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Abstract Measurement error models are studied extensively in the literature. In these models, when the
measurement error variance X5 is known, the estimating techniques require positive definiteness of the
matrix Sy, — X5, even when this is positive definite, it might be near singular if the number of observations
is small. There are alternative estimators discussed in literature when this matrix is not positive definite. In
this paper, estimators when the matrix Sy, — Xss is near singular are proposed and it is shown that these
estimators are consistent and have the same asymptotic properties as the earlier ones. In addition, we show
that our estimators work far better than the earlier estimators in case of small samples and equally good for
large samples.
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1 Introduction

Measurement error models are studied extensively in the literature. In these models, when the measurement
error variance X5 is known, the estimating techniques require positive definiteness of the matrix Sy, — X5,
even when this is positive definite, it might be near singular if the number of observations is small. There are
alternative estimators discussed in literature when this matrix is not positive definite. In this paper, esti-
mators when the matrix Sy, — X5 1S near singular are proposed and it is shown that these estimators are
consistent and have the same asymptotic properties as the earlier ones. In addition, we show that our
estimators work far better than the earlier estimators in case of small samples and equally good for large
samples.

In the Sect. 2, literature on the measurement error models is reviewed, in Sect. 3, our proposed estimator
and its large sample properties are discussed and in Sect. 4, the simulation work done in support of our
results is presented.
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2 Review of literature

In this section, we review the existing estimators of coefficients in measurement error models. Let us
consider the ultrastructural model,

y=Ppln+ZB+e, X=Z+A (1)

where 1, is the n x 1 vector of all ones, f3, is a scalar, ziT,xiT, 6,-T; i=1,2,...,nare nrows of order 1 x p of
the matrices Z, X and A and € is n x 1 vector.

The assumptions being € ~N(0,d%1,), §; ~N(0,L55) and Cov(A,€) =0. If we assume that z; are
identically and independently distributed with mean u and variance X, then the model is structural. If we
assume that z;; are fixed but unknown then it is a functional model. If z; are distributed independently with
means m; and common variance X, then it refers to ultrastructural model.

In other words, for ultrastructural model, we also assume that

Z=M+® 2)

such that ¢;;i = 1,2, .. ., n are distributed normally, independently and identically with mean 0 and variance
Xpg, alsom;;i = 1,2,. .., n are fixed. Dolby proposed this ultrastructural model in [3] as a synthesis of the
functional and structural model, as if X4 = 0, then this model becomes a functional model and if the rows
of M are identical, it becomes a structural model.

For these models, estimators of the regression coefficients using both the maximum likelihood method
and method of moments are:

ﬁ<1) = (Sxx - 266>7lsxy and ﬂ(l) = y_fTﬁ(l)
iz\z =S — Xss
1
where | Sy = — (X — L,7)" (X — 1)
n
1
and Sxy = _(X - InfT)T(y - lnyr)
n

Gleser [5] showed that even the generalized least squares method produces the same result. Also Nakamura
in [9] proposed the corrected likelihood method and derived the same estimators. These estimators in 3
require the matrix Sy, — X5 to be positive definite. If this condition is not met, Fuller in [4] proposed the
following procedure for estimating coefficients.

Consider the positive values of 271 that satisfy

|255 — ;flsxx‘ =0.

Let them be ifl < igl <...< i,;ll < /1;1. If 4,<1 and 4,_; > 1, the maximum likelihood estimators are
given by

B = (Sex = 7pTas) 'Siy and 3 = y— 57 4)
iz\z =S — ;VpZM

If Z,—1 <1, the maximum likelihood estimator of X, is singular and the estimator ﬂ(z ) of p is indeterminate.

In some cases, it may happen that the matrix Sy, — X5 is positive definite matrix but is a near singular
matrix. Then at lease one of the eigen values will be close to 0 and hence the corresponding eigen value in
the inverse matrix will be large. In that case the inverse may not behave properly. It is the case especially in
small samples. So we propose an alternate estimator which deals with this.

3 Proposed method
In the previous section, it is observed that the estimation depends on the inverse of the matrix Sy, — Xs;5. In
usual regression estimators they depend on the inverse of just S,,. In absence of multicollinearity in the data,

Syx 1s always positive definite and hence non singular. But in case of the ME models, as X5 is being
subtracted from Sy, the sample variance matrix of X,it may happen that the difference is a non definite
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matrix or a near singular matrix. In this case, the inverses may not behave well. One can also observe that
the difference is an estimator of the variance matrix of the true variables z;;i = 1,2, ..., p. So we expect that
this matrix needs to be positive definite and hence non singular.

