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Abstract Measurement error models are studied extensively in the literature. In these models, when the
measurement error variance Rdd is known, the estimating techniques require positive definiteness of the
matrix Sxx � Rdd, even when this is positive definite, it might be near singular if the number of observations
is small. There are alternative estimators discussed in literature when this matrix is not positive definite. In
this paper, estimators when the matrix Sxx � Rdd is near singular are proposed and it is shown that these
estimators are consistent and have the same asymptotic properties as the earlier ones. In addition, we show
that our estimators work far better than the earlier estimators in case of small samples and equally good for
large samples.
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1 Introduction

Measurement error models are studied extensively in the literature. In these models, when the measurement
error variance Rdd is known, the estimating techniques require positive definiteness of the matrix Sxx � Rdd,
even when this is positive definite, it might be near singular if the number of observations is small. There are
alternative estimators discussed in literature when this matrix is not positive definite. In this paper, esti-
mators when the matrix Sxx � Rdd is near singular are proposed and it is shown that these estimators are
consistent and have the same asymptotic properties as the earlier ones. In addition, we show that our
estimators work far better than the earlier estimators in case of small samples and equally good for large
samples.

In the Sect. 2, literature on the measurement error models is reviewed, in Sect. 3, our proposed estimator
and its large sample properties are discussed and in Sect. 4, the simulation work done in support of our
results is presented.
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2 Review of literature

In this section, we review the existing estimators of coefficients in measurement error models. Let us
consider the ultrastructural model,

y ¼ b01n þ Zbþ �; X ¼ Zþ D ð1Þ

where 1n is the n� 1 vector of all ones, b0 is a scalar, zT
i ; x

T
i ; d

T
i ; i ¼ 1; 2; . . .; n are n rows of order 1� p of

the matrices Z, X and D and � is n� 1 vector.
The assumptions being ��Nð0;r2

� InÞ, di�Nð0;RddÞ and CovðD; �Þ ¼ 0. If we assume that zi are
identically and independently distributed with mean l and variance Rzz then the model is structural. If we
assume that zij are fixed but unknown then it is a functional model. If zi are distributed independently with
means mi and common variance Rzz, then it refers to ultrastructural model.

In other words, for ultrastructural model, we also assume that

Z ¼ M þU ð2Þ

such that /i; i ¼ 1; 2; . . .; n are distributed normally, independently and identically with mean 0 and variance
R//, also mi; i ¼ 1; 2; . . .; n are fixed. Dolby proposed this ultrastructural model in [3] as a synthesis of the
functional and structural model, as if R// ¼ 0, then this model becomes a functional model and if the rows
of M are identical, it becomes a structural model.

For these models, estimators of the regression coefficients using both the maximum likelihood method
and method of moments are:

^
bð1Þ ¼ ðSxx � RddÞ�1Sxy and

cb1
0 ¼ �y� �xTdbð1Þ

cRzz ¼ Sxx � Rdd

where ; Sxx ¼
1

n
ðX � 1n �xTÞTðX � 1n �xTÞ

and Sxy ¼
1

n
ðX � 1n �xTÞTðy� 1n �yTÞ

ð3Þ

Gleser [5] showed that even the generalized least squares method produces the same result. Also Nakamura
in [9] proposed the corrected likelihood method and derived the same estimators. These estimators in 3
require the matrix Sxx � Rdd to be positive definite. If this condition is not met, Fuller in [4] proposed the
following procedure for estimating coefficients.

Consider the positive values of k�1 that satisfy

jRdd � k�1Sxxj ¼ 0:

Let them be k�1
1 � k�1

2 � . . .� k�1
p�1� k�1

p . If kp\1 and kp�1 [ 1, the maximum likelihood estimators are
given by

d

bð2Þ ¼ ðSxx � kpRddÞ�1Sxy and
cb2

0 ¼ �y� �xTdbð2Þ

cRzz ¼ Sxx � kpRdd

ð4Þ

If kp�1� 1, the maximum likelihood estimator of Rzz is singular and the estimator bð2Þ of b is indeterminate.
In some cases, it may happen that the matrix Sxx � Rdd is positive definite matrix but is a near singular

matrix. Then at lease one of the eigen values will be close to 0 and hence the corresponding eigen value in
the inverse matrix will be large. In that case the inverse may not behave properly. It is the case especially in
small samples. So we propose an alternate estimator which deals with this.

3 Proposed method

In the previous section, it is observed that the estimation depends on the inverse of the matrix Sxx � Rdd. In
usual regression estimators they depend on the inverse of just Sxx. In absence of multicollinearity in the data,
Sxx is always positive definite and hence non singular. But in case of the ME models, as Rdd is being
subtracted from Sxx, the sample variance matrix of X,it may happen that the difference is a non definite
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matrix or a near singular matrix. In this case, the inverses may not behave well. One can also observe that
the difference is an estimator of the variance matrix of the true variables zi; i ¼ 1; 2; . . .; p. So we expect that
this matrix needs to be positive definite and hence non singular.

