Indian J Pure Appl Math (2021) 52:1235-1255
https://doi.org/10.1007/s13226-021-00027-6

ORIGINAL RESEARCH

Spectra of M-edge rooted product of graphs

R. Pavithra - R. Rajkumar®

Received: 19 January 2020/ Accepted: 25 November 2020/ Published online: 17 June 2021
© The Indian National Science Academy 2021

Abstract In this paper, we define a graph operation, namely, M-edge rooted product of graphs. This
generalizes the existing graph operation called graphs with edge pockets. Also we introduce a matrix
invariant, namely, coronal of a matrix constrained by the index sets. We compute this value for some class
of matrices with respect to some index sets. We obtain the generalized characteristic polynomial of the
graph obtained by M-edge rooted product with a help of this invariant. Consequently, we deduce the
characteristic polynomial of the adjacency matrix, the Laplacian matrix and the signless Laplacian matrix of
this graph. Using these results, we derive the L-spectrum of several families of M-edge rooted product of
graphs and deduce several existing results on the spectra of graphs with edge pockets in the literature. As
applications, we obtain infinitely many L-cospectral graphs and construct A-integral graphs, L-integral
graphs.

Keywords Graph products - Adjacency spectrum - Laplacian spectrum - Signless Laplacian spectrum -
Cospectral graphs - Integral graphs
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1 Introduction

All the graphs considered in this paper are finite, simple and undirected. Let G be a graph with vertex set
V(G) = {u1,uz,...,u,}. The adjacency matrix of G is the n x n 0 — 1 matrix A(G) = (a;), with a;; = 1 if
and only if u; and u; are adjacent in G. The degree matrix of G is the diagonal matrix D(G), whose diagonal
entries are the degree of vertices of G. The Laplacian matrix L(G) (resp. signless Laplacian matrix Q(G)) of
G is defined as L(G) = D(G) — A(G) (resp. Q(G) = D(G) + A(G)). The multi set of eigenvalues of L(G)
(resp. A(G), Q(G)) are known as the L-spectrum (resp. A-spectrum, Q-spectrum) of G. Let
;“1 (G)7 iZ(G)> ey JH(G) (resp. H (G) = 07 :uZ(G)v SR} tun(G) and 71 (G)’ VZ(G)> LR yn(G)) denote the A-
spectrum (resp. L-spectrum and Q-spectrum) of G. The vertex-edge incidence matrix B(G) = (b;;) of G is
the 0 — 1 matrix with rows and columns are indexed by the vertices and edges of G, respectively, defined by
b; = 1 if and only if the vertex u; is incident with j-th edge in G.
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Two graphs are said to be A-cospectral (resp. L-cospectral, Q-cospectral) if they have the same A-
spectrum (resp. L-spectrum, Q-spectrum). A graph is said to be A-integral (resp. L-integral, Q-integral) if
all the eigenvalues of A(G) (resp.L(G), Q(G)) are integers. The characteristic polynomial of a square matrix
M is denoted by @y, (x). In [11], Cvetkoi¢ et al. defined the generalized characteristic polynomial of a graph
G as ¢glx,1) = det(x] — A(G) + tD(G)). Observe that ®uq)(x) = ¢g(x,0), Ppg(x) = (~1)" )
dg(—x,1) and Dg(g)(x) = Pg(x, —1).

Eigenvalues and eigenvectors of various graph matrices have been found several applications within the
sciences and many other fields (see, [12-14, 29]). Consequently, a lot of research has been done on
obtaining the spectra of the graph matrices. In this direction, it is natural to ask the following: "how far the
spectra of the given graph can be described in terms of the spectra of some other graphs by using graph
operations ?’. In the literature several papers have been appeared for answering this question, by expressing
the given graph in terms of some other graphs by using graph operations such as union, join, corona, NEPS,
coalescence, vertex deletion, edge deletion, etc and obtaining the spectra of the given graphs by using the
spectra of the constituting graphs (see, [8, 13, 16, 26, 27, 33] and the references there in).

In [22], Hedetniemi defined a generalization of join of graphs as follows: Let G and H be graphs on m
and n vertices, respectively. Let m be a (symmetric) binary relation on V(G) x V(H), that is
n C V(G) x V(H). The n—graph of G and H, is the graph having vertex set V(G) U V(H) and edge set
E(G) UE(H)Um. An equivalent formulation of this definition called N-join of G and H was given by
Gayathri and Rajkumar [17] as follows: View the binary relation 7 as a 0 — 1 matrix of size m X n, say
N = (n;;) such that n;; = 1 if and only if the i-th vertex of G and the j-th vertex of H are related with respect
to 7. Then the m—graph of G and H is the graph obtained by taking one copy of each of G and H, and joining
the i-th vertex of G to the j-th vertex of H if and only if n; = 1fori=1,2,...,mandj=1,2,...,n. This
graph is denoted by G Vy H. Therein, the spectral properties of these graphs were studied. Notice that
GV,, , His the usual join GV H of G and H.

In [18], Godsil and Mckay introduced the graph operation called the rooted product of graphs and
determined the characteristic polynomial of the adjacency matrix of this graph. Several particular cases of
rooted product of graphs have been considered in the literature, which includes, the comb product [1, 25],
the graph with pockets [5, 6, 10], the hierarchical product of two graphs [7], graphs constructed from bethe
trees [3, 35, 36] and their spectral properties have been discussed. The authors of this paper defined a graph
operation called the M-rooted product of graphs [34], which is a generalization of rooted product of graphs,
and obtained the characteristic polynomial of its adjacency, Laplacian and signless Laplacian matrices.

In [31], Nath and Paul defined the following graph operation.

Definition 1.1 ([31]) Let G be a graph on n > 2 vertices, m edges and let S = {x1,x2, . ..,x,} be a subset of
E(G). Let H be a graph on p > 3 vertices such that it has a specified edge (u, v) with H — u and H — v are
isomorphic. The graph G(S, H) is obtained from G and & vertex disjoint copies of H by identifying the edge
(u, v) in the i-th copy of H with x; € Sfori = 1,2, ..., h. This graph is called the graph with edge pockets.

Therein, they obtained the characteristic polynomial of A(G(S, H)) and L(G(S, H)), when the degree of u
and v is p — 1, and S induces a regular spanning subgraph of G. Also they determined A-spectrum and L-
spectrum for some particular graph structures. In [10], Cui and Tian discussed the characteristic polynomial
of Q(G(S,H)) and described the Q-spectrum for some particular cases.

Motivated by these we define the following graph operation.

Definition 1.2 Let G be a graph with vertex set V(G)= {uj,up,...,u,} and edge set
E(G) = {x1,x2,...,x,}. Let Hy be a sequence of graphs H; with V(H;) = {u;y1,up, ..., uin.}, n; >3 and
|E(H;)| =m; >1fori=1,2,... k. Let (w1, um,) be the specified edge of H; such that the graphs H; — uy,
and H; — u;,—; are isomorphic. Let M = (m;;) be a non-zero matrix of size m x k whose entries are non-
negative integers. Then the M-edge rooted product of G with Hy, denoted by G B,,Hy, is the graph obtained
by taking one copy of G, and my; vertex disjoint copies of H; for i =1,2,...,m; j=1,2,...,k and iden-
tifying the edge (ujn,—1, ;) of each copy of H; with the edge x; of G. We call the matrix M as the generating
matrix of Gy H;.

