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Abstract In this article, we first study a class of helicoidal surfaces in Minkowski space—time [E‘I‘. Next, we
find the parametrizations of loxodromes on the non-degenerate helicoidal surfaces in [E‘ll. In addition, we give
some results and examples by using Mathematica.
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1 Introduction

Loxodromes are special curves which meet each meridians on the Earth’s surface at the same angle. Until
today, a lot of authors studied on loxodromes on rotational surfaces and helicoidal surfaces in both
Euclidean 3-space E*> and Minkowski 3-space [E? (see [1, 4-7, 10, 17, 18, 20, 22, 24)).

Rotational surfaces in Euclidean 4-space E* was first introduced by Moore [19] in 1919. Afterwards, the
rotational surfaces in E* were studied by many authors (see [2, 3, 13, 25, 26]). Minkowski space-time [E?
was proposed as a model for space—time in the theory of special relativity by Hermann Minkowski in 1907
(see for details [23]). Space-like and time-like rotational surfaces in [E‘l‘ were studied by Dursun and Bektag
[12, 14]. Also, the definition and parametrization of a helicoidal surface in E* were given by Hieu and Thang
[16]. The parametrizations of loxodromes on helicoidal surfaces in E* were investigated by Babaarslan [8].
Also, loxodromes on space-like and time-like rotational surfaces in E? were studied by Babaarslan and Selvi
[9] and Babaarslan and Giimiis [11], respectively.

In this present paper, we study a class of helicoidal surfaces which are generalizations of the rotational
surfaces in F}. We find the parametrizations of loxodromes on the non-degenerate helicoidal surfaces in [}
Moreover, we give some results and some examples by using Mathematica.
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Loxodromes on non-degenerate helicoidal surfaces 1213

2 Preliminaries

In this section, we give the necessary definitions and formulas concerning curves and surfaces in Minkowski
space—time [E Also, we find the parametrizations of three types of helicoidal surfaces in [E
Let [E4 be M1nk0wsk1 space—time with the Lorentzian metric

<a, b> = a1by + arby + azb; — asby,

where a = (al,az,a;,a4) and b = (bl,bz,bz,b4) S [E4
A vector a € [} is said to be space-like, time- hke or light-like if (a,a) > 0, (a,a)<0 or (a,a) =0,

respectively. Also, the pseudo norm of a € [} is given by ||a|| = 1/|(a, a)| and it is said to be a unit vector if
[al] = 1.

Letf:1— [E be a curve in [El, Where I C Ris an open interval. Then, the causal character of f is space-
like, time-like or hght -like if (B, ) >0, (B, ) <0 or (B, ) =0, respectively (see [21]).

Let S : U — [} be a smooth 1mmersed surface in [}, where U C R2 is an open set. S is space-like, time-
like or light-like if its metric induced from Lorentzian metric is positive definite, non-degenerate but not
positive definite or degenerate, respectively (see [15]).

We assume that f : I — H is a smooth curve in a hyperplane H C HE‘It and P is a plane in H. If f§ is rotated
about P, then we have a rotational surface in [E‘I‘. Also, we assume that when f rotates about P, it
simultaneously translates along a line [ parallel to P so that the speed of the translation is proportional to the
speed of rotation. Then, we have a helicoidal surface in [E‘lt (see [16] for the Euclidean case).

From this definition, we obtain three types of helicoidal surfaces in [E‘l1 as follows:

Helicoidal Surfaces of Type I.

Let {e;, e, e3, e4} be the standard ortonormal basis of [E?- We assume that H| is a hyperplane spanned by
{ey,e3,e4}, Py isaplane spanned by {e;, e, } and /; is parallel to the axis spanned by {e4}. Then, the space-
like rotation which leaves the time-like plane P; invariant is given by the following (space-like) rotational
matrix

cosv —sinv 0 0

sin v cos Vv 0 0
, 0<v<2m

0 0 1 0

0 0 0 1

[12, 14].
We consider the profile curve f8; (1) = (x(u),0,z(u), w(u)) in Hy, where u € I C R and x(u) > 0. Then,
the parametrization of (the helicoidal surface of type I) M; is given by

cosv —sinv 0 07 T x(u) 0
X, (u,v) = sinv cosv 0 0 0 . 0 ’
0 0 1 Of | z(u 0
0 0 0 1] Lw(u 1
SO
Xi(u,v) = (x(u) cos v, x(u) sinv, z(u), w(u) 4+ cv), (1)

where ¢ € R*. When w is a constant function, M is called right helicoidal surface of type I. Also, when z is
a constant function, M; is just a helicoidal surface in [Ef.

