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Abstract In this article, we first study a class of helicoidal surfaces in Minkowski space–time E4
1. Next, we

find the parametrizations of loxodromes on the non-degenerate helicoidal surfaces in E4
1. In addition, we give

some results and examples by using Mathematica.
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1 Introduction

Loxodromes are special curves which meet each meridians on the Earth’s surface at the same angle. Until
today, a lot of authors studied on loxodromes on rotational surfaces and helicoidal surfaces in both
Euclidean 3-space E3 and Minkowski 3-space E3

1 (see [1, 4–7, 10, 17, 18, 20, 22, 24]).
Rotational surfaces in Euclidean 4-space E4 was first introduced by Moore [19] in 1919. Afterwards, the

rotational surfaces in E4 were studied by many authors (see [2, 3, 13, 25, 26]). Minkowski space–time E4
1

was proposed as a model for space–time in the theory of special relativity by Hermann Minkowski in 1907

(see for details [23]). Space-like and time-like rotational surfaces in E4
1 were studied by Dursun and Bektaş

[12, 14]. Also, the definition and parametrization of a helicoidal surface in E4 were given by Hieu and Thang

[16]. The parametrizations of loxodromes on helicoidal surfaces in E4 were investigated by Babaarslan [8].

Also, loxodromes on space-like and time-like rotational surfaces in E4
1 were studied by Babaarslan and Selvi

[9] and Babaarslan and Gümüş [11], respectively.
In this present paper, we study a class of helicoidal surfaces which are generalizations of the rotational

surfaces in E4
1. We find the parametrizations of loxodromes on the non-degenerate helicoidal surfaces in E4

1.
Moreover, we give some results and some examples by using Mathematica.
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2 Preliminaries

In this section, we give the necessary definitions and formulas concerning curves and surfaces in Minkowski
space–time E4

1. Also, we find the parametrizations of three types of helicoidal surfaces in E4
1.

Let E4
1 be Minkowski space–time with the Lorentzian metric

ha;bi ¼ a1b1 þ a2b2 þ a3b3 � a4b4;

where a ¼ ða1; a2; a3; a4Þ and b ¼ ðb1; b2; b3; b4Þ 2 E4
1.

A vector a 2 E4
1 is said to be space-like, time-like or light-like if ha; ai[ 0, ha; ai\0 or ha; ai ¼ 0,

respectively. Also, the pseudo norm of a 2 E4
1 is given by ak k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j a; ah ij
p

and it is said to be a unit vector if
ak k ¼ 1:

Let b : I ! E4
1 be a curve in E4

1; where I � R is an open interval. Then, the causal character of b is space-

like, time-like or light-like if hb0;b0i[ 0; hb0;b0i\0 or hb0; b0i ¼ 0; respectively (see [21]).
Let S : U ! E4

1 be a smooth immersed surface in E4
1; where U � R2 is an open set. S is space-like, time-

like or light-like if its metric induced from Lorentzian metric is positive definite, non-degenerate but not
positive definite or degenerate, respectively (see [15]).

We assume that b : I ! H is a smooth curve in a hyperplane H � E4
1 and P is a plane in H. If b is rotated

about P, then we have a rotational surface in E4
1: Also, we assume that when b rotates about P, it

simultaneously translates along a line l parallel to P so that the speed of the translation is proportional to the

speed of rotation. Then, we have a helicoidal surface in E4
1 (see [16] for the Euclidean case).

From this definition, we obtain three types of helicoidal surfaces in E4
1 as follows:

Helicoidal Surfaces of Type I.
Let fe1; e2; e3; e4g be the standard ortonormal basis of E4

1: We assume that H1 is a hyperplane spanned by
fe1; e3; e4g; P1 is a plane spanned by fe3; e4g and l1 is parallel to the axis spanned by fe4g: Then, the space-
like rotation which leaves the time-like plane P1 invariant is given by the following (space-like) rotational
matrix

cos v � sin v 0 0

sin v cos v 0 0

0 0 1 0

0 0 0 1

2

6

6

6

4

3

7

7

7

5

; 0� v\2p

[12, 14].
We consider the profile curve b1ðuÞ ¼ xðuÞ; 0; zðuÞ;wðuÞð Þ in H1; where u 2 I � R and xðuÞ[ 0: Then,

the parametrization of (the helicoidal surface of type I) M1 is given by

X1ðu; vÞ ¼

cos v � sin v 0 0

sin v cos v 0 0

0 0 1 0

0 0 0 1

2

6

6

6

4

3

7

7

7

5

xðuÞ
0

zðuÞ
wðuÞ

2

6

6

6

4

3

7

7

7

5

þ cv

0

0

0

1

2

6

6

6

4

3

7

7

7

5

;

so

X1ðu; vÞ ¼ xðuÞ cos v; xðuÞ sin v; zðuÞ;wðuÞ þ cvð Þ; ð1Þ

where c 2 Rþ. When w is a constant function, M1 is called right helicoidal surface of type I. Also, when z is

a constant function, M1 is just a helicoidal surface in E3
1.