When the inverse of the sample covariance matrix is required and it is near singular, there are various
techniques discussed in literature that are used to deal with it. Bootstrap testing for functions of a covariance
matrix was developed by Beran and Srivastsava in [1]. In bootstrap, each replication is a subset of the
original sample with duplicated cases, and hence, the non convergence problem is even worse than in the
original sample. When sample variance matrix ($)based on a small sample is near singular, Theil and
Laitinen in [12] and Vinod in [13] developed well-conditioned covariance matrices using maximum entropy
distributions. But these estimators are not consistent for the population covariance matrix. Both the esti-
mators suggested by Haff’s [6] and Ledoit and Wolf’s estimators [8] are of the form aS + bI, where I is the
identity matrix, a and b are scalars to be estimated using the sample. However, the b in Haff’s estimator
involves S~ and the a and b in Ledoit and Wolf’s estimator involve 4 order sample moments, conse-
quently, when either S is near singular or the sampling distribution has heavy tails, the estimators based on
these covariance matrix estimators will be unstable.

As the estimators of the coefficients in our model do not have first moments a good estimator should be
atleast consistent. Therefore it is suggested that Sy, should be replaced by Sy, + al, where a needs to be
chosen such that @ — 0 as n — oo. Using such estimator in structural equation models is well discussed in
[14] and the consistency of the estimators obtained by using this new estimator of variance matrix is also
discussed . In the measurement error models, the the problem arises due to near singularity of S, — X5 but
not of Sy,. So, we replaced the matrix Sy, — Xs5 by Syx + al, — X535 where a needs to be chosen such that
not only that @ — 0 as n — oo but also that y/na should also converge to zero. This is similar to the ridge
estimator in usual regression models proposed in [7] to address the singularity or near singularity that arises
because of the issues in orthogonality of the independent variables. This method adds small positive
quantities to the diagonal elements of Sy, and these are chosen such that the estimator attains smaller mean
square error.

We shall now establish that when S,, — Xss is near singular, the above estimators are consistent
whenever a is chosen such that @ — 0 and \/na — 0 as n — oo. We also study the other large sample
properties of these estimators.

—

B = (Seetal — Ls5) 'Sy and i =y — xT O (5)

For large sample properties of estimates in (5), we need to have the following assumptions which are same
as in case of the usual estimates.

Assumption 1 As n — oo
() limiM’1, = pand
(i) limiMT(I,—1J,)M = Xy exist.

In the case of structural models, M will be of the form 1,m”. So the left hand side of (i) becomes 0 and that
of (ii) becomes m” itself.

Lemmal Asn— oo
W) (n)"PMT(L,—10,)A = 0p(1), (0) " PMT (1, — 1 1,)® = 0p(1), ()" ’MT (1, 1 J,,)e = Op(1).
(i) () PO (L~ LJ)A = 0p(1), (1) 2@ (I~ LT )e = Op(1). (n)""*AT (1= LJa)e = Op(1).

(i) (1) AT (L= J)A — Vs = 0p(1), (n) 207 (I, [ 1) ® — V/nEgy = Op(1).

Proof Using the results Proposition- 2, we know that if E[|X|] is bounded then X is Op(1). So from the

assumptions on distributions of the random variables X,Z, A, e and Assumptions- 1, we can have all the
stated results. ]

Let
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Y = %MT(I,,— %J,,)M + Zpp, T2 = X1 + T
S=Xx"(I,- %J,,)X + nal,

H=(n)""8 — \/nEy
b= () XUy ) e~ AB) + VA Zash

From Lemma 1 and using the Assumptions-1, we can observe that H and h are Op(1).

—

Lemma 2 /n(p% — p) =27 'h + (n)_%yl + v, where y; = Op(1). and y, Lo.
Proof From the equations (6),(1) and (2), we have:
S = nH + n¥,
S — nXs = /nH + nX;

X7y 1) (e — AB) = Vih — nZssp ™

1
X'(I,—=Ju)y = (VnH +nX; — nalp)p + v/nh
n
Consider from (5),

BT B = (S nZ) X7 (L gy — B = (VaH + ) (Vith — nap) = V(B - ) = (Ip + %E;’H)f (="h — Via )
(8)

As n— oo, H= 0p(1) and X; = O(1), we have as n — oo,

1
plim—X;'H = 0.
n

7
Therefore from lemma 6, we have:
|- B l g 9
So from the equations (8) and (9), we have:
V(Y — B) = X'k +n 7y 4, (10)
where y; = L, /HZ, 'h + O(n™ 1)
and y, = (Ip—inZI_IH + .. ) Vnap.
Clearly vy, is Op(1) and y, converges to 0 in probability. O
Lemma 3
1
Eh] = —Xsp.
[h] 7 B
1 1
Var(h) = n {(03 + ﬂTZBBﬁ) {MT(In— EJn)M-l—(n —1)(Zgpg + 255)}:|
+ Z5sBB" Zss.

