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Abstract We consider the spaces F, of polynomial p-densities on the line as s[(2)-modules and then we
compute the cohomological spaces Héﬁff(sl(Z),D;_ﬂ), where € R, 4= (1,...,4,) € R" and D; , is the
space of n-ary differential operators from F; ® ---® F,, to F.
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1 Introduction

Consider the space of polynomial p-densities:
Fu={fdx".f € R}, neR

The Lie algebra Vect(R) of polynomial vector fields X, = h<4, where h € R[x], acts on F, by the Lie
derivative L*:

X, - (fdx") = L, (fdx") == (hf' + uh'f)dx". (1.1)

For = (1,...,2,) € R" and u € R we denote by D;, the space of n-ary differential operators A from
Fj, & --®F,, to F, The Lie algebra Vect(R) acts on the space D; , of these differential operators by:

L
Xy A= L"A) = Lk oA —AoLj, (1.2)
where L;;h is the Lie derivative on F, ® - - - ® F, defined by the Leibnitz rule. The spaces F, and D; , can
be also viewed as sl(2)-modules, where sl(2) is realized as a subalgebra of Vect(R):
sl(2) = Span(X;, X, Xe).
According to Nijenhuis-Richardson [8], the space H! (g, End(V)) classifies the infinitesimal deformations of

a g-module V and the obstructions to integrability of a given infinitesimal deformation of V are elements of
H?(g,End(V)).
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1264 M. B. Ammar, R. Sidaoui

For /. € R the spaces Haiff(sI(Z),D;j’y) are computed by Gargoubi [6] and Lecomte [7], the spaces
Héﬁff(Vect( ),sl(2),D;,) are computed by Bouarroudj and Ovsienko [3] and the spaces

Héiff(Vect([R),D;#) are computefl by Feigen and Fuchs [4]. For Z € R? the spaces Hzﬁff(sl(2), D;,) are
computed by Bouarroudj [2]. For 4 € R? the spaces H:iiff(5l(2), D; ,) are computed by O. Basdouri and N.
Elamine [1]. In this paper we are interested to compute the spaces Héﬁff(sl(2), D; ) for J€R"

2 Cohomology

Let us first recall some fundamental concepts from cohomology theory (see, e.g., [5]). Let g be a Lie algebra
acting on a space V and let [ be a subalgebra of g. (If [) is omitted it assumed to be {0}). The space of )-
relative n-cochains of g with values in V is the g-module

Cn(g7 b7 V) = Homb(An(g/b)? V)

The coboundary operator d : C*(g,h, V) — C"*'(g,h, V) is a g-map satisfying 0> = 0. The operator 0 is
defined by

n

(o) (uo, - - -, uy) :Z(—l)iuif(uo, O A T

i=0

+ Z ) ([t w], 80, -+ oy By G ey ).

0<i<j<n

The kernel of 0|.., denoted Z"(g, b, V), is the space of h-relative n-cocycles, among them, the elements of
o(C"'(g,b,V)) are called h-relative n-coboundaries. We denote B"(g,}, V) the space of n-coboundaries.
By definition, the n" h-relative cohomology space is the quotient space

H'(g,b,V) = 2"(g,b, V)/B"(g,D, V).

Here we consider H"(g, V) where g = sl(2) and V = D; - In this paper we are interested to the differential
cohomology Hdlff (i.e., we consider only cochains that are given by differential operators).

3 The spaces Héﬁff(ﬂ(z), D;,)

Consider € R, « = (a;...,2,) € N"and 1 = (J;...,4,) € R", we define

2= 4, d=p—]2 and |of = .
i=1 i=1

We also consider the canonical basis (¢, ..., &) of R" where ¢; is the n-tuple (0,...,0,1,0,...,0) (1 in the
 position). The space D; , is spanned by the operators Q” defined by

Q(fidd" @ - @ fudi) = f7 . faxt,
Lemma 3.1 The action of Xy on Dj, is diagonalizable. The operators Q% are eigenvectors:

X, 0 = (u— || — )@ = (6 — )"

The following lemma gives a first reduction of any 1-cocycle.