Helicoidal Surfaces of Type II.
We assume that H2 is a hyperplane spanned by fe1; e2; e4g, P2 is a plane spanned by fe1; e2g and l2 is

parallel to the axis spanned by fe1g. Then, the hyperbolic rotation which leaves the space-like plane P2

invariant is given by the following (hyperbolic) rotational matrix
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1 0 0 0

0 1 0 0

0 0 cosh v sinh v

0 0 sinh v cosh v

2

6

6

6

4

3

7

7

7

5

; v 2 R

[12, 14].
We consider the profile curve b2ðuÞ ¼ xðuÞ; yðuÞ; 0;wðuÞð Þ in H2; where u 2 I � R and wðuÞ[ 0: Then,

the parametrization of (the helicoidal surface of type II) M2 is

X2ðu; vÞ ¼

1 0 0 0

0 1 0 0

0 0 cosh v sinh v

0 0 sinh v cosh v

2

6

6

6

4

3

7

7

7

5

xðuÞ
yðuÞ

0

wðuÞ

2

6

6

6

4

3

7

7

7

5

þ cv

1

0

0

0

2

6

6

6

4

3

7

7

7

5

;

so

X2ðu; vÞ ¼ xðuÞ þ cv; yðuÞ;wðuÞ sinh v;wðuÞ cosh vð Þ; ð2Þ

where c 2 Rþ. When x is a constant function, M2 is called right helicoidal surface of type II. Also, when y is

a constant function, M2 is just a helicoidal surface in E3
1:

Helicoidal Surfaces of Type III.
Let us take the pseudo-orthonormal basis fe1; e2; n3; n4g of E4

1 such that n3 ¼ 1
ffiffi

2
p ðe4 � e3Þ and n4 ¼

1
ffiffi

2
p ðe3 þ e4Þ: We assume that H3 is a hyperplane spanned by fe1; n3; n4g; P3 is a plane spanned by fe1; n3g
and l3 is parallel to the axis spanned by fn3g: Then, the orthogonal transformation T3 of E4

1 which leaves the

light-like plane P3 invariant is defined by T3ðe1Þ ¼ e1; T3ðe2Þ ¼ e2 þ
ffiffiffi

2
p

vn3; T3ðn3Þ ¼ n3 and T3ðn4Þ ¼
ffiffiffi

2
p

ve2 þ v2n3 þ n4 ([12, 14]).
We consider the profile curve b3ðuÞ ¼ xðuÞe1 þ zðuÞn3 þ wðuÞn4 in H3; where u 2 I � R and wðuÞ[ 0:

Then, the parametrization of (the helicoidal surface of type III) M3 can be given by

X3ðu; vÞ ¼ xðuÞe1 þ
ffiffiffi

2
p

vwðuÞe2 þ ðzðuÞ þ v2wðuÞ þ cvÞn3 þ wðuÞn4; ð3Þ

where c 2 Rþ. When w is a constant function, M3 is called right helicoidal surface of type III.
Note that, when c ¼ 0, the helicoidal surfaces above reduce to rotational surfaces in E4

1 (see [12, 14]).
The line element of a helicoidal surface M is given by

ds2 ¼ g11du2 þ 2g12dudvþ g22dv2; ð4Þ

where g11 ¼ hXu;Xui, g11 ¼ g12 ¼ hXu;Xvi and g22 ¼ hXv;Xvi are the coefficients of line element for the

coordinates u, v in M. Besides, M is space-like iff g11g22 � g2
12 [ 0 and it is time-like iff g11g22 � g2

12\0.
The arc-length of space-like or time-like curve on M between u1 and u2 can be given by

s ¼
�

�

�

�

Z u2

u1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�

�

�

�

g11 þ 2g12

dv

du
þ g22

dv

du

� �2�
�

�

�

s

du

�

�

�

�

ð5Þ

(see [21]).
Also, a curve on a non-degenerate (space-like or time-like) helicoidal surface M in E4

1 is said to be a
loxodrome if the curve meets each non-light-like meridians at the same Lorentzian angle.

3 Loxodromes on the space-like helicoidal surfaces

In this section, we find the parametrizations of loxodromes on space-like helicoidal surfaces of type I, II and
III in E4

1, respectively.
Let’s start by giving the following definition.

Definition 1 Let a and b be space-like vectors which span a space-like plane in E4
1. Then, the Lorentzian

space-like angle w 2 ½0; p� between a and b is given by ha; bi ¼ kakkbk cos w [23].
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3.1 Loxodromes on the space-like helicoidal surfaces of type I

We now consider the helicoidal surface M1 parametrized by (1). We assume that x02 uð Þ þ z02 uð Þ � w02 uð Þ ¼
1; namely, b1 is a unit speed curve.

The partial derivatives of X1 u; vð Þ are given by

X1u uð Þ ¼ x0 uð Þ cos v; x0 uð Þ sin v; z0 uð Þ;w0 uð Þð Þ;

and

X1v vð Þ ¼ �x uð Þ sin v; x uð Þ cos v; 0; cð Þ:

By a direct computation, we have

g11 ¼ 1;

g12 ¼ �cw0 uð Þ;
g22 ¼ x2 uð Þ � c2:

M1 is space-like iff x2 uð Þ � c2 x02 uð Þ þ z02 uð Þð Þ[ 0 for all u 2 I � R:
Applying formula (4), we get

ds2 ¼ du2 � 2cw0 uð Þdudvþ x2 uð Þ � c2
� �

dv2:

Assume that the loxodrome is given by a tð Þ ¼ X1 u tð Þ; v tð Þð Þ. At the point p1 ¼ X1 u; vð Þ; where the
loxodrome meets the meridians at a constant angle w, one obtains

cos w ¼ du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 � 2cw0 uð Þdudvþ x2 uð Þ � c2ð Þdv2
p :

Hence, the differential equation of the loxodrome is given by

cos2 w x2 uð Þ � c2
� �

� c2w02 uð Þ
� � dv

du

� �2

þ2c sin2 ww0 uð Þ dv

du
¼ sin2 w: ð6Þ

Consequently, the general solution of the equation above is

v ¼
Z u

u0

�2c sin2 ww0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin2 2w x2 uð Þ � c2 w02 uð Þ þ 1ð Þð Þ
q

2 cos2 w x2 uð Þ � c2ð Þ � 2c2w02 uð Þ du: ð7Þ

Thus, we have the following theorem.

