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Abstract In this paper we characterize the algebraic structure of two-dimensional (z, f§)-constacyclic codes
of arbitrary length s¢ and of their duals over a finite field F,, where «, § are non zero elements of F,. For
o, € {1,—1}, we give necessary and sufficient conditions for a two-dimensional (e, f§)-constacyclic code
to be self-dual. We also show that a two-dimensional (o, 1)-constacyclic code C of length n = s¢ cannot be
self-dual if ged(s,q) = 1. Finally, we give some examples of self-dual, isodual, MDS and quasi-twisted
codes corresponding to two-dimensional (a, ff)-constacyclic codes.
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1 Introduction

One of the important generalizations of the cyclic code is two-dimensional cyclic code. Let [, be the finite
field with ¢ = p™ elements. Suppose that C is a linear code over [, of length s¢ whose codewords are viewed
as s/ arrays. That is, every codeword ¢ in C has the following form

€0,0 €o,1 N A |

1,0 1.1 Cle—1
CcC =

Cs—10 Cs—1,1 -+ Cs—10-1

If C is closed under the row shift and the column shift of codewords, then we call C a two-dimensional
cyclic code of length s¢ over [,,.

In 1975, Ikai et al. [5] introduced the concept of two-dimensional codes and in 1977, Imai [6] char-
acterized binary two-dimensional cyclic codes. Guineri and Ozbudak [4] studied the relations between quasi-
cyclic codes and two-dimensional cyclic codes. In 2014, Xiuli et al. [13] generalized this concept to skew
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cyclic two-dimensional codes over a finite field. It is well known that a two-dimensional cyclic code of
length s¢ over [, is an ideal of the polynomial ring F,[x,y]/(x* — 1,y* —1). In 2016, Sepasdar and
Khashyarmanesh [10] characterized the structure of two-dimensional cyclic codes of length s - 2% over F,»
iteratively, where p is an odd prime. In [11], Sepasdar gave a different method to characterize the generator
matrix of two-dimensional cyclic codes of length s¢.

Constacyclic codes over finite fields have a very significant role in the theory of error-correcting codes.
A lot of work on constacyclic codes has been done in recent years, see for example [1, 3, 8, 9]. Given
nonzero elements o and f of F,, a two-dimensional (, f)-constacyclic code of length s¢ is an ideal of the
polynomial ring F,[x,y]/(x* — o,y — B). In 2018, Rajabi and Khashyarmanesh [7] investigated some
repeated-root two-dimensional (a, B)-constacyclic codes of length 2p* - 2¢ over [, where p is an odd
prime, using the structure of two-dimensional cyclic codes given in [10]. They also studied self-dual
repeated-root two-dimensional (, 1)-constacyclic codes of length 2p*-2 and 2p*-2% over Fpm for
oe{-1,1}.

In this paper we give a new method to characterize the algebraic structure of two-dimensional (a, f5)-
constacyclic codes of arbitrary length s¢ and their duals over a finite field F,, using central primitive
idempotents of the ring F,[y]/(y* — ) (Theorems 1-3). Our method is quite different from that of [7, 10, 11]
and it does not require s to be a multiple of p, the characteristic of F, as in [7]. When o, f € {1, —1}, we give
necessary and sufficient conditions for a two-dimensional (o, §)-constacyclic code to be self-dual (Theo-
rem 4). We also prove that a two-dimensional (o, 1)-constacyclic code C of length n = s¢ can not be self-
dual if ged(s,q) = 1, for any s, where o € {1,—1} (Theorem 5). As a consequence, we give a number of
examples of self-dual or isodual, MDS or near MDS and quasi-twisted codes in Section 4.