Proof We have from the assumptions of our model (1) and (2),
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Ele — ABIX] = —(X — M)(Z¢y + Zss) ' Zasf

Var(t—: - Aﬁ|X) = (O’E + 9)1,,; 0= ﬂT255(2¢¢ + 255)712¢¢ﬁ

EIX] = X7 (=) (X = M) (S + o) 'Zsop

+ VnZssp
But, we can see that X is a Matrix Normal variate. To be more precise

XNMN(M,I,,,Z(M, + 255)

and hence
1 1
EXT (L~ J1)X] = (1~ 1)(Zgg + ) +M(1,, - ;Jn)M

which gives us

Elh] = \/LEZ&S/‘

To calculate the variance,

r_Yyrg Ly e ApT, -t
hh™ =~ X" (I~ Ju)(e — AB)(e = AB)" (I~ Ju)X

FXT Uy L)€ - AB)F s

+ Esafle — AB) Uu— )X
+ nZssBB" Tos
To evaluate expected value of first term in equation (14), we have
El(e = AB)(e — AB)"X]
= Var|(e — A)|X] + E[(e — AB)IX]E[(e — A)"|X]
= (6% + O)I, + (X — M)C(X — M), [from (11)]
where C = (Zgp + Lo5) " TosBB Tos(Zgp + Tos) "

Therefore,

EXT (= Ja)(€ ~ AB)(e — ABYT (- J,)XIX]

1 1
=X"DX + X" (I,— ~Ju)(X = M)C(X — m)"(r,— —Jn)X
where
2 1
D = (o; + 0)(In_;-]n)-

But, from the distribution properties of X,

EX"DX] = (L4 + Zss)trace(D) + M'DM

where, trace(D) = (n — 1)(a” + 0)

Now consider, E[X” (I,—1J,)(X — M)C(X — M)" (I,—17J,)X] which equals to
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EXT(1,— L 1)XCX" (1, L 1%
n n
— E[XT<I,1— %Jn)XCMT(In_ %Jn)x]

— EXT (U S )MCX (I~ )X

19
+EX"(I,— %J,,)MCMT (I,— %J,,)X] (19)
= trace(C(Xpg + Xs) )M (I, — %J,,)M
+ (n — l)trace(C(ZM, + 255))(24;4, + 255)
+ {(l’l — 1)2 +n— 1}(24,4, + Eaa)C(Z¢¢ + 255)
Here,
(Zgg + L55)C(Zgp + Los) = ZosBB Tas
trace(C(Z¢p + Lo5)) = B Tas(Epg + Tas) ' LosB = B LssB — 0.
Using the equations (11) and (12),
1
EX"(I,— ZJ,,)(C — APB)BTEs5] = —(n — 1)Zs5BB" Zs5 (20)
So using the equations from (13) to (20) and the fact that Var(h) = E[hh”] — E[h]E[RT],
1 1
Var(O) =+ (6 + B Zss) M L~ 1)W1~ 1)(Zgg + i) ||
n n (21)
+ ZssBB" Zss.
O

Lemma 4 Asn — oo, hiN(O, Q)
where Q = (02 + B Z558) (Zaam + Zopp + Eos) + Zos BB X

Proof From Lemma-3, we can observe that E[h] = ﬁZMﬁ and hence lim,_,, E[h] = 0. Using lemma- 3
and Assumptions 1, we can observe that

Q = lim Var(h) (22)
n—oo
= (07 + B"Z55B) (Emm + g + Tis) + ZasBB" oo (23)
Now, by the central limit theorem, as n — o0, h has a limiting normal distribution with mean 0 and variance
Q. Therefore we have the required result. O

—

Theorem 1  For our model, the asymptotic distributions of \/n( [f<3 ) — B) is Normal with mean vector 0 and
covariance matrix ¥ 1QX !