Helicoidal Surfaces of Type II.

We assume that H, is a hyperplane spanned by {e;,e;, €4}, P, is a plane spanned by {e;,e,} and I, is
parallel to the axis spanned by {e;}. Then, the hyperbolic rotation which leaves the space-like plane P,
invariant is given by the following (hyperbolic) rotational matrix
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1214 M. Babaarslan, N. Sonmez

0 0
0 0

0
1
. veR
0 coshv sinhv
0

(=

sinhv coshv

[12, 14].
We consider the profile curve f3,(u) = (x(u),y(u),0,w(u)) in H,, where u € I C R and w(u) > 0. Then,
the parametrization of (the helicoidal surface of type II) M, is

1 0 0 0 x(u) 1
0 1 0 0 y(u) 0
X =
=10 0 coshy simhv || 0 | "o
0 0 sinhv coshv] [ w(u) 0
S0
Xo(u,v) = (x(u) 4+ cv,y(u), w(u) sinh v, w(u) coshv), (2)

where ¢ € R*. When x is a constant function, Mj is called right helicoidal surface of type II. Also, when y is
a constant function, M, is just a helicoidal surface in [E?.

Helicoidal Surfaces of Type III.

Let us take the pseudo-orthonormal basis {e;,e;, &, &y} of [E‘l‘ such that & = %(eél —e3) and & =
\Lﬁ(e3 + e4). We assume that Hj is a hyperplane spanned by {e;, &3, &}, Ps is a plane spanned by {e;, &3}

and I3 is parallel to the axis spanned by {&;}. Then, the orthogonal transformation 75 of [E‘]‘ which leaves the
light-like plane P3 invariant is defined by T3(e;) = e;, T3(e2) = ey +V2vé3, T3(&3) = & and T3(&,) =

V2ves +2& + & (12, 14]).
We consider the profile curve fi;(u) = x(u)e; + z(u)&; + w(u)éy in Hs, where u € I C R and w(u) > 0.
Then, the parametrization of (the helicoidal surface of type III) M5 can be given by

X3(u,v) = x(u)e; + V2vw(u)ey + (z(u) + v*w(u) + ev)és + w(u)éy, (3)

where ¢ € R". When w is a constant function, M3 is called right helicoidal surface of type III.
Note that, when ¢ = 0, the helicoidal surfaces above reduce to rotational surfaces in [E? (see [12, 14)).
The line element of a helicoidal surface M is given by

dS2 = glldM2 + 2g12dudv + gzzdv2, (4)

where g1 = (X, X)), g11 = g12 = (Xu, X,) and gz = (X, X,) are the coefficients of line element for the
coordinates u, v in M. Besides, M is space-like iff g;1g20 — g%2 > 0 and it is time-like iff g; g2 — g%z <0.
The arc-length of space-like or time-like curve on M between u; and u, can be given by

"2 dv av\?
s = 811+2812d—+822 —
up u
(see [21]).

du
Also, a curve on a non-degenerate (space-like or time-like) helicoidal surface M in [E‘l‘ is said to be a
loxodrome if the curve meets each non-light-like meridians at the same Lorentzian angle.

du (5)

3 Loxodromes on the space-like helicoidal surfaces

In this section, we find the parametrizations of loxodromes on space-like helicoidal surfaces of type I, II and
I in [E‘I‘, respectively.
Let’s start by giving the following definition.

Definition 1 Let a and b be space-like vectors which span a space-like plane in [E‘l‘. Then, the Lorentzian
space-like angle € [0, 7] between a and b is given by (a,b) = ||a]||/b|| cosy [23].
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Loxodromes on non-degenerate helicoidal surfaces 1215

3.1 Loxodromes on the space-like helicoidal surfaces of type I

We now consider the helicoidal surface M; parametrized by (1). We assume that x?(u) + z%(u) — w'?(u) =
1, namely, f, is a unit speed curve.
The partial derivatives of X, (u,v) are given by

X1u(u) = (X' (u) cos v, x'(u) sinv, 7' (u), w' (u)),
and
X1,(v) = (—x(u) sinv, x(u) cos v, 0, ¢).
By a direct computation, we have
gu =1,
g2 = —cw'(u),
g = x*(u) — .
M, is space-like iff x*(u) — ¢*(x?(u) + Z*(u)) > 0 for all u € I C R.
Applying formula (4), we get
ds* = du® — 2cw' (u)dudv + (x*(u) — *)dv*.
Assume that the loxodrome is given by a(f) = X;(u(z),v(¢)). At the point p; = X;(u,v), where the
loxodrome meets the meridians at a constant angle i/, one obtains
du — cw'(u)dv
Vau? = 2ew (u)dudv + ((u) — )dv?