Notice that the generating matrix M of G Hy’H; has the following features: It describes how the specified
edges of the graphs Hy, H,, ..., H; are identified with the edges of G. By varying M over all m X k non-
zero matrices whose entries are non-negative integers, we can get a family of graphs for a fixed G and
Hy.
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Further, notice that Definition 1.2 generalizes Definition 1.1, since by taking H; = H, fori = 1,2,.. .k,
with k <m and M = [I; O]T with rows of I, are indexed by S, then we get GHyH; = G(S, H).

Example 1.1 Consider the graphs G, H,, H,, H3, Hy and Hs as shown in Figures 1(a)-1(f), respectively,
where the edge of H; for i =1,2,...,5 colored with red represents its specified edge. Let Hs be the
sequence H,,H,, H3, Hy, Hs, and let

2 011 4

1 2010
M =

2 011 3

00 00O

Then the graph G H)y,Hs is as shown in Figure 1(g).

Let A be a0 — 1 matrix of size n x m. Let P(A) denote the set of all matrices of size n x m whose entries are
non-negative integers such that the (i, j)-th entry of a matrix in P(A) is a positive integer if and only if the
(i, j)-th entry of A is 1. The line graph £(G) of a graph G is the graph with the edges of G as its vertices, and
where two edges of G are adjacent in £(G) if and only if they are adjacent in G. Let G denote the
complement graph of G. For an edge x in a graph G, the neighborhood of x (closed neighborhood of x) is the
set of all edges adjacent to x (adjacent to x including x itself).

The way in which the specified edges of copies of H; (i = 1,2, ...,k) are identified with the edges of G
(i.e., by the nature of the generating matrix M) in the construction of G HyH; enable us to define the
following special M-edge rooted product of graphs: Let M € P(A(L(G))). In this case, the specified edges
of copies of H; are identified with the edges in the neighborhood of i-th edge of G for i =1,2,...,m in
GHjyH,, and so we call this graph as the M-neighborhood edge rooted product of G with H,,. Similarly, if
M belongs to any one of P(J—A(L(G))), PI+A(L(G))), PJ—I1—-A(L(G))), P(B(L(G))),
P(J — B(L(G))), P(B(L(G))), P(J — B(L(G))), then we call G By Hy as the M-neighborhood complement
edge rooted product, the M-closed neighborhood edge rooted product, the M-closed neighborhood com-
plement edge rooted product, the M-adjacent edge rooted product, the M-adjacent edges complement edge
rooted product, the M-non-adjacent edge rooted product, or the M-non-adjacent edges complement edge
rooted product, respectively of G with Hy.

Example 1.2 Consider the graphs G, H,, H,, H3 and H4 as shown in Figures 1(a)-1(e), respectively, where
the edge of H; for i = 1,2,...,4 colored with red represents its specified edge. Let H4 be the sequence
H,,H,,H;, Hy, and H, be the sequence H;, H,. Let

0 2 0 27 2 0 1 07 1 2 0 1 (0 0 1 O
1 01 0 0 2 0 1 1 1 1 0 0 0 0 3
Ml: ) M2: ) M3: ) M4: 3
01 0 2 1 01 0 0O 1 1 2 2 0 0 0
101 0 01 0 1 101 1 050 0
2 2 0 07 0 0 1 27 '3 0 0 47
01 1 0 1 0 0 2 0 2 2 0
Ms = , Me= , My = , Mg =
0 0 1 2 1 3 00 2 0 0 3
L1 0 0 1] L0 2 1 0] L0 2 3 0]

Then the M;-neighborhood edge rooted product, M,-neighborhood complement edge rooted product, the
Ms-closed neighborhood edge rooted product, the My-closed neighborhood complement edge rooted pro-
duct, the Ms-adjacent edge rooted product, the Mg-adjacent edges complement edge rooted product of G
with Hy, the M;-non-adjacent egde rooted product, the Mg-non-adjacent edges complement edge rooted
product of G with H,, are shown in Figure 2(f)-2(m), respectively.

The rest of this paper is compiled as follows: In Section 2, we introduce a new invariant of a matrix which is
used to compute the spectra of graphs, and determine this value for some particular cases.

As mentioned above, it is natural to ask the following question: ‘To what extent the spectrum of G, H;’s
and the properties of M can be used to describe the spectrum of G Hy/H; ?7°. Sections 3 and 4 are devoted to
answer this question.
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In Section 3, we obtain the generalized characteristic polynomial of the M-edge rooted product of graphs
by using the newly defined invariant (see, Theorem 3.1). Using this we derive the characteristic polynomial
of the adjacency, the Laplacian and the signless Laplacian matrices of this graph (see, Corollary 3.1).
Moreover, we deduce several existing results on spectra of graphs with edge pockets (see, Remark 3.1).

In Section 4, we determine the L-spectra of several families of M-edge rooted product of graphs,
including the constructions in which H;’s are obtained from N-join of two graphs (see, Corollaries 4.1, 4.2,
4.3 and 4.4). Also we describe the method of deriving the A-spectra and Q-spectra of the special classes of
this graph constructions (see, Remark 4.1).

Van Dam and Haemers [38] posed the following, which is one of the fundamental questions in spectral
graph theory: “Which graphs are determined by their spectra ?”. Subsequently, in literature, researchers
constructed many families of cospectral graphs by using several methods (see, [19, 20, 37]). As applications
of the proved results in this paper, we obtain several infinite families of cospectral graphs in subsection 4.1.

In 1973, Harary and Schwenk [21] initiated the research on integral graphs by raising the following
question: Which graphs have integral (adjacency) spectra ?. Since then, in the literature, several special
types of integral graphs are constructed (see, for example [4] and its references therein). As a contribution to
this direction, in subsection 4.2, we construct several families of A-integral graphs and L-integral graphs.

2 Coronal of a matrix constrained by index sets

In this section, we introduce a new invariant of a square matrix and determine this value for some special
cases.

Let M be a matrix of size n x n and let S,7 C {1,2,...,n}. Then M[SIT] denotes the submatrix of M
determined by the rows corresponding to S and the columns corresponding to 7. For a subset S of an ordered
set A ={ay,ay,...,a,}, the indicator vector of S (with respect to A) is the vector rs = (ry,r2,...,7,) in
which ; = 1 or 0, according as a; € S or a; ¢ S. Let Rg := diag(ri,r2, ..., ).

We recall the following two basic results which are used in the subsequent results.

