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Abstract Let A be a nonempty finite set of integers. For a real number m, the set m-A = {ma :a € A}
denotes the set of m-dilates of A. In 2008, Bukh initiated an interesting problem of finding a lower bound for
the sumset of dilated sets, i.e., a lower bound for |m; - A +my - A+ - - + m, - A|, where my,my, ..., m, are
integers. In this paper, we consider the case |3 -A + k - A|, where k is a prime number > 5. Under some
assumptions on A, first we give a general lower bound on the cardinality of 3 - A + k - A then, for large sets
A, under the same assumptions, we improve this general lower bound. The results also hold true for the
general sumset ¢ - A + k - A, where ¢ is any odd prime <k, under the similar assumptions on A.
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1 Introduction

Let h>2 and let Aj,As,...,A; be sets of integers. The sumset of these sets, is a set of integers, defined by
Al +A 4+ +Ay={ai+ar+-+ay:a; €A; fori=1,2,... h}.

If A is a set of integers such that A; = A fori = 1,2, ..., h, then we denote the sumset A| + A, + --- 4+ A, by
hA and it is called the h-fold sumset of A.

Let k be a nonzero real number. The k-dilation, k - A of A is defined by k- A = {ka : a € A}. Bukh [2]
studied the sumset of ¢ dilated sets of the finite set A of integers and proved in his main theorem that

(At da - Aot A ALZ ([ + o] £ - 4+ [4])]A] = o(JA]),
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On a sumset problem of dilates 1181

where (11, 4, ...,4) € Z" with gcd(Ay, 42, ..., 4;) = 1. Here and elsewhere, |Al denotes the cardinality of
the set A and |A| denotes the absolute value of the real number /.

Confining ourselves to the sum of only two dilates, it is enough to consider only the normalized sums
[10] m-A + k - A satisfying k>m > 1 and gcd(m, k) = 1. We divide the study of m-A + k - A into cases
depending on the values of m.

Case 1. (m = 1). If k = 1, then it is a 2-fold sum of A. Nathanson [9] gave the sharp lower bound for lhAl,
where & > 2 and studied the extremal case satisfying the bound, i.e., the sets for which the lower bound is
achieved. For k = 2, Nathanson [11] and Cilleruelo et al. [4] proved that |A +2 - A| > 3|A| — 2 and if the
equality holds, then A is an arithmetic progression or a singleton. For k = 3, Cilleruelo et al. [4] proved that
|A+3-A|>4|A| — 4. If the equality holds, then A =3-{0,1,...,n} +{0,1} or A ={0,1,3} or A =
{0, 1,4} or A is an affine transform of one of these sets. The lower bound was also proved using different
methods in [1, 6]. For k =4, Du et al. [5] proved that |A + 4 - A| > 5|A| — 6 for |A| >5.

The cases k > 3 are much more involved. In fact, Cilleruelo et al. [4] also conjectured that for sufficiently
large set A, |A + k- A| > (k + 1)|A| — [k(k + 2)/4]. Cilleruelo et al. [3] gave a positive answer to the above
conjecture for k a prime. Later, Du et al. [5] also gave a positive answer to this conjecture in the cases when
k is a power of a prime and k is a product of two distinct primes. To the best of our knowledge that is all
known in the case m = 1.

Case 2. (m = 2). Hamidoune and Rué [7] proved that if k is an odd prime and |A| > 8k*, then

2-A+k-Al>(k+2)|A] —k* —k+2.

Extending the result of Hamidoune and Rué [7], Ljujic [8] obtained the same lower bound for the case k a
power of an odd prime and the case k a product of two distinct odd primes. Again this is where we would
like to stop in this case.

Case 3. (m = 3). This case is handled in this paper in a special situation and then it is generalized for
m = g, where ¢ is an odd prime < k. Under some assumptions on A, first we give a general lower bound on
the cardinality of 3-A + k - A then, for large sets A, under the same assumptions, we improve this general
bound. The results also hold true for the general sumset g - A + k - A, where ¢ is any odd prime <k, under
the similar assumptions on A. More precisely, we prove Lemma 3.2 and Theorem 3.6 and generalize them in
the Remarks 3.5 and 3.7, respectively.

In Section 2, we give notation and some already known results that are used to prove our main results in
Section 3.