cosyy =

Hence, the differential equation of the loxodrome is given by
2(.2 2 ) dv\? co g AV
(cos® Y (x*(u) — ) — *w?(u)) | = | +2csin® yw'(u) —— = sin® . (6)
du du
Consequently, the general solution of the equation above is

o — s o) £ S 2P — P 1) )

2cos? Y(x2(u) — ) — 22w (u)

)
Thus, we have the following theorem.
Theorem 1 The parametrization of loxodrome on the space-like helicoidal surface of type I in [E‘lt is

o(u) = (x(u) cosv(u), x(u) sinv(u), z(u), w(u) + cv(u)),
where v(u) is given by Eq. (7).
3.2 Loxodromes on the space-like helicoidal surfaces of type II
We consider the helicoidal surface M, parametrized by (2):

Xo(u,v) = (x(u) + cv, y(u), w(u)sinhv, w(u)coshv).
Then, we have

Xou(u) = (¥'(u), ¥'(u), w'(u)sinhv, w'(u)coshv).
Note that, the causal character of X, (u) is same as f3,(u) since
(Xou (1), X (u)) = 2™ (u) + ¥ (1) — w"(u) = 1.

Also, we get
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1216 M. Babaarslan, N. Sonmez

Xo,(v) = (¢,0,w(u) cosh v, w(u) sinh v).

Moreover, we have

g =1,

g = cX'(u),

g0 = +w(u).
M, is space-like iff w?(u) + ¢*(y*(u) — w?(u)) >0 for all u € I C R.

The line element of M, is
ds* = d® + 2cx' (u)dudv + (¢ +w? (u) ) dv*.
The angle i/ between the loxodrome and the meridian is given by
du + cx'(u)dv

Va1 2cx' (u)dudv + (2 + w2(u))dv?

cosy =

It follows from this formula, we have

2
(cos® Y (c* + w?(u)) — *x*(u)) <%> —2csin® Y (u) % = sin® . (8)
Consequently, we get
. / 2¢ sin’ xpx'(u);_u V/5i0? 20 (w2 (1) — 2 (x2(u) — 1)) N o)
o 2cos? y(c? +w?(u)) — 2c2x(u)

As a result, we get the following theorem.

Theorem 2 The parametrization of loxodrome on the space-like helicoidal surface of type Il in [E‘l1 is
o(u) = (x(u) + cev(u), y(u), w(u)sinhv(u), w(u)coshv(u)),

where v(u) is given by Eq. (9).

3.3 Loxodromes on the space-like helicoidal surfaces of type III

We consider the helicoidal surface M3 parametrized by (3). Therefore, the meridian is
X3(u) = x(u)er + V2vw(u)es + (z(u) + v*w(u) + cv)é + w(u)és.
Since the meridian is space-like, we get
(X3, (), X3, () = x" () — 27 ()W (u) = 1.

Also, we have

gu =1,
812 = —CW/(u),
822 = 2w2(u).

Mj is space-like iff 2w?(u) — c?w?(u) > 0 for all u € I C R.
The line element of M3 is

ds* = du* — 2cw' (u)dudv + 2w* (u)dv*.

At the point p; = X3(u,v), we have
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du — cw'(u)dv
Vdu? = 2ew (u)dudv + 2w (u)dv? '

cosy =

From this equation, we arrive

av\* d
(2cos® Yyw? (u) — c*w?(u)) ) yoesin? Yw' (u) & sin? . (10)
du du
Its general solution is
u—2csin® Yyw' (u) £ \/sin2 20 (2w?(u) — 2w (u)) (11)
= du.
Y /u0 4 cos? yw?(u) — 2c2w'(u) .

So, we get the following theorem.

Theorem 3 The parametrization of loxodrome on the space-like helicoidal surface of type Il in [E‘lt is
a(u) = x(u)ey + V2v(u)w(u)es + (z(u) + v ()w(u) + ev(u)) & + wlu)éy,

where v(u) is given by Eq. (11).

As a result, we have

Corollary 1 The arc-length of the loxodromes on space-like right helicoidal surfaces in [E‘l‘ is given by

Uy — Uup

cos s

Also, we have the following remark.

Remark 1 1If we take ¢ = 0 in the equations (6), (8) and (10), respectively, we arrive the differential
equations of loxodromes on the space-like rotational surfaces in [E‘l1 (see [9)).