Theorem 2.1 ([24]) Let

M, M,
A= ,
M5 M,y
be a partitioned matrix of size n X n, with M|, My are invertible matrices.
Then
detA = det(My) det(M, — MaM; ' M5) = det(M,) det(My — MsM ;' M,) (2.1)
and
. (M, — MyM;'M3)™! — MMy (My — MM M) ! 22)
—M; M5 (My — MoM; ' M3) ™! (My — MsM;'M,)™! '

Theorem 2.2 ([39]) Let A be a non-singular matrix. If the sum of the elements in each row of A is t, then
the sum of the elements in each row of A" is 1/t.

o :Z:3 [ 2 * [ 3 L ] T ; [ ] [ ]
(a) (b) (c) (d) (e) (f) (9)
Fig. 1 The graphs (a) G, (b) Hy, (¢) Ha, (d) Hs, (e) Hu, () Hs, and (g) GByHs
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z2 . .
[ I YN A AL

T4

(a) (b) (c) (d) (e)

(f) .(h;

.

() (k) (0 (m)

Fig. 2 The graphs (a) G, (b) Hi, (¢) H,, (d) H3, (e) Ha, f) GHy, Ha, (g) GHy, Ha, (h) GBy, Hy, () GHuy, Ha, (§) GBy, Ha, (k)
GEM5H4, (l) GEM7H2 and (m) GBHMX'HZ

McLeman and McNicholas introduced the following invariant.

Definition 2.1 ([28]) Let G be a graph on n vertices. The coronal I'(x) of G is defined to be the sum of the
entries of the matrix (xI, — A(G))™", that is

T6(x) = Jin(xly, — A(G)) Tt

Therein they used it to compute the spectrum of the corona of two graphs. Subsequently, this invariant has
been used to compute the spectra of graphs obtained from several graph operations in the literature.

Cui and Tian generalized the above concept as follows.

Definition 2.2 ([9]) Let G be a graph on n vertices and let M be a graph matrix of G. The M —coronal
[y (x) of G is defined to be the sum of the entries of the matrix (xI, — M), that is

Tr(x) = Jia(xly — M)~ Tt
Rajkumar and Gayathri defined the following invariant which is a generalization of Definition 2.2 and they

used it to compute the spectra of some graph constructions.

Definition 2.3 ([32]) Let M be a real matrix of size n X n and let o C {1,2,...,n} be an index set. Then
the coronal of M constrained by o, denoted by I'},(x), is defined as the sum of all entries in the matrix

(xI, — M) ""[oe]. That is
% (x) = ry(xl, — M) 'rl.

o

We generalize the above concept by defining as follows.

Definition 2.4 Let M be a real matrix of size n x n and let o, § C {1,2,...,n} be index sets. Then the

coronal of M constrained by o and f3, denoted by F(M“’ﬁ ) (x), is defined to be the sum of all entries in the

matrix (xI, — M)~ [x|f], that is,
Ty (x) = ru(x, — M) ']

Notice that if o = f§ then Fﬁ'“) (x) =T} (x).
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In the next result, we obtain coronal of a matrix M constrained by some classes of index sets.

Theorem 2.3 Let M be a n x n matrix and let S = {s1,82,...,8,,} C {1,2,...,n}. If each row sum of
M(SIS], M[S|S°], M[S°|S] and M[S°|S¢] equals a constant t,, t,, t3 and t4, respectively, then

S.,5¢ nit
I () =

(x—t4)(x— ll) — i3 '

(2.3)

Proof Without loss of generality, we assume that s; <sp<---<s,. Let = be a permutation on
{1,2,...,n} such that n(1) =s1,7(2) =s2,...,m(n1) =s, and let P, be the permutation matrix
corresponding to w. Then we get PMPL = M’, where

_ [ MISIS] MIS|Se]

- LM[sels] Mselse]

!

Now
8% (x) = rg(xl, — M)"'rh,
=rs(xl, — PIM'P,) 'rL
= rsPl(xl, — M) Prk
= [Tiam Ovtuony) | (e = M) " [0ty Jixuony ]

By using (2.2) in the above equation, we get

T () = i, (61 = MISIS]) ™ MISISF] (4T — MIS°|5°] (2.4)
-1
~MISTS ot = WSS MISIST) )
(2.5)
= mh (by Theorem 2.2)
(x—t4)(x — 1)) — 3 o
This completes the proof. U

The following existing result can be proved by taking r’ instead of r. in the proof of the previous theorem.

Proposition 2.1 ([32]) Let M be a n X n matrix and let S = {s1,52,...,8,,} C {1,2,...,n}. If each row
sum of M[SIS], M[S|S¢], M[S°|S] and M[S°|S¢] equals a constant ty, tp, t3 and t4, respectively, then
nl(x — t4)
Iy (x) = . 2.6
) (x —t3)(x —1;) — tat3 (26)

We use the above mentioned results to determine the spectra of graphs in the upcoming sections.

3 Generalized characteristic polynomial of G Hy;H)

In this section, we determine the generalized characteristic polynomial of G H,,H;. As a consequence, we
deduce the characteristic polynomial of the adjacency matrix, the Laplacian matrix, the signless Laplacian
matrix of GH),H; and the existing results on spectra of graphs with edge pockets.

The following assumptions are made and notations are used in the rest of the paper.

Let G be a graph with vertex set V(G) = {u1,ua, ..., u,} and edge set E(G) = {x1,x2,...,Xn}. Let Hy
be a sequence of graphs H; with V(H;) = {u;1, upn, ..., i, }, n; >3 and |E(H;)| =m; > 1 fori=1,2,.. . k.
Let (4in,—1, Uin,) be the specified edge of H; such that the graphs H; — u;,, and H; — u;,,—1 are isomorphic. Let
M = (m;;) be a non-zero matrix of size m x k whose entries are non-negative integers.

(i) Fori=1,2,... k, let ¢; denote the sum of all entries in the i-th column of M.
(i) Fori=1,2,...,k, let H denote the graph H; — {un,_1, Ui, } obtained from H; by deleting the
vertices U,,—; and u;y,.
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(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)

(xiv)

For i =1,2,.. .k, let r5, and r7, be the indicator vectors of S; and 7; with respect to V(H.),
respectively and let D; := Rs, + Rr..

For each t € R, we denote A(H]) — t(D; + D(H})) by M,(H]) for i =1,2,.. k.

Let Ng(u) denote the set of all neighbors of the vertex u in G.

For i=1,2,...,k, let S;:= NHif(u,v”[,l,u,-n/.)(uinifl) and T;:= NHi*(ufn/-—l‘uin[)(uini)’ where H; —
(thin;—1, Uin;) is the graph obtained from H; by deleting the edge (uin,—1, Uin,)-

For i =1,2,...,k, let d;:=|S;| = |Ti|. Notice that in Definition 1.2, H; — us, = H; — tjn,—1
implies that |S;| = |T;].

Let & be the number of non-zero rows of M. Fori = 1,2,.. ., h, let the o;-th row of M be non-zero
with 1 <oy <o <--- <oy <m.
For i =1,2,...,h, let [; be the number of non-zero entries in the «;-th row of M. For each

i=1,2,... h let the sequence (81,802 - - -, &ui;) With gy.1 <gy2 < -+ <g4,, denote the column
position of non zero entries in o;-th row of M.