2 Notation and preliminary results

Throughout this paper we use the following notation.
Let A be a finite set of integers and let k be a prime number > 3. Since the cardinality of sums of dilates

is invariant under the affine transformation, we can assume that 0 € A and gcd(A) = 1. Let A be the natural
projection of A on Z/kZ. If |A | = j, we denote by Ay, A,, ..., A, the distinct congruence classes of A modulo
k also called k-components of A. So, we have A =A; UA, U---UA;. Let ¢x(A) denote the number of
distinct congruence classes of A modulo &, i.e., ct(A) = |A|. We also assume that |A;| > || > --- > |4)].
Let A;=k-X;+u, where O0<u;<k for all i Define E={1<i<j:0<c(X;)<k},
F={1<i<j:c(X;) =k} Let also Ap = U;jcA; and A = UjcrA;. Observe that j >2 whenever |[A| > 2.
Furthermore, define A, = (3-A, +k-A)\ (3-A, +k-A,) for 1 <r,s<j. Then
13-A,+k-Al=3-A +k A+ |Asl = 13- X, + k- X| + Ay

Proposition 2.1 has been taken from [7, Proposition 3.2] and it is used at several places in the proofs of the
results of Section 3.

Proposition 2.1 Let A and B be finite set of integers and let m and n be coprime integers. Then
|n-A+m-B|>c,(B)A| + cm(A)|B| — cim(A)cn(B).
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3 Main Results

Lemma 3.1 (including its proof) is a suitable transformation of already known result [3, Lemma 2.4] which
fits into our current problem.

Lemma 3.1

(i) Let k be a prime number. If i € E, then |A;;| > |A| for any s # i.

(D) > icp |Aal = ([E] = 1)]As] + [Aa].

Proof (1) Let i€ E. Let a and b be distinct elements in Z/kZ. If Xi+a=X;+b, then
X, =X, +b—a=X;+2(b—a)=---=X;+ (k—1)(b—a). So X; = Z/kZ as k is a prime. This con-
tradicts the choice of i. So X;+a =+ X; +b, which implies 3 Xi+a #3 -X; +b. Thus,
|(3-X;+a)\ (3-X;+ b)|>1. Now we have

|Ai| =[(3-Ai+k-A)\ (3-Ai +k-A))
2|3 (k- Xi+ui) +k-A)\ 3 (k- Xi+u;) +k-A)l
=1(3-Xi +A))\ 3-Xi +Aj)|
=13 Xi+k-Xs+u)\B - Xi+k-X;+u;)|
> X[1(3 - Xi 1) \ (B Xi )| 2 1X] = |Al.
(ii) From (i), we have |A;| > |A| for all i € E provided i # 1, when 1 € E. In that case we have |A};| > A;|.

Hence the lemma. O

Lemma 3.2 Let k > 3 be a prime number and A be a nonempty finite set of integers with its k-components
A1, Ay, ... Aj, where A; =k - X; + u; for 1 <i<j. If ¢3(X;) = 3 for any i, then c3(A;) = 3 = c3(A).

Proof LetX; =X UXx® Ux® where for 1 <1<3,x" =32 + v, with {v;,v5,v3} = {0,1,2}. Now
Aj=k-X;+u
= (k- X" +u) U kX2 +u) U k- XD+ u)
=(3k-Z' + vy + ) U (Bk-Z2 + kvy + u;) U (3k - ZP + kvy + u;).
Since {vi,v2,v3} is a complete residue system modulo 3, hence {kvi + u;, kva + u;, kvs + u;} is also a

complete residue system modulo 3. So, ¢3(A;) = 3. But A; C A, so we also have c¢3(A) = 3. This completes
the proof. O

Remark 3.3 It can be observed that, Lemma 3.2 holds not only for 3-components but it holds in general for
g-components, where ¢ is an odd prime different from k.

Lemma 3.4 Let A be a nonempty finite set of integers satisfying c3(X;) = 3 for each 1 <i <|A| and k be a
prime number > 3. Then

I3-A+k-A|>(k+3)A] —9(k— 1)L

Proof Let t be the largest integer such that for each finite set X of integers
3-X+k-X|>(t+3)|A]—9(r— 1)L

Let t <k. Then there is a set A satisfying |3 - A + k - A| < (¢ + 4)|A| — 9¢!. Without loss of generality, we may

assume that j = |A| > 2. Proposition 2.1 with Lemma 3.2 gives that |3 - A + k - A| > (j + 3)|A| — 3j. So, t >}.
We have,

B-A+k-Al=> [3-Ai+k-Al+> [3-A+k-Al ()

icF ick

Now, we estimate both the sums appearing in (1). We have
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DoB-Ak-AIZ Y 3A kA
icF icF
=> 3-Xi+k-X|
icF
(from Proposition 2.1) > Z(C3(X])|Xi| + (X)X | — e3(X1)en (X)) 2)
icF
22(3\1“1'\ + k|A1| — 3k)
icF
(sincek >t + land|A| >3) > 3|Ap| + (r + 1)|F|(JA;| — 3)
(sincet|F||A| > t|AF|) > (t + 3)|AF| + |F||A1] — 3(t + 1)|F].