Proof From Lemma-2, y, is Op(1) and 7y, converges to 0 in probability. So,ﬁ Y1 L.0. Thus by Slutsky’s
lemma and Proposition- 1, asymptotic distribution of /n( [3<3 ) — p) is same as that of E;I h. Using Lemma-4,
we can observe that E;I h has an asymptotic Normal distribution with mean vector 0 and covariance matrix
(Zpm + Z¢¢)7IQ(EMM + Z¢¢)71 and hence the theorem. O

Theorem 2 For our model, the asymptotic distribution of \/ﬁ(ﬂg — o) is Normal with mean 0 and
variance * + B X558 + u (T + E¢¢)_IQ(EMM + E¢¢)_1y, where Q is as in theorem- 1.
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Proof Clearly 3 — f, = % { (e —AB) — XT(BD — p) } From theorem-1 and assumptions 1, the desired
result is a direct consequence.\ Hence the theorem. O

One can see that these estimators are consistent as well as have the same asymptotic properties as the
existing ones.

4 Simulation

The asymptotic properties of the estimators talk about their large sample properties. We conducted a Monte
Carlo simulation experiment to study several features of the proposed estimators such as their performance
in small samples as well as how the values of O’ 2, and o2 5 affect,the propemes of the estimators.
Theorem-1,Theorem-2 talk about the asymptotlc dlstrlbunons of ﬁ and ﬁ . But these estimators may
behave differently under small samples. We also wanted to check whether the estimators by Fuller in (4) can

address this near singular issue. We also tried the values £ and p for a in (5) and let them be [f , ﬁo, ﬁ

and ﬁo respectively. In order to explore these issues and analyze the other small sample properties of these
estimators, we conducted a simulation study.

The estimators ,B and ﬁo, 1 =1,2,3,4 are computed for various parameters. In order to study the small
sample properties, we calculated Mean Squared Error matrices in each case, but these are not converging at
all and the diagonal values are taking large values and so we are not in a position to draw any useful
conclusions. This observation and the fact that in usual independent equation error models, the moments of
the estimators do not exist which is pointed out in [2], we suspect the existence of moments of these
estimators also. We therefore calculated Median Squared Error (MdSE) matrices of the estimators to study
the small sample properties of the estimators. We also calculated absolute median bias (AMdB) which is the
positive square root of the sum of squares of the elements in the median bias vector.

We used the following parameters in our simulation study in case of functional models:

o2 € {0.5,1.25},n € {25,50,75,100}. We considered Xs5 = o3I, where 63 € {0.5,1.25}.

Results are presented for n=25 and 100 in the following tables for functional case.

From the above Tables 1 and 2, following observations are made in case of functional models:

i. In all the cases, as value of n increasing, we can observe that the diagonal entries of the MdSE
matrices (median square errors of the estimators) are decreasing which shows the consistency of the
estimators. They only differ in the rates of the convergence.

ii. When the other variances are kept constant, as g3 increases the median square errors of the estimators
are also increasing.

iii. When the other variances are kept constant, as ¢~ increases there is effect on the median square errors

of the estimators but not as much as in the case. of change in 0'(23.
iv. In all the cases, MdSE matrlces of ﬁ g , and [3 are almost equal.

v. In all the cases, MdSEs of ﬁo and /30 are almost equal. —
vi. The diagonal elements of the MdSE matrices and AMdB values of Fuller’s estimators ﬂ(z), ﬁ(()z) are so
large which is an evidence to conclude that they are unable to address the near singular issue.

vii. The estimators ﬁé3), ﬁ and ﬁo , ﬁ behaving better than the others in terms of both MdSE and
AMdB measures.

So, we recommend to use:

(a) the proposed estimators in (5) by choosing a wisely when the matrix Sy, — Xss is positive definite and
near singular
(b) the estimators in (3) if Sy, — X6 is fairly non singular and
(c) the estimators in (4) if Sy, — Xss is non positive definite but non singular.
We used the following parameters in our simulation study in case of structural models:
o2 € {0.5,1.25},n € {25,50,75,100}. We considered 55 = 03I, where a3 € {0.5,1.25} and X, =
o2, where o2 € {0.5,1.25}.
The simulation results obtained in structural model for n=25,100 are presented here.
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Table 1 MASE matrices of the estimators for functional model

