aÞ ¼ � � � ¼ X̂i þ ðk � 1Þðb� aÞ. So X̂i ¼ Z=kZ as k is a prime. This con-

tradicts the choice of i. So X̂i þ a 6¼ X̂i þ b, which implies 3 � X̂i þ a 6¼ 3 � X̂i þ b. Thus,

jð3 � X̂i þ aÞ n ð3 � X̂i þ bÞj � 1. Now we have

jDiij ¼ jð3 � Ai þ k � AÞ n ð3 � Ai þ k � AiÞj
� jð3 � ðk � Xi þ uiÞ þ k � AsÞ n ð3 � ðk � Xi þ uiÞ þ k � AiÞj
¼ jð3 � Xi þ AsÞ n ð3 � Xi þ AiÞj
¼ jð3 � Xi þ k � Xs þ usÞ n ð3 � Xi þ k � Xi þ uiÞj
� jXsjjð3 � X̂i þ ûsÞ n ð3 � X̂i þ ûiÞj � jXsj ¼ jAsj:

(ii) From (i), we have jDiij � jA1j for all i 2 E provided i 6¼ 1, when 1 2 E. In that case we have jD11j �A2j.
Hence the lemma. h

Lemma 3.2 Let k [ 3 be a prime number and A be a nonempty finite set of integers with its k-components
A1;A2; . . .;Aj, where Ai ¼ k � Xi þ ui for 1� i� j. If c3ðXiÞ ¼ 3 for any i, then c3ðAiÞ ¼ 3 ¼ c3ðAÞ.
Proof Let Xi ¼ X

ð1Þ
i [ X

ð2Þ
i [ X

ð3Þ
i , where for 1� l� 3, X

ðlÞ
i ¼ 3 � Zl

i þ vl, with fv1; v2; v3g ¼ f0; 1; 2g. Now

Ai ¼ k � Xi þ ui

¼ðk � Xð1Þi þ uiÞ [ ðk � Xð2Þi þ uiÞ [ ðk � Xð3Þi þ uiÞ
¼ ð3k � Z1

i þ kv1 þ uiÞ [ ð3k � Z2
i þ kv2 þ uiÞ [ ð3k � Z3

i þ kv3 þ uiÞ:

Since fv1; v2; v3g is a complete residue system modulo 3, hence fkv1 þ ui; kv2 þ ui; kv3 þ uig is also a
complete residue system modulo 3. So, c3ðAiÞ ¼ 3. But Ai � A, so we also have c3ðAÞ ¼ 3. This completes
the proof. h

Remark 3.3 It can be observed that, Lemma 3.2 holds not only for 3-components but it holds in general for
q-components, where q is an odd prime different from k.

Lemma 3.4 Let A be a nonempty finite set of integers satisfying c3ðXiÞ ¼ 3 for each 1� i� jÂj and k be a
prime number [ 3. Then

j3 � Aþ k � Aj � ðk þ 3ÞjAj � 9ðk � 1Þ!:

Proof Let t be the largest integer such that for each finite set X of integers

j3 � X þ k � Xj � ðt þ 3ÞjAj � 9ðt � 1Þ!:

Let t\k. Then there is a set A satisfying j3 � Aþ k � Aj\ðt þ 4ÞjAj � 9t!: Without loss of generality, we may

assume that j ¼ jÂj � 2. Proposition 2.1 with Lemma 3.2 gives that j3 � Aþ k � Aj � ðjþ 3ÞjAj � 3j. So, t� j.
We have,

j3 � Aþ k � Aj ¼
X

i2F

j3 � Ai þ k � Aj þ
X

i2E

j3 � Ai þ k � Aj: ð1Þ

Now, we estimate both the sums appearing in (1). We have
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X

i2F

j3 � Ai þ k � Aj �
X

i2F

j3 � Ai þ k � A1j

¼
X

i2F

j3 � Xi þ k � X1j

ðfrom Proposition 2.1Þ�
X

i2F

c3ðX1ÞjXij þ ckðXiÞjX1j � c3ðX1ÞckðXiÞð Þ

¼
X

i2F

ð3jAij þ kjA1j � 3kÞ

ðsincek� t þ 1andjA1j � 3Þ� 3jAFj þ ðt þ 1ÞjFjðjA1j � 3Þ
ðsincetjFjjA1j � tjAFjÞ � ðt þ 3ÞjAFj þ jFjjA1j � 3ðt þ 1ÞjFj:

ð2Þ

Next, we have
X

i2E

j3 � Ai þ k � Aj ¼
X

i2E

ðj3 � Ai þ k � Aij þ jDiijÞ

�
X

i2E

ððt þ 3ÞjAij � 9ðt � 1Þ!Þ þ
X

i2E

jDiij

ðfrom Lemma 3.1(ii)Þ� ðt þ 3ÞjAEj � 9ðt � 1Þ!jEj þ ðjEj � 1ÞjA1j þ jA2j:

ð3Þ

Substituting (2) and (3) in (1), we get

j3 � Aþ k � Aj � ðt þ 3ÞjAj þ ðjEj þ jFj � 1ÞjA1j þ jA2j � 3ðt þ 1ÞjFj � 9ðt � 1Þ!jEj
� ðt þ 4ÞjAj � 3ðt þ 1ÞjFj � 9ðt � 1Þ!jEj:

Now using jEj ¼ j� jFj � t � jFj, we have

3ðt þ 1ÞjFj þ 9ðt � 1Þ!jEj � 3ðt þ 1ÞjFj þ 9ðt � 1Þ!ðt � jFjÞ
� 9t!þ jFjð3ðt þ 1Þ � 9ðt � 1Þ!Þ
� 9t!:

Hence j3 � Aþ k � Aj � ðt þ 4ÞjAj � 9t!; which contradicts the choice of A. This completes the proof. h

Remark 3.5 It can be observed that, Lemma 3.4 holds not only for 3-components but it holds in general for
q-components, where q is an odd prime \k. More precisely, we can see that ‘‘if A is a nonempty finite set of

integers satisfying cqðXiÞ ¼ q for each 1� i� jÂj and k be a prime number [ q, then
jq � Aþ k � Aj � ðk þ qÞjAj � 3qðk � 1Þ!:’’
Theorem 3.6 Let k� 5 be a prime number and A be a nonempty finite set of integers with c3ðXiÞ ¼ 3 for

each 1� i� jÂj, where Â is the projection of A on Z=kZ. Then for jAj � 9jÂj2ðk � 1Þ!,
j3 � Aþ k � Aj � ðk þ 3ÞjAj � 3kjÂj:

Proof Let jÂj ¼ j. If j ¼ k, then using Proposition 2.1, we have j3 � Aþ k � Aj � ðk þ 3ÞjAj � 3k. So, let
j\k.

Case 1. E ¼ f1g.
Using the definition of D11, Lemma 3.1 (i), Lemma 3.4, and Proposition 2.1, we have
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j3 � Aþ k � Aj ¼j3 � A1 þ k � Aj þ j3 � A2 þ k � Aj þ
X

3� i� j

j3 � Ai þ k � Aj

� j3 � A1 þ k � A1j þ jD11j þ j3 � A2 þ k � A1j
þ
X

3� i� j

j3 � Ai þ k � Aij

� ð3þ kÞjA1j � 9ðk � 1Þ!þ jA2j þ j3 � X2 þ k � X1j
þ
X

3� i� j

ðð3þ kÞjAij � 9ðk � 1Þ!Þ

� ð3þ kÞjA1j � 9ðk � 1Þ!þ jA2j þ 3jA2j þ kjA1j � 3k

þ
X

3� i� j

ðð3þ kÞjAij � 9ðk � 1Þ!Þ

� ð3þ kÞjAj þ jA1j � 9ðj� 1Þðk � 1Þ!� 3k

�ð3þ kÞjAj þ jAj
j
� 9jðk � 1Þ!

�ð3þ kÞjAj;

since jAj � 9j2ðk � 1Þ!.
Case 2. There exists 2� s� j with s 2 E.
Using the definition of Dss, Lemma 3.1 (i), and Lemma 3.4, we have

j3 � Aþ k � Aj ¼j3 � As þ k � Aj þ
X

i6¼s

j3 � Ai þ k � Aj

� j3 � As þ k � Asj þ jDssj þ
X

i 6¼s

j3 � Ai þ k � Aij

� ð3þ kÞjAsj � 9ðk � 1Þ!þ jA1j þ
X

i6¼s

ðð3þ kÞjAij � 9ðk � 1Þ!Þ

� ð3þ kÞjAj þ jAj
j
� 9jðk � 1Þ!

�ð3þ kÞjAj;

since jAj � 9j2ðk � 1Þ!.
Case 3. E ¼ ;.
We have

j3 � Aþ k � Aj �
X

i2F

j3 � Ai þ k � Aij

¼
X

i2F

j3 � Xi þ k � Xij

�
X

i2F

ðc3ðXiÞjXij þ ckðXiÞjXij � c3ðXiÞckðXiÞÞ

¼
X

i2F

ðð3þ kÞjAij � 3kÞ

¼ð3þ kÞjAj � 3kj:

This completes the proof of the theorem. h

Remark 3.7 It can be observed that, Theorem 3.6 holds not only for 3-components but it holds in general
for q-components, where q is an odd prime \k. More precisely, we can see that ‘‘if q and k are odd primes

with q\k and A is a nonempty finite set of integers with cqðXiÞ ¼ q for each 1� i� jÂj, where Â is the

projection of A in Z=kZ, then for jAj � 3qjÂj2ðk � 1Þ!,
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jq � Aþ k � Aj � ðk þ qÞjAj � qkjÂj}:
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