4 Space-like loxodromes on the time-like helicoidal surfaces which have space-like meridians

In this section, we find the parametrizations of space-like loxodromes on the time-like helicoidal surfaces of
type I, IT and III which have space-like meridians in [E‘lt, respectively.
We give the following definition for later use.

Definition 2 Let a and b be space-like vectors which span a time-like plane in [E‘l‘. Then, the Lorentzian
time-like angle # € R* between a and b is given by |{a,b)| = ||a]|||b|| cosh# [23].

4.1 Space-like loxodromes on the time-like helicoidal surfaces of type I which have space-like
meridians

We consider the helicoidal surface M| parametrized by (1). The coefficients of line element of M, are same
as that are given in the subsection (3.1).
M; is time-like iff x*(u) — ¢*(x*(u) + Z?(u)) <O forall u € I C R.
The angle 1 between the loxodrome and the meridian is expressed by
du — cw'(u)dv
Vdu = 2ew (u)dudv + (X2 (u) — 2)dv?

+coshy =

Using this equation, we have the following equation

dv

2
d
du) +2¢ sinh? nw' (u) d—; = sinh? (12)

(—cosh® n(x*(u) — ¢*) + *w'*(u)) <

whose general solution is
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1218 M. Babaarslan, N. Sonmez

. /u ¢ sinh? nw/(u> + \/sinh2 211(*)52(”) + c2<w/2(u) + 1)) dut. (13)

. —2cosh® n(x2(u) — ¢2) + 2c2w'(u)
Thus, the following theorem is obtained.

Theorem 4 The parametrization of space-like loxodrome on the time-like helicoidal surface of type I
having space-like meridians in [E‘lt is

() = (x(u) cos v(u), x(u) sinv(u), z(u), w(u) + cv(u)),
where v(u) is given by Eq. (13).

4.2 Space-like loxodromes on the time-like helicoidal surfaces of type II which have space-like
meridians

We consider the helicoidal surface M, parametrized by (2). The coefficients of line element of M, are same
as that are given in the subsection (3.2).

M, is time-like iff w?(u) + ¢*(y*(u) — w?(u)) <O for all u € I C R.

At the point p, = X, (u,v), we have
du + cx'(u)dv

Vdu? + 2ex' (u)dudv + (2 + w2(u))dv?

+coshy =

From this formula, we get

(—cosh? n(c* + w?(u)) + *x*(u)) (j—:) 2—20 sinh? ' (u) Z—: = sinh? 5. (14)
Thus, we find
2 sinh? nx' (u) + \/sinh2 2n(—w?(u) + c2(x?(u) — 1)) . (15)
' /uo —2cosh? n(c2 + w2 (u)) + 2¢2x(u) !

As a result, we have

Theorem 5 The parametrization of space-like loxodrome on the time-like helicoidal surface of type Il
having space-like meridians in [E‘lt is

y(u) = (x(u) + cv(u), y(u), w(u) sinhv(u), w(u) coshv(u)),
where v(u) is given by Egq. (15).

4.3 Space-like loxodromes on the time-like helicoidal surfaces of type III which have space-like
meridians

We consider the helicoidal surface M3 parametrized by (3). The coefficients of line element of M3 are same
as that are given in the subsection (3.3).
Mj is time-like iff 2w?(u) — c?w"(u) <0 for all u € I C R.
Similarly, we have
du — cw'(u)dv
Vdu = 2ew (u)dudv + 2w (u)av?

+coshy =

By using this equation, we arrive

v\’ d
(=2 cosh? nw?(u) + *w'* (u)) (dv) +2¢ sinh? nw’ (u) dl = sinh? y. (16)
u u

So, we have
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u —2¢ sinh® nw' (u) + \/sinh2 2n(=2w?(u) + 2w (u)) (17)
V= du.
/uo —4cosh? yw?(u) + 22w (u)
As a result, we get

Theorem 6 The parametrization of space-like loxodrome on the time-like helicoidal surface of type 111
having space-like meridians in [E‘lt is

p(u) = x(uer + V2v(u)w(u)es + (z(u) + v ()w(u) + ev(u))& +wlu)s,

where v(u) is given by Eq. (17).

5 Space-like loxodromes on the time-like helicoidal surfaces which have time-like meridians

In this section, we find the parametrizations of space-like loxodromes on the time-like helicoidal surfaces of
type I, IT and III having time-like meridians in [E?, respectively.
Firstly, we give the following definition.

Definition 3 Let a and b be space-like and time-like vector in [E?’ respectively. Then, the Lorentzian time-
like angle ¢ € R™ U {0} between a and b is given by |(a,b)| = ||a||||b]| sinh ¢ [23].