2 Preliminaries

Let o and ff be two non-zero elements of field F,. For a two-dimensional codeword

€0,0 €o,1 ce €001
1,0 C1,1 Cle—1

Cc = y
Cs—1,0 Cs—1,1 cee Gy -1

its row a-constacyclic shift and column f-constacyclic shift are defined as

0Cs—10 OCs—1,1  «.. OKCs—10-1
€0,0 Co,1 cee Co,0—1
oy(c) = ’ and
Cs—2,0 Cs—2.1 v Cs—2,0—1
ﬁCO,(f—l €o,1 ce Co,0—2
e cig ... Cle—
75(c) = )
ﬁcsfl,lfl Cs—1,1  +-- Cs—14-2

respectively.

Definition 1 If a linear two-dimensional code C is closed under both row-constacyclic shift ¢, and
column-constacyclic shift 74, then it is called a two-dimensional (o, f)-constacyclic code of length s¢ over
F,.

Each codeword ¢ in a two-dimensional («, §)-constacyclic code has a unique polynomial representation

C(X,y) =f0(x) +f1 ()C)y + - +f/,71(X)y(_1, Whereﬁ(x) = Co,i + C1,iX +---+ C.vfl,ixs_]
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Two dimensional constacyclic... 51

fori =0,1,...,¢ — 1. xc(x, y) corresponds to codeword a,(c) and yc(x, y) corresponds to 7g(c). Therefore a
two-dimensional (a, ff)-constacyclic code can be regarded as an ideal in the polynomial ring

l]:q[xay]/<xs - avy[ - ﬂ>
Definition 2 Let

a = (ao0,a01,--aor1|aio, - are—1|--|as—10, .. as-10-1)
= (a(o)la(l>| PP |a("‘71))
be a vector in [ divided into s equal parts of length £ where n = s{. A linear code C is called a Z-quasi-
twisted code of index s if (Za"~V[al”|---[al=?)) € C whenever a € C. When 4 = 1, C is called quasi-cyclic

code of index s.

For a two-dimensional code C, let
Ci ={ (€00, cor-1leros - eremil -+ lesm10se s eorpm1) e € C} (1)
C z{(co_,o, ceuCsm10lcons - Csmnt] e |coe—ts - .,CS,l_,g,]) S C}. (2)

Clearly C; and C, are permutation equivalent. By definition, C is a two-dimensional (a, f§)-constacyclic code
if and only if C, is an a-quasi-twisted code of index s and C, is a f-quasi-twisted code of index /.

For a linear code C of length n over [, the dual code Ct is defined as
ct=1{xe F, |x-y=0forally € C}, where x -y denotes the usual Euclidean inner product. If C is /-
constacyclic code over [, then C* is a 2~ '-constacyclic code over [F,. A similar result holds for a two-
dimensional (o, §)-constacyclic code. Following results are due to [7].

Proposition 1 Let  f(x,y) =fox) +Ail0)y+ - +fia(x)y" glxy) = golx) + g1(x)y +--- +
gg,l()c)y‘p"1 € Fylx,y], where fi(x) = ao; + arx + - -- + a5,V and gi(x) = bo; +byx+ -+ bS,lﬁ,acS‘1
fori=0,1,....4 — 1. Then

S(x,y)g(x,y) =0 in Fylx,y]/(x — o, )" — B)

if and only if (ag, ay, .. .,as_1) is orthogonal to (by_y,by_s, ..., by) and all its (=", f~")-constacyclic shifts
where a; = (Cl()’i, Cl[}i, ceny as-_17i> and bi = (b()’i7 bl,iy Caay bs—],i)

Proposition 2 The dual of a two-dimensional («, f)-constacyclic code is a two-dimensional (0", f~')-
constacyclic code.

Let S be a non-empty subset of a commutative ring R. The annihilator of S, denoted by ann(S), is the set
ann(S) = {f € R:fg =0 for allg € S}. Then ann(S) is an ideal of R. For a polynomial fx) with
deg(f(x)) = k, its reciprocal is defined as f*(x) = x*f(1/x). The reciprocal of the zero polynomial is the
zero polynomial itself. For any set S of polynomials over [F,, we use the notation S* = {f*: f € S}. If Cisa

J-constacyclic code of length n over [, generated by g(x), then C* is /l_l-constacyclic code generated by
h*(x) where x" — A = g(x)h(x).