Lemma 3.2 We have
Hyipp(s1(2), D; ) = Héﬁff(g’I(z)axl D)

Moreover, up to a coboundary, any 1-cocycle f € Zéﬁff(gl(Z), D; ) can be expressed as follows:

@ Springer



Cohomology of sl(2) acting... 1265

FXn) =D BHQ+ Y G, Xy €5l(2),
o o

where, for any o, the coefficients B, and C, are constants satisfying:

20— |o| = DCy+ > (i + 1)(oi + 24i)Byrs, = 0. (3.1)

Proof.  Any l-cocycle on sl(2) should retains the following general form:

f(Xy) = Z U,hQ* + Z VO + Z W, H' QY

where U,, V, and W, are, a priori, functions. First, we prove that the terms in % can be annihilated by adding
a coboundary. Consider the n-ary differential operator

g Fu® - ®F, —~F, g=» DX D,eRK.
o

We have
Xy = hg' + uh'g — g o L,

- DLAQ* + S 7(6 — |of) Dy QY
2.2 62)

n
— %Z Z OC,'(OC,' + 2/1, — I)Dahﬂgxisi.
o i=1

Thus, if D), = U, then f — 0g does not contain terms in h. So, we can replace f by f — 0g. That is, up to a
coboundary, any 1-cocycle on sl(2) can be expressed as follows:

fXn) =) BHQY+)CHQ
Now, for Xj,, Xs, € sl(2), consider the 1-cocycle condition:
F(Xn s Xny]) = Xy - f(Xn,) + Xy - f (X)) = 0,

which can be expressed as follows:

> B (k= hihy)Q" + " Cl(hihy — h{hy)Q”
o o

+1)° (2(5 — o] = 1)C+ Y (o + 1) (e + 2/1,»)Ba+,;[> (K iy — WKy Q* = 0.
o =1

Thus, for all o, we have B/, = C, = 0, and, moreover, the By, and C, satisfy (3.1). O
Theorem 3.3
1) Ifd &N then Hyee(51(2), D; ) = 0.

2) If =keN then, up to a coboundary, any 1-cocycle f € Zéﬁff(sl(Z),Dm) can be expressed as
Sfollows:
fX) =) BHQ+ > ', X, €6l(2), (33)
2=k Bkt

where, for any B such that || =k — 1, the Bp,,, are constants satisfying:

Z(Bi + 1)(Bi + 24i)Bps, = 0. (3.4)

14

3) If the B, are not all zero then the cocycles (3.3) are nontrivial.

Proof. Consider the 1-cocycle f defined by (3.2) and consider the operator Og where
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1266 M. B. Ammar, R. Sidaoui

g*25—||

|of#0
We have
I\ 2 i
(X)) = Y B __ZZ“ “(;f 4= 1) p i
|| £ |oc|7é<) i= B | |
A+ DB+ 24
= Swae 3SR e
|o]#0 \ﬁl;éé—l i=1 — Bl -
According to (3.1) we have
(B + 1)(B; +2A,)
3 T e =

Therefore, we have
=Y BHY+ Y Ch'Q
| #0 |pl#d—1

and

(f — 0g)(Xy) = ZB WO+ > Cph'Ql.
= Bl=0-1

Thus, if 0 ¢ N then f—0g=0 (since || € N then |«| can not be equal to J), therefore
Hhiff(sI(Z),D;’#) =0. If 6 € N then the condition (3.4) is coming from (3.1), since, in (3.1) we have
0 —|B| — 1 = 0. Moreover, if § = u — || = |a| = k, then there are no terms in #'Q” in the expression of
0g(X,) for any g € D;, (see (3.2)), therefore, the non vanishing cocycle f(Xy) = >_), _ B;h'Q” are non-
trivial. =
Now, we prove that, generically, we can annihilate the term in 4" in the expressmn of the 1-cocycle (3.5) by
adding a coboundary and we describe completely the space H!(sI(2), D 7)) for generic I
Theorem 3.4 If§=kc N and —27. ¢ {0, ..., k— 1}" then, we have
) n+k—2
dimH};¢¢(s(2), ;) = ( L )

These spaces are spanned by the cocycles:

W)= B,

|o| =k
where the B, are constants satisfying the conditions (3.4).