5.1 Space-like loxodromes on the time-like helicoidal surfaces of type I which have time-like meridians

We consider the helicoidal surface of M; parametrized by (1). So, the meridian is
X1 (u) = (x(u) cosv, x(u) sinv, z(u), w(u) + cv),
and it is time-like iff x?(u) + 2% (u) — w?(u) = —1 forall u € I C R.
Also, we have
gu=-1,
812 = —CW/(M)7
g0 =2 (u) — .

Note that, M; is time-like since —x?(u) — ¢*(¥?*(u) + 7*(u)) <O for all u € I C R.
The line element of M is

ds* = —di® — 2cw' (u)dudv + (*(u) — ) dv*.
At the point p; = X;(u,v), we have
—du — cw'(u)dv
/—du? = 2ew (w)dudv + (X (u) — 2)dv?

+sinh @ =

From here, we find the equation

v\’ d
(sinh?® @ (x* (1) — ¢*) — Pw'*(u)) <d_v> —2ccosh® ow' (u) d_v = cosh? ¢ (18)
u u

whose solution is

. /u 2¢ cosh? (pw’(.u)zzi: \/sinh2 2¢(x*(u) + 2(W?(u) — 1)) i (19)
o 2sinh” @(x%(u) — ¢2) — 2c2w'%(u)

Thus, we have the following theorem.

Theorem 7 The parametrization of space-like loxodrome on the time-like helicoidal surface of type I
which have time-like meridians in [E7 is

@ Springer




1220 M. Babaarslan, N. Sonmez

a(u) = (x(u) cosv(u), x(u) sinv(u), z(u), w(u) + cv(u)),
where v(u) is given by Eq. (19).
5.2 Space-like loxodromes on the time-like helicoidal surfaces of type II which have time-like meridians

We consider the helicoidal surface M, parametrized by (2). So, the meridian is
Xo(u) = (x(u) 4 cv, y(u), w(u)sinhv, w(u)coshv).
Since it is time-like, we get
(X0 (1), X (u)) = x? () + y*(u) — w?(u) = —1.

Also, we obtain

g =—1,

g = o' (u),

g0 = & +w(u).
M, is time-like since —w?(u) — c*(1 +x*(u)) <O for all u € I C R,

The line element of M, is
ds* = —di® + 2¢x' (u)dudv + (* + w*(u))dv*.
Also, we have
—du + cx'(u)dv

V/—di? - 2cx' (u)dudv + (2 + w2 (u))dv?

+sinh g =

Using this equation, we obtain that

v\’ d
(sinh? @ (c* + w*(u)) — ¥ (u)) (dv) +2¢ cosh? x’ (u) dl = cosh? ¢. (20)
u u
Therefore, we find that
w2 cosh?® o (u) % | /sinh? 20(w2(u) + (2 (u) + 1)) o)
= d .
v /,,0 —2sinh® @(c2 + w2(u)) + 2¢2x(u) !

As a result, we have

Theorem 8 The parametrization of space-like loxodrome on the time-like helicoidal surface of type Il
having time-like meridians in [} is

o(u) = (x(u) + cv(u), y(u), w(u)sinhv(u), w(u)coshv(u)),
where v(u) is given by Eq. (21).

5.3 Space-like loxodromes on the time-like helicoidal surfaces of type III which have time-like
meridians

We consider the helicoidal surface of M3 parametrized by (3). So, the meridian is
X3(u) = x(u)e; + V2vw(u)es + (z(u) + v*w(u) 4+ cv)é + w(u)éy,

and it is time-like iff x?(u) — 27/ (u)w'(u) = —1 forall u € I C R.
Furthermore, we have
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gu =-—1,
812 = —CW/(M),
g&n = 2w2(u).

Mj is time-like since —2w?(u) — ?w?(u) <0 for all u € I C R.
Also, the line element of M5 is

ds* = —du* — 2cw' (u)dudv + 2w* (u)dv*.
Similarly, we get
—du — cw'(u)dv

+sinh ¢ = .
¢ v —du? = 2w (u)dudv + 2w? (u)dv?

From here, we find the equation
S0 9 2.2 dv\? 2 g AV 2
(2sinh?® pw? (u) — W™ (u)) - —2c cosh” pw (M)E = cosh” ¢ (22)

whose general solution is

(23)

/u 2¢ cosh? pw'(u) % \/Sinh2 20(2w?(u) + 2w (u))
V= u.
U

. 4 sinh® ow? (1) — 22w (u)
As a result, we get the following theorem.