Proposition 3  Suppose that o, € {1,—1} . Let C be a two-dimensional (a, f§)-constacyclic code, then
C* is also a two-dimensional (a, )-constacyclic code and C*+ = (ann(C))", also denoted as ann*(C).

3 Two Dimensional («, §)-Constacyclic Codes of length s¢

In this section we will obtain generators of a two-dimensional (a, f§)-constacyclic code of arbitrary length s¢
and its dual. First we study primitive central idempotents of the ring F,[y]/(y* — f) and discuss some of their
properties.

Let R denote the polynomial ring F,[x,y]/(x* — o, y* — B) where o, § € [, Let r be the order of fin [,
so that f” = 1 and r|(g — 1). Let  be a r¢™ root of unity such that w’ = . Assume that ¢ = 1(mod r¢) so
that € F,, since for some integer k, »?~! = &' = ™ = 1. Then,
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Define

R O O (O ) R e G [ Sk RAR R O
(0l — 1) () —w) - (0 — ) () — ) () — 1)’

Crffl( ) = (y _ 1)(y_ w)(y - wz) ces (y _ wr[—2>

(=T = 1) (T = ) (@01 = @?) - (01 — @2)

Then {o(y), 1 (9), - - -, (o1 () are primitive central idempotents in F,[y]/(y"* — 1) i.e. {o(y) + L) + - +
(o (y) =1 and §(y)§(y) = 6:;¢i(y) for i,j € {0,1,2,...,r0 — 1}, where ¢;; is the Kronecker delta

function. For a proof of it see [2]. Also, {j(w/) = 1 and {;(w*) = 0 for j # k.

Lemmal Forj=0,1,2,...,r{ — 1, we have

1 —j rl—j rl—j \{—
G0) = = (140 y 4+ (@) 4o+ (@),

Proof For any j, j=0,1,...,7f — 1, the numerator of {;(y) is
V=D (= Ny =) (=)

_ yré -1
= - e
rl ¢
yo = (wj> rl
= (=D
_ yrﬂ—l + CijrZ—Z + (wj)ZyrZ—3 44 (wj)r€72y + (wj)rffl

= ((Dj)r[_l{l + (wj)—ré—H (w_j)rf—2y + (wj)—re-H (wj)r[—3y2 4
+ () T ly 2 (of) Ty

_ a)_j{l + ((L)j)ily + (wj)72y2 4ot (wj)7r€+2yr€—2 + (wj)7r£+1yr[_l}

1 ) . .
:a{l-l-a)rf—/y-l—(a)ré—jy)Z_’_._._’_(wrl—]y)Z 1}‘

To compute denominator of {;(y), substitute y = @’ in the above expression and get

(@ =1)- (0 — (@ =) () — )

_ 1 - j re—j  jyrt-1
—E{l—i—a) o'+ (0" e)" T}
1 rl
This gives the desired result. U

Lemma 2 CH»kr(y)yj = (w]+kr)jC1+kr(y) fOl" ],k € {07 13 2) e 'ag - 1}
Proof In the ring F,[y]/(y"* — 1), using Lemma 1
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r r ré—1—kr rl—1—kr \rl{—
G )y = (Hw“k + (0" o (0 Ry l)y

— X ==X =

(y+wr€ k2 2 (réflfkr)y3 +._._i_w(réfl)(rﬁflfkr)yré)
<w1+kr +y+ wrl 1- kry2 +ow (rﬂflfkr)yS N +w(r572)(r€717kr)yrlfl)

— r_éwl+kr<1 + Corfflfkry + (wrfflfkry)2 4ot (wréflfkryy(—l)

= lererl-&-kr(y)'
Cl+kr(y)y2 = (CHM()’))’))’