Let G’ denote the subgraph of G induced by the edge set {xy,,xy,, ..., Xy }.

Fori=1,2,...,n, ¢; is the column vector of size n whose i-th entry is 1 and 0 otherwise.
Fori=1,2,...,m, let x; := (uy,,uy,), that is, u;, and u,, are the end vertices of x;, where k;, h; €
{1,2,...,n} and so by; = 1 and by,; = 1 with k; <h;.

In the construction of GHy Hy, without loss of generality, we assume that u;, and u,,_ are
identified with g, ng, 1 and Ug,mg, > respectively for i = 1,2,... b, 1 =1,2,..., . :
Throughout this paper, the rows of M and the columns of B(G) are indexed by E(G) with the
following order xi,x7, . . ., Xp.

The Kronecker product A ® B of two matrices A = (a;;) of size n x m and B = (b;;) of size p x g is the matrix
obtained by replacing each entry a;; by a;;B. Let I, denote the identity matrix of size n x n and let J,,»,, denote
the matrix of size n x m with all its entries are 1. We denote these two matrices simply by 7 and J when their
sizes can be inferred from the context. 0 denotes the zero matrix of appropriate size.

The following is one of the main results of this paper, which describes the generalized characteristic
polynomial of G By Hy.

Theorem 3.1 The generalized characteristic polynomial of Gy Hy is

where

and

k .
<H (d)Ml(HD(x)) )det(xl — (A(G) — 1N — tD(G)) — C), (3.1)

N = diag (i (blj i I’I’lj,‘di> gy i (bnj i mjidi>> (32)

j=1

. L (3.3)
+ (Z m,ll",g’(z,)) (x)) (eh/e;> + (Z m,;l"gl(‘z?) (x)) (eh,ek ))
=1 =1
Proof With a suitable ordering of vertices of G Hy/Hy, we can write
AG) X
A(GHyHy) = ,
(GBhH) [ X7 Y]
where
X=X X - X, (3.4)
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Yy, 0 0 ... 0
0o Y5 0 ... 0
Y = . . . . . 9
0 0 0 ... v
X; = (ekzl_ ® {J]xm“’_giil ®rs, o S, O, )
+ (ehzi ® [J Vmye, OFT, J 1xmy, OTT,, -),
I, ©AH, ) 0 ... 0 1
Yi= : RS :
0 0 o h,, ®AH, )|

for i =1,2,..., h. Next, the degree matrix of the graph G Hy,H; can be written as
{D(G) +N 0]

o’ 4
where
N = diag (Z (bu > mj,-d,) — (bn] > m,,d,> ) ,
J=1 i=1 J=1 i=1
Zi 0 0 0
0 72 0 0
Z = . )
0 0 0 Zy
with
mxigocil ® (Dgoc,-] + D(Hfg 1)) 0
Zi = )
0 m“iﬁ’x,-l’- & (Dgu,-z,- + D(H(; 1 ))

fori=1,2,...,h. Then

A(GEHMHk)tD(GEﬂMHk):[A(G)_tN—fD(G) X }

xT Y—1Z
So
Domrn, (1) = der([xj swem e (_YX— mD'

By using (2.1) in (3.12), we get
bGm,n, (X, 1) = det(x] — (Y — tZ))det(xI — (A(G) — tN —tD(G))
—X(xl — (Y — tZ))*‘XT>.

From (3.5) and (3.9), we get
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h
det(xI — (Y — 12)) = [ [(®y-iz,(x)). (3.14)
i=1
From (3.7) and (3.10) and by using the properties of Kronecker product of matrices, we get
Im%ig“‘_l ® (xl — Mt(H;%_l)) 0
(Dy,,tzi(x) = det :
0 Maigl; ® (XI - M, (Hz:’x,-l, ))
i (3.15)
_ (det(lmal_g @ (xd — M, (H;W)))>
=1
l,’ .
= (‘DM,(H;a_p(X)) /
=1 '
for i =1,2,..., h. Substituting (3.15) in (3.14), we get
ho

det(xI — (Y — tZ))

(DM,(H’ ) (x)mxié’i,‘l

8l

Il
-
—

Il

(H!) (x)™

J

Il
s
E»
2

Il
-
~.
Il
—_

I
—-
g

(rary ()™
=1 '
k
= ] ®up(0° (3.16)
j=1
From (3.4)-(3.10), we get
h
Xl = (Y —12))"' X" = Xyl — (Y; —12:))"'X]
i=1
h -1 -1
- Z(A,(leithZ,) AI.T+Ai<x1—)’,-+tZi> BT (3.17)
i=1
-1 -1
+B; (xl Y+ tZi> AT + B, (xl — Y+ tZ,-) B,.T),
where
Ai = eka(’» & |:Jl><m1igg,-1 ® rS§1i1 e Jlxm,(igli,i ® rngili :| (318)
and
Bl' = eh%i (%9 |:J]><ma(,.[’,1i1 (24 rT&'«,-l s J]szl-gxi[" ® rTgxi,i :| (319)

for i =1,2,...,h. From (3.7), (3.10), (3.18), (3.19) and by using the properties of Kronecker product of
matrices, we get
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-1
Aial = Y+ 1Z) AT = (e e ) @ S i J 1 O, REEACA) r§gw1>

(Sq. S,
Z Mg, Mf’;} “ 1)(X)> (3.20)

I

o (3

= (ekﬁe c") ® (Z Myg,, @ F g” g“)')( )) (by Definition 2.4)
e (3
)

k
- (ouet) & (o mari o)

and
Ailxl — Y +1Z) Bl = (e el ) ® ZJ J ®r (xI—M(H’ ))7er
i i i P ke hy - lxnz,(gxl Myg, [><1 S t 8o T”’Zil
— (ek%e ) ® (Z Mg, @ r ‘“)”) (x)> (by Definition 2.4)
7 1 )
- (ekxle 4) ® (Zm"xéle Mjfll’ e (x)> (321)
= (ekyle 1) X (Z mx, S/ Tl )

Similarly, we get

k
Bt s ) 8] = (Vom0 sl (322
=1
and
k
Bi(xl — Y, +1Z)'A] = (Z mailrgiz;)) (x)> (eh«feli-)' (3:23)
=1

Substituting (3.20)-(3.23) in (3.17), we get

m

k k
X(xl — (Y —12))"'X" =) ( (Z mi,rjvfr’ii;l?)(x)> (ek,.e,{i) + (Z mi,rgjj;f;;) (x)> (ekie}i)
=1

i=1

. . (3.24)
+ (Z m,lrl(‘;:i:]ll,)) ()C)) (ehie,i_) + <Z m,ll"fth’(IS_}’,)) (x)) (ehle,{’)> .
=1 =1
Substituting (3.16), (3.24) in (3.13), we get the result. Ol

As a consequence of Theorem 3.1, we have the following result.
Corollary 3.1
(i)  The characteristic polynomial of A(G By Hy) is
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k .
(H(‘DA H) ) '>d€t(x1—A(G) - C1), (3.25)

i=1

where

Ei@ymwf>@4)<zmﬂm ng

i=1

(ZWW“>GM><ZWW&>&MD.