Theorem 1 The parametrization of loxodrome on the space-like helicoidal surface of type I in E4
1 is

aðuÞ ¼ xðuÞ cos vðuÞ; xðuÞ sin vðuÞ; zðuÞ;wðuÞ þ cvðuÞð Þ;

where v(u) is given by Eq. (7).

3.2 Loxodromes on the space-like helicoidal surfaces of type II

We consider the helicoidal surface M2 parametrized by (2):

X2 u; vð Þ ¼ x uð Þ þ cv; y uð Þ; w uð Þ sinh v; w uð Þ cosh vð Þ:

Then, we have

X2u uð Þ ¼ x0 uð Þ; y0 uð Þ; w0 uð Þ sinh v; w0 uð Þ cosh vð Þ:

Note that, the causal character of X2ðuÞ is same as b2ðuÞ since

X2u uð Þ;X2u uð Þh i ¼ x02 uð Þ þ y02 uð Þ � w02 uð Þ ¼ 1:

Also, we get
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X2v vð Þ ¼ c; 0;w uð Þ cosh v;w uð Þ sinh vð Þ:

Moreover, we have

g11 ¼ 1;

g12 ¼ cx0 uð Þ;
g22 ¼ c2 þ w2 uð Þ:

M2 is space-like iff w2 uð Þ þ c2 y02 uð Þ � w02 uð Þð Þ[ 0 for all u 2 I � R:
The line element of M2 is

ds2 ¼ du2 þ 2cx0 uð Þdudvþ c2 þ w2 uð Þ
� �

dv2:

The angle w between the loxodrome and the meridian is given by

cos w ¼ duþ cx0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 þ 2cx0 uð Þdudvþ c2 þ w2 uð Þð Þdv2
p :

It follows from this formula, we have

cos2 w c2 þ w2 uð Þ
� �

� c2x02 uð Þ
� � dv

du

� �2

�2c sin2 wx0 uð Þ dv

du
¼ sin2 w: ð8Þ

Consequently, we get

v ¼
Z u

u0

2c sin2 wx0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin2 2w w2 uð Þ � c2 x02 uð Þ � 1ð Þð Þ
q

2 cos2 w c2 þ w2 uð Þð Þ � 2c2x02 uð Þ du: ð9Þ

As a result, we get the following theorem.

Theorem 2 The parametrization of loxodrome on the space-like helicoidal surface of type II in E4
1 is

aðuÞ ¼ x uð Þ þ cvðuÞ; y uð Þ; w uð Þ sinh vðuÞ; w uð Þ cosh vðuÞð Þ;

where v(u) is given by Eq. (9).

3.3 Loxodromes on the space-like helicoidal surfaces of type III

We consider the helicoidal surface M3 parametrized by (3). Therefore, the meridian is

X3 uð Þ ¼ xðuÞe1 þ
ffiffiffi

2
p

vwðuÞe2 þ ðzðuÞ þ v2wðuÞ þ cvÞn3 þ wðuÞn4:

Since the meridian is space-like, we get

X3u uð Þ;X3u uð Þh i ¼ x02 uð Þ � 2z0 uð Þw0 uð Þ ¼ 1:

Also, we have

g11 ¼ 1;

g12 ¼ �cw0 uð Þ;
g22 ¼ 2w2 uð Þ:

M3 is space-like iff 2w2 uð Þ � c2w02 uð Þ[ 0 for all u 2 I � R:
The line element of M3 is

ds2 ¼ du2 � 2cw0 uð Þdudvþ 2w2 uð Þdv2:

At the point p3 ¼ X3 u; vð Þ; we have
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cos w ¼ du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 � 2cw0 uð Þdudvþ 2w2 uð Þdv2
p :

From this equation, we arrive

2 cos2 ww2 uð Þ � c2w02 uð Þ
� � dv

du

� �2

þ2c sin2 ww0 uð Þ dv

du
¼ sin2 w: ð10Þ

Its general solution is

v ¼
Z u

u0

�2c sin2 ww0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin2 2w 2w2 uð Þ � c2w02 uð Þð Þ
q

4 cos2 ww2 uð Þ � 2c2w02 uð Þ du: ð11Þ

So, we get the following theorem.

Theorem 3 The parametrization of loxodrome on the space-like helicoidal surface of type III in E4
1 is

aðuÞ ¼ xðuÞe1 þ
ffiffiffi

2
p

vðuÞwðuÞe2 þ ðzðuÞ þ v2ðuÞwðuÞ þ cvðuÞÞn3 þ wðuÞn4;

where v(u) is given by Eq. (11).

As a result, we have

Corollary 1 The arc-length of the loxodromes on space-like right helicoidal surfaces in E4
1 is given by

s ¼ u2 � u1

cos w

�

�

�

�

�

�

�

�

:

Also, we have the following remark.

Remark 1 If we take c ¼ 0 in the equations (6), (8) and (10), respectively, we arrive the differential

equations of loxodromes on the space-like rotational surfaces in E4
1 (see [9]).