= w1+krz:l+kr(y)y
= (w1+kr)2¢1+kr()’)

Cl+kr(y)yj = (w]+kr)jC1+kr(y)'

Following the notations of [3], let Py g = {1 +rk:k=0,1,2,...,/ — 1}. Then

1+2r) . 1+(l—1)r)

Y=B=(p-0)y-o"")(-w r-o

=T - o). (3)

iEP;‘/;
Let y* — 1 = (y' — B)Q(y) where Q(y) = H%P[ﬁ(y - wi). Define
( 1+r)( w1+2}) . (y _ wH»(Zfl)r)
o (y) = (@ — o) (@ — @ *27) - (@ — I+ Dr)
nl(y) _ (y_w)(y_w1+2r).__(y_wl+(Z—l)r)

(w1+r _ w)(lerr _ w1+2r) - (lerr _ wl‘F((*l)}") ’

_ -—o) - (y— o2
N (y) = (=D — ) (=D — 1) o (=D — 1+ (E=2)ry

Then 1y(y), 11 (), - - -, 1,_; (y) are primitive central idempotents in F,[y]/(y* — B) i.e. no(y) +m(y) + -+
N1 (v) = 1 and ;(y)n;(y) = dijni(y) for irj € {0, 1,.... £ =1}
Note that 1;(y) = {11 (y) and .y (y) = Go(y) if r = 1.

Lemma 3 Fork=0,1,2,....¢ — 1 we have {4, (y) = n,(y) (%’)) for some constant cy in [.
Proof

_ O-Dy-w) - y-a"?) (-
Crar (V) = (@ — 1) (0 — ) - (0! — o) (@l Hhr — kri2) . (w1+kr )

o) -0 (- oIy — o) L (y — o) g(y)
- (w1+kr _ 1)(w1+kr _ 60) - <w1+kr _ wkr)(w1+kr _ wkr+2 (w1+kr _ wrffl)
=m(y) Qc(f)

Lemma 4 n,(y)y’ = (") n,(y) for jk € {0,1,2,....0—1}.
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Proof Using Lemmas 2 and 3, we see that

)y = G () %
— (R () Sk
- ( ) ‘Cl‘Fkl (y) Q(y)
= (") (v)

Lemma 5 The reciprocal polynomials of ni(y), for k =0,1,...,£ — 1, are given by

) = {bk Mok (y) if B=1
¢ bengy4(y) if p=-—1

for some constant by € [

Proof When f§ = 1, we have r = 1. Then by definition 1, (y) = {1 (y). As {1 (y) = ;—Ayfi}%, for some
constant ay, and o' =1, we have

* 1 yé -1
Gen1 () = Gy = o i) — bi Lo k1 (y) = bing_p i (y)

for some constant by. ,
When f = —1, we have r = 2. As 5, (y) = L - 2L, for some constant a;, we get

. I Y +1 Y +1

n(y) = ax 072 (y — - (1420)) = by m = by (y)

for some constant by, since w? =1, O

3.1 Generator matrix

Let C be a two dimensional (a,f)-constacyclic code ie. C is an ideal of the ring
R = Fylx,y]/(x* — o, y" — p). Define,

Iy = {f(x) € Fglx]/(x* — o) : mo(y)f(x) € C}
Iy = {f(x) € Fgx]/(x* — o) - (0)f (x) € C}
L ={f(x) € F x|/ ) s m(y)f(x) € C}

Iy = {f(x) € R/ ( — o) iy () () € C).