Next, we have

DB A+k-Al=D (3-Ai+ kAl + |Aq])

> S+ 3l - 90— D)+ A (3)

(from Lemma 3.1(ii)) > (t + 3)|Ag| — 9(t — DV E| + (|[E|] — 1)|A;| + |A2.
Substituting (2) and (3) in (1), we get
3-A+k-A[= (14 3)A[ + (|E[ + [F| = D]A1] + [As] = 3(z + D[F| = 9( = D!|E]
> (t+4)A| = 3(t+ 1)|F| —9(t — DYE]|.
Now using |E| =j — |F| <t — |F|, we have
3+ DIFI+9(r = DNE| <3(t + DIF[ +9(r = (2 — [F])

<9+ |F|(3(t+1) = 9(r — 1))
<91l

Hence [3-A + k- A| > (t + 4)|A| — 9¢!, which contradicts the choice of A. This completes the proof. [

Remark 3.5 1t can be observed that, Lemma 3.4 holds not only for 3-components but it holds in general for
g-components, where ¢ is an odd prime <k. More precisely, we can see that “if A is a nonempty finite set of

integers satisfying ¢,(X;) =¢ for each 1<i< JA| and k be a prime number > g, then
g A+k-Al> (k+ q)|A| = 3q(k — 1)1.”

Theorem 3.6 Let k> 5 be a prime number and A be a nonempty finite set of integers with c3(X;) = 3 for
each 1 <i<|A|, where A is the projection of A on Z/kZ. Then for |A| >9|A|*(k — 1)!,

3-A4k-A|>(k+3)|A| — 3k[A].

Proof Let |A| =j. If j = k, then using Proposition 2.1, we have |3 -A + k- A|> (k + 3)|A| — 3k. So, let
j<k.

Case 1. E = {1}.

Using the definition of Ay, Lemma 3.1 (i), Lemma 3.4, and Proposition 2.1, we have
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B-A+k-Al=[3-Ai+k-Al+[3-Ag+k-Al+ Y [3-Ai+k-A

3<i<
>13-A +k-A +|An| + 34+ k- Ay
+ 3 13-4 +k-A
3<i<
>B+k)A =9k — D!+ |As| + 13- X2 + k- X4
+ 3 (B+K)A] -9k — 1))
3<i<
> (3 +k)|A1| — 9k — 1)! + |Az| + 3|Az| + k|A;| — 3k
+ 3 (B +K)A] -9k — 1))
3<i<y
>3+ kAl + A1 =9( — 1)(k—1)! — 3k
A
Z(3+k)A|+|j|9j(k 1)!
= (3+ KAl
since |A| >97%(k — 1)
Case 2. There exists 2 <s<j with s € E.
Using the definition of Ay, Lemma 3.1 (i), and Lemma 3.4, we have

3-A+k-Al=[3-A+k-Al+> [3-4;+k- A
i#s
> (3 Ak A+ Ay + D3 A+ k- A
i#s
> (34 k)[4 =9k — D!+ 41|+ > (3 +K)|Ai| = 9(k — 1))

i#s
|A| . |

> (3 +K)IAl,

since JA| > 97%(k — 1)\
Case 3. E = 0.
We have

3-A+k-Al>D 3-Ai+k-A

ieF

:Z|3.X,~+k.x,-|
icF

> (es(XD)IXil + ecx (X)X = e3(Xi)er(X0))
icF

= (3+K)|Ai| - 3k)
ieF

=3+ k)|A| — 34j.
This completes the proof of the theorem. O

Remark 3.7 1t can be observed that, Theorem 3.6 holds not only for 3-components but it holds in general
for g-components, where ¢ is an odd prime < k. More precisely, we can see that “if g and k are odd primes

with g <k and A is a nonempty finite set of integers with ¢,(X;) = ¢ for each 1 <i<|A|, where A is the
projection of A in Z/kZ, then for |A| >3g|A|*(k — 1)!,
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lq-A+k-Al> (k+q)|A] - gkIA]".
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