Theorem 9 The parametrization of space-like loxodrome on the time-like helicoidal surface of type 11l
having time-like meridians in [F} is

a(u) = x(u)er + V2v(u)w(u)er + (2(u) + v (w)w(u) + cv(u)) s + w(u)éy,
where v(u) is given by Eq. (23).
Also, we have

Corollary 2 The arc-length of the space-like loxodromes on time-like right helicoidal surfaces which have
time-like meridians in [E‘l‘ is given by

Uy — U

sinh ¢

In addition, we have the following remark.

Remark 2 1f we take ¢ = 0 in the equations (18), (20) and (22), respectively, we arrive the differential
equations of space-like loxodromes on the time-like rotational surfaces in [E? (see [11]).

6 Time-like loxodromes on the time-like helicoidal surfaces which have space-like meridians

In this section, we find the parametrizations of time-like loxodromes on the time-like helicoidal surfaces of
type I, I and III which have space-like meridians in [E‘l‘, respectively.

6.1 Time-like loxodromes on the time-like helicoidal surfaces of type I which have space-like meridians
We consider the helicoidal surface of M| parametrized by (1). The coefficients of line element of M, are
same as that are given in the subsection (3.1).

M; is time-like iff x*(u) — ¢®(x"(u) + 7*(u)) <0 for all u € I C R.
At the point p; = X;(u,v), we get
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du — cw'(u)dv
V/—du? + 2w (u)dudv — (x2(u) — 2)dv? ‘

+sinh @ =

From the equation above, we have the following

v\’ d
(sinh?® @ (x*(u) — ¢*) + *w'*(u)) <d_v> —2c cosh® ow/ (u) d_v = —cosh? ¢. (24)
u u
Consequently, the general solution is
u2c cosh® ow'(u) + \/sinh2 20(—x%(u) + c2(w?(u) + 1)) (25)
V= du
/uo 2sinh? (x2(u) — %) + 22w (u)

Thus, we have the following theorem.

Theorem 10 The parametrization of time-like loxodrome on the time-like helicoidal surface of type I
having space-like meridians in [E‘ll is

o(u) = (x(u) cosv(u),x(u) sinv(u), z(u), w(u) + cv(u)),
where v(u) is given by Eq. (25).

6.2 Time-like loxodromes on the time-like helicoidal surfaces of type II which have space-like
meridians

We consider the helicoidal surface of M, parametrized by (2). The coefficients of line element of M, are
same as that are given in the subsection (3.2).
M, is time-like iff w?(u) + ¢*(y?(u) — w?(u)) <O for all u € I C R.
At the point p; = X, (u,v), we get
du + cx' (u)dv
V/—du? = 2cx' (u)dudv — (¢ + w2 (u))dv?

+sinh @ =

From the formula above, we have

v\’ d
(sinh?® @ (c* + w*(u)) + ¥ (u)) <d_v) +2¢ cosh? x’ (u) d_v = — cosh? ¢. (26)
u

u

Thus, the general solution is

u —2¢ cosh? ox'(u) £ \/sinh2 2¢(—w?(u) + c2(x%(u) — 1)) (27)

V= du
/MO 2sinh® @(c2 4+ w2(u)) + 2¢2x2(u)

Thus, we get the following theorem.

Theorem 11 The parametrization of time-like loxodrome on the time-like helicoidal surface of type Il
having space-like meridians in [ is

o(u) = (x(u) + cv(u), y(u), w(u)sinhv(u), w(u)coshv(u)),
where v(u) is given by Eq. (27).

6.3 Time-like loxodromes on the time-like helicoidal surfaces of type III which have space-like
meridians

We consider the helicoidal surface of M3 parametrized by (3). The coefficients of line element of M3 are
same as that are given in the subsection (3.3).
One obtains that
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du — cw'(u)dv
V/—di® + 2w (u)dudy — 2w? (u)dv? ‘

+sinh g =

From this equation, we arrive the equation

v\’ d
(—2sinh?® ew?(u) — ™ (u)) V) 42ccosh? ow' (u) &V _ cosh? ¢ (28)
du du
whose general solution is
u —2c cosh® pw'(u) + \/sinh2 2¢(=2w*(u) + 2w (u)) (29)
V= du.
/uo —4sinh? w2 (u) — 22w (u)

Thus, we have

Theorem 12 The parametrization of time-like loxodrome on the time-like helicoidal surface of type III
having space-like meridians in [E‘ll is

o(u) = x(u)e; + \/iv(u)w(u)eg + (z(u) + vz(u)w(u) + cv(u)és + w(u)éy,

where v(u) is given by Eq. (29).