Proof. By Theorem 3.3, for 6 = k> 1, any 1-cocycle f can be expressed as follows:

_ 'O% ¥eY
|o|=k |Bl=k—1
Consider
¢=> D0
or|=k
We have
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n

0g(Xy) = %Z Zoc, o + 24 — 1)D,A"Q* %
- (3.6)
= -3 S (B + 1B+ 22) Dy Q.
IBl=k—1 i=1
Now, consider the linear system
;;(ﬁz +1)(B; +24i)Dpy, = Cp,  |pl =k —1 (3.7)

which express that

D G = —0g(X).
|pl=k—1

Without loss of generality, assume that —22; & {0, ..., k — 1}. Choose arbitrarily the D, where o =
(0,00,...,0,) € N* with |a| =k Now, for any o= (1,0,...,0,) € N" with |a| =k, consider =
(0,00, ...,a,) (then || =k — 1). The coefficient D, is uniquely defined by (3.7), in function of Cy and the
Dg.,,, for i > 2, (indeed, D, = Dg,,,, f; = 0 and A; # 0). Similarly, by (3.7), we define the coefficients D
with oy = 2, in function of those with oy = 1 and Cy,, . 4,)- S0, step by step, we define all the coefficients
D, so that (f + 0g)(X;) does not contain terms in A”.

The non vanishing 1-cocycles defined be (3.4) are non trivial, since any coboundary does not contain
terms in /&' (see (3.6)). Thus, the space Hd e (s1(2),D;,,) is isomorphic to the space of solutions of the
system of linear equations (3.4). As before, we assume that —21; ¢ {0, . — 1}, the space of solutions of
the system of linear equations (3.4) is generated by the arbitrary coefﬁments B, where o = (0,0, ...,0,) €
N" with || = k. The number of such B, is the well known binomial coefficient with repetition

n+k—2
(1)
k

which is equal to the dimension of H! diee81(2), D). O

4 Singular cases

Now assume that
25 =(ti,ty, ..., 1,) €{0, 1, ..., k—1}".

We cut the system of equations (3.4) into the two following subsystems (S;) and (S,):

n

(S0): > (o4 1)(o+24)Byrs, =0, g #1. (4.1)
i=1

(Sz) : Z(Oﬂi + 1)(0(,' + Z;V,')Bwrsi =0, o =1. (42)

i=1

From (S;) we extract the following system (S)

n

(S D (o4 1)(ti+24)Byis, =0, oy =1, — 1. (4.3)
i=2

The space H! dige(s1(2), Dy ) is managed by the system (3.4), which is a system with I'* unknowns and I’
equations. Any equation 1s coming from a given o = (o4, ..., &,) with || = k — 1. The rank of (3.4) is then
less or equal to F]:l !, The cocycles generating Hdlff(sl( ), ’Df--,u) are of two types:
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1268 M. B. Ammar, R. Sidaoui

type 1 : ZBah/Q“ or type?2: Z Ceh" QP
(2]=k Ve

If the rank of (3.4) is F’;’l — ¢ then the dimension of the space of cocycle of type 1 is
f-rt =1t +¢

The dimension of the space of classes of cocycles of type 2 is equal to the dimension of the space of all Cg,
with || = k — 1, from which we subtract the rank of (3.7) (or (3.4)). Thus, the dimension of the space of
classes of cocycles of type 2 is ¢ since the space of parameters Cg, with || =k — 1, is F’fl’l—dimensional.
Thus,

' n+k—2

Theorem 4.1 [f o,<k — 1, then

n+k—2
. .

Proof. This is equivalent to the fact that, in this case, the system (3.4) is of maximal rank. We proceed by
recurrence to prove this result. It is true for n = 2 (see [2]). Assume that the result is true for n — 1. Consider
the subsystems (S;) and (S;), it is easy to prove that (S;) is of maximal rank, while, by the recurrence
hypothesis, the subsystem (S,) is also of maximal rank. Indeed, the subsystem (S,) can be considered as a
system of equations related to the (n — 1)-tuple (o, .. .,a,). So, we are in the case n — 1 with

062—|-"'+Otn:k—1—l‘1:k/—1 and 6,,71:t2+"'+[n<k—l1—1=kl—1.

If #; = 0 then, combining the two subsystems (S;) and (S,), we get a system with maximal rank, since there
are no common unknowns. Indeed, the unknowns By, ., of (1) are all with o # 0, while those of (S,)
are all with oy = 0.

If #; > 0 then the unknowns By, _,. of (S2) are all with oy = ;. The unknowns By, ., ) with a1 =1,
can also appear in (S;), but they appear only in the equations corresponding to (&, ..., 0o,) with oy = — 1.
Therefore, we consider the system (S}) which can be also considered as a system of equations related to
(o2, ..., 0y), but, here we have

.....