4 Space-like loxodromes on the time-like helicoidal surfaces which have space-like meridians

In this section, we find the parametrizations of space-like loxodromes on the time-like helicoidal surfaces of
type I, II and III which have space-like meridians in E4

1, respectively.
We give the following definition for later use.

Definition 2 Let a and b be space-like vectors which span a time-like plane in E4
1. Then, the Lorentzian

time-like angle g 2 Rþ between a and b is given by jha;bij ¼ kakkbk cosh g [23].

4.1 Space-like loxodromes on the time-like helicoidal surfaces of type I which have space-like
meridians

We consider the helicoidal surface M1 parametrized by (1). The coefficients of line element of M1 are same
as that are given in the subsection (3.1).

M1 is time-like iff x2 uð Þ � c2 x02 uð Þ þ z02 uð Þð Þ\0 for all u 2 I � R.
The angle g between the loxodrome and the meridian is expressed by

� cosh g ¼ du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 � 2cw0 uð Þdudvþ x2 uð Þ � c2ð Þdv2
p :

Using this equation, we have the following equation

� cosh2 g x2 uð Þ � c2
� �

þ c2w02 uð Þ
� � dv

du

� �2

þ2c sinh2 gw0 uð Þ dv

du
¼ sinh2 g ð12Þ

whose general solution is
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v ¼
Z u

u0

�2c sinh2 gw0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2g �x2 uð Þ þ c2 w02 uð Þ þ 1ð Þð Þ
q

�2 cosh2 g x2 uð Þ � c2ð Þ þ 2c2w02 uð Þ
du: ð13Þ

Thus, the following theorem is obtained.

Theorem 4 The parametrization of space-like loxodrome on the time-like helicoidal surface of type I
having space-like meridians in E4

1 is

cðuÞ ¼ xðuÞ cos vðuÞ; xðuÞ sin vðuÞ; zðuÞ;wðuÞ þ cvðuÞð Þ;

where v(u) is given by Eq. (13).

4.2 Space-like loxodromes on the time-like helicoidal surfaces of type II which have space-like
meridians

We consider the helicoidal surface M2 parametrized by (2). The coefficients of line element of M2 are same
as that are given in the subsection (3.2).

M2 is time-like iff w2 uð Þ þ c2 y02 uð Þ � w02 uð Þð Þ\0 for all u 2 I � R.
At the point p2 ¼ X2 u; vð Þ; we have

� cosh g ¼ duþ cx0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 þ 2cx0 uð Þdudvþ c2 þ w2 uð Þð Þdv2
p :

From this formula, we get

� cosh2 g c2 þ w2 uð Þ
� �

þ c2x02 uð Þ
� � dv

du

� �2

�2c sinh2 gx0 uð Þ dv

du
¼ sinh2 g: ð14Þ

Thus, we find

v ¼
Z u

u0

2c sinh2 gx0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2g �w2 uð Þ þ c2 x02 uð Þ � 1ð Þð Þ
q

�2 cosh2 g c2 þ w2 uð Þð Þ þ 2c2x02 uð Þ
du: ð15Þ

As a result, we have

Theorem 5 The parametrization of space-like loxodrome on the time-like helicoidal surface of type II
having space-like meridians in E4

1 is

cðuÞ ¼ x uð Þ þ cvðuÞ; y uð Þ; w uð Þ sinh vðuÞ; w uð Þ cosh vðuÞð Þ;

where v(u) is given by Eq. (15).

4.3 Space-like loxodromes on the time-like helicoidal surfaces of type III which have space-like
meridians

We consider the helicoidal surface M3 parametrized by (3). The coefficients of line element of M3 are same
as that are given in the subsection (3.3).

M3 is time-like iff 2w2 uð Þ � c2w02 uð Þ\0 for all u 2 I � R:
Similarly, we have

� cosh g ¼ du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 � 2cw0 uð Þdudvþ 2w2 uð Þdv2
p :

By using this equation, we arrive

�2 cosh2 gw2 uð Þ þ c2w02 uð Þ
� � dv

du

� �2

þ2c sinh2 gw0 uð Þ dv

du
¼ sinh2 g: ð16Þ

So, we have
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v ¼
Z u

u0

�2c sinh2 gw0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2g �2w2 uð Þ þ c2w02 uð Þð Þ
q

�4 cosh2 gw2 uð Þ þ 2c2w02 uð Þ
du: ð17Þ

As a result, we get

Theorem 6 The parametrization of space-like loxodrome on the time-like helicoidal surface of type III
having space-like meridians in E4

1 is

cðuÞ ¼ xðuÞe1 þ
ffiffiffi

2
p

vðuÞwðuÞe2 þ ðzðuÞ þ v2ðuÞwðuÞ þ cvðuÞÞn3 þ wðuÞn4;

where v(u) is given by Eq. (17).

5 Space-like loxodromes on the time-like helicoidal surfaces which have time-like meridians

In this section, we find the parametrizations of space-like loxodromes on the time-like helicoidal surfaces of
type I, II and III having time-like meridians in E4

1, respectively.
Firstly, we give the following definition.

Definition 3 Let a and b be space-like and time-like vector in E4
1, respectively. Then, the Lorentzian time-

like angle u 2 Rþ [ f0g between a and b is given by jha;bij ¼ kakkbk sinh u [23].