02 =0.5,02=0.5

ET) n=25 n =100
MASE| "0 0.4099 0.0029 — 0.0011 0.0012 0.0968 0.0000 — 0.0003 0.0006
[}(’ ) 0.0029 0.0133 — 0.0002 0.0002 0.0000 0.0028 0.0000 0.0000
— 0.0011 — 0.0002 0.0122 — 0.0005 — 0.0003 0.0000 0.0026 0.0000
0.0012 0.0002 — 0.0005 0.0133 0.0006 0.0000 0.0000 0.0031
[?2\) n=25 n =100
MdSE| 0 0.3948 0.0027 — 0.0010 0.0000 0.0992 0.0001 0.0000 — 0.0001
[}(2> 0.0027 0.0124 — 0.0006 0.0002 0.0001 0.0032 — 0.0008 0.0002
— 0.0010 — 0.0006 0.0147 — 0.0008 0.0000 — 0.0008 0.0058 — 0.0012
0.0000 0.0002 — 0.0008 0.0143 — 0.0001 0.0002 — 0.0012 0.0038
ES n=25 n =100
MdASE| "0 0.4013 0.0040 — 0.0015 0.0009 0.0968 0.0002 — 0.0003 0.0006
[i<3> 0.0040 0.0131 — 0.0002 0.0004 0.0002 0.0029 0.0000 0.0000
— 0.0015 — 0.0002 0.0127 — 0.0004 — 0.0003 0.0000 0.0026 0.0001
0.0009 0.0004 — 0.0004 0.0131 0.0006 0.0000 0.0001 0.0032
E(zt\) n=25 n =100
MASE | 20 0.3957 0.0046 — 0.0018 0.0004 0.0971 0.0003 — 0.0004 0.0007
[i("> 0.0046 0.0126 — 0.0001 0.0004 0.0003 0.0029 0.0001 0.0000
— 0.0018 — 0.0001 0.0123 — 0.0002 — 0.0004 0.0001 0.0025 0.0001
0.0004 0.0004 — 0.0002 0.0136 0.0007 0.0000 0.0001 0.0032
(rf = 1.25,(7% =0.5
[)/,(1\) n=25 n =100
MASE | Fo_ 0.4421 0.0004 0.0002 0.0011 0.0945 0e+00 0e+00 0.0003
ﬂ(” 0.0004 0.0139 0.0000 — 0.0002 0.0000 3e—03 — le—04 0.0000
0.0002 0.0000 0.0146 — 0.0002 0.0000 — le—04 3e—03 — 0.0001
0.0011 — 0.0002 — 0.0002 0.0139 0.0003 0e+00 — le—04 0.0034
[gz\) n=25 n =100
MASE | ©o_ 0.4402 — 0.0006 — 0.0031 0.0008 0.0891 — 0.0001 — 0.0001 0.0003
) — 0.0006 0.0139 — 0.0005 0.0003 — 0.0001 0.0034 — 0.0009 0.0003
— 0.0031 — 0.0005 0.0159 — 0.0013 — 0.0001 — 0.0009 0.0058 — 0.0017
0.0008 0.0003 — 0.0013 0.0142 0.0003 0.0003 — 0.0017 0.0039
[?5 n=25 n =100
MdASE| T0_ 0.4442 0.0005 0.0010 0.0008 0.0937 0.0000 — 0.0001 0.0001
[}(3> 0.0005 0.0141 — 0.0001 — 0.0001 0.0000 0.0029 — 0.0001 0.0000
0.0010 — 0.0001 0.0143 — 0.0002 — 0.0001 — 0.0001 0.0028 — 0.0001
0.0008 — 0.0001 — 0.0002 0.0137 0.0001 0.0000 — 0.0001 0.0033
Ezt\) n=25 n =100
MdASE| "0 0.4526 0.0000 0.0008 0.0005 0.0930 0e+00 — 0.0001 0.0001
[}(4> 0.0000 0.0139 — 0.0003 0.0001 0.0000 3e—03 — 0.0001 0.0000
0.0008 — 0.0003 0.0146 — 0.0004 — 0.0001 — le—04 0.0027 — 0.0001
0.0005 0.0001 — 0.0004 0.0138 0.0001 0e+00 — 0.0001 0.0033
62 =0.5,03 =1.25
E(.B n=25 n =100
MdASE | Fo_ 0.9594 0.0009 — 0.0024 — 0.0038 0.2037 1le—03 — 0.0006 — 0.0006
ﬂ(” 0.0009 0.0331 — 0.0004 0.0001 0.0010 8e—03 — 0.0003 0.0000
— 0.0024 — 0.0004 0.0339 — 0.0008 0.0010 8e—03 — 0.0003 0.0000
— 0.0038 0.0001 — 0.0008 0.0302 — 0.0006 0e+00 0.0001 0.0063