(il)  The characteristic polynomial of L(G By Hy) is

(3.26)

(H (q’L<H;>+D, (x)>a> det(xl — N — L(G) — C3), (3.27)

i=1

where

(z o0) ()« (S io ) ) )

and N is given in (3.2).
(iii)  The characteristic polynomial of Q(GHByHy) is

(H@@Wm@y>MW—N—@®—Q%

i=1

= Z < (Z m’lFDS,[fll, ) (ekie,€> (Z m’IFDS,[+TL’ ) (ekie,{’_)

(3.28)

where

= S((So o) () + (S o) ()
(Z m”FDTIIJrT[Q H)) )> (eh “h ) (Z m’lFDTzlJrSIQ H)) )> <eh"e’€>>

and N is given in (3.2).
As a direct consequence of Theorem 3.1 we have the following result.

Corollary 3.2 Let H be a graph on p vertices such that the end vertices of its specified edge are adjacent to
all other vertices. Let H; = H for i =1,2,...,h with h<m. Let

m—| "
001y

and let G' be a r-regular graph on q vertices. Then
h
Do, (1) = (Dyy ) () det (1 — A(G) + 1D(G)) + P), (3.29)

where

[ (rlp = 2) = Ty (), 0 AG) 0
P= 0 O}FM'“’)(X)[ 0 0}

and H' is a graph obtained from H by deleting the end vertices of its specified edge.
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m=| "
00n—nyxn

and d; =p—2fori=1,2,... h Then from (3.2), we get

Proof Since

—2)1 0
_ [ =2 : (3.30)
0 0”,(]
Fori=1,2,...,h, since H; = H and S; = T; = V(H'). Then by (3.3), we get
rip=2)l; +A(G) 0
C= FM,(H’) ()C) |: . (331)
0 0,
Now substituting (3.30) and (3.31) in (3.1), we get the result. Ol

Remark 3.1 From Corollary 3.2, we deduce the following existing main results on the spectra of the graph
with edge pockets. Let S be a subset of E(G) with |S| = &. Let H be a graph on p vertices such that the end
vertices of its specified edge are adjacent to all other vertices. Let G’ be a r-regular graph on g vertices. If the
rows of the block [, in the matrix M mentioned in Corollary 3.2 are indexed by S, then from (3.29) we get
the following.

(1) ([31, Theorem 4.4]) d)GEaM,HW( ) 1s the characteristic polynomial of A(G(S, H));
(2) ([31, Theorem 3.10]) (— ) G ) q{) m,7,(—X, 1) is the characteristic polynomial of L(G(S, H));
(3) ([10, Proposition 4.1]) ¢gm,,2, (x, —1) is the characteristic polynomial of Q(G(S, H)).

4 Some particular constructions

In this section, we derive the L-spectra of some particular constructions of M-edge rooted product of graphs
from Corollary 3.1(ii). As a consequence, we get some infinite families of L-cospectral graphs and integral
graphs.

Throughout this section, we assume that G is a connected r-regular graph on n vertices, m > 1 edges with
21(G) = r and M is a non-zero matrix of size m x k whose entries are non-negative integers such that sum of
all entries in each of its row is b, unless we specifically mentioned otherwise.

Corollary 4.1 Fori=1,2,...,k, let H; be a graph on p + 2 vertices such that the end vertices of its
specified edge are adjacent to all other vertices. Then the L-spectrum of G By Hy is

(1) 2 with multiplicity bm — n,

(i) 2+ w(H]) with multiplicity c; for i = 1,2,...,k, j=2,...,p,

1
(iii) 3 (pbr +u(G)+2+ \/(pbr + 14;(G) +2)* — 4bpp;(G) — 8,ui(G)> with multiplicity 1 fori=
1,2,...,n,

Proof Fori=1,2,...,k, since S; = T; = V(H}) and so D; = 2I,. Then by Theorem 2.2, we get

(Si,57) _ (8.1 _ (T8 _ (1T 4
Loy, ) = Tigyin, () = Lo, (00 = Tugnin, (0) = - (4.1)

Notice that each row sum of M is b, G is r-regular and d; = p for i = 1,2,...,p. Using these facts and
applying (4.1) in (3.28) and (3.2), we get
bp
C=|—: G
.= ()2

and N = bprl,. From the above equations, we have
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det(xl, — N — L(G) — ;) = det<<x —r—bp - xbf’2>1,, - (xlf’z - 1)A(G)>

" 4.2
:ﬁg(xz— (bpr 4+ 2 + 15;(G))x + (2 + bp)w;(G)). 2
It is not hard to obtain that
‘DL(H;)+D f! x—2- #j H’)) (4.3)
=
fori=1,2,..., k. Applying equations (4.2) and (4.3) in (3.27) we get the result. ]

Next we present an existing result and give its proof for the sake of completeness.

Proposition 4.1 ([34]) Let A, A, and A3 be real matrices of size p X p, p X q and q X q, respectively,
where p <gq, with the following condition: For i= 1,2 ...,p, Ai1X; = 0;%;, Asy; = (;yi, A2y; = n;Xi,
Alx; =ny,andfori=p+1,p+2,...,q, Asy; = 0 and A3y; = (;y; where d;, {; are eigenvalues of A, and
A3 corresponding to the eigenvectors X; and y; respectively and n; is a scalar. Let

Al A
A=, (4.4)
AL Ay

be a block matrix and Ay, A3 are symmetric, then the eigenvalues of A are
1

(1) 3 (55 + &0/ (0 — Ci)z + 411[2> with multiplicity 1 for i =1,2,...,p;

(i) ¢ with multiplicity 1 fori=p+1,p+2,...,q

Proof Fori=1,2,...,p, consider the vector

i = (lc;‘) (4.5)

where k is unknown constant. For i = 1,2,.. ., p, from Az; = 4;z; by eliminating k, we get

Ai :%(51. +GE (0= +477i2>~

() =) “

This completes the proof. O

Alsofori=p+1,p+2,...,4q,

Corollary 4.2 Fori=1,2,....k, let F} and F? be graphs on p, q vertices, respectively with p <q. Let N
be a 0 — 1 matrix of size p X q such that its row sum and column sum is T, and t,, respectively. For
i=1,2,...k, let H; be a graph obtained from Fl] Vi Fl2 by adding a new edge and joining its end vertices
to all the vertices of F}. Let this new edge be the specified edge of H;. If L(F}), N and L(F?) satisfies the
conditions of Ay, A, and Az, respectively, given in Proposition 4.1, then the L-spectrum of Gy Hy is