7 Time-like loxodromes on the time-like helicoidal surfaces which have time-like meridians

In this section, first we introduce the following definition. Next we give the parametrizations of time-like
loxodromes on the time-like helicoidal surfaces of type I, I and III which have time-like meridians in UE‘I‘,
respectively.

Definition 4 Let a and b be positive (negative) time-like vectors in [E‘lt. Then, the Lorentzian time-like
angle 0 € R" between a and b is given by (a,b) = —||al|||b|| cosh 0 [23].

7.1 Time-like loxodromes on the time-like helicoidal surfaces of type I which have time-like meridians

We consider the helicoidal surface of M| parametrized by (1). The coefficients of line element of M, are
same as that are given in the subsection (5.1).
The angle 0 between the time-like loxodrome and time-like meridian is given by

—du — cw'(u)dv

—cosh0 = .
Vau? + 2ew (u)dudv — (x*(u) — c2)dv?

From the equation above, we find the following differential equation
(cosh? 0(x*(u) — ¢*) + c*w?(u)) v 2—2c sinh? 0w’ (u) v _ sinh? 0 (30)
du du

whose general solution is

du. (31)

w2 sinh? 0w () | /sinh® 202 (u) + (w2 () — 1))

vy =
/uo 2 cosh? 0(x2(u) — c2) + 22w (u)

Thus, we have the following theorem.

Theorem 13 The parametrization of time-like loxodrome on the time-like helicoidal surface of type I
having time-like meridians in [} is

{(u) = (x(u) cosv(u),x(u) sinv(u), z(u), w(u) + cv(u)),

where v(u) is given by Eq. (31).
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7.2 Time-like loxodromes on the time-like helicoidal surfaces of type II which have time-like meridians

We consider the helicoidal surface of M, parametrized by (2). The coefficients of line element of M, are
same as that are given in the subsection (5.2).
At the point p, = X(u,v), we have
—du + cx'(u)dv
Vau? = 2cx (u)dudv — (c* + w?(u))dv?

—cosh 0 =

Using the equation above, we get the following
20(.2 2 2. dv\’ oAV
(cosh® O(c® + w(u)) + c*x*(u)) - +2csinh* Ox (u)d— = sinh* 0. (32)
u u

Therefore, we find the general solution as

du. (33)

u —2¢ sinh? 0x' (u) + \/sinh2 20(w?(u) + c2(x2(u) + 1))
' /uo 2 cosh? 0(c? 4+ w2(u)) + 2¢2x2(u)
As a result, we have

Theorem 14 The parametrization of time-like loxodrome on the time-like helicoidal surface of type Il
having time-like meridians in E} is

((u) = (x(u) + cv(u), y(u), w(u)sinhv(u), w(u)coshv(u)),

where v(u) is given by Eq. (33).

7.3 Time-like loxodromes on the time-like helicoidal surfaces of type III which have time-like
meridians

We consider the helicoidal surface of M3 parametrized by (3). The coefficients of line element of M3 are
same as that are given in the subsection (5.3).

Similarly, at the point p3 = X3(u,v), we get
—du — cw'(u)dv

—cosh0 = .
Vdu? + 2w (u)dudv — 2w (u)dv?

From this equation, we have the equation

dv

(=2 cosh? 0w (u) — *w'*(u)) <du

2
d
> 42¢ sinh? Hw'(u)d—v = —sinh? 0 (34)
u

whose general solution is

u —2csinh? 0w’ (u) + \/sinh2 2002w (u) + c>w(u))
V= / du.

0 —4cosh? Ow?(u) — 22w (u)
Thus, we get the following theorem.

Theorem 15 The parametrization of time-like loxodrome on the time-like helicoidal surface of type 111
having time-like meridians in [F} is

L(u) = x(u)er + V2v(w)w(u)es + (z(u) + v (w)w(u) + cv(u)) & + w(u)és,
where v(u) is given by Eq. (35).
Also, we have

Corollary 3 The arc-length of the time-like loxodromes on time-like right helicoidal surfaces having time-
like meridians in [E‘lt is given by
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‘uz — Uy
cosh0 |’

Finally, we have the following remark.

Remark 3 1f we take ¢ = 0 in the equations (30), (32) and (34), respectively, we arrive the differential
equations of time-like loxodromes on the time-like rotational surfaces in [E‘lt (see [11]).

8 Visualization

In this section, we give some examples by using Mathematica computer programme.