5.1 Space-like loxodromes on the time-like helicoidal surfaces of type I which have time-like meridians

We consider the helicoidal surface of M1 parametrized by (1). So, the meridian is

X1 uð Þ ¼ x uð Þ cos v; x uð Þ sin v; z uð Þ;w uð Þ þ cvð Þ;

and it is time-like iff x02 uð Þ þ z02 uð Þ � w02 uð Þ ¼ �1 for all u 2 I � R.
Also, we have

g11 ¼ �1;

g12 ¼ �cw0 uð Þ;
g22 ¼ x2 uð Þ � c2:

Note that, M1 is time-like since �x2 uð Þ � c2 x02 uð Þ þ z02 uð Þð Þ\0 for all u 2 I � R.
The line element of M1 is

ds2 ¼ �du2 � 2cw0 uð Þdudvþ x2 uð Þ � c2
� �

dv2:

At the point p1 ¼ X1 u; vð Þ, we have

� sinh u ¼ �du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�du2 � 2cw0 uð Þdudvþ x2 uð Þ � c2ð Þdv2
p :

From here, we find the equation

sinh2 u x2 uð Þ � c2
� �

� c2w02 uð Þ
� � dv

du

� �2

�2c cosh2 uw0 uð Þ dv

du
¼ cosh2 u ð18Þ

whose solution is

v ¼
Z u

u0

2c cosh2 uw0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2u x2 uð Þ þ c2 w02 uð Þ � 1ð Þð Þ
q

2 sinh2 u x2 uð Þ � c2ð Þ � 2c2w02 uð Þ
du: ð19Þ

Thus, we have the following theorem.

Theorem 7 The parametrization of space-like loxodrome on the time-like helicoidal surface of type I
which have time-like meridians in E4

1 is
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rðuÞ ¼ xðuÞ cos vðuÞ; xðuÞ sin vðuÞ; zðuÞ;wðuÞ þ cvðuÞð Þ;

where v(u) is given by Eq. (19).

5.2 Space-like loxodromes on the time-like helicoidal surfaces of type II which have time-like meridians

We consider the helicoidal surface M2 parametrized by (2). So, the meridian is

X2 uð Þ ¼ x uð Þ þ cv; y uð Þ; w uð Þ sinh v; w uð Þ cosh vð Þ:

Since it is time-like, we get

X2u uð Þ;X2u uð Þh i ¼ x02 uð Þ þ y02 uð Þ � w02 uð Þ ¼ �1:

Also, we obtain

g11 ¼ �1;

g12 ¼ cx0 uð Þ;
g22 ¼ c2 þ w2 uð Þ:

M2 is time-like since �w2 uð Þ � c2 1þ x02 uð Þð Þ\0 for all u 2 I � R:
The line element of M2 is

ds2 ¼ �du2 þ 2cx0 uð Þdudvþ c2 þ w2 uð Þ
� �

dv2:

Also, we have

� sinh u ¼ �duþ cx0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�du2 þ 2cx0 uð Þdudvþ c2 þ w2 uð Þð Þdv2
p :

Using this equation, we obtain that

sinh2 u c2 þ w2 uð Þ
� �

� c2x02 uð Þ
� � dv

du

� �2

þ2c cosh2 ux0 uð Þ dv

du
¼ cosh2 u: ð20Þ

Therefore, we find that

v ¼
Z u

u0

2c cosh2 ux0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2u w2 uð Þ þ c2 x02 uð Þ þ 1ð Þð Þ
q

�2 sinh2 u c2 þ w2 uð Þð Þ þ 2c2x02 uð Þ
du: ð21Þ

As a result, we have

Theorem 8 The parametrization of space-like loxodrome on the time-like helicoidal surface of type II
having time-like meridians in E4

1 is

rðuÞ ¼ x uð Þ þ cvðuÞ; y uð Þ; w uð Þ sinh vðuÞ; w uð Þ cosh vðuÞð Þ;

where v(u) is given by Eq. (21).

5.3 Space-like loxodromes on the time-like helicoidal surfaces of type III which have time-like
meridians

We consider the helicoidal surface of M3 parametrized by (3). So, the meridian is

X3 uð Þ ¼ xðuÞe1 þ
ffiffiffi

2
p

vwðuÞe2 þ ðzðuÞ þ v2wðuÞ þ cvÞn3 þ wðuÞn4;

and it is time-like iff x02 uð Þ � 2z0 uð Þw0 uð Þ ¼ �1 for all u 2 I � R:
Furthermore, we have
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g11 ¼ �1;

g12 ¼ �cw0 uð Þ;
g22 ¼ 2w2 uð Þ:

M3 is time-like since �2w2 uð Þ � c2w02 uð Þ\0 for all u 2 I � R:
Also, the line element of M3 is

ds2 ¼ �du2 � 2cw0 uð Þdudvþ 2w2 uð Þdv2:

Similarly, we get

� sinh u ¼ �du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�du2 � 2cw0 uð Þdudvþ 2w2 uð Þdv2
p :

From here, we find the equation

2 sinh2 uw2 uð Þ � c2w02 uð Þ
� � dv

du

� �2

�2c cosh2 uw0 uð Þ dv

du
¼ cosh2 u ð22Þ

whose general solution is

v ¼
Z u

u0

2c cosh2 uw0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2u 2w2 uð Þ þ c2w02 uð Þð Þ
q

4 sinh2 uw2 uð Þ � 2c2w02 uð Þ
du: ð23Þ

As a result, we get the following theorem.

Theorem 9 The parametrization of space-like loxodrome on the time-like helicoidal surface of type III
having time-like meridians in E4

1 is

rðuÞ ¼ xðuÞe1 þ
ffiffiffi

2
p

vðuÞwðuÞe2 þ ðzðuÞ þ v2ðuÞwðuÞ þ cvðuÞÞn3 þ wðuÞn4;

where v(u) is given by Eq. (23).

