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Abstract In this paper, we establish a non-trivial upper bound for the exponential sum

> Aln)e(x/n)

y<n<y

when y <y <2y.
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1 Introduction

An interesting question of Erdds is that how frequently the binomial coefficients (Z) is squarefree and a well
known conjecture of Erdds asserts that (Zn”) is not squarefree for n > 4. Sarkozy [1] proved this conjecture
for sufficiently large n and the Erdds conjecture was settled by Andrew Granville and Olivier Ramaré [2]
and also by Velammal [3] independently. In [2], there are several interesting results in connection with the
binomial coefficients, to mention a few:

Result 1 : There exists a constant 7; > 0 such that if n is sufficiently large and (Z) is squarefree then k or
n—kis < exp(ri(logn)*>?(loglog n)1/3).

For a strong quantitative version of the result 1, we refer to Theorem 3 of Wirsing [4]. There are even
some rows of Pascal’s triangle which begin with lots of squarefree entries. More precisely, in [2], it is shown
that:
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2 C. G. K. Babu, A. Sankaranarayanan

Result 2 : There exist infinitely many integers n such that (Z) is squarefree for all k< %log n.

While establishing the conjecture of Erdos on (2,:‘), Granville and Ramaré converted this problem into
one dealing with certain exponential sums. More precisely, one needs to estimate an upper bound of the

sums of the form:
Z A(n)e(x/n)

y<n<y

Here A(n) is the Von Mangoldt’s function, e(f) = ¢*™. Trivially, we have

S| < Z An) < Z mlogp

y<n<2y 1<m a3+

Tog 2

yi<p<(2y)

< > 10gp+<[ 0g 2 }+1)2.(2y)1/2

y<p<ly

<4y +10,/ylog(2y).

The crucial question is how to find an upper bound for IS! of a sort like |S| = o(y). This leads one to consider
estimating S| when y is small comparatively to a smaller power of x and y is large comparatively to a smaller
power of x. In these circumstances Granville and Ramaré successfully established :

Theorem A ( [2], Theorem 9) If k is a positive integer and y < xg/ 3 then

50 X 4<z"—1)
Z A x/n 3 y<y(k+3)/2>

y<n<y
for any y<y' <2y. The bound is minimized when k is the smallest integer satisfying

logx
“logy’
Theorem B ( [2], Corollary 2) If y < %x3/ > andk is the smallest integer satisfying (1) then

Z A(n)e(x/n)

y<n<y

1&+2)

< ?yl_zﬁ(log 16y)11/47

for any y <y <2y.
Theorem C ( [2], Theorem 9) If x>y > 2x*/3 then

Z A(n)e(x/n)

y<n<y

1

<5y <X> (log 16y)°/2,
X

for any y <y <2y.
Throughout the article, x > xy where x is sufficiently large. The main aim of this article is to prove :
Theorem 1 There exists an absolute constants cy,c, such that

Z A(n)e(x/n)

y<n<y

IS| = < (¥ 2/9yll/18 +y3/2x71/2>

log*y

holds for y satisfying c; —— >y > c1x*7(log x)90/7 and for any y<y' <2y.

(log )
Remark 1 We note that
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Thus our bound is better than Theorem 9 of [2] when y satisfies c3x'7/? (log x

x2/9y11/18(10gy)4 <<y5/4x_1/4(logy)5/2 when

x17/23(10gx)54/23.

x 2932 (log y)* <y x4 (logy)”*  when
X
(logx)®”

)54/23

<y* 4(logx)

Remark 2 The main idea in proving the Theorem 1 is to split the sum S into various sub-sums using
Vaughan’s identity. Each of these sub-sums is handled via exponent pairs. Thus we have an advantage of
choosing for instance different exponent pairs for different sub-sums which will surely have some benefits,
like getting a better range for y or compromising the range of y, getting a better upper bound for ISI.

2 Notation

(1) We write e(x) for e>™.

(2) The notation f(x) = O(g(x)) and f(x) < g(x) are equivalent to the assertion that the inequality
[f (x)| < cg(x) holds for some constant ¢ > 0, for x > x.

(3) The notation f(x) = o(g(x)) means hmx_mfg 5 — 0.

(4) cy1,ca,... are effective absolute constants.

3 Vaughan’s identity

We begin with a description of Vaughan’s method which has its roots in earlier work of I. M. Vinogradov on
the Goldbach conjecture. This is exposed extensively in the literature; see for example ( [5-7]). For any
A,B# 0 and F, G, we have the formal identity:

A A
= (1 - BG) 5 +AG

- (1—BG)<F+ (5-7))+46

— F — BFG + AG + (B F)(lBG).