1
(i) 2(r+u,(F ) + 1;(F?) i\/fﬂt, (F) + 1(F2))* — 4(ty +2+u,-(F,-‘))(fz+u,-(F,-2))+411f),

with multiplicity c¢; for i =1,2,...,k, j=2,3,....p, where T = 1] + 175 + 2,
(i) 1+ ,uj(Fiz) with multiplicity c; for i=1,2,.. .k, j=p+1,...,q,
(iii))  roots of the polynomial

X — (rl +1+2+bpr+ ,ui(G))x2 + (212 + (bp + 2)1;(G) + (t1 + ) (bpr + ,ui(G))>x
— 124(G)(2 + bp)

with multiplicity 1 fori=1,2,...,n

(4.7)

@ Springer




1248 R. Pavithra, R. Rajkumar

Proof Fori=1,2,... k with a suitable ordering of vertices of H!, we get
L(F} 1 -N
Ly — | KD Tl (4.8)
—N" L(F?) + 2,
Fori=1,2,...,k, since the end vertices of the specified edge of H; are adjacent to all the vertices of F}, we
get S; =T; = V(F}) and
2, 0
D; = [ r px"]. (4.9)
0pp 04
So from (4.8) and (4.9), we get
1 +2)1, + L(F! -N
L(H;) + D; = (4200 +LAE) (4.10)
—NT 1ol, + L(F?)
By using Proposition 4.1 in (4.10), we get
p
D (1174, ( (H x =11 =2 = w(F)))(x — 2 — w(F7)) — 17,))
i (4.11)

( (=2 u,~<F?>>)

fori=1,2,...,k Let x; = 11, and y, = \/7721,. Then x; and y, are eigenvectors of L(F}) and L(F?)
corresponding to the eigenvalue 0 and Ny, = /772X, NTx, = VT112y;- So for i =1,2,...,k, (4.11)
becomes

D, H’+D (Hx_fl—2_ﬂj(Fil))(x_72_uj(Fi2)>_’712)>
=2

. (4.12)
X ((x -1 =2)(x— 1) — Tlfz) (H (x—1— ILL](Flz))>
j=p+1
Fori=1,2,...,k,since S; =T; = V(Fil), row sum and column sum of N is 7| and 1,, respectively, so by
applying Proposition 2.1 in (4.10), we get
(8:,51) _ (1) _ (8.T) _ (7.8
FL(HIT)JrDi (x) = FL(H[)JrD,» (x) = FL(HIT)JrD,v (x) = FL(H,.’)+D,- (x)
px — 1) (4.13)
x—11-2)x—1) -1

Notice that G is r-regular, sum of all entries in each row of Mis b and d; = p fori = 1,2, ..., k. Using these

facts and (4.13) in (3.28) and (3.2), we get

bo(x —

C, = P — 12) Q(G) (4.14)

x—11=2)x—1) — 1112
and N = bprl, . Therefore
det(xI — N — L(G) — ()

N det<<x oo (x—1 iblg)()(cx_—lzz) - T1T2>I - <(x -1 —bpz())z;—hf)z) T 1>A(G)>
_ ﬁ((x —bpr —r+ 2i(G)((x — 11 —2)(x — 12) — T172) — bpr(x — 12) — L(G)bp(x — 7:2)>

(x—11=2)(x—1) — 1112

Now substituting (4.12) and (4.15) in (3.27) we get the result. Ol
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The following result is used in the subsequent results.

Proposition 4.2 ([15], Kapitel 8.5, Folgerung 3) Let M, M>,...,M, be real symmetric matrices of size
n. Then the following statements are equivalent:

(1) M,MJZIWJM, for all i,je {1,2,,]7}
(2) There exists an orthonormal basis {y1,y2,...,yu} of R" such that y\,y,. ...y, are eigenvectors of M;
fori=1,2,...,p.

Note 4.1 Let F; and F, be graphs on p and g vertices, respectively and let N be a 0 — 1 matrix of size
p Xq.

Some particular ways of choosing the matrix N to construct F; Vy F are given below so that these can be
used in Corollary 4.2.

(i) I, Jyxp — I, if Fy and F, are graphs on p vertices and L(F;) commutes with L(F>).

() AWF),A(F)+1,J—A(F),J —I— A(F), where F is any regular graph on p vertices, if F; and F, are
graphs on p vertices and L(F;), L(F), A(F) are commuting matrices.

(i) Any 0 — 1 matrix of size p X g with constant row sum and column sum if F| and F, are totally
disconnected.

Av)  Jpxgs B

(v) B(F), J—B(F), where F is any r-regular graph on p vertices and ¢ edges, if F; = K, or F and
F, =K, or L(F).

The above Cases (i) and (ii) can be verified easily by using Proposition 4.2. Remaining cases can be verified
by using the facts that B(F)(B(F))" = A(F) + rl,, (B(F))"B(F) = A(L(F)) + 2I,, and the properties of
singular values and singular vectors. The details are omitted.

Further, some constructions of families of non-isomorphic regular graphs with commuting adjacency
matrices were given in [23, Section 2.3]. If the adjacency matrices of two regular graphs commutes, then
their Laplacian matrices are so. These facts guarantees the existence of non-isomorphic graphs satisfying
Cases (i) and (ii).

Corollary 4.3 Fori=1,2,...,k, let F; be a graph on p vertices and let F}, F? be two copies of F;. Let N
be a symmetric 0 — 1 matrix of size p X p such that its row sum is 1. For i = 1,2,.. .k, let H; be a graph
obtained from F} Vy F? by adding a new edge and joining its one end to all the vertices of F! and another
end to all vertices of Fl2 Let this new edge be the specified edge of H;. If L(F;) and N are commuting
matrices for i = 1,2,... k, then the L-spectrum of GHyHy is

(1) 1 with multiplicity mb — n,

(1) 1+ 2t with multiplicity mb — n,
(i) 1+ 7+ ;(Fi) — 6;(N) with multiplicity c; for i =1,2,.. .k, j
(iv) 1+t + w(Fi) + 0;(N) with multiplicity c; for i = 1,2,.. ..k, j
(v)  roots of the polynomial

X — (21’ +2+bpr+ ,u,-(G))x2 + (2r + 1+ (2t +2)(bpr + 15(G)) — bpr)x
— (2t + 1 + bp1)1;(G)

with multiplicity 1 for i =1,2,.. . n.

Proof Fori=1,2,... k, with a suitable ordering of vertices of Hlf, we get
L(F;) + 7] - N
L(H) = (F) +l, . (4.16)
—N L(F;) + I,
For i =1,2,...,k, since one end vertex of the specified edge of H; is adjacent to all the vertices of F; and

the another end vertex is adjacent to all the vertices of F?, we have S; = V(F}) and T; = V(F?) and so
D; = I,,. So from (4.16), we get
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T+ 1), + L(F; —-N
L(H)) + D; = [( My +LLE) (4.17)
-N (t+ VI, + L(F;)
For i = 1,2,...,k, since L(F;) and N are commuting matrices, Proposition 4.2 assures that there exist

orthonormal vectors X, Xy, . . ., X, such that (L(F;) + (v + 1)I,)x; = (1;(F;) + 1 + 7)x; and Nx; = 6;(N)x;,
where 6;(N) is an eigenvalue of N for j =1,2,...,p. Then by applying Proposition 4.1, we get

D (s 0, (¥) = H((x == 1= (F)) = ;(N))(x — = = 1 — 5(Fi) + 6;(N))).