O!z—l—"-—l—dn:k—ll:k/—l and 0',171:l2+'~-+t,1<k—l1—1:]{/—2<k/—1.

For (§)) we are in the case n — 1, therefore, by the recurrence hypothesis, the system (S}) is of maximal
rank, therefore, there are no nontrivial combination of some equations of () belonging to (S,), since there
are no nontrivial combination of some equations of (S;) killing the B, with o; = #; — 1. That is, the spaces
of the equations respectively of (S;) and (S,) are supplementary. Thus, combining the two subsystems (5;)
and (S;), we get a system of maximal rank which is the system (3.4). Theorem 4.1 is proved. O

Theorem 4.2 I[fo, =k — 1 then

. 1 ~ _ n—+ k—2
dimH 3;¢¢(s1(2), Dy ,) = ( . > +2.
Proof. This is equivalent to the fact that, in this case, the system (3.4) is of rank Fﬁfl — 1. We proceed by
recurrence to prove this fact. This is true for n =2 (see [2]). Assume that the result is true for n — 1.
Consider the subsystems (S)) and (S,). As before (S;) is of maximal rank, it is of rank [*~1 — %=~ The
subsystem (S5) is of rank | R | (by the recurrence hypothesis).

n—1
If 7; =0 then, as before, we see that the subsystems (S;) and (S;) are independent of each other.
Therefore, combining the two subsystems (S;) and (S;), we get a system of rank
B e M L
Indeed, the unknowns B,
common unknowns).

x) of (S1) are all with o; # 0, while those of (S5) are all with o; = O (there are

.....
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If 7; > O then the unknowns B, ., of (S2) are all with o; = #;. The unknowns By, .4, With oy =1

appear in (S;) only in the equations corresponding to (ay, ..., o,) with oy = #; — 1. As before, we consider
the system (S)). We are in the case n — 1 with

b+t =k—1 =k —1 and Op1=t+--+t,=k—1t — 1 =k —2<k —1.
By the recurrence hypothesis, the system (§)) is of maximal rank, therefore, there are no nontrivial

combination of some equations of (S;) killing the B, with oy =#; — 1, therefore, combining the two
subsystems (S;) and (S), we get a system with rank

| e M L VY

Theorem 4.2 is proved. O

Remark 4.3 1f 6, = k — 1, we see that the equation corresponding to (71, . . ., ,) is trivial, so, it’s enough to
prove that, if we subtract this equation from (3.4), we get a maximal rank system. In this case the space of
cocycles of type 2 is one dimensional, spanned by

Theorem 4.4 If g, = k then

where s is the number of t; > 1.
Proof. We proceed by recurrence to prove that the rank of (3.4) is
n+k—2
o (s—1) = —(s—1).
eeen= (") e

This is true for n = 2 (see [2]), indeed, for n = 2 we have necessarily s = 2. Assume that the result is true
for n — 1. As before, if #; =0 then the subsystems (S;) and (S,) are independent of each other. The

subsystem (S ) is of rank TX~! — T*~1 ' while, according to the recurrence hypothesis, the subsystem () is

of rank Fﬁj — (s — 1). Therefore, the rank of (3.4) is

n+k—2
rﬁ-l—rﬁ‘Hr’;‘%—(s—l)—Fﬁ‘l—(s—l)—( 1 >—(S—1)-

Now, for #; > 0, the subsystem (S;) is of rank F’,‘,_l —Fﬁ:t]‘_], while, according to the recurrence
hypothesis, the subsystem (S,) is of rank

O = (s—2).
Consider the subsystem (§]). We are in the case n — 1 with
o +--+ou, =k—1 =k —1 and Op1 =t +---+t,=k—1 =K —1.