Also, we have

Corollary 2 The arc-length of the space-like loxodromes on time-like right helicoidal surfaces which have
time-like meridians in E4

1 is given by

s ¼ u2 � u1

sinh u

�

�

�

�

�

�

�

�

:

In addition, we have the following remark.

Remark 2 If we take c ¼ 0 in the equations (18), (20) and (22), respectively, we arrive the differential

equations of space-like loxodromes on the time-like rotational surfaces in E4
1 (see [11]).

6 Time-like loxodromes on the time-like helicoidal surfaces which have space-like meridians

In this section, we find the parametrizations of time-like loxodromes on the time-like helicoidal surfaces of
type I, II and III which have space-like meridians in E4

1; respectively.

6.1 Time-like loxodromes on the time-like helicoidal surfaces of type I which have space-like meridians

We consider the helicoidal surface of M1 parametrized by (1). The coefficients of line element of M1 are
same as that are given in the subsection (3.1).

M1 is time-like iff x2 uð Þ � c2 x02 uð Þ þ z02 uð Þð Þ\0 for all u 2 I � R:
At the point p1 ¼ X1 u; vð Þ; we get
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� sinh u ¼ du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�du2 þ 2cw0 uð Þdudv� x2 uð Þ � c2ð Þdv2
p :

From the equation above, we have the following

sinh2 u x2 uð Þ � c2
� �

þ c2w02 uð Þ
� � dv

du

� �2

�2c cosh2 uw0 uð Þ dv

du
¼ � cosh2 u: ð24Þ

Consequently, the general solution is

v ¼
Z u

u0

2c cosh2 uw0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2u �x2 uð Þ þ c2 w02 uð Þ þ 1ð Þð Þ
q

2 sinh2 u x2 uð Þ � c2ð Þ þ 2c2w02 uð Þ
du: ð25Þ

Thus, we have the following theorem.

Theorem 10 The parametrization of time-like loxodrome on the time-like helicoidal surface of type I
having space-like meridians in E4

1 is

dðuÞ ¼ xðuÞ cos vðuÞ; xðuÞ sin vðuÞ; zðuÞ;wðuÞ þ cvðuÞð Þ;

where v(u) is given by Eq. (25).

6.2 Time-like loxodromes on the time-like helicoidal surfaces of type II which have space-like
meridians

We consider the helicoidal surface of M2 parametrized by (2). The coefficients of line element of M2 are
same as that are given in the subsection (3.2).

M2 is time-like iff w2 uð Þ þ c2 y02 uð Þ � w02 uð Þð Þ\0 for all u 2 I � R:
At the point p2 ¼ X2 u; vð Þ; we get

� sinh u ¼ duþ cx0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�du2 � 2cx0 uð Þdudv� c2 þ w2 uð Þð Þdv2
p :

From the formula above, we have

sinh2 u c2 þ w2 uð Þ
� �

þ c2x02 uð Þ
� � dv

du

� �2

þ2c cosh2 ux0 uð Þ dv

du
¼ � cosh2 u: ð26Þ

Thus, the general solution is

v ¼
Z u

u0

�2c cosh2 ux0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2u �w2 uð Þ þ c2 x02 uð Þ � 1ð Þð Þ
q

2 sinh2 u c2 þ w2 uð Þð Þ þ 2c2x02 uð Þ
du: ð27Þ

Thus, we get the following theorem.

Theorem 11 The parametrization of time-like loxodrome on the time-like helicoidal surface of type II
having space-like meridians in E4

1 is

dðuÞ ¼ x uð Þ þ cvðuÞ; y uð Þ; w uð Þ sinh vðuÞ; w uð Þ cosh vðuÞð Þ;

where v(u) is given by Eq. (27).

6.3 Time-like loxodromes on the time-like helicoidal surfaces of type III which have space-like
meridians

We consider the helicoidal surface of M3 parametrized by (3). The coefficients of line element of M3 are
same as that are given in the subsection (3.3).

One obtains that
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� sinh u ¼ du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�du2 þ 2cw0 uð Þdudv� 2w2 uð Þdv2
p :

From this equation, we arrive the equation

�2 sinh2 uw2 uð Þ � c2w02 uð Þ
� � dv

du

� �2

þ2c cosh2 uw0 uð Þ dv

du
¼ cosh2 u ð28Þ

whose general solution is

v ¼
Z u

u0

�2c cosh2 uw0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2u �2w2 uð Þ þ c2w02 uð Þð Þ
q

�4 sinh2 uw2 uð Þ � 2c2w02 uð Þ
du: ð29Þ

Thus, we have

Theorem 12 The parametrization of time-like loxodrome on the time-like helicoidal surface of type III
having space-like meridians in E4

1 is

dðuÞ ¼ xðuÞe1 þ
ffiffiffi

2
p

vðuÞwðuÞe2 þ ðzðuÞ þ v2ðuÞwðuÞ þ cvðuÞÞn3 þ wðuÞn4;

where v(u) is given by Eq. (29).

7 Time-like loxodromes on the time-like helicoidal surfaces which have time-like meridians

In this section, first we introduce the following definition. Next we give the parametrizations of time-like
loxodromes on the time-like helicoidal surfaces of type I, II and III which have time-like meridians in E4

1,
respectively.

Definition 4 Let a and b be positive (negative) time-like vectors in E4
1. Then, the Lorentzian time-like

angle h 2 Rþ between a and b is given by ha;bi ¼ �kakkbk cosh h [23].