Then Iy, 1y, ...,1;—; are ideals in the principal ideal ring [F,[x]/(x’ — o) and are therefore principal. Hence
there exist unique monic generator polynomials p;(x), such that ; = (p;(x)) where p;(x)|x’ —o for
Jj=0,1,...,¢ — 1. These I;’s are a-constacyclic codes of length s. Now we have the following result:

Theorem 1 Let C be an ideal in the ring R = Fylx,y]/(x — o,y" — B), then
C = (no()po(x), mP1(x), - - ooy (9)pe-1 (x))- (4)

Proof Let g(x, y) be an arbitrary element of C. Then there exist polynomials g;(x) € F,[x]/(x* — o) for
i=0,1,...,¢£— 1 such that

g(x,y) = go(x) + g1 (X)y + -+ + g1 (x)y .

Then using Lemma 4,
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g0 )M(y) = go()me(y) + g1 (XM ¥)y + - + gea (R m )y
= (M) + g1 (X () + -+ ger (1) (") Ty (v) (5)
= 1) {go() + @@+ ge (X) (@) T
Now, g(x,y) € C implies g(x,y)n;(y) € C and hence by definition of I;
glx, 0™) € I = (pi(x)).
Thus, there exist some pj/(x) € F,[x]/(x* — a) such that
g0(1) + &1 (WO 1+ g1 () (@) = prpl ().
From, equation (5), we get that g(x,y)n(y) = m(y)px(x)pf (x).-
Now, g(x,y) = 0 806, )mi(y) = Yo m(»)pe (x)p} (x) implies that
g(x.y) € (o(Mpo(x); m (Mp1(x), - 1 (Y)Pe-i (x)).
Therefore,
¢ C (opo(x), mIp1(x), - - ey (V)pe-1 (x))-
Also, I, = (pi(x)) implies that 1, (y)px(x) € C for all k =0, 1,...,¢ — 1. Thus,
C= <’70(y)Po(x)7 MmOPp1(x), - M (Y)Pé—l(x)>'
]

Theorem 2 Let deg p;(x) = a; for i =0,1,...,0 — 1, then a generator matrix of C is

Po(x¥)1o(y)
xpo(x)no(y)

0 o (x) o ()
p1(x)n; ()
xp1(x)n; (v)

X~ py ()0, (v)

Pe-1(X)1,_1 ()
xpe1 (X1 (v)

x4 () ()

Proof 1t is enough to prove that rows of G are linearly independent. Suppose, if possible, there exist

polynomials  mg(x),m(x),...,me_1(x) in Fylx]/(x* —a), with deg m(x)<s—a;—1,

i=0,1,2,...,4 — 1, such that
mo(x)1o(y)Po(x) + mi () (Y)p1 (x) + - -+ mey () (¥)pe-i (x) = 0
in F,[x,y]/(x — o, y* — B). Therefore, there exist polynomials a(x,y),b(x,y) € F,[x,y] such that

-1
> mOmOIP) = ale3)(@ = ) +bl.y)0" — f).

for

(6)
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1+kr

Substituting y = w'**" in equation (6), we get my (x)pi(x) = a(x, ') (x* — &) because 1, (w'**") = 1 and
s+1

n; (') = 0 for j # k. Since deg (my(x)pi(x)) <s — ar — 1 + a; <s, comparing coefficients of x*, x"*!, . ..

on both sides we find that coefficients of a(x, ') are all zero and hence a(x, @' ™) = 0 i.e. mi(x)pi(x) =
0 in [, [x]. Therefore, my(x) = 0 for all k = 0,1, ...,¢ — 1; and thus the rows of G forms a generator matrix
of C. O

Corollary 1 The dimension of a two-dimensional (o, f)- constacyclic code C is given by
sl —ap—a; —---—ap.

3.2 Generator matrix of dual code

We assume here that o, f € {1, —1} so that the dual code C* of a two-dimensional («, §)-constacyclic code
C is also an ideal in F,[x,y]/(x* — o, y" — B).