Now let

A(s) x c(n) 1 x b (n)
B(s) 7; n*  B(s) ; n’
P =YW gy = 0 P

be defined for ¢ = Re(s) > g¢. Here U and V are arbitrary parameters to be chosen later satisfying U,V > 1.

Lemma 1 We have

c(n) = a1 (n) + az(n) + az(n) + as(n)

where
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) { c(n) forn<U
ai(n) =
: 0 otherwise

am)=— Y bd)V(e)e(r)

s
tmm=i< > d@(;;mwoﬁ)
e>Vd>U r<v

Proof This follows easily from the formal identity indicated above and we refer the reader to Davenport (
[8], p-139) for details. ]

Lemma 2 We have
A(n) = aj(n) + a5(n) + a3(n) + ay(n)
where

«\ _ [ A(n)for n
ay(n) = { g)o)therwiEeU
an)=— > ule)A(r)

der =n
e<V,r<u

=3 log(d)ule)

Proof  The proof is immediate from Lemma 1 upon taking A(s) = —{'(s), B(s) = {(s), F(s) = >, - %,

G(s) = 2, <y ™ and noticing that &' (n) = u(n), b(n) = 1, c(n) = A(n) and a(n) = logn if n>2 and 0 if
n=1. ]

4 Estimates of various exponential sub-sums

We begin this section with definition of exponent pair which we use to estimate sub-sums.

Definition 1 (P.30, [9]) Let N, y, s and ¢ be positive real numbers with ¢<1/2 and let P be a non-
negative integer. Define F(N, P,s,y,¢) to be set of functions f such that

(1) fis defined and has P continuous derivatives on some interval [a, b], with [a,b] C [N, 2N],
2) if0<p<P—1and a<x<b then

D () — (—1)P —s— s
[P0 00 = (=1 (s)yx | <els) yx 7.
Here, (s), is defined recursively by the relations
(8)o = 1, ()1 = (s +K)(9),-
Note that when p > 1, (s)p =s(s+1)...(s+p—1).

Definition 2 (P.31, [9]) Let k and / be real numbers such that 0 <k <1/2<I< 1. Suppose that for every
s > 0, there is some P = P(k, 1, s) and some ¢ = ¢(k, [, s) <1/2 such that for every N > 0, every y > 0, and
every f € F(N,P,s,y,¢), the estimate
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S e(f(n) < NN+ y N, (2)

nel

holds. Here it is also assumed that f'is defined on [a, b] and the implied constant depends only on k, I, and
s. We then say that (k, [) is an exponent pair.

Let

Si= Y aj(n)e(x/n)

y<n<y
for any y <y’ <2y where a;(n) for i = 1,2,3,4 are the functions defined in Lemma 2.
Lemma 3 We have

S <« U.
Proof Trivially

Si]=1{ > Alm)e(x/n)| < U.
n<U
O
Lemma 4 For any exponent pair (k, 1), the following bound
2
S, < Xy(UV) T logy + Y logly
X
holds.
Proof We have
s-- % (X wonn)
y<n<y der=n
e<Vr<U
e(x/n)
—— Z er<y u(e)A(r) ZLQKie <ﬁ>
e ViU red<ir
52<<Z erSy/ A(r) Z%<d<%e <d_;r> ’
e<Vr<U
We apply theory of exponent pairs to estimate the inner sum, so that
2
i K A—2K K—A y_
Zi,e(der>’<<xy (er) +xer
L<d<t
for any exponent pair (k, ).
2
K. A—2K k=2 Y A<r)
S D MR CIC s D
er<y er<y
e<Vr<U e<Vr<U
Thus,
/ Y Y
S, < XyE(UV) T logy +log’ y.
X
O

Lemma 5 For any exponent pair (k, ), the following bound
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2
S3 <<xl<yA 2KvK A+110gy+ IOg y

holds.
Proof We have

R S IOg(d)u(e)6<ﬁ>

e<V

=D O, ylog(d)e <—>

log(d)e(%> ’

dg‘(—
Since logd is monotonic, the modulus of the inner sum is

o] 5 (2)

v
z<d<%

Therefore

183] < Z

e<V

for some z € (y/e,y’/e). Again we apply theory of exponent pairs to estimate the above sum, we obtain
2

X )
Z e <_> < x;cy/l—2xek—4 + Y
de xe

o
z<d <%

for any exponent pair (k, 1).
S3<<)CK A— ZKZIOg P ) y Zlog
e<V e<V

Thus

2
S5 < Xy 2y ogy y;log2 y.

Lemma 6 For any exponent pair (k, ), the following bound

K A K 3/2
Sy < <+sz 1‘H)log“y,

U2 1/2
holds.
Proof
Si=- 3 At ve( 7).
e>d\5dn>U
where
file, V)] =| D ulr)|<dale),
tr=e

the number of divisors of e. Let
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n= 3 A@ 1(e,V)e<£>,