7.1 Time-like loxodromes on the time-like helicoidal surfaces of type I which have time-like meridians

We consider the helicoidal surface of M1 parametrized by (1). The coefficients of line element of M1 are
same as that are given in the subsection (5.1).

The angle h between the time-like loxodrome and time-like meridian is given by

� cosh h ¼ �du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 þ 2cw0 uð Þdudv� x2 uð Þ � c2ð Þdv2
p :

From the equation above, we find the following differential equation

cosh2 h x2 uð Þ � c2
� �

þ c2w02 uð Þ
� � dv

du

� �2

�2c sinh2 hw0 uð Þ dv

du
¼ sinh2 h ð30Þ

whose general solution is

v ¼
Z u

u0

2c sinh2 hw0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2h x2 uð Þ þ c2 w02 uð Þ � 1ð Þð Þ
q

2 cosh2 h x2 uð Þ � c2ð Þ þ 2c2w02 uð Þ
du: ð31Þ

Thus, we have the following theorem.

Theorem 13 The parametrization of time-like loxodrome on the time-like helicoidal surface of type I
having time-like meridians in E4

1 is

fðuÞ ¼ xðuÞ cos vðuÞ; xðuÞ sin vðuÞ; zðuÞ;wðuÞ þ cvðuÞð Þ;

where v(u) is given by Eq. (31).
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7.2 Time-like loxodromes on the time-like helicoidal surfaces of type II which have time-like meridians

We consider the helicoidal surface of M2 parametrized by (2). The coefficients of line element of M2 are
same as that are given in the subsection (5.2).

At the point p2 ¼ X2 u; vð Þ; we have

� cosh h ¼ �duþ cx0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 � 2cx0 uð Þdudv� c2 þ w2 uð Þð Þdv2
p :

Using the equation above, we get the following

cosh2 h c2 þ w2 uð Þ
� �

þ c2x02 uð Þ
� � dv

du

� �2

þ2c sinh2 hx0 uð Þ dv

du
¼ sinh2 h: ð32Þ

Therefore, we find the general solution as

v ¼
Z u

u0

�2c sinh2 hx0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2h w2 uð Þ þ c2 x02 uð Þ þ 1ð Þð Þ
q

2 cosh2 h c2 þ w2 uð Þð Þ þ 2c2x02 uð Þ
du: ð33Þ

As a result, we have

Theorem 14 The parametrization of time-like loxodrome on the time-like helicoidal surface of type II
having time-like meridians in E4

1 is

fðuÞ ¼ x uð Þ þ cvðuÞ; y uð Þ; w uð Þ sinh vðuÞ; w uð Þ cosh vðuÞð Þ;

where v(u) is given by Eq. (33).

7.3 Time-like loxodromes on the time-like helicoidal surfaces of type III which have time-like
meridians

We consider the helicoidal surface of M3 parametrized by (3). The coefficients of line element of M3 are
same as that are given in the subsection (5.3).

Similarly, at the point p3 ¼ X3 u; vð Þ; we get

� cosh h ¼ �du� cw0 uð Þdv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

du2 þ 2cw0 uð Þdudv� 2w2 uð Þdv2
p :

From this equation, we have the equation

�2 cosh2 hw2 uð Þ � c2w02 uð Þ
� � dv

du

� �2

þ2c sinh2 hw0 uð Þ dv

du
¼ � sinh2 h ð34Þ

whose general solution is

v ¼
Z u

u0

�2c sinh2 hw0 uð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinh2 2h 2w2 uð Þ þ c2w02 uð Þð Þ
q

�4 cosh2 hw2 uð Þ � 2c2w02 uð Þ
du: ð35Þ

Thus, we get the following theorem.

Theorem 15 The parametrization of time-like loxodrome on the time-like helicoidal surface of type III
having time-like meridians in E4

1 is

fðuÞ ¼ xðuÞe1 þ
ffiffiffi

2
p

vðuÞwðuÞe2 þ ðzðuÞ þ v2ðuÞwðuÞ þ cvðuÞÞn3 þ wðuÞn4;

where v(u) is given by Eq. (35).

Also, we have

Corollary 3 The arc-length of the time-like loxodromes on time-like right helicoidal surfaces having time-
like meridians in E4

1 is given by
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s ¼ u2 � u1

cosh h

�

�

�

�

�

�
:

Finally, we have the following remark.

Remark 3 If we take c ¼ 0 in the equations (30), (32) and (34), respectively, we arrive the differential

equations of time-like loxodromes on the time-like rotational surfaces in E4
1 (see [11]).

8 Visualization

In this section, we give some examples by using Mathematica computer programme.

Example 1 We consider the following unit-speed space-like profile curve:

b1ðuÞ ¼ sinh
u

2
; 0;

ffiffiffi

3
p

2
u; cosh

u

2

� �

:

When take c ¼ 1
2
, we have the following parametrization of helicoidal surface M1:

X1ðu; vÞ ¼ sinh
u

2
cos v; sinh

u

2
sin v;

ffiffiffi

3
p

2
u; cosh

u

2
þ v

2

� �

:

If we take u 2 ð1; 3Þ; then M1 is a space-like helicoidal surface.
Taking u0 ¼ 2 and w ¼ p

2
, we find vðuÞ ffi 8 lnð2:16395 tanh u

2
Þ. Thus, v 2 ð�5:07915; 2:54432Þ:

Then, the parametrization of space-like loxodrome is

aðuÞ ¼ sinh
u

2
cos vðuÞ; sinh

u

2
sin vðuÞ;

ffiffiffi

3
p

2
u; cosh

u

2
þ vðuÞ

2

� �

;

where vðuÞ ffi 8 lnð2:16395 tanh u
2
Þ:

The arc-length of the space-like loxodrome is approximately equal to 6.43309.
The graphs of the projections of space-like helicoidal surface M1, loxodrome and meridian (v ¼ 0) in E3

1

can be drawn by using Mathematica plotting command as follows (Fig. 1):

Parametric Plot 3D ½fxðu; vÞ þ yðu; vÞ; zðu; vÞ;wðu; vÞg; fu; a; bg; fv; c; dg�:

Example 2 We consider the following unit-speed time-like profile curve:

b2ðuÞ ¼ 1; u; 0;
ffiffiffi

2
p

u
� 	

:

When take c ¼
ffiffiffi

2
p

, we have the following parametrization of time-like right helicoidal surface M2:

X2ðu; vÞ ¼ 1þ
ffiffiffi

2
p

v; u;
ffiffiffi

2
p

u sinh v;
ffiffiffi

2
p

u cosh v
� 	

:

Taking u0 ¼ 0 and u ¼ 1, we find vðuÞ ¼
ffiffi

2
p

2
coth 1 arcsinh u. If u 2 ð�2; 2Þ, then v 2 ð�1:34035; 1:34035Þ.

Then, the parametrization of space-like loxodrome is

rðuÞ ¼ 1þ
ffiffiffi

2
p

vðuÞ; u;
ffiffiffi

2
p

u sinh vðuÞ;
ffiffiffi

2
p

u cosh vðuÞ
� 	

;

where vðuÞ ¼
ffiffi

2
p

2
coth 1 arcsinh u

The arc-length of the space-like loxodrome is approximately equal to 3.40367.
The graphs of the projections of time-like right helicoidal surface M2, space-like loxodrome and time-like

meridian (v ¼ 0) in E3
1 can be drawn by using Mathematica plotting command as follows:

Parametric Plot 3D ½fxðu; vÞ; yðu; vÞ þ zðu; vÞ;wðu; vÞg; fu; a; bg; fv; c; dg�:

Example 3 We consider the following unit-speed time-like profile curve:

b3ðuÞ ¼ 2
ffiffiffiffiffi

eu
p

e1 þ ðu� e�uÞn3 þ
1

2
eun4
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(see [11]).
When take c ¼ 1, we have the following parametrization of time-like helicoidal surface M3:

X3ðu; vÞ ¼ 2
ffiffiffiffiffi

eu
p

e1 þ
ffiffiffi

2
p

2
veue2 þ ðu� e�u þ 1

2
v2eu þ vÞn3 þ

1

2
eun4:

Taking u0 ¼ 0 and h ¼ 2, we find vðuÞ ffi 0:715133ðe�u � 1Þ. If u 2 ð�2; 2Þ, then v 2 ð�0:61835; 4:56903Þ.
Then, the parametrization of time-like loxodrome is

Fig. 1 The projections of space-like helicoidal surface, loxodrome (green), meridian (blue). (Color figure online)

Fig. 2 The projections of time-like right helicoidal surface, space-like loxodrome (green), time-like meridian (blue). (Color
figure online)
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fðuÞ ¼ 2
ffiffiffiffiffi

eu
p

e1 þ
ffiffiffi

2
p

2
vðuÞeue2 þ ðu� e�u þ 1

2
v2ðuÞeu þ vðuÞÞn3 þ

1

2
eun4;

where vðuÞ ffi 0:715133ðe�u � 1Þ.
The arc-length of the time-like loxodrome is approximately equal to 0.116636.
The graphs of the projections of time-like helicoidal surface M3, time-like loxodrome and time-like

meridian (v ¼ 2) in E3
1 can be drawn by using Mathematica plotting command as follows (Fig. 3):

Parametric Plot 3D½fxðu; vÞ þ yðu; vÞ; zðu; vÞ;wðu; vÞg; fu; a; bg; fv; c; dg�:

9 Conclusion

Until today, a lot of authors studied on loxodromes on rotational surfaces and helicoidal surfaces in both E3

and E3
1 (see [1, 4–7, 10, 17, 18, 20, 22, 24]). Minkowski space–time E4

1 was proposed as a model for space–
time in the theory of special relativity by Hermann Minkowski in 1907 (see [23]). The parametrizations of

loxodromes on the helicoidal surfaces in E4 were investigated by Babaarslan [8]. Also, loxodromes on

Fig. 3 The projections of time-like helicoidal surface, time-like loxodrome (green), time-like meridian (blue). (Color
figure online)
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space-like and time-like rotational surfaces in E4
1 were studied by Babaarslan and Selvi [9] and Babaarslan

and Gümüş [11], respectively.
In this article, we first obtain three types of helicoidal surfaces in E4

1. Afterwards, we find the

parametrizations of loxodromes on the non-degenerate helicoidal surfaces in E4
1. Also, we give some results

and examples by using Mathematica. Although the general solutions of loxodromes on helicoidal surfaces of

type I and type II respectively in E4
1 look like the case of E3

1, the importance of the paper is that it generalizes

the parametrizations of loxodromes on helicoidal surfaces in E3
1 to the case of Minkowski space–time E4

1.

Acknowledgements The authors are grateful to the referee for careful reading of the paper and also for the valuable
suggestions and comments.

References

1. J. Alexander, A Rhumb Way to Go, Math. Mag., 77 (2004), 349–356.
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