When the inverse of the sample covariance matrix is required and it is near singular, there are various
techniques discussed in literature that are used to deal with it. Bootstrap testing for functions of a covariance
matrix was developed by Beran and Srivastsava in [1]. In bootstrap, each replication is a subset of the
original sample with duplicated cases, and hence, the non convergence problem is even worse than in the
original sample. When sample variance matrix (S)based on a small sample is near singular, Theil and
Laitinen in [12] and Vinod in [13] developed well-conditioned covariance matrices using maximum entropy
distributions. But these estimators are not consistent for the population covariance matrix. Both the esti-
mators suggested by Haff’s [6] and Ledoit and Wolf’s estimators [8] are of the form aSþ bI, where I is the
identity matrix, a and b are scalars to be estimated using the sample. However, the b in Haff’s estimator

involves S�1 and the a and b in Ledoit and Wolf’s estimator involve 4th order sample moments, conse-
quently, when either S is near singular or the sampling distribution has heavy tails, the estimators based on
these covariance matrix estimators will be unstable.

As the estimators of the coefficients in our model do not have first moments a good estimator should be
atleast consistent. Therefore it is suggested that Sxx should be replaced by Sxx þ aIp where a needs to be
chosen such that a! 0 as n!1. Using such estimator in structural equation models is well discussed in
[14] and the consistency of the estimators obtained by using this new estimator of variance matrix is also
discussed . In the measurement error models, the the problem arises due to near singularity of Sxx � Rdd but
not of Sxx. So, we replaced the matrix Sxx � Rdd by Sxx þ aIp � Rdd where a needs to be chosen such that

not only that a! 0 as n!1 but also that
ffiffiffi

n
p

a should also converge to zero. This is similar to the ridge
estimator in usual regression models proposed in [7] to address the singularity or near singularity that arises
because of the issues in orthogonality of the independent variables. This method adds small positive
quantities to the diagonal elements of Sxx and these are chosen such that the estimator attains smaller mean
square error.

We shall now establish that when Sxx � Rdd is near singular, the above estimators are consistent

whenever a is chosen such that a! 0 and
ffiffiffi

n
p

a! 0 as n!1. We also study the other large sample
properties of these estimators.

d

bð3Þ ¼ ðSxxþaI � RddÞ�1Sxy and
cb3

0 ¼ �y� xTdbð3Þ ð5Þ

For large sample properties of estimates in (5), we need to have the following assumptions which are same
as in case of the usual estimates.

Assumption 1 As n!1
(i) lim 1

n MT1n ¼ l and

(ii) lim 1
n MTðIn� 1

n JnÞM ¼ RM exist.

In the case of structural models, M will be of the form 1nmT . So the left hand side of (i) becomes 0 and that

of (ii) becomes mT itself.

Lemma 1 As n!1
(i) ðnÞ�1=2MTðIn� 1

n JnÞD ¼ OPð1Þ; ðnÞ�1=2MTðIn� 1
n JnÞU ¼ OPð1Þ; ðnÞ�1=2MTðIn� 1

n JnÞ� ¼ OPð1Þ.

(ii) ðnÞ�1=2UTðIn� 1
n JnÞD ¼ OPð1Þ; ðnÞ�1=2UTðIn� 1

n JnÞ� ¼ OPð1Þ; ðnÞ�1=2DTðIn� 1
n JnÞ� ¼ OPð1Þ.

(iii) ðnÞ�1=2DTðIn� 1
n JnÞD�

ffiffiffi

n
p

Rdd ¼ OPð1Þ; ðnÞ�1=2UTðIn� 1
n JnÞU�

ffiffiffi

n
p

R// ¼ OPð1Þ.

Proof Using the results Proposition- 2, we know that if E½jXj� is bounded then X is OPð1Þ. So from the
assumptions on distributions of the random variables X;Z;D; � and Assumptions- 1, we can have all the
stated results. h

Let
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R1 ¼
1

n
MTðIn�

1

n
JnÞM þ R//; R2 ¼ R1 þ Rdd

S ¼ XTðIn�
1

n
JnÞX þ n aIp

H ¼ ðnÞ�1=2S�
ffiffiffi

n
p

Rxx

h ¼ ðnÞ�1=2XTðIn�
1

n
JnÞð�� DbÞ þ

ffiffiffi

n
p

Rddb

ð6Þ

From Lemma 1 and using the Assumptions-1, we can observe that H and h are OPð1Þ:
Lemma 2

ffiffiffi

n
p
ð d

bð3Þ � bÞ ¼ R�1
1 hþ ðnÞ�

1
2c1 þ c2; where c1 ¼ OPð1Þ: and c2!

P
0.

Proof From the equations (6),(1) and (2), we have:

S ¼
ffiffiffi

n
p

H þ nR2

S� nRdd ¼
ffiffiffi

n
p

H þ nR1

XTðIn�
1

n
JnÞð�� DbÞ ¼

ffiffiffi

n
p

h� nRddb

XTðIn�
1

n
JnÞy ¼

ffiffiffi

n
p

H þ nR1 � n aIP

� �

bþ
ffiffiffi

n
p

h

ð7Þ

Consider from (5),

d

bð3Þ � b ¼ S� nRddð Þ�1XTðIn�
1

n
JnÞy� b ¼

ffiffiffi

n
p

H þ nR1

� ��1 ffiffiffi

n
p

h� n ab
� �

)
ffiffiffi

n
p
ðbb3 � bÞ ¼ Ip þ

1
ffiffiffi

n
p R�1

1 H

� ��1

R�1
1 h�

ffiffiffi

n
p

a b
� �

ð8Þ

As n!1, H ¼ OPð1Þ and R1 ¼ Oð1Þ, we have as n!1;

plim
1
ffiffiffi

n
p R�1

1 H ¼ 0:

Therefore from lemma 6, we have:

Ip þ
1
ffiffiffi

n
p R�1

1 H

� ��1

¼ Ip �
1
ffiffiffi

n
p R�1

1 H þ . . . ð9Þ

So from the equations (8) and (9), we have:

ffiffiffi

n
p
ð d

bð3Þ � bÞ ¼ R�1
1 hþ n�

1
2c1 þ c2

ð10Þ

where c1 ¼ R�1
1 HR�1

1 hþ Oðn�1Þ
and c2 ¼ Ip� 1

ffiffi

n
p R�1

1 H þ . . .
� �

ffiffiffi

n
p

ab.