W<e<2W
d>Uy<de<y
where W > V. By Cauchy-Schwartz inequality, we obtain

|J1|2§< 3 lfl(e,V)I2>< >

W<e<2W W<e<2W
e<y /U d>Ue<y /U

3 A(d)e(i)

U<d<y/e

)
By a well-known estimate ( [10], p. 313),
S eVl Y B Y die)<Wllog2w)

W<e<2W W<e<2W W<e<2W (3)
e<y /U e<y /U

and hence

1> < Wiog® W< > > A(dl)A(dZ)e<exE - :72» 4)

W<e<2W U<d, <y /ey |W
e<y /U U<dy<y /ey |W

The sum corresponding to d; = d, contributes a quantity to the right hand side which does not exceed in
absolute value

Wlog® w( DS A2<d>>,
W<e<2W U<d<y' /ey |W
e<y /U
which we find easily to be
/

swi 2. Y W log®
< Wlog W(W Wlog(W)> <y Wlog* (). (5)

==

Now we want to estimate the sum corresponding to d; # d,. Let

U<di <y /W W<e<2W
U<dy <y /W e<y /U
dy #dy

We apply theory of exponent pairs to estimate the inner sum, so that for any exponent pair (k,A) we have

K
2 (Y x|dp—di | /. W2d,d»
E| < log” () X v<di<y/w << wiad ) W a—d]
U<dy <y /W
dy#dy

K
j~2 1 _d
<2<XKW/ AZU<dl<v’/Wd_’l"Z U<d2<y'/W (1 42>

dy <d,

—1

dy <d

. / 2 d ,/
<2 | xxwi—2x (L) § A W 5 1 2 140 (71) log2 (L)
: (A v Usdy <y Wl Ly g <3 La U<dr <YW & e\

dy <dp

3
2-x
P v 2 2 J
K Wi2e (L) w2y ) s 23 L o2 (\,)
<<<x W =\ w | t= U<d1<% 1 U<dy<y /W 4, 02"\
di<dy
2-k
N Y] 3 v J
< (1" wA=2K (‘W) +::’_W log (%)) log2 (‘W)

By using (5) and (6) in (4) we obtain

(6)
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/

|] |2 <<y/W10g4(y7/)+xl<Wi—K—1y/2—K10g5(y7)+£10g6<y7/)
! w w/ T x W

|J /1/2W1/2 %W;'73'71 s y/3/2 log® y/
<y + X y +x‘T og (vT/)

Now we take W = 2'V, where t =0, 1,2,...[log,(y'/VU)] which runs over O(logx) intervals so that the
result follows from the above estimate as 4 — k — 1 <0 holds for any exponent pair (i, 4). O
5 Proof of Theorem 1

We observe that § < S; + 5> + S5 + S4. First of all we note that S5 < S,. Therefore from Lemma 3 to 6, we
obtain

2
S <U + x"‘y)"_2"l (uv)« —htl logy + y;log2 y

o ) 3/2
y . dp—Kp—1 ) y
+ <—U1/2+x"2/2V Tyl +m>log4y,

where (k, A1), (2, A2) are any exponent pairs to our choice. Now we choose U =V, (k1,4;) = (1/6,2/3)
and (x;, 42) = (1/2,1/2) to optimize the contribution coming from S, and S4. We also note thaty;2 < gj—fi for
y < x. Hence

S < (MO BU 4y 4 ) A2 321 2) [ogty,
Since yU~'/? < x'/4y3/4U~1/2 holds for y < x we obtain
S < (MOYBY 4 AT 4 P12 gy,
Suppose we choose U such that x'/0y!/3U ~ x!/4y3/4U=1/2 Then U = x'/18y%/18_ Thus
S < (R84 212y gy, (7)

Now, we actually seek an upper bound to satisfy the condition that § = o(y). That is we need to secure

x2/9y11/1810g4y < Y (ie) /18 log’ x < y1/18,
logy
this implies we must have y > ¢;x*7(log x)90/ 7. Also we must secure
1/2
3/2,-1/2(1 4 y . 1/2 X
y/x ogy) < — (le) V" <K——,
( ) logy (ie) (logx)°

this implies we must have ygczm. Therefore the upper bound established in (7) is non-trivial
whenever c;x*7(log x>9o/ T< y<c; W. This completes the proof of Theorem 1.
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