Therefore, the subsystem () is of rank

k.
The equation corresponding to (t; — 1,1, ..,1,) appear as a trivial equation in (S)), corresponding in (S))
to the equation
Bty = 0- (4.4)

The equation (4.4) appears also in (S,) corresponding to any (¢, 12, ..., t,) — & for i > 2.
Obviously, if we subtract the trivial equation from (S§}) we obtain a system of maximal rank. Thus, the
system (3.4) is of rank

O - o = (s=2) =1 =T = (s 1).

n—1
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Theorem 4.4 is proved. O

Remark 4.5 The result of the previous theorem can be explained by the fact that the equations (3.4)
corresponding to (t1,...,#,) — &, for t; > 0, are the same. They are all equivalent to (4.4). So, it’s enough to
prove that, if we subtract (s — 1) equations from these s equivalent equations we get a maximal rank system.
The space of cocycles of type 2 is spanned by

l"i(Xh) Ih”Qy", Vi = (Il,lz,...,ln) —¢&, ti>1.
Theorem 4.6 If 6, =k + 1, then
U ys(s—1)—2r  if maxf;>2
. 1 B _ =
dldelff(5I(2)7Dl,M) - { ! k-1 if maxs = 1.
where s is the number of t; > 1 and r is the number of t; = 1.
Proof. Assume that #; > 1 and consider the system (§]). We are in the case n — 1 with

oc2+---+ocn=k—t1:k'—1 and 6n71:t2+"'—|—tn=k+1—t1Zk/.

Therefore, it was proved in the proof of Theorem 4.4 that the system (§}) is of rank

o= (s —2).
In () the equations corresponding to (; — 1,1,...,1,) — &, for £; > 1, are equivalent to
B(nfl,tz,,,,,t,,) = 0

But, the correspondent equations in (S;) are

B(tl,tz,...7t,,)7£,' + B(tlfl.z‘z....,tn) = Oa 1 Z L. (4-5)

Case 1: maxt; > 2. Assume that 1, >2. We proceed by recurrence to prove that the rank of (3.4) is
1
et - ES(S —1)+r

This is true for n = 2 (see [2]), indeed, for n = 2 we have necessarily s =2 and r = 0. Assume that the
result is true for n — 1.
Assume that t;{ = 1. By the recurrence hypothesis, the subsystem (S,) is of rank

1
| —5( =2 =D +r—1
We have 1, > 2, then, in (S,) the equation corresponding to (¢, — 2, ...,1,) gives
B(n =1 t) — 0.
Therefore, the equation corresponding to (71,5, — 1,...,t,) — &, for ; > 1, gives
B(zl,zz,...,rn)—s,» = Oa 21, (4'6)

and the (s — 2) correspondent equations (4.5) in (S;), for i >3, become trivial (we can also say that the
equations (4.5) of (S}), for i >3, are combination of some equations of (S,)). If we subtract the equations
(4.6), for i >3, from (S}), we obtain a maximal rank system. Therefore, the rank of (3.4) is

1
D O O - 2= 2= D= 1= (5 -2)

+k—-2 1
:<n ) )—Es(s—l)—i-r.

If +; > 2, then the subsystem (S;) is of rank
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1
Lo =5 G- =1 +r.

But, here we have By, _,, ., = 0 as equation corresponding to (¢, —2,1,...,t,). Therefore, the equation

corresponding to (t; — 1,t,...,1,) — & gives B, . 4)—s = 0. So, the (s —2) correspondent equations

t,..

.....

equation corresponding to (¢,# — 2,...,1,). Thus, the rank of (3.4) is

1
| R RS R S=2) (=D +r—(s=2)-1

n+k—2 1
( L >—§s(s—1)+r.

Case 2: maxt; = 1. In this case we prove the rank of (3.4) is

et _ <n+k—2>
n - k .

By the recurrence hypothesis, the subsystem (S,) is of rank
k—t;—1
| R

Assume that t; = #, = 1. Therefore, the (s — 2) equations, in (S}), corresponding to (t; — 1,t2,...,t,) — &,

get a maximal rank system. Therefore, the rank of (3.4) is
- e n+k—2
r e = (TR,

Theorem 4.6 is proved. O

Remark 4.7 1In the previous theorem, if there exist some t; > 2, then, for any t; >2, (3.4) applied to
(t1,t2, -+ 1) — 2¢; gives By, 1, . 4)—s = 0. We use one of £, >2 to prove that B, , ;) =0 for t; = 1.
That is, we have r equations: By, ;, ;) = 0, corresponding to (t1,12, ..., ;) — &, — ¢ for a fixed t;, >2
and #; = 1. Therefore, all other equations corresponding to (1,1, ...,1,) — & — ¢, for i<j and t;, ;> 1,
become trivial. We prove that if we subtract these trivial equations we get a maximal rank system. Thus, the
rank of (3.4) is

_ 1 n+k—2 1
Fﬁl—is(s—l)—&-r:( ' )—Es(s—l)—f—r
Theorem 4.8 If g, =k + 2, then
. n+k—2
dlmH(lﬁff(sI(Z),DL#) = ( . ) +s(s— 1),

where s is the number of t; > 3.