Clearly c1 is OPð1Þ and c2 converges to 0 in probability. h

Lemma 3

E½h� ¼ 1
ffiffiffi

n
p Rddb:

VarðhÞ ¼ 1

n
ðr2

� þ bTRddbÞ MTðIn�
1

n
JnÞMþðn� 1ÞðR// þ RddÞ

	 
� �

þ RddbbTRdd:

Proof We have from the assumptions of our model (1) and (2),
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E½�� DbjX� ¼ �ðX �MÞðR// þ RddÞ�1Rddb

Varð�� DbjXÞ ¼ r2
� þ h

� �

In; h ¼ bTRddðR// þ RddÞ�1R//b

E½hjX� ¼ �1
ffiffiffi

n
p XTðIn�

1

n
JnÞðX �MÞðR// þ RddÞ�1Rddb

þ
ffiffiffi

n
p

Rddb

ð11Þ

But, we can see that X is a Matrix Normal variate. To be more precise

X�MNðM; In;R// þ RddÞ

and hence

E½XTðIn�
1

n
JnÞX� ¼ ðn� 1ÞðR// þ RddÞ þM In �

1

n
Jn

� �

M ð12Þ

which gives us

E½h� ¼ 1
ffiffiffi

n
p Rddb ð13Þ

To calculate the variance,

hhT ¼ 1

n
XTðIn�

1

n
JnÞð�� DbÞð�� DbÞTðIn�

1

n
JnÞX

þ XTðIn�
1

n
JnÞð�� DbÞbTRdd

þ Rddbð�� DbÞTðIn�
1

n
JnÞX

þ nRddbbTRdd

ð14Þ

To evaluate expected value of first term in equation (14), we have

E½ð�� DbÞð�� DbÞTjX�

¼ Var½ð�� DbÞjX� þ E½ð�� DbÞjX�E½ð�� DbÞTjX�

¼ ðr2
� þ hÞIn þ ðX �MÞCðX �MÞT; [from (11)]

where C ¼ ðR// þ RddÞ�1RddbbTRddðR// þ RddÞ�1

ð15Þ

Therefore,

E½XTðIn�
1

n
JnÞð�� DbÞð�� DbÞTðIn�

1

n
JnÞXjX�

¼ XTDX þ XTðIn�
1

n
JnÞðX �MÞCðX �MÞTðIn�

1

n
JnÞX

ð16Þ

where

D ¼ ðr2
� þ hÞðIn�

1

n
JnÞ: ð17Þ

But, from the distribution properties of X,

E½XTDX� ¼ ðR// þ RddÞtraceðDÞ þMTDM

where, traceðDÞ ¼ ðn� 1Þðr2
� þ hÞ

ð18Þ

Now consider, E½XTðIn� 1
n JnÞðX �MÞCðX �MÞTðIn� 1

n JnÞX� which equals to
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E½XTðIn�
1

n
JnÞXCXTðIn�

1

n
JnÞX�

� E½XTðIn�
1

n
JnÞXCMTðIn�

1

n
JnÞX�

� E½XTðIn�
1

n
JnÞMCXTðIn�

1

n
JnÞX�

þ E½XTðIn�
1

n
JnÞMCMTðIn�

1

n
JnÞX�

¼ traceðCðR// þ RddÞÞMTðIn�
1

n
JnÞM

þ ðn� 1ÞtraceðCðR// þ RddÞÞðR// þ RddÞ

þ fðn� 1Þ2 þ n� 1gðR// þ RddÞCðR// þ RddÞ

ð19Þ

Here,

ðR// þ RddÞCðR// þ RddÞ ¼ RddbbTRdd

traceðCðR// þ RddÞÞ ¼ bTRddðR// þ RddÞ�1Rddb ¼ bTRddb� h:

Using the equations (11) and (12),

E½XTðIn�
1

n
JnÞð�� DbÞbTRdd� ¼ �ðn� 1ÞRddbbTRdd ð20Þ

So using the equations from (13) to (20) and the fact that VarðhÞ ¼ E½hhT� � E½h�E½hT�,

VarðhÞ ¼ 1

n
ðr2

� þ bTRddbÞ MTðIn�
1

n
JnÞMþðn� 1ÞðR// þ RddÞ

	 
� �

þ RddbbTRdd:

ð21Þ

h

Lemma 4 As n!1; h!d Nð0;XÞ
where X ¼ r2

� þ bTRddb
� �

RMM þ R// þ Rdd

� �

þ RddbbTRdd

Proof From Lemma-3, we can observe that E½h� ¼ 1
ffiffi

n
p Rddb and hence limn!1 E½h� ¼ 0. Using lemma- 3

and Assumptions 1, we can observe that

X ¼ lim
n!1

VarðhÞ ð22Þ

¼ r2
� þ bTRddb

� �

RMM þ R// þ Rdd

� �

þ RddbbTRdd ð23Þ

Now, by the central limit theorem, as n!1, h has a limiting normal distribution with mean 0 and variance
X. Therefore we have the required result. h

Theorem 1 For our model, the asymptotic distributions of
ffiffiffi

n
p
ð d

bð3Þ � bÞ is Normal with mean vector 0 and

covariance matrix R�1XR�1.

