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Abstract In this paper, we establish a non-trivial upper bound for the exponential sum
X

y\n\y0
KðnÞeðx=nÞ

when y\y0 � 2y:
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1 Introduction

An interesting question of Erdös is that how frequently the binomial coefficients n
k

� �
is squarefree and a well

known conjecture of Erdös asserts that 2n
n

� �
is not squarefree for n [ 4: Sárközy [1] proved this conjecture

for sufficiently large n and the Erdös conjecture was settled by Andrew Granville and Olivier Ramaré [2]
and also by Velammal [3] independently. In [2], there are several interesting results in connection with the
binomial coefficients, to mention a few:

Result 1 : There exists a constant s1 [ 0 such that if n is sufficiently large and n
k

� �
is squarefree then k or

n� k is \ expðs1ðlog nÞ2=3ðlog log nÞ1=3Þ:
For a strong quantitative version of the result 1, we refer to Theorem 3 of Wirsing [4]. There are even

some rows of Pascal’s triangle which begin with lots of squarefree entries. More precisely, in [2], it is shown
that:
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Result 2 : There exist infinitely many integers n such that n
k

� �
is squarefree for all k\ 1

5
log n:

While establishing the conjecture of Erdös on 2n
n

� �
, Granville and Ramaré converted this problem into

one dealing with certain exponential sums. More precisely, one needs to estimate an upper bound of the
sums of the form:

S :¼
X

y\n\y0
KðnÞeðx=nÞ:

Here KðnÞ is the Von Mangoldt’s function, eðtÞ ¼ e2pit: Trivially, we have

jSj �
X

y� n� 2y

KðnÞ�
X

1�m� ½log 2y
log 2
�þ1

y
1
m\p\ð2yÞ

1
m

m log p

�
X

y� p� 2y

log pþ
��

log 2y

log 2

�
þ 1

�
2:ð2yÞ1=2

� 4yþ 10
ffiffiffi
y
p

logð2yÞ:

The crucial question is how to find an upper bound for |S| of a sort like jSj ¼ oðyÞ: This leads one to consider
estimating |S| when y is small comparatively to a smaller power of x and y is large comparatively to a smaller
power of x. In these circumstances Granville and Ramaré successfully established :

Theorem A ( [2], Theorem 9) If k is a positive integer and y� 1
5

x3=5 then
				
X

y\n\y0
KðnÞeðx=nÞ

				�
50

3
y

�
x

yðkþ3Þ=2

� 1

4ð2k�1Þ

for any y� y0 � 2y: The bound is minimized when k is the smallest integer satisfying

1þ 1

2
ðk þ 2�kÞ� log x

log y
: ð1Þ

Theorem B ( [2], Corollary 2) If y� 1
5

x3=5 andk is the smallest integer satisfying (1) then
				
X

y\n\y0
KðnÞeðx=nÞ

				�
50

3
y1� 1

2kþ3ðlog 16yÞ11=4;

for any y� y0 � 2y:

Theorem C ( [2], Theorem 9) If x� y� 2x2=3 then
				
X

y\n\y0
KðnÞeðx=nÞ

				� 5y

�
y

x

�1
4

ðlog 16yÞ5=2;

for any y� y0 � 2y:

Throughout the article, x� x0 where x0 is sufficiently large. The main aim of this article is to prove :

Theorem 1 There exists an absolute constants c1; c2 such that

jSj ¼
				
X

y\n\y0
KðnÞeðx=nÞ

				� ðx
2=9y11=18 þ y3=2x�1=2Þ log4 y

holds for y satisfying c2
x

ðlog xÞ10 � y� c1x4=7ðlog xÞ90=7 and for any y\y0 � 2y:

Remark 1 We note that
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x2=9y11=18ðlog yÞ4 �y5=4x�1=4ðlog yÞ5=2
when

x17=23ðlog xÞ54=23:

x�1=2y3=2ðlog yÞ4 �y5=4x�1=4ðlog yÞ5=2
when

x

ðlog xÞ6
:

Thus our bound is better than Theorem 9 of [2] when y satisfies c3x17=23ðlog xÞ54=23� y� c4
x

ðlog xÞ10 :

Remark 2 The main idea in proving the Theorem 1 is to split the sum S into various sub-sums using
Vaughan’s identity. Each of these sub-sums is handled via exponent pairs. Thus we have an advantage of
choosing for instance different exponent pairs for different sub-sums which will surely have some benefits,
like getting a better range for y or compromising the range of y, getting a better upper bound for |S|.