For i = 1,2,...,k, since y,(F;) =0 and J,(N) = t corresponding to the eigenvector
equation becomes

1
\/ﬁlp’ so the above

P
Dupyin () = (=t =17 = 2) [T (e =7 = 1= w(F)* = 5(V)°). (4.18)
=2
Since S; = V(F}), T; =S¢ for i =1,2,...,k and row sum of the symmetric matrix N is 7, by using
Proposition 2.1 and Theorem 2.3 in (4.17), we get
(5:.5) _ (@) __plx—t—1)
Futiyeo ) = Taiigjon ) = 2= (419)
and
(8i.T3) _ (7s) _ —pPt
FL(H;)+D, (x) = FL(H;)-&-D,- ) =———5— (4.20)

(x—1—1)7* =12

Notice that the sum of all entries in each row of M is b, G is r-regular and d; = p fori = 1,2, ..., k. Using
these facts and substituting (4.19), (4.20) in (3.28) and (3.2), we get

and N = bprl,. Therefore,
det(xI — N — L(G) — ()

et (x—ppr— o terezT=D N (L bt

nf(x—bpt — 1+ 4(G)((x — 1 — 1)* = 12) —bpr(x — 1 — 1) + 4(G)bpt
:QC P (G)( P~ ) — bpr( ) <>p>

(x—1—1)> =7

Now substituting (4.22) and (4.18) in (3.27) we get the result. Ol

Note 4.2 The following are some particular ways of choosing the matrix N to construct F} Vy F? which
can be used in Corollary 4.3: I, Jyxp, Jpxp — I, A(F), A(F) + 1, J —A(F), J — I — A(F), where F is any
regular graph on p vertices, if L(F) and A(F) are commuting matrices.

Corollary 44 For i=1,2,...,k, let F; be a graph on p vertices and F, a ry-regular graph on q>?2
vertices. Let N be a 0 — 1 matrix of size p X q whose entries in the first column are 1 and the remaining
entries are 0. For i = 1,2,...,k, let H; be the graph obtained from F;Vy F by adding a new edge and
joining its end vertices to all vertices of F;. Let this new edge be the specified edge of H; for all
i=1,2,...,k. Let u be a vertex of F which is adjacent to all the vertices of F; in F; Vy F. Then the L-
spectrum of GHyHy, is

() 3+ w(F;) with multiplicity c; for i = 1,2,...,k,j=2,3,...,p,
(i)  roots of the polynomial

(x = 3)rr)(x) = p(x = 2)Pa(pyy(x — 12)
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with multiplicity mb — n,
(iii))  roots of the polynomial

(¢ = 7= bpr + 24(G)) (¥ = 3)1)(x) = Pl = a6 = 12))
= bp(r + 74(G)) (@) () = Pharuy (x — 12))

with multiplicity 1 fori =1,2,...,n

Proof Fori=1,2,... k, with a suitable ordering of vertices of H!, we get
L(F) +1 - N
L(H)) = ? . 4.23
(H:) [ —NT Mﬂ+Nl (4.23)
where N’ = diag(p,0,...,0) of size q. Fori = 1,2, ...k, since the end vertices of the specified edge of H;
are adjacent to all the vertices of F;, we get S; =T; = V(F;) and
2, 0
Di::[ r ”Xq]. (4.24)
0xp 0,
So from (4.23) and (4.24), we get
L(F)+3l, —N }
L(H)+ D; = 4.25
(H:) { —NT L(F)+N (4.25)
fori=1,2,...,k. By using (2.1) and [30, Exercise 6.2.7, pp. 483] in the above equation, we get
Dy 1) 40, (x) =det (xI; — L(F) — N')det((x — 3)I, — L(F;) — a11J)
= ((DL( )( ) P(DA F—u) (x - 72))d€t(( )Ip - L(Fi) - allJplepTx])
= (Ppry(x) — pDy(p—uy(x — r2))det((x — 3)I, — L(F}))
-1
x det(1+ 7, ((x = 3)l, = L(F)) ™ (=anJper) 426)
. ¥ anp
= (‘DL(F)(X) _p(DA(F—u)(x - VZ)) H(X -3- .U,( D)1 - Y_3
=1
p
= (D) (x) = pPp(r—) (x — 12)) (x = 3 — payy H x =3 — w(F;)),
j=2

where F' — u is the subgraph of F which is obtained by deleting the vertex u# and a;; is (1,1)-th entry of
(xly — L(F) — N')~!. Notice that

(DA(F—u) (x =)

a = . 4.27
! ‘DL(F) (x) - PcDA(Ffu) (x - "2) ( )
Fori=1,2,...,k, since S; = T; = V(F;) and by using (2.2), Theorem 2.2 in (4.25), we get
(8:,8:) _ (8:.T) _ (T8 _ (T _ P
Lriyen, ) = Tin, () = i p, (0 = Tigyp (0) = ———. (4.28)

x—3 — pay;
Notice that each row sum of M is b, G is r-regular and d; = p fori = 1,2, ..., k. Using these facts and (4.28)

in (3.28), (3.2), we get
_ bp
G = (x -3 —pa“) 6)

and N = bprl,. Therefore,
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det(xI, — N — L(G) — C3)

bpr bp > >
=det| |x—r—bpr——— |, - | ————— 1 |A(G
(( P x3pau> <x3pan ©) (4.29)
_ ﬁ (x —bpr —r+ 4(G))(x =3 — payy) — bp(r + 4(G))
Pl x—3—pay )
Applying equations (4.29), (4.27), (4.26) in (3.27) we get the result. O

Remark 4.1 Let F be any regular graph on n vertices, m edges. Then the row sum of each of the following
matrix is equal to a constant: «A(L(F)), «aQ(L(F)), odm, o] —A(L(F))), a(+A(L(F))),
a(J =T —A(L(F))), a(Jmxm — Luxm), aB(L(F)), a(J — B(L(F))), aB(L(F)), a(J — B(L(F))), where o is a
positive integer. Consequently, from the Corollaries proved so far in this section, we can obtain the L-
spectrum of the graph G H),H; when M is any one of the above mentioned matrices. In particular, if F = G,
a regular graph on n vertices, then we obtain the L-spectrum of the special M-edge rooted product of the
graphs defined in Section 1.

Remark 4.2 From parts (i) and (iii) of Corollary 3.1, by the analogues method used in the proofs of
Corollaries 4.1 - 4.4, we can obtain the characteristic polynomials of the adjacency and the signless
Laplacian matrices of the graphs considered in these results, with the following additional assumptions:

(i) Taking H] as g-regular for all i = 1,2, ...,k in Corollary 4.1.
(ii) Taking F;; and Fp, are g1, g, regular, respectively for all i = 1,2, ...,k in Corollary 4.2 with A(F};),
A(F;) and N satisfies the conditions of A, A3 and A, respectively given in Proposition 4.1 .
(ili) Taking F; as g-regular for all i =1,2,...,k in Corollary 4.3 with A(F;) and N are commuting
matrices.
(iv) Taking F; as g-regular for all i = 1,2,...,k in Corollary 4.4.