Example 1 We consider the following unit-speed space-like profile curve:
u \/§ u
= [ sinh=,0,— h— ).
pi(u) <s1n 2,(), 5 U, c08 2)

When take ¢ = %, we have the following parametrization of helicoidal surface M:

3
Xi(u,v) = (sinhzcos v, sinhg sinv, %u, coshg + ;) )

If we take u € (1,3), then M, is a space-like helicoidal surface.
Taking up = 2 and y =%, we find v(u) = 81n(2.16395 tanh§). Thus, v € (—5.07915,2.54432).
Then, the parametrization of space-like loxodrome is

3
o(u) = (sinhgcos v(u), sinh g sinv(u), % u, COShg + @) ’

where v(u) = 81n(2.16395 tanh ).

The arc-length of the space-like loxodrome is approximately equal to 6.43309.

The graphs of the projections of space-like helicoidal surface M|, loxodrome and meridian (v = 0) in [E?
can be drawn by using Mathematica plotting command as follows (Fig. 1):

Parametric Plot 3D [{x(u,v) + y(u,v),z(u,v),w(u,v)}, {u,a,b},{v,c,d}].

Example 2 We consider the following unit-speed time-like profile curve:
Pa(u) = (1,14,0, \/Eu)

When take ¢ = v/2, we have the following parametrization of time-like right helicoidal surface M,:
Xo(u,v) = (1 + v2v, u, V2u sinh v, v2u cosh v) .

Taking up = 0 and ¢ = 1, we find v(u) = ‘/gcoth larcsinhu. If u € (—2,2), then v € (—1.34035, 1.34035).

Then, the parametrization of space-like loxodrome is
o(u) = (1 + V2v(u), u, V2u sinh v(u), v/2u cosh v(u)) ,

where v(u) = \/gcoth 1 arcsinh u

The arc-length of the space-like loxodrome is approximately equal to 3.40367.
The graphs of the projections of time-like right helicoidal surface M,, space-like loxodrome and time-like
meridian (v = 0) in [Ef can be drawn by using Mathematica plotting command as follows:

Parametric Plot 3D [{x(u,v),y(u,v) + z(u,v),w(u,v)},{u,a, b}, {v,c,d}].

Example 3 We consider the following unit-speed time-like profile curve:

alu) = 2/eler + (u— e ) + 5
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Fig. 1 The projections of space-like helicoidal surface, loxodrome (green), meridian (blue). (Color figure online)

Fig. 2 The projections of time-like right helicoidal surface, space-like loxodrome (green), time-like meridian (blue). (Color
figure online)

(see [11]).
When take ¢ = 1, we have the following parametrization of time-like helicoidal surface Mj:

2 1 1
X3(u,v) = 2Ve'e, +§ve"e2 +u—e™ +§vze" +v)& + 56“54.

Taking up = 0 and 0 = 2, we find v(u) = 0.715133(e ™ — 1). If u € (—2,2), then v € (—0.61835,4.56903).
Then, the parametrization of time-like loxodrome is
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Fig. 3 The projections of time-like helicoidal surface, time-like loxodrome (green), time-like meridian (blue). (Color
figure online)

L) = 2+ e+ a4 06 )

where v(u) = 0.715133(e ™ — 1).

The arc-length of the time-like loxodrome is approximately equal to 0.116636.

The graphs of the projections of time-like helicoidal surface M3, time-like loxodrome and time-like
meridian (v = 2) in [E? can be drawn by using Mathematica plotting command as follows (Fig. 3):

Parametric Plot 3D[{x(u,v) + y(u,v), z(u,v), w(u,v) }, {u,a,b}, {v,c,d}].

9 Conclusion

Until today, a lot of authors studied on loxodromes on rotational surfaces and helicoidal surfaces in both F>
and [E? (see [1, 4-7, 10, 17, 18, 20, 22, 24]). Minkowski space—time [E‘]‘ was proposed as a model for space—
time in the theory of special relativity by Hermann Minkowski in 1907 (see [23]). The parametrizations of
loxodromes on the helicoidal surfaces in E* were investigated by Babaarslan [8]. Also, loxodromes on
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space-like and time-like rotational surfaces in [E‘lt were studied by Babaarslan and Selvi [9] and Babaarslan
and Giimiis [11], respectively.

In this article, we first obtain three types of helicoidal surfaces in [E‘l‘. Afterwards, we find the
parametrizations of loxodromes on the non-degenerate helicoidal surfaces in [E‘]‘. Also, we give some results
and examples by using Mathematica. Although the general solutions of loxodromes on helicoidal surfaces of
type I and type II respectively in [E‘lt look like the case of UE?, the importance of the paper is that it generalizes
the parametrizations of loxodromes on helicoidal surfaces in [ to the case of Minkowski space—time [F7.

Acknowledgements The authors are grateful to the referee for careful reading of the paper and also for the valuable
suggestions and comments.
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