ﬁz\) n=25 n =100
MASE | Fo_ 0.8424 — 0.0010 0.0039 0.0003 0.2141 0.0021 — 0.0039 0.0015
ﬂw — 0.0010 0.0313 — 0.0031 0.0015 0.0021 0.0087 — 0.0070 0.0036
0.0039 — 0.0031 0.0430 — 0.0085 — 0.0039 — 0.0070 0.0319 — 0.0149
0.0003 0.0015 — 0.0085 0.0305 0.0015 0.0036 —0.0149 0.0129
3) n=25 n =100
MdASE ‘[ﬁ’\ 0.9491 0.0008 — 0.0026 — 0.0033 0.2053 0.0009 — 0.0012 — 0.0003
[}(3> 0.0008 0.0326 — 0.0001 0.0001 0.0009 0.0079 — 0.0003 0.0000
— 0.0026 — 0.0001 0.0344 — 0.0009 — 0.0012 — 0.0003 0.0067 0.0001
— 0.0033 0.0001 — 0.0009 0.0293 — 0.0003 0.0000 0.0001 0.0062
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Table 1 continued
Eﬁ n=25 n =100
MASE | 20 0.9041 0.0008 — 0.0011 — 0.0035 0.2049 0.0008 — 0.0009 — 0.0002
ﬁ<4> 0.0008 0.0321 — 0.0004  0.0002 0.0008 0.0079 — 0.0003 0.0000
— 0.0011 — 0.0004 0.0321 — 0.0010 — 0.0009 — 0.0003 0.0068 0.0000
— 0.0035 0.0002 — 0.0010  0.0286 — 0.0002  0.0000 0.0000 0.0061
0? = 1.25,0% =1.25
’[?I\) n=25 n =100
MdASE| "0 1.0231 0.0002 — 0.0067 — 0.0026  0.2136 0.0008 — 0.0007 — 0.0013
[}(” 0.0002 0.0384 — 0.0001 0.0003 0.0008 0.0074 — 0.0003 0.0001
— 0.0067 — 0.0001 0.0373 0.0004 — 0.0007 — 0.0003 0.0071 0.0000
— 0.0026 0.0003 0.0004 0.0340 — 0.0013 0.0001 0.0000 0.0068
Ez\) n=25 n =100
MdASE| "0 1.0026 0.0000 — 0.0034  0.0012 0.2028 0.0017 — 0.0024 0.0003
[i<2> 0.0000 0.0324 — 0.0010 0.0013 0.0017 0.0094 — 0.0077 0.0034
— 0.0034 — 0.0010 0.0490 — 0.0068 — 0.0024 — 0.0077 0.0281 —0.0129
0.0012 0.0013 — 0.0068 0.0365 0.0003 0.0034 - 0.0129 0.0146
E(_%\) n=25 n =100
MASE | Z0_ 1.0302 0.0016 — 0.0056 —0.0030 0.2145 0.0008 — 0.0010 — 0.0014
[i<3> 0.0016 0.0363 — 0.0003 0.0001 0.0008 0.0074 — 0.0002 0.0001
— 0.0056 — 0.0003 0.0339 0.0007 — 0.0010 — 0.0002 0.0073 0.0000
— 0.0030 0.0001 0.0007 0.0333 — 0.0014  0.0001 0.0000 0.0069
E(T) n=25 n =100
MASE | 20 1.0200 0.0025 — 0.0062 — 0.0053 0.2141 0.0008 — 0.0012 — 0.0015
ﬁ("> 0.0025 0.0350 0.0001 0.0001 0.0008 0.0075 — 0.0002 0.0001
— 0.0062 0.0001 0.0333 0.0007 — 0.0012 — 0.0002 0.0070 0.0000
— 0.0053 0.0001 0.0007 0.0321 — 0.0015 0.0001 0.0000 0.0067
Table 2 AMGAdB of the estimators in functional case
(1) (2) 3) (4)
AMdB [ﬁ)\ AMdB &)\ AMdB [i)\ AMdB &)\
Ig(l) ﬂ(2> I;(3) ﬁ(“)
62=0.5,03=05
n=25 0.0155 0.0894 0.0204 0.0401
n=100 0.0242 0.0932 0.0231 0.0243
6’ = 1.5,0'(25 =0.5
n=25 0.0287 0.0961 0.0329 0.0538
n=100 0.0095 0.0886 0.0075 0.0091
o’ = 0.5,0% =1.25
n=25 0.0513 0.1993 0.0334 0.0179
n=100 0.0451 0.2201 0.044 0.0432
o~ 1.25,0§ =1.25
n=25 0.057 0.2061 0.0442 0.0429
n=100 0.0295 0.2136 0.0259 0.0232