Proof. We proceed by recurrence to prove that the rank of (3.4) is

1 n+k—2 1
o g(s—1) = ——s(s—1).
s = (") g

This is true for n = 2. Assume that it is true for n — 1. As usually, the result is true if 1, = 0.
If max#; = 1 then (S,) is of rank

k—1,—1
r‘nfl ’

and the system (S)) is of maximal rank. Therefore, the rank of (3.4) is
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n—1

r‘k—l _l—*kffllfl _’_rk*l]*l — <n+k_2>
n n— k .

If max #; = 2 then we can assume that #; = 2. In this case (S;) is of rank
k=, -1
r,-| .

For (§}) we distinguish two cases. max; » | ; = 1 or max; > | ; = 2. In the first case, the system (§) is of
maximal rank. Therefore, the rank of (3.4) is

+k-2
rﬁ‘l—rﬁﬁ“+rﬁ’1‘l—(" ) )

In the second case, the system (S}) is of rank

1
Tl =56 =2 — 1)+,

where s’ is the number of 7; > 1 and #’ is the number of #; = 1. Indeed, for the system (S’1 ), we are in the case
n — 1 with

b+ 4o, =k—t;=k—1 and o, =tr+ - -+t,=k+2—t, =k + 1.

Assume that 7, =2. In the system (S}), for i>2 such that #;>2, the equations corresponding to
(1 — L, ..., 1,) — 2¢; are

B 1ty =0, 6:>2, i>2. (4.7)
In particular, we have B(; _y,—1...,,) = 0. Therefore, there are ¥’ equations

B _1pi)— =0, ti=1, i>3, (4.8)
corresponding to (4 — 1,6, —1,...,t,) —¢, for i>3 and t, = 1. Therefore, all other equations
corresponding to (t; — 1,%,...,t,) — & — ¢, for i<j and #;, t;> 1, become trivial in (S}). The number of

these trivial equations is 1 (s — 2)(s’ — 1) — . Of course, if we subtract these trivial equations from (S}) we
obtain a maximal rank system. Therefore, the rank of (3.4) is

n+k—2
L R PR < ) )
Indeed, these trivial equations of (§)) are associated in (S;) to
B(tl7t27~~~stn>_8i_8/' =0. (49)
But, (4.9) appears also in (S,) as equation corresponding to (t,, — 1,...,1,) — & — ¢, since we have also
B(tl.,trl ..... t)—& — 0, for #; > 2.
Now, if #; >3, then (S,) is of rank

1
Mo =S =2 - 1)

The rank of (§)) is
1

koo —E(s/ —2)(s = 1)+
In (S)), for i >2 such that #; > 2, the equations corresponding to (1, — 1,1, ...,1,) — 2¢; are
By timny e =0, 6:>2, i>2. (4.10)
Moreover, there are r’ equations
Bi-1mpy—e =0, =1, i>2, (4.11)

corresponding to (t; — 1,12,...,t,) — &, — &, for a fixed ip > 2 such that 7, >2 and i >2 such that t; = 1.
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All other equations corresponding to (¢ — 1,1p,...,1,) — & — g, for i <j such that #;, ; > 1, become trivial

in (7). The number of these trivial equations is 1 (s — 2)(s' — 1) — /. These trivial equations in (S}) appear

in (S;) as
Bl ini)irsy = 0. (4.12)

For any f; >3, the equation corresponding to (t1,,...,t,) — 3& gives B, 1y,...1n)—26; = 0. Therefore, the
equation (4.12) appear in (S;) as equation corresponding to (#1,t,...,%,) — 3¢ only for i >2 such that
t; > 3. Thus, the rank of (3.4) is

n—1

k-2
L I I %(s =2)(s—1)—(s—1)= (n+ > —%S(S - 1.

Theorem 4.8 is proved. U

Theorem 4.9 If 6, = k + m, with m> 2, then
n+k—2

)

dimHJ;¢¢(s(2), D;,) = (

where s is the number of t; > m.