2 Notation

(1) We write e(x) for e2pix:
(2) The notation f ðxÞ ¼ OðgðxÞÞ and f ðxÞ � gðxÞ are equivalent to the assertion that the inequality

jf ðxÞj � cgðxÞ holds for some constant c [ 0; for x� x0:
(3) The notation f ðxÞ ¼ oðgðxÞÞ means limx!1

f ðxÞ
gðxÞ ! 0:

(4) c1; c2; . . . are effective absolute constants.

3 Vaughan’s identity

We begin with a description of Vaughan’s method which has its roots in earlier work of I. M. Vinogradov on
the Goldbach conjecture. This is exposed extensively in the literature; see for example ( [5–7]). For any
A;B 6¼ 0 and F, G, we have the formal identity:

A

B
¼ ð1� BGÞA

B
þ AG

¼ ð1� BGÞ
�

F þ
�

A

B
� F

��
þ AG

¼ F � BFGþ AGþ
�

A

B
� F

�
ð1� BGÞ:

Now let

AðsÞ ¼
X1

n¼1

aðnÞ
ns

BðsÞ ¼
X1

n¼1

bðnÞ
ns

AðsÞ
BðsÞ ¼

X1

n¼1

cðnÞ
ns

1

BðsÞ ¼
X1

n¼1

b0ðnÞ
ns

FðsÞ ¼
X

n�U

cðnÞ
ns

GðsÞ ¼
X

n�V

b0ðnÞ
ns

be defined for r ¼ ReðsÞ� r0: Here U and V are arbitrary parameters to be chosen later satisfying U;V � 1:

Lemma 1 We have

cðnÞ ¼ a1ðnÞ þ a2ðnÞ þ a3ðnÞ þ a4ðnÞ

where
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a1ðnÞ ¼
cðnÞ for n�U

0 otherwise




a2ðnÞ ¼ �
X

der¼n
e�V ;r�U

bðdÞb0ðeÞcðrÞ

a3ðnÞ ¼
X

de¼n
e�V

aðdÞb0ðeÞ

a4ðnÞ ¼ �
� X

de¼n
e [ V ;d [ U

cðdÞ
� X

tr¼e
r�V

bðtÞb0ðrÞ
��

Proof This follows easily from the formal identity indicated above and we refer the reader to Davenport (
[8], p.139) for details. h

Lemma 2 We have

KðnÞ ¼ a�1ðnÞ þ a�2ðnÞ þ a�3ðnÞ þ a�4ðnÞ

where

a�1ðnÞ ¼ KðnÞfor n�U
0otherwise

n

a�2ðnÞ ¼ �
X

der ¼ n
e�V ; r�U

lðeÞKðrÞ

a�3ðnÞ ¼
X

de ¼ n
e�V

logðdÞlðeÞ

a�4ðnÞ ¼ �
X

de ¼ n
e [ V; d [ U

KðdÞ
� X

tr ¼ e
r�V

lðrÞ
�
:

Proof The proof is immediate from Lemma 1 upon taking AðsÞ ¼ �f0ðsÞ; BðsÞ ¼ fðsÞ; FðsÞ ¼
P

n�U
KðnÞ

ns ;

GðsÞ ¼
P

n�V
lðnÞ
ns and noticing that b0ðnÞ ¼ lðnÞ; bðnÞ ¼ 1; cðnÞ ¼ KðnÞ and aðnÞ ¼ log n if n� 2 and 0 if

n ¼ 1: h

4 Estimates of various exponential sub-sums

We begin this section with definition of exponent pair which we use to estimate sub-sums.

Definition 1 (P.30, [9]) Let N, y, s and e be positive real numbers with e\1=2 and let P be a non-
negative integer. Define FðN;P; s; y; eÞ to be set of functions f such that

(1) f is defined and has P continuous derivatives on some interval [a, b], with ½a; b� 	 ½N; 2N�;
(2) if 0� p�P� 1 and a� x� b then

jf ðpþ1ÞðxÞ � ð�1ÞpðsÞpyx�s�pj\eðsÞpyx�s�p:

Here, ðsÞp is defined recursively by the relations

ðsÞ0 ¼ 1; ðsÞkþ1 ¼ ðsþ kÞðsÞk:

Note that when p� 1; ðsÞp ¼ sðsþ 1Þ. . .ðsþ p� 1Þ:
Definition 2 (P.31, [9]) Let k and l be real numbers such that 0� k� 1=2� l� 1: Suppose that for every
s [ 0; there is some P ¼ Pðk; l; sÞ and some e ¼ eðk; l; sÞ\1=2 such that for every N [ 0; every y [ 0; and
every f 2 FðN;P; s; y; eÞ; the estimate
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X

n2I

eðf ðnÞÞ � ðyN�sÞkNl þ y�1Ns; ð2Þ

holds. Here it is also assumed that f is defined on [a, b] and the implied constant depends only on k, l, and
s. We then say that (k, l) is an exponent pair.