From the Tables 3 and 4, the following observations are made in case of structural models:

i.

ii.

1ii.

iv.

@ Springer

In all the cases, as value of n increasing, we can observe that the diagonal entries of the MdSE
matrices (median square errors of the estimators) are decreasing which shows the consistency of the
estimators. They only differ in the rates of the convergence.

When the other variances are kept constant, as (7? increases the median square errors of the
estimators are decreasing.

When the other variances are kept constant, as ag increases median square errors of the estimators
are also increasing.

When the other variances are kept constant, as ¢~ increases there is effect on the median square
errors of the estimators but not as much as in the case of change in og.
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Table 4 AMdB of the estimators in structural case

2 Po) 20 P
amds | Po_ AMdB | P amds | P Amds [ Fo”
ﬂ(l) ﬂ(z) 5(3) ﬂ(“)

02=0.5,62=05,03=0.5

n=25 4.3162 7.341 2.4055 5.8659

n=100 1. 1921 6.9778 0.1729 1.3513
? —050' =1.25,62=05

n=25 1:9003 ’ 4.4292 0.6126 2.5891

n=100 0.4305 4.5596 0.1139 0.5952
o2 = 1.25,0’? =05,02=05

n=25 5.6093 7.1069 1.891 5.56171

n=100 1.5176 6.9943 0.0483 1.1542
Jf = 1.25,0’? = 1.25,6(2s =0.5

n=25 1.9424 4.4357 0.5616 2.494

n=100 0. 4987 4476 0.0344 0.5375
? —050’ —05,0’0—1.25

n=25 24751 11.1687 3.7798 6.7352

n=100 5.1074 9.701 2.7352 0.8149
o~ 0.5,0’3 = 1.25,0% =1.25

n=25 4.6508 7.1423 1.2796 1.1226

n=100 1.4246 6.9775 0.7926 0.2318
o’ = 1.25,0? =05,063 =125

n=25 4.2608 11.1525 2.8702 6.244

n=100 5.7608 9.5904 3.2177 1.306
i 1.25,0’? =125,02=1.25

n=25 5.4789 7.2636 1.6937 0.8747

n=100 1.2947 7.0575 0.7069 0.1515

v. In all the cases, MdSE matnees of [i e , and [i are almost equal.
vi. In all the cases, MdSEs of [30 and [340 are almost equal.

vii. Fuller’s estimate [3 ,ﬁ0 are unable to address the near singular issue as it is evident from the
MJASE and AMdB of the estimators.

/\

viii. The estimators ﬁo , ,8 and ﬁo , [f behaving better than the others in terms of both MdSE and
AMdB measures. — ==
ix. When the measurement error variance og is high, the estimators ﬁé‘), ﬁ(3 ) performing better than

ﬁ(()4) , [f(") in case of small samples and it is otherwise in case of the large samples.

So, we need to choose the estimators depending on the nature of the matrix Sy, — Xs55. We recommend to use:

(a) the estimators in (4) if the matrix Sy, — Xss iS non positive definite and non singular.

(b) the estimators in (3 if Sy, — X5 is fairly positive definite.

(c) the proposed estimators in (5) by choosing a wisely when the matrix Sy, — X5 is positive definite but
near singular.

(i) choose a as small as p/n when the measurement error variance is less compared to the true
variance

(i) if the measurement error variance is large compared to the true variance, chose a to be a larger
quantity such as 2p/n and 3p/n in case of large samples and keep a as p/n in case of small
samples.

One can refer [11] for different measures to decide on the near singularity of the matrix. Also, there are other
techniques such as observing the smallest eigen value, condition number i.e. the ratio of the largest and
smallest eigen values of a matrix to determine whether a matrix is near singular or not.
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Appendix

Some definitions and results that are needed for the discussions in the paper are presented here.

Definition 1 A sequence of numbers {ay : N = 1,2, ...} converges to a if, for all € > 0, there exists an N,
such that if N > N, then |ay — a| <e. This is written as ay — a as N — 00, or as limy_,oc ay = a.

Definition 2 A sequence of numbers {ay : N = 1,2,...} is bounded if and only if there is some b < oo
such that |ay|<b for all N = 1,2,.. .If this condition does not hold, then we say that the sequence {ay} is
unbounded.

Definition 3 A sequence {ay} of numbers is at most of order N*, denoted by O(N*), if the sequence 2 is
bounded. In other words, if {ay} is O(N*), then ay cannot be infinitely larger than N* as N — oo. Also note
that when 4 = 0, the sequence {ay} is at most of order 1 which means that the sequence {a,} is bounded.