Proof. Assume that m > 3, since the case m = 2 was treated in the previous theorem. We proceed by
recurrence to prove that the rank of (3.4) is

et - %s(s —1).
This is true for n = 2. Assume that it is true for n — 1.
4.1 If {, <m.
In this case the system (S,) is of rank
| R %s(s —1).
The system (S)) is of rank

ko %s’(s’ —1)
where s’ is the number of #; >m for i > 2. Indeed, for the system (S}), we are in the case n — 1 with
w+- o, =k—tp=k—-1 and o, 1=t + - +t,=k+m—t; =k +m—1.

In (S)), for any t; > m, the equation corresponding to o = (t; — 1,1, ...,1,) — mg; is

B -1.yct)~(m-1)e; = 0. (4.13)
Case 1: m =2h + 1 with h> 1. In (), for i #j, t; >2h + 1 and 1; > 1, according to (4.13), the equation
corresponding to (t; — 1,1,...,1,) — 2he; — & gives

Bt~ 1.4y,..,)—(2h—1)e—; = 0.

Step by step, for #; > (2h+ 1) and ;> (2h + 1), i # j, the equations corresponding respectively to (| —
1,t2,...,t,) — (h+ 1)g; — hej and (1) — 1,1, ..., 1,) — he; — (h + 1)¢; are equivalent to the same equation
which is

B([]7l,t2,...,t,l>7h8,‘7h§f = 0 (4'14>
Therefore, if we subtract from (S}) the 1s(s—1) equations corresponding to
(ti — 1,10,...,t,) — (h+ 1)&; — hej, where t;,1;> (2h+ 1) and i<j, we get a maximal rank. Thus, the
rank of (3.4) is
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1 n+k—2 1
| R A R —5s(s=1) :< ) 5

—=s(s—1).
. (5= 1)
Case 2: m = 2h. In (S’l), for i # j, t;>m and ;> 1, according to (4.13), the equation corresponding to
(1 — 1,00, ty) — (2h — 1)g; — & gives
B(fl71,t27...,t,,)7(2h72)1;;7¥:/ =0.

Consider a fixed 7;, > 1. The equation corresponding to (r; — 1,1, ...,1,) — (2h — 2)&; — &, — ¢, for t; >m,
gives

B(tl =Lty ty) = (2h=3 )i =iy —¢; —

Step by step, for 7;, ; > m, i # j, the equations corresponding respectively to (1; — 1,1, ...,1,) — &, — (h —
1)e; — hej and (11 — 1,t2,...,1,) — &, — he; — (h — 1)&; are equivalent to the same equation which is

B~ 11r,.. ) e~ (h—D)ei—(h—1)e; = O (4.15)

Thus, we have the same result as in the previous case.
42 If ty > m
In this case the system (S,) is of rank
1
| B 5 =2)(s—1).
The system (S)) is of rank

1
- 75 =1)

where s is the number of #; >m for i >2. We proceed as in the previous case, but here, since f; > m, we
prove that in (S)) the equations (4.14) and (4.15) become trivial for i =j and #; > m. The corresponding
(s — 1) equations in (S;) are respectively

Bty o )—2ni1)e = 0 and - By gy gy e —(2n-1)5 = 0.

But, these equations appear also in (S,) as equations corresponding respectively to (¢;,t,...,%,) — (2h +
2)e; and (t1,tp,. .., t,) — &, — 2he; for any i >2 such that ; > m. Thus, the rank of (3.4) is
_ - EPETE | n+k—2 1
| B R R I—E(S—Z)(s—l)—(s— 1) = ( L > —5s(s=1).
Theorem 4.9 is proved O
Note that for n = 2 and g, > k — 1, we have always
ss—1)=2(s—-1)=s(s—1)—2r=2
and we know that, in this case, we have HY. o(s[(2),D; ) = 3 = 2Hk=2 +2
’ , dife(51(2): Pz) =3 = X :
Now, we summarize our results in the following theorem
Theorem 4.10
r“ if o,<k—1,
rt, +2 if o, =k—1,
ko +2(s—1) if o,=k,

dimHY: < (s1(2), D5 ) = .
diff (+1(2): D7) T“ 4+ (s+r)(s+r—1)—2r if 6,=k-+1, and maxt;>2
s, if o0,=k+1, and maxt; =1

Lo +s(s—1) if o, =k+m, m>2,
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where s is the number of t; > a, — k, r is the number of t; = 1 and F’;A = (

n+k—2
i .
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