Proof From Lemma-2, c1 is OPð1Þ and c2 converges to 0 in probability. So, 1
ffiffi

n
p c1!

P
0: Thus by Slutsky’s

lemma and Proposition- 1, asymptotic distribution of
ffiffiffi

n
p
ðbð3Þ � bÞ is same as that of R�1

1 h. Using Lemma-4,

we can observe that R�1
1 h has an asymptotic Normal distribution with mean vector 0 and covariance matrix

ðRMM þ R//Þ�1XðRMM þ R//Þ�1
and hence the theorem. h

Theorem 2 For our model, the asymptotic distribution of
ffiffiffi

n
p
ðcb3

0 � b0Þ is Normal with mean 0 and

variance r2
� þ bTRddbþ lTðRMM þ R//Þ�1XðRMM þ R//Þ�1

l, where X is as in theorem- 1.
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Proof Clearly
cb3

0 � b0 ¼ 1T

n ð�� DbÞ � XTðdbð3Þ � bÞ
	 


: From theorem-1 and assumptions 1, the desired
result is a direct consequence. Hence the theorem. h

One can see that these estimators are consistent as well as have the same asymptotic properties as the
existing ones.

4 Simulation

The asymptotic properties of the estimators talk about their large sample properties. We conducted a Monte
Carlo simulation experiment to study several features of the proposed estimators such as their performance
in small samples as well as how the values of r2

� , r2
z , and r2

d affect the properties of the estimators.
Theorem-1,Theorem-2 talk about the asymptotic distributions of

d

bð3Þ and
d

bð3Þ0 . But these estimators may
behave differently under small samples. We also wanted to check whether the estimators by Fuller in (4) can

address this near singular issue. We also tried the values p
n and 2p

n for a in (5) and let them be
d

bð3Þ ;cb3
0 ;
d

bð4Þ

and
d

bð4Þ0 respectively. In order to explore these issues and analyze the other small sample properties of these
estimators, we conducted a simulation study.

The estimators
b

bl and bl
0; l ¼ 1; 2; 3; 4 are computed for various parameters. In order to study the small

sample properties, we calculated Mean Squared Error matrices in each case, but these are not converging at
all and the diagonal values are taking large values and so we are not in a position to draw any useful
conclusions. This observation and the fact that in usual independent equation error models, the moments of
the estimators do not exist which is pointed out in [2], we suspect the existence of moments of these
estimators also. We therefore calculated Median Squared Error (MdSE) matrices of the estimators to study
the small sample properties of the estimators. We also calculated absolute median bias (AMdB) which is the
positive square root of the sum of squares of the elements in the median bias vector.

We used the following parameters in our simulation study in case of functional models:
r2
� 2 f0:5; 1:25g; n 2 f25; 50; 75; 100g. We considered Rdd ¼ r2

dIn where r2
d 2 f0:5; 1:25g.

Results are presented for n=25 and 100 in the following tables for functional case.
From the above Tables 1 and 2, following observations are made in case of functional models:

i. In all the cases, as value of n increasing, we can observe that the diagonal entries of the MdSE
matrices (median square errors of the estimators) are decreasing which shows the consistency of the
estimators. They only differ in the rates of the convergence.

ii. When the other variances are kept constant, as r2
d increases the median square errors of the estimators

are also increasing.
iii. When the other variances are kept constant, as r2

� increases there is effect on the median square errors

of the estimators but not as much as in the case of change in r2
d.

iv. In all the cases, MdSE matrices of
d

bð3Þ, and
d

bð4Þ are almost equal.

v. In all the cases, MdSEs of
d

bð3Þ0 and
d

bð4Þ0 are almost equal.
vi. The diagonal elements of the MdSE matrices and AMdB values of Fuller’s estimators

d

bð2Þ;
d

b
ð2Þ
0 are so

large which is an evidence to conclude that they are unable to address the near singular issue.

vii. The estimators
d

bð3Þ0 ;
d

bð3Þ and
d

bð4Þ0 ;
d

bð4Þ behaving better than the others in terms of both MdSE and
AMdB measures.

So, we recommend to use:

(a) the proposed estimators in (5) by choosing a wisely when the matrix Sxx � Rdd is positive definite and
near singular

(b) the estimators in (3) if Sxx � Rdd is fairly non singular and
(c) the estimators in (4) if Sxx � Rdd is non positive definite but non singular.