As dim(C) + dim(C") = s¢, therefore dim(C*) = ag +a; + -+ - + a_1. As p;(x) are divisors of x* — a,
there exist polynomials pj(x) € F, such that p;(x)pj(x) = x* —a for j =0, 1,...,£ — 1. The following the-
orem gives the generators of the dual code C*:

Theorem 3 Suppose that o, € {1,—1}. Let C be a two-dimensional (., )-constacyclic code of length
n = st as given in Theorem 1. Then the dual code

¢ = (p5 o), Py (i () - o PE ()1 (0)) (7)
and a generator matrix of C* is given by,
P ()5 ()
xpg ()5 (v)

X0~ piy () ()
pr(x)m ()
xpy (O (v)

H= :

X piE (o (v)

PO ()
xpyy ()i (v)

xpy ()mp ()

Proof Let the code on the right hand side of equation (7) be denoted by D. To prove that D C C* it is
enough to prove, by Proposition the 3, that p*(x)nj(y) € ann(C)" i.e, pj(x)n;(y) € ann(C) for each
J,0<j<f¢—1.Now forany j, 0<j</¢—1,

Pi)m;()pe(x)m(y) =0

for all k, 0 <k <{ — 1, because when k # j, we have 1;(y)n(y) = 0 and when k = j we have pj(x)p;(x) =
x* —1 =0 in the ring R. Hence D C C*.

To prove that dim(D) = ag +a; + - -- +a;,_; = dim(C*), we need to show that the rows of H are
linearly independent. Suppose, if possible, there exist polynomials mg(x),m;(x),...,my_1(x) in
Fqylx]/(x* — o), with deg m;(x) <a; — 1 for i =0,1,2,...,¢£ — 1 such that
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mo(x)pg (¥)n5(y) + mi(X)py (o (y) + -+ +mea (0)pf (g, (v) = 0

in F,[x,y]/(x* — o, y* — B). Therefore, there exist polynomials a(x,y), b(x,y) € Fy[x,y] such that
-1

> mi(x)pl () (v) = alx,y) (& — 1) +b(x, ) = ). (8)

k=0

Let first r=1. Then by Lemma 5, #;(y) = biiy_»_(y), for some non-zero constant by. Also
Mo—a (@0 17F) = (g (01 7F) = 1 and {;_y_j(0~'7%) = 0 for j # k.
Substituting y = w’~!~* in equation (8) , we get

brmy (x)p (x) = a(x, oI —a).

Since deg(my(x)p}(x)) <ax — 1 + s — ax <s, comparing coefficients of x*,x*"!,... on both sides we find

that coefficients of a(x,w’"!7*) are all zero and hence a(x,w’~17%) = 0 ie. bm(x)p}*(x) =0 in F,[x].
Therefore, my(x) =0 for all k =0,1,...,¢— 1.

Let now r=2. Then by Lemma5, #ni(y)=>nb1_(y). Also 1 _ (0 2170) =
Cpaemt—gy (@ PHET0) = Tand (" 170) = 0 for j # k. Working as above we find that my (x) =
Oforall k=0,1,....0—1.

Therefore D = C* and the rows of H form a generator matrix of C*. O
Remark  1f deg(p;(x)) = a; = 0 for some j, 0 <j</¢—1, i.e. pj(x) = A, a constant, then the polynomials

/%

p;On; (v), xpi (On; (), - - .,x“/‘lpj (x)n7 (v) do not contribute any rows in H.
3.3 Self-dual codes

Theorem 4 Suppose that o, € {1,—1}. Then a two-dimensional (o, §)-constacyclic code C of length
n = st is self-dual if and only if

i) st=2a+a+-+a—1)

(i) for every k,0<k</—1,
P (x) = me(X)pe—a-k(x),  p(x) =mi(x)p;, i (x) if p=1
P (%) = m(x)pe-1k(x),  pilx) = m

for some non-zero polynomials my(x), m(x) in F,[x]/(x* — o).