4.1 Cospectral graphs

As an application of the results obtained so far in this section, we present some ways to construct cospectral
graphs.

One of the significance of this graph construction is that it enable us to construct infinite families of L-
cospectral graphs without assuming any additional cospectrality condition on the constituting graphs, which
is described below.

Let H; be a sequence of k graphs H; for i = 1,2, ..., k, on p + 2 vertices with specified edges. Assume
that the end vertices of the specified edge of H; are adjacent to all other vertices. For each integer b > 1, let
M, be the set of all non-zero matrices of size m x k whose entries are non-negative integers such that each
matrix in M, has row sum is b and i-th column sum ¢; for i = 1,2,... k. Let

Gp = {GEByHM € M,}.

Clearly, for each b, Corollary 4.1 assures that any pair of graphs in G, are L-cospectral. Analogously, we can
obtain the L-cospectral graphs by using Corollaries 4.3, 4.2 and 4.4.
In the following results, let G be a connected 7- regular graph on n vertices and m edges. Let Hk be a

sequence of k graphs H; for i = 1,2,...,k with V(H ,) = {Ui, Uiny .-y Ui}, n; >3 and m; > 1. Let
(Win,—1, Uin;) be the specified edge of H; such that the graphs Hi— Uy, and H; - U;,—1 are isomorphic. Let
M= (m;;) be a non-zero matrix of size m x k whose entries are non—negative integers with its each row sum
and i-th column sum is b >1 and ¢;, respectively, for i = 1,2, ... k.

Corollary 4.5 The graphs GByH; and GH ~ Hk considered in Corollary 4.1 are L -cospectral, if the
pairs (G, G) and (H,H 7 ) fori=1,2,... kare L cospectral.

~2

Corollary 4.6 Fori=1,2,...k, let F ; and F; be graphs on p and q vertices, respectively with p < q and
let N = N be a 0 — 1 matrix of size p X q such that its row sum and column sum is t| and 1,, respectively.
Then the graphs GHyH; and GEHA//;’Hk considered in Corollary 4.2 are L-cospectral, if the pairs (G, G),
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(F}, F 1) are L-cospectral and one of the following hold:

(i) N =Jyxq and (F?,Aliz) are L-cospectral,
(i) N=I,and F} =F, =K, orK,,
(i) N=J,—1,and F? = F, =K, or K,,.

Corollary 4.7 Fori=1,2,.. .k, let ﬁi be a graph on p vertices. Let N=Nbeal—1 symmetric matrix
of size p X p such that its row sum is t. Then the graphs Gty H; and GEEA’/;H]{ considered in Corollary 4.3

are L-cospectral, if the pairs (G, G), (F;, F;) are L-cospectral and N = Jyxp, I, or J, — I,

Corollary 4.8 Let F be a ry-regular graph on q > 2 vertices and let F i be a graph on p vertices for
i=1,2,... k. Let N =N be a 0 — 1 matrix of size p X q whose entries in the first column are 1 and the
remaining are 0. Let u be a vertex of F which is adjacent to all the vertices of Fiin F;Vy F. The graphs
G By Hy and éﬂﬂﬁﬁk considered in Corollary 4.4 are L-cospectral, if the pairs (F;, I?,) and (F, ﬁ) are L-

cospectral, the pairs (G, é) and (F — u, F— i) are A-cospectral.

In a similar way to the above and from the information given in Remark 4.2, we can construct A-cospectral
and Q-cospectral graphs.

4.2 A-integral graphs and L-integral graphs

As another application, in this section, we construct infinite number of A-integral graphs and L-integral
graphs.

Corollary 4.9

(1) Fori=1,2,...,m,where m = Wfor some positive integer n, let F; be a (n + r)-regular A-integral
graph on 2n + r vertices with n + r > 0. Let H; be the graph obtained from F; by adding a new edge
and joining its end vertices to all vertices of F;. Let this new edge be the specified edge of H; for
i=1,2,...,m. Then the graph K, 8 H,, is A-integral.

(2) Fori=1,2,....m, where m = n* for some positive integer n, let F; be a (n + r)-regular A-integral
graph on 2n + r vertices, where r is an integer with n + r > 0. Let H; be the graph obtained from F; by
adding a new edge and joining its end vertices to all vertices of F;. Let this new edge be the specified
edge of H; for i = 1,2,...,m. Then the graph K, ,H8; H,, is A-integral.

(3) Fori=1,2,...,4, Let H; be the graph obtained from K, by adding a new edge and joining its end
vertices to all vertices of K,. Let this new edge be the specified edge of H;. Then the graph C48;, Hy is
A-integral if \/2n and \/1 + 4n are integers.

(4) Let G be the 4-regular graph on 6 vertices. Fori = 1,2,...,12, Let H; be the graph obtained from K,,
by adding a new edge and joining its end vertices to all vertices of K,. Let this new edge be the
specified edge of H;. Then the graph Gy, Hy, is A-integral if \/n and \/1+ 2n are integers.

Proof We prove part (1) by using Corollary 3.1(i). For i = 1,2,...,m, since S; = T; = V(H!), by Theo-
rem 2.2, we get

l—‘(sissi)(x> _ 2n+r

i x—n—r

(4.30)

Since M = I and applying (4.30) in (3.26), we get
2n+r
6 (2 Yotk

—n—r

Substituting the above equation in (3.25), we get
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X —x(n+r)=2n%—m x+n
Do (K, 8, 1) (X) = det(( (n+7) )I — )A(Kn+])>

x—n—r —n—r
< [ @ay )
i=1
m 2n+r
H H X(HD)) | (2 —x(2n+r) —20* — rn — n?)
i=1 j=2

X(x=n—r)"""?=x(r+n-1)—20" —m+n)".

Notice that for i = 1,2,...,m; j=2,3,...,2n+r, J;(H]) are integers, since H; is A-integral. Also the
roots of the polynomials x> — x(2n + r) — 2n> — rn — n?> and x> — x(r +n — 1) — 2n> — rm + n are integers.
So the proof follows.

Similarly, we can prove the parts (2)-(4). O

5 Concluding remarks

In this paper, we obtained the generalized characteristic polynomial of the graphs obtained from the M-edge
rooted product, by using the coronal of a matrix constrained by index sets. As a consequence, several
existing results on the spectra of graphs with edge pockets are deduced and complete spectra of some special
constructions of graphs are obtained. As applications, several infinite classes of cospectral graphs are
obtained and certain class of integral graphs were constructed.

Determining the complete spectra of M-edge rooted product of graphs which are not considered in this
paper is a problem with much attraction. Moreover, studying the graph theoretic properties and the spectra
of other graph matrices of the graphs constructed from this graph operation are further research problems.
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