Let

Si ¼
X

y\n� y0
a�i ðnÞeðx=nÞ

for any y� y0 � 2y where a�i ðnÞ for i ¼ 1; 2; 3; 4 are the functions defined in Lemma 2.

Lemma 3 We have

S1 � U:

Proof Trivially

jS1j ¼
				
X

n�U

KðnÞeðx=nÞ
				� U:

h

Lemma 4 For any exponent pair ðj; kÞ, the following bound

S2 � xjyk�2jðUVÞj�kþ1
log yþ y2

x
log3 y

holds.

Proof We have

S2 ¼ �
X

y\n� y0

� X

der¼n
e�V;r�U

lðeÞKðrÞ
�

eðx=nÞ

¼�
P

er� y0

e�V ;r�U

lðeÞKðrÞ
P

y
er\d\y0

er

e

�
x

der

�

S2�
P

er� y0

e�V;r�U

KðrÞ

				
P

y
er\d\y0

er

e

�
x

der

�				

We apply theory of exponent pairs to estimate the inner sum, so that
				
X

y
er\d\y0

er

e

�
x

der

�				� xjyk�2jðerÞj�k þ y2

xer

for any exponent pair ðj; kÞ:

S2 � xjyk�2j
X

er� y0

e�V;r�U

KðrÞðerÞj�k þ y2

x

X

er� y0

e�V;r�U

KðrÞ
er

:

Thus,

S2 � xjyk�2jðUVÞj�kþ1
log yþ y2

x
log3 y:

h

Lemma 5 For any exponent pair ðj; kÞ, the following bound
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S3 � xjyk�2jVj�kþ1 log yþ y2

x
log2 y

holds.

Proof We have

S3 ¼
P

y\n� y0
P

de¼n
e�V

logðdÞlðeÞe
�

x
de

�

¼
P

e�V
lðeÞ
P

y
e\d� y0

e

logðdÞe

�
x
de

�
:

Therefore

jS3j �
X

e�V

				
X

y
e\d� y0

e

logðdÞe
�

x

de

�				:

Since log d is monotonic, the modulus of the inner sum is

� logð2y

e
Þ
				
X

z\d� y0
e

e

�
x

de

�				

for some z 2 ðy=e; y0=eÞ: Again we apply theory of exponent pairs to estimate the above sum, we obtain
				
X

z\d� y0
e

e

�
x

de

�				� xjyk�2jej�k þ y2

xe

for any exponent pair ðj; kÞ:

S3 � xjyk�2j
X

e�V

logð2y

e
Þej�k þ y2

x

X

e�V

logð2y

e
Þ
� 1

e

�
:

Thus

S3 � xjyk�2jVj�kþ1 log yþ y2

x
log2 y:

h

Lemma 6 For any exponent pair ðj; kÞ, the following bound

S4 �
�

y

U1=2
þ x

j
2V

k�j�1
2 y1�j

2 þ y3=2

x1=2

�
log4 y;

holds.

Proof

S4 ¼ �
X

de¼n
e [ V;d [ U

KðdÞf1ðe;VÞe
�

x

de

�
:

where

jf1ðe;VÞj ¼
				
X

tr¼e
r�V

lðrÞ
				� d2ðeÞ;

the number of divisors of e. Let
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J1 ¼
X

W\e\2W
d [ U;y\de� y0

KðdÞf1ðe;VÞe
�

x

de

�
;

where W �V : By Cauchy-Schwartz inequality, we obtain

jJ1j2�
� X

W\e\2W
e� y0=U

jf1ðe;VÞj2
�� X

W\e\2W
d [ U;e� y0=U

				
X

U\d� y0=e

KðdÞe
�

x

de

�				
2�

By a well-known estimate ( [10], p. 313),
X

W\e\2W
e� y0=U

jf1ðe;VÞj2�
X

W\e\2W
e� y0=U

d2
2ðeÞ�

X

W\e\2W

d4ðeÞ�Wðlog 2WÞ3
ð3Þ

and hence

jJ1j2 � W log3 W

� X

W\e\2W
e� y0=U

X

U\d1\y0=e;y0=W
U\d2\y0=e;y0=W

Kðd1ÞKðd2Þe
�

x

ed1

� x

ed2

��
: ð4Þ

The sum corresponding to d1 ¼ d2 contributes a quantity to the right hand side which does not exceed in
absolute value