We used the following parameters in our simulation study in case of structural models:
r2
� 2 f0:5; 1:25g; n 2 f25; 50; 75; 100g. We considered Rdd ¼ r2

dIn where r2
d 2 f0:5; 1:25g and Rzz ¼

r2
z In where r2

z 2 f0:5; 1:25g.
The simulation results obtained in structural model for n=25,100 are presented here.
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Table 1 MdSE matrices of the estimators for functional model

r2
� ¼ 0:5,r2

d ¼ 0:5
n ¼ 25 n ¼ 100

MdSE
d

bð1Þ0

d

bð1Þ

0

@

1

A 0.4099 0.0029 - 0.0011 0.0012 0.0968 0.0000 - 0.0003 0.0006
0.0029 0.0133 - 0.0002 0.0002 0.0000 0.0028 0.0000 0.0000
- 0.0011 - 0.0002 0.0122 - 0.0005 - 0.0003 0.0000 0.0026 0.0000
0.0012 0.0002 - 0.0005 0.0133 0.0006 0.0000 0.0000 0.0031
n ¼ 25 n ¼ 100

MdSE
d

bð2Þ0

d

bð2Þ

0

@

1

A 0.3948 0.0027 - 0.0010 0.0000 0.0992 0.0001 0.0000 - 0.0001
0.0027 0.0124 - 0.0006 0.0002 0.0001 0.0032 - 0.0008 0.0002
- 0.0010 - 0.0006 0.0147 - 0.0008 0.0000 - 0.0008 0.0058 - 0.0012
0.0000 0.0002 - 0.0008 0.0143 - 0.0001 0.0002 - 0.0012 0.0038
n ¼ 25 n ¼ 100

MdSE
d

bð3Þ0

d

bð3Þ

0

@

1

A 0.4013 0.0040 - 0.0015 0.0009 0.0968 0.0002 - 0.0003 0.0006
0.0040 0.0131 - 0.0002 0.0004 0.0002 0.0029 0.0000 0.0000
- 0.0015 - 0.0002 0.0127 - 0.0004 - 0.0003 0.0000 0.0026 0.0001
0.0009 0.0004 - 0.0004 0.0131 0.0006 0.0000 0.0001 0.0032
n ¼ 25 n ¼ 100

MdSE
d

bð4Þ0

d

bð4Þ

0

@

1

A 0.3957 0.0046 - 0.0018 0.0004 0.0971 0.0003 - 0.0004 0.0007
0.0046 0.0126 - 0.0001 0.0004 0.0003 0.0029 0.0001 0.0000
- 0.0018 - 0.0001 0.0123 - 0.0002 - 0.0004 0.0001 0.0025 0.0001
0.0004 0.0004 - 0.0002 0.0136 0.0007 0.0000 0.0001 0.0032
r2
� ¼ 1:25,r2

d ¼ 0:5
n ¼ 25 n ¼ 100

MdSE
d

bð1Þ0

d

bð1Þ

0

@

1

A 0.4421 0.0004 0.0002 0.0011 0.0945 0e?00 0e?00 0.0003
0.0004 0.0139 0.0000 - 0.0002 0.0000 3e-03 - 1e-04 0.0000
0.0002 0.0000 0.0146 - 0.0002 0.0000 - 1e-04 3e-03 - 0.0001
0.0011 - 0.0002 - 0.0002 0.0139 0.0003 0e?00 - 1e-04 0.0034
n ¼ 25 n ¼ 100

MdSE
d

bð2Þ0

d

bð2Þ

0

@

1

A 0.4402 - 0.0006 - 0.0031 0.0008 0.0891 - 0.0001 - 0.0001 0.0003
- 0.0006 0.0139 - 0.0005 0.0003 - 0.0001 0.0034 - 0.0009 0.0003
- 0.0031 - 0.0005 0.0159 - 0.0013 - 0.0001 - 0.0009 0.0058 - 0.0017
0.0008 0.0003 - 0.0013 0.0142 0.0003 0.0003 - 0.0017 0.0039
n ¼ 25 n ¼ 100

MdSE
d

bð3Þ0

d

bð3Þ

0

@

1

A 0.4442 0.0005 0.0010 0.0008 0.0937 0.0000 - 0.0001 0.0001
0.0005 0.0141 - 0.0001 - 0.0001 0.0000 0.0029 - 0.0001 0.0000
0.0010 - 0.0001 0.0143 - 0.0002 - 0.0001 - 0.0001 0.0028 - 0.0001
0.0008 - 0.0001 - 0.0002 0.0137 0.0001 0.0000 - 0.0001 0.0033
n ¼ 25 n ¼ 100

MdSE
d

bð4Þ0

d

bð4Þ

0

@

1

A 0.4526 0.0000 0.0008 0.0005 0.0930 0e?00 - 0.0001 0.0001
0.0000 0.0139 - 0.0003 0.0001 0.0000 3e-03 - 0.0001 0.0000
0.0008 - 0.0003 0.0146 - 0.0004 - 0.0001 - 1e-04 0.0027 - 0.0001
0.0005 0.0001 - 0.0004 0.0138 0.0001 0e?00 - 0.0001 0.0033
r2
� ¼ 0:5,r2

d ¼ 1:25
n ¼ 25 n ¼ 100

MdSE
d

bð1Þ0

d

bð1Þ

0

@

1

A 0.9594 0.0009 - 0.0024 - 0.0038 0.2037 1e-03 - 0.0006 - 0.0006
0.0009 0.0331 - 0.0004 0.0001 0.0010 8e-03 - 0.0003 0.0000
- 0.0024 - 0.0004 0.0339 - 0.0008 0.0010 8e-03 - 0.0003 0.0000
- 0.0038 0.0001 - 0.0008 0.0302 - 0.0006 0e?00 0.0001 0.0063
n ¼ 25 n ¼ 100