Definition 4 A sequence {ay} is of order smaller than N*, denoted by o(N*), if limy_,,, % % = 0. In other
words, If {ay} is o(N*), then ay is infinitely smaller than N* as N — co. Also note that when / = 0, the
sequence {ay} is of order smaller than 1 which means that the sequence {ay} converges to zero.
Lemma 5 If any sequence {ay} is o(N*) then it is also an O(N*).

Proof 1If {ay} is o(N*), then by definition, limy_.c & = 0 which implies that % is bounded. That is the
sequence{ay} is O(N*). O
For the following definitions, consider (Q, F, P) be the probability space on which the random variables are
defined.

Definition 5 A sequence of random variables {Xy} converges in probability to X if, for all € > 0, P(|Xy —
X| > €) — 0. This is denoted by Xy L X and also we write that X = plimXy.

Definition 6 A sequence of random variables {Xy} is said to converge in distribution to a random variable
X if P(Xy <x) L(X <x) at every point x at which the limit distribution function P(X <x) is continuous.
This is denoted by Xy 4 x.

Note that these definitions can be extended for vectors as well as matrices provided that each element of the
vector or matrix satisfies these definitions. Here we state some results without proofs.

Proposition 1

(1) Weak Law of Large Numbers (WLLN): Let X;,X,,... be a sequence of identically and

independently distributed random variables such that E[|X,|] <co. Then X = 1X, L E [X1].

(2) Multivariate Central Limit Theorem (CLT): Let X;,X>,... be identically and independently
distributed random vectors in RF with mean u=E[X;] and covariance matrix
¥ = E[(X; — u)(X; — p)"]. Then

Vi(X — p) S N(0,E)

(3) Continuous Mapping Theorem (CMT): Let g be a function from R* to R™, and suppose g is
continuous at every point in a set C such that P(X € C) = 1. Then

i, If Xy X, then g(Xy) - g(X).
ii. If Xy — X, then g(Xy) — g(X).

4) Xy X=Xy5X. .

o) Xy— a (a constant) = Xy — a.

(6) IfXN7X and |XN—YN|—>O then YN—>X J

(7)) If Xy 7X and Yy ?a where a is a copstant, then the vector (Xy, Yn) —(X, a).

8) If Xy —X and Yy — Y, then (XN, YN) (X Y)

(9) Slutsky’s Lemma: Let X,,,X and Y, be random matrices. If Xy —>X and YN—>C where C is a
constant matrix, then
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i) Xy+YySX+C
(iii)  Yy'Xy — C~IX provided C is invertible

whenever they are well defined.

(10) Lebesgue’s Dominated Convergence Theorem:Let {f,} be a sequence of real-valued measurable
functions on a measure space (S, BB, 1t). Suppose that the sequence converges point wise to a function f
and is dominated by some integrable function g in the sense that |f,,(x)| < g(x) for all numbers #n in the
index set of the sequence and all points x € S. Then f is integrable and lim,_, fsfn du = fsf du.

Definition 7 Let {Xy} be a sequence of random variables. Suppose that for any € > 0, there exists a
constant M ( < oo) such that P(|Xy| > M) < e for all N, then we say that Xy = Op(1). If {Xn} is a sequence
of random matrices then we say that Xy = Op(1) if every element of Xy is Op(1).

Definition 8 Let Xy denote a sequence of random variables. If X LN 0, then we write Xy = op(1). If Xy is
a sequence of random matrices then we say Xy = op(1) if every element of Xy is op(1).

Here we state some results without proofs.
Proposition 2

(i) For any random variable X whose first moment exists, we have X = Op(1).
(i) If E[|Xy|"] is bounded for some k > 1, then Xy = Op(1).
(i) If Xy %X, then Xy = Op(1).
(1V) If XN = OP(l), then XN = Op(])
(v) If Xy = 0p(1) and Wy = Op(1), then Xy + Wy = Op(1) and XyWy = Op(1). We write this as
( )+ Op(1) = Op(1), and Op(1)AOp(1) = Op(1).
(vi) (1)Aop( ) = op(1) and Op(1) + 0p(1) = Op(1).
(vii) (1 +0p(1))"" = 0p(1) and 0p(0p(1)) = 0p(1).

We conclude this section with the following Lemma.

Lemma 6 Let C = (c;j) be a m x m matrix and let ||C||, and ||C||, be the maximum column sum and
maximum row sum matrix norms respectively. If atleast one of ||C||, and ||C||, is less than 1, then (I, — C)
is invertible and

In—C)"'=>"C
i=0
where C? =1,
Proof Proof is detailed in [10]. O
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