W log3 W

� X

W\e\2W
e� y0=U

X

U\d\y0=e;y0=W

K2ðdÞ
�
;

which we find easily to be

� W log3 W

�
y0

W
�W log

� y0

W

��
� y0W log4

� y0

W

�
: ð5Þ

Now we want to estimate the sum corresponding to d1 6¼ d2: Let

E ¼
X

U\d1\y0=W
U\d2\y0=W

d1 6¼d2

Kðd1ÞKðd2Þ
X

W\e\2W
e� y0=U

e

�
xðd2 � d1Þ

ed1d2

�
:

We apply theory of exponent pairs to estimate the inner sum, so that for any exponent pair ðj; kÞ we have

jEj � log2
�

y0

W

�P
U\d1\y0=W

U\d2\y0=W

d1 6¼d2

��
xjd2�d1j
W2d1d2

�j

Wk þ W2d1d2

xjd2�d1j

�

� 2

�
xjWk�2j

P
U\d1\y0=W

1
dj
1

P
U\d2\y0=W

d1 � d2

�
1�d1

d2

�j

þW2
x

P
U\d1 �

y0
W

d1

P
U\d2\y0=W

d1 � d2

�
1�d1

d2

��1�
log2

�
y0
W

�

� 2

�
xjWk�2j

�
y0
W

�P
U\d1\y0=W

1
dj

1

þW2
x

P
U\d1 �

y0
W

d1

P
U\d2\y0=W

d1 � d2

�
1þO

�
d1
d2

���
log2

�
y0
W

�

�

�
xjWk�2j

�
y0
W

�2�j
þW2

x

�
y0
W

�3

þW2
x

P
U\d1 �

y0
W

d2
1

P
U\d2\y0=W

d1 � d2

1
d2

�
log2

�
y0
W

�

�

�
xjWk�2j

�
y0
W

�2�j
þy03

xW
log

�
y0
W

��
log2

�
y0
W

�

ð6Þ

By using (5) and (6) in (4) we obtain
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jJ1j2 �y0W log4
� y0

W

�
þ xjWk�j�1y02�j log5

� y0

W

�
þ y03

x
log6

� y0

W

�

jJ1j �
�

y01=2W1=2 þ x
j
2W

k�j�1
2 y0

2�j
2 þ y03=2

x1=2

�
log3

� y0

W

�
:

Now we take W ¼ 2tV , where t ¼ 0; 1; 2; . . .½log2ðy0=VUÞ� which runs over Oðlog xÞ intervals so that the
result follows from the above estimate as k� j� 1\0 holds for any exponent pair ðj; kÞ. h

5 Proof of Theorem 1

We observe that S� S1 þ S2 þ S3 þ S4. First of all we note that S3 � S2: Therefore from Lemma 3 to 6, we
obtain

S�U þ xj1 yk1�2j1ðUVÞj1�k1þ1
log yþ y2

x
log2 y

þ
�

y

U1=2
þ xj2=2V

k2�j2�1

2 y1�j2
2 þ y3=2

x1=2

�
log4 y;

where ðj1; k1Þ; ðj2; k2Þ are any exponent pairs to our choice. Now we choose U ¼ V ; ðj1; k1Þ ¼ ð1=6; 2=3Þ
and ðj2; k2Þ ¼ ð1=2; 1=2Þ to optimize the contribution coming from S2 and S4. We also note that y2

x �
y3=2

x1=2 for

y� x: Hence

S� ðx1=6y1=3U þ yU�1=2 þ x1=4y3=4U�1=2 þ y3=2x�1=2Þ log4 y:

Since yU�1=2 � x1=4y3=4U�1=2 holds for y� x we obtain

S� ðx1=6y1=3U þ x1=4y3=4U�1=2 þ y3=2x�1=2Þ log4 y:

Suppose we choose U such that x1=6y1=3U
 x1=4y3=4U�1=2: Then U ¼ x1=18y5=18: Thus

S� ðx2=9y11=18 þ y3=2x�1=2Þ log4 y: ð7Þ

Now, we actually seek an upper bound to satisfy the condition that S ¼ oðyÞ: That is we need to secure

x2=9y11=18 log4 y� y

log y
ðieÞ x4=18 log5 x� y7=18;

this implies we must have y� c1x4=7ðlog xÞ90=7
. Also we must secure

y3=2x�1=2ðlog yÞ4 � y

log y
ðieÞ y1=2 � x1=2

ðlog xÞ5
;

this implies we must have y� c2
x

ðlog xÞ10 : Therefore the upper bound established in (7) is non-trivial

whenever c1x4=7ðlog xÞ90=7� y� c2
x

ðlog xÞ10 : This completes the proof of Theorem 1.
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