MdSE
d

bð2Þ0

d

bð2Þ

0

@

1

A 0.8424 - 0.0010 0.0039 0.0003 0.2141 0.0021 - 0.0039 0.0015
- 0.0010 0.0313 - 0.0031 0.0015 0.0021 0.0087 - 0.0070 0.0036
0.0039 - 0.0031 0.0430 - 0.0085 - 0.0039 - 0.0070 0.0319 - 0.0149
0.0003 0.0015 - 0.0085 0.0305 0.0015 0.0036 - 0.0149 0.0129
n ¼ 25 n ¼ 100

MdSE
d

bð3Þ0

d

bð3Þ

0

@

1

A 0.9491 0.0008 - 0.0026 - 0.0033 0.2053 0.0009 - 0.0012 - 0.0003
0.0008 0.0326 - 0.0001 0.0001 0.0009 0.0079 - 0.0003 0.0000
- 0.0026 - 0.0001 0.0344 - 0.0009 - 0.0012 - 0.0003 0.0067 0.0001
- 0.0033 0.0001 - 0.0009 0.0293 - 0.0003 0.0000 0.0001 0.0062
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From the Tables 3 and 4, the following observations are made in case of structural models:

i. In all the cases, as value of n increasing, we can observe that the diagonal entries of the MdSE
matrices (median square errors of the estimators) are decreasing which shows the consistency of the
estimators. They only differ in the rates of the convergence.

ii. When the other variances are kept constant, as r2
z increases the median square errors of the

estimators are decreasing.
iii. When the other variances are kept constant, as r2

d increases median square errors of the estimators
are also increasing.

iv. When the other variances are kept constant, as r2
� increases there is effect on the median square

errors of the estimators but not as much as in the case of change in r2
d.

Table 1 continued

n ¼ 25 n ¼ 100
MdSE

d

bð4Þ0

d

bð4Þ

0

@

1

A 0.9041 0.0008 - 0.0011 - 0.0035 0.2049 0.0008 - 0.0009 - 0.0002
0.0008 0.0321 - 0.0004 0.0002 0.0008 0.0079 - 0.0003 0.0000
- 0.0011 - 0.0004 0.0321 - 0.0010 - 0.0009 - 0.0003 0.0068 0.0000
- 0.0035 0.0002 - 0.0010 0.0286 - 0.0002 0.0000 0.0000 0.0061
r2
� ¼ 1:25,r2

d ¼ 1:25
n ¼ 25 n ¼ 100

MdSE
d

bð1Þ0

d

bð1Þ

0

@

1

A 1.0231 0.0002 - 0.0067 - 0.0026 0.2136 0.0008 - 0.0007 - 0.0013
0.0002 0.0384 - 0.0001 0.0003 0.0008 0.0074 - 0.0003 0.0001
- 0.0067 - 0.0001 0.0373 0.0004 - 0.0007 - 0.0003 0.0071 0.0000
- 0.0026 0.0003 0.0004 0.0340 - 0.0013 0.0001 0.0000 0.0068
n ¼ 25 n ¼ 100

MdSE
d

bð2Þ0

d

bð2Þ

0

@

1

A 1.0026 0.0000 - 0.0034 0.0012 0.2028 0.0017 - 0.0024 0.0003
0.0000 0.0324 - 0.0010 0.0013 0.0017 0.0094 - 0.0077 0.0034
- 0.0034 - 0.0010 0.0490 - 0.0068 - 0.0024 - 0.0077 0.0281 - 0.0129
0.0012 0.0013 - 0.0068 0.0365 0.0003 0.0034 - 0.0129 0.0146
n ¼ 25 n ¼ 100

MdSE
d

bð3Þ0

d

bð3Þ

0

@

1

A 1.0302 0.0016 - 0.0056 - 0.0030 0.2145 0.0008 - 0.0010 - 0.0014
0.0016 0.0363 - 0.0003 0.0001 0.0008 0.0074 - 0.0002 0.0001
- 0.0056 - 0.0003 0.0339 0.0007 - 0.0010 - 0.0002 0.0073 0.0000
- 0.0030 0.0001 0.0007 0.0333 - 0.0014 0.0001 0.0000 0.0069
n ¼ 25 n ¼ 100

MdSE
d

bð4Þ0

d

bð4Þ

0

@

1

A 1.0200 0.0025 - 0.0062 - 0.0053 0.2141 0.0008 - 0.0012 - 0.0015
0.0025 0.0350 0.0001 0.0001 0.0008 0.0075 - 0.0002 0.0001
- 0.0062 0.0001 0.0333 0.0007 - 0.0012 - 0.0002 0.0070 0.0000
- 0.0053 0.0001 0.0007 0.0321 - 0.0015 0.0001 0.0000 0.0067

Table 2 AMdB of the estimators in functional case

AMdB
d

bð1Þ0

d

bð1Þ

0

@

1

A AMdB
d

bð2Þ0

d

bð2Þ

0

@

1

A AMdB
d

bð3Þ0

d

bð3Þ

0

@

1

A AMdB
d

bð4Þ0

d

bð4Þ

0

@

1

A

r2
� ¼ 0:5; r2

d ¼ 0:5
n=25 0.0155 0.0894 0.0204 0.0401
n=100 0.0242 0.0932 0.0231 0.0243

r2
� ¼ 1:5; r2

d ¼ 0:5
n=25 0.0287 0.0961 0.0329 0.0538
n=100 0.0095 0.0886 0.0075 0.0091

r2
� ¼ 0:5; r2

d ¼ 1:25
n=25 0.0513 0.1993 0.0334 0.0179
n=100 0.0451 0.2201 0.044 0.0432

r2
� ¼ 1:25; r2

d ¼ 1:25
n=25 0.057 0.2061 0.0442 0.0429
n=100 0.0295 0.2136 0.0259 0.0232
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v. In all the cases, MdSE matrices of
d

bð3Þ, and
d

bð4Þ are almost equal.
vi. In all the cases, MdSEs of

d

bð3Þ0 and db40 are almost equal.

vii. Fuller’s estimate
d

bð2Þ;
d

b
ð2Þ
0 are unable to address the near singular issue as it is evident from the

MdSE and AMdB of the estimators.

viii. The estimators
d

bð3Þ0 ;
d

bð3Þ and
d

bð4Þ0 ;
d

bð4Þ behaving better than the others in terms of both MdSE and
AMdB measures.

ix. When the measurement error variance r2
d is high, the estimators

d

bð3Þ0 ;
d

bð3Þ performing better than
d

bð4Þ0 ;
d

bð4Þ in case of small samples and it is otherwise in case of the large samples.

So, we need to choose the estimators depending on the nature of the matrix Sxx � Rdd. We recommend to use:

(a) the estimators in (4) if the matrix Sxx � Rdd is non positive definite and non singular.
(b) the estimators in (3 if Sxx � Rdd is fairly positive definite.
(c) the proposed estimators in (5) by choosing a wisely when the matrix Sxx � Rdd is positive definite but

near singular.

(i) choose a as small as p/n when the measurement error variance is less compared to the true
variance

(ii) if the measurement error variance is large compared to the true variance, chose a to be a larger
quantity such as 2p/n and 3p/n in case of large samples and keep a as p/n in case of small
samples.

One can refer [11] for different measures to decide on the near singularity of the matrix. Also, there are other

techniques such as observing the smallest eigen value, condition number i.e. the ratio of the largest and

smallest eigen values of a matrix to determine whether a matrix is near singular or not.

Table 4 AMdB of the estimators in structural case

AMdB
d

bð1Þ0

d

bð1Þ

0

@

1

A AMdB
d

bð2Þ0

d

bð2Þ

0

@

1

A AMdB
d

bð3Þ0

d

bð3Þ

0

@

1

A AMdB
d

bð4Þ0

d

bð4Þ

0

@

1

A

r2
� ¼ 0:5; r2

z ¼ 0:5; r2
d ¼ 0:5

n=25 4.3162 7.341 2.4055 5.8659
n=100 1.1921 6.9778 0.1729 1.3513

r2
� ¼ 0:5; r2

z ¼ 1:25; r2
d ¼ 0:5

n=25 1.9003 4.4292 0.6126 2.5891
n=100 0.4305 4.5596 0.1139 0.5952

r2
� ¼ 1:25; r2

z ¼ 0:5; r2
d ¼ 0:5

n=25 5.6093 7.1069 1.891 5.56171
n=100 1.5176 6.9943 0.0483 1.1542

r2
� ¼ 1:25; r2

z ¼ 1:25; r2
d ¼ 0:5

n=25 1.9424 4.4357 0.5616 2.494
n=100 0.4987 4.476 0.0344 0.5375

r2
� ¼ 0:5; r2

z ¼ 0:5; r2
d ¼ 1:25

n=25 2.4751 11.1687 3.7798 6.7352
n=100 5.1074 9.701 2.7352 0.8149

r2
� ¼ 0:5; r2

z ¼ 1:25; r2
d ¼ 1:25

n=25 4.6508 7.1423 1.2796 1.1226
n=100 1.4246 6.9775 0.7926 0.2318

r2
� ¼ 1:25; r2

z ¼ 0:5; r2
d ¼ 1:25

n=25 4.2608 11.1525 2.8702 6.244
n=100 5.7608 9.5904 3.2177 1.306

r2
� ¼ 1:25; r2

z ¼ 1:25; r2
d ¼ 1:25

n=25 5.4789 7.2636 1.6937 0.8747
n=100 1.2947 7.0575 0.7069 0.1515
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Appendix

Some definitions and results that are needed for the discussions in the paper are presented here.

Definition 1 A sequence of numbers faN : N ¼ 1; 2; . . .g converges to a if, for all �[ 0, there exists an N�

such that if N [ N�, then aN � aj j\�: This is written as aN ! a as N !1, or as limN!1 aN ¼ a.

Definition 2 A sequence of numbers faN : N ¼ 1; 2; . . .g is bounded if and only if there is some b\1
such that jaN j\b for all N ¼ 1; 2; . . ..If this condition does not hold, then we say that the sequence faNg is
unbounded.

Definition 3 A sequence faNg of numbers is at most of order Nk, denoted by OðNkÞ; if the sequence aN

Nk is

bounded. In other words, if faNg is OðNkÞ, then aN cannot be infinitely larger than Nk as N !1. Also note
that when k ¼ 0, the sequence faNg is at most of order 1 which means that the sequence fang is bounded.

Definition 4 A sequence faNg is of order smaller than Nk, denoted by oðNkÞ, if limN!1
aN

Nk ¼ 0. In other

words, If faNg is oðNkÞ; then aN is infinitely smaller than Nk as N !1. Also note that when k ¼ 0, the
sequence faNg is of order smaller than 1 which means that the sequence faNg converges to zero.

Lemma 5 If any sequence faNg is oðNkÞ then it is also an OðNkÞ.
Proof If faNg is oðNkÞ, then by definition, limN!1

aN

Nk ¼ 0 which implies that aN

Nk is bounded. That is the

sequencefaNg is OðNkÞ. h

For the following definitions, consider ðX;F;PÞ be the probability space on which the random variables are
defined.

Definition 5 A sequence of random variables fXNg converges in probability to X if, for all �[ 0;PðjXN �
Xj[ �Þ ! 0: This is denoted by XN!

P
X and also we write that X ¼ plimXN .

Definition 6 A sequence of random variables fXNg is said to converge in distribution to a random variable

X if PðXN � xÞ!P ðX� xÞ at every point x at which the limit distribution function PðX� xÞ is continuous.

This is denoted by XN!
d

X.

Note that these definitions can be extended for vectors as well as matrices provided that each element of the
vector or matrix satisfies these definitions. Here we state some results without proofs.

Proposition 1

(1) Weak Law of Large Numbers (WLLN): Let X1;X2; . . . be a sequence of identically and

independently distributed random variables such that E½jX1j�\1. Then �X � 1
n Xn!

P
E½X1�:

(2) Multivariate Central Limit Theorem (CLT): Let X1;X2; . . . be identically and independently

distributed random vectors in Rk with mean l ¼ E½X1� and covariance matrix

R ¼ E½ðX1 � lÞðX1 � lÞT�. Then

ffiffiffi

n
p
ðX � lÞ!d Nð0;RÞ

.
(3) Continuous Mapping Theorem (CMT): Let g be a function from Rk to Rm, and suppose g is

continuous at every point in a set C such that PðX 2 CÞ ¼ 1: Then

i. If XN!
P

X, then gðXNÞ!
P

gðXÞ.
ii. If XN!

d
X, then gðXNÞ!

d
gðXÞ.

(4) XN!
P

X ) XN!
d

X.
(5) XN!

d
a (a constant) ) XN!

P
a.

(6) If XN!
d

X and jXN � YN j!
P

0, then YN!
d

X.
(7) If XN!

d
X and YN!

P
a where a is a constant, then the vector ðXN ;YNÞ!

d ðX; aÞ.
(8) If XN!

P
X and YN!

P
Y , then ðXN ; YNÞ!

P ðX;YÞ.
(9) Slutsky’s Lemma: Let Xn;X and Yn be random matrices. If XN!

d
X and YN!

d
C where C is a

constant matrix, then
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(i) XN þ YN!
d

X þ C
(ii) YNXN!

d
CX

(iii) Y�1
N XN!

d
C�1X provided C is invertible

whenever they are well defined.

(10) Lebesgue’s Dominated Convergence Theorem:Let ffng be a sequence of real-valued measurable
functions on a measure space ðS;B;lÞ. Suppose that the sequence converges point wise to a function f
and is dominated by some integrable function g in the sense that jfnðxÞj � gðxÞ for all numbers n in the

index set of the sequence and all points x 2 S. Then f is integrable and limn!1
R

S fn dl ¼
R

S f dl.

Definition 7 Let fXNg be a sequence of random variables. Suppose that for any �[ 0, there exists a
constant Mð\1Þ such that PðjXN j 	MÞ� � for all N, then we say that XN ¼ OPð1Þ. If fXNg is a sequence
of random matrices then we say that XN ¼ OPð1Þ if every element of XN is OPð1Þ.
Definition 8 Let XN denote a sequence of random variables. If XN!

P
0, then we write XN ¼ oPð1Þ: If XN is

a sequence of random matrices then we say XN ¼ oPð1Þ if every element of XN is oPð1Þ.
Here we state some results without proofs.

Proposition 2

(i) For any random variable X whose first moment exists, we have X ¼ OPð1Þ:
(ii) If E½jXN jk� is bounded for some k	 1, then XN ¼ OPð1Þ:

(iii) If XN!
d

X, then XN ¼ OPð1Þ.
(iv) If XN ¼ oPð1Þ, then XN ¼ OPð1Þ.
(v) If XN ¼ OPð1Þ and WN ¼ OPð1Þ, then XN þWN ¼ OPð1Þ and XNWN ¼ OPð1Þ. We write this as

OPð1Þ þ OPð1Þ ¼ OPð1Þ, and OPð1ÞDOPð1Þ ¼ OPð1Þ:
(vi) OPð1ÞDoPð1Þ ¼ oPð1Þ and OPð1Þ þ oPð1Þ ¼ OPð1Þ:

(vii) ð1þ oPð1ÞÞ�1 ¼ OPð1Þ and oPðOPð1ÞÞ ¼ oPð1Þ:
We conclude this section with the following Lemma.

Lemma 6 Let C ¼ ðcijÞ be a m� m matrix and let kCk1 and kCk2 be the maximum column sum and
maximum row sum matrix norms respectively. If atleast one of kCk1 and kCk2 is less than 1, then ðIm � CÞ
is invertible and

ðIm � CÞ�1 ¼
X
1

i¼0

Ci

where C0 ¼ Im

Proof Proof is detailed in [10]. h
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