Proof Tt is clear that if C is self-dual, then sf{=2(ap+a;+---+ar). By Theorem 3,

Ct = (b)), Py (), - i ()i (), therefore C* C C if each pj (x)n;(y) is a linear com-
bination of rows of generator matrix G of C as given in Theorem 2. This is so if and only if there exist
polynomials u;(x) in F,[x]/(x* — «) such that

~

—1

P m ) = D w(x)p;(x)m;(v)- (10)

Il
o

Again by Theorem 2, C = (po(x)1o(y), 1 (X)1;(¥), - - -, Pe—1(x)1,_1 () ), therefore C C C* if each py(x)n; ()
is a linear combination of rows of generator matrix H of C* as given in Theorem 3. This is so if and only if
there exist polynomials v;(x) in F,[x]/(x’ — ) such that

~

—1

e (y) = p_vi(@)p) (on; ()- (11)

i
=]

When f =1, we have r =1 and #;(y) = bi#y_»_(y), by Lemma 5. Multiplying both sides of (10) by
Ny—>—(y) and noting that »;(y) are primitive central idempotents, C* c ¢, if and only if
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(—1

P (X)biy_a 1 (v) = Z wj(X)p; () (M2 (¥) = se—2—s(X)Pr—2—k (X151 ()
=0

i.e. if and only if
P (x) = m(x)pr-a-(x)

for some polynomial my (x).
Further, (11) can be rewritten as

(-1 (-1
Pe)m(y) = Z bivi()p; ()ne-2(v) = Z bra-ve-2-i(X)p 5 (0)mi(¥)- (12)

Multiplying both sides of (12) by 1,(y), C C C*, if and only if
) (y) = bra ek (0)py 5 () (y)
i.e. if and only if
pi(x) = mi (x)p)" 5 (x)

for some polynomial m (x).
When f = —1, we have r =2, n;(y) = bi,_,_,(y) and the proof is similar. O

Theorem 5 If =1 and o= +1 then a two-dimensional (a,1)-constacyclic code C of length n = st
can not be self-dual if gcd(s,q) = 1, assuming that s is odd if o = —1.

Proof Suppose a two-dimensional (o, 1)-constacyclic code is self-dual. On taking k = ¢ — 1 in equation
(9) we get

Py (x) =ml = 1(x)pr1(x) and  pyy(x) = my_, (x)pi" (x). (13)
We have x* — o = py_ (x)p)_, (x). If ged(s, ¢) = 1, x — o divides exactly one of p,_;(x) and pj_, (x) and not
both. (If & = —1, we assume that s is odd.) The reciprocal of x — o is +(x — ).

If x — ofps_;(x), then from equation (13) we have x — a|p)" | (x). This implies (x — o)"|(pj",(x))" i.e.
x —olp)_,(x) as (f*)" = f. This is not possible, when gcd(s,q) = 1.

If x—oalp, ,(x), we have (x—a)|p) (x) ie. (x—oa)p),(x). This implies, from equation (13),
x — o|pe—1(x), again not possible. O

4 Examples

Minimum distances of all the codes in following examples have been calculated by software MAGMA.

Examplel letg=11,a=1,f=—1,s=2and¥ =>5.One findsthatw =2isa 10 root of unity in [},
such that @’ = —1. Therefore

Y+H1I=0-2)0-2)r-2)0-2)(-2)

=0+90+3)G+HO+4) 0 +5).
Thus,

no(y) = 4y* 4 8y* +5y* + 10y + 9,

m») =5"+79 +* +8y+9,

m(y) =9 +2y° + 9 +2y +9,

ns(y) = 3y* 4+ 10y* + 4y* + 6y + 9,

na(y) =y +6y° +3y> + 7y +9.

We have x> — 1= (x — 1)(x+ 1). Suppose, po(x) = ps(x) =x+1 and p;(x) = p2(x) = p3(x) = x — 1,

@ Springer



Two dimensional constacyclic... 59

then by Theorems 2 and 3, generator matrices of two dimensional (1, —1)-constacyclic code C and C* are
given by

(x +1)(4y* + 8y> + 5y + 10y + 9) (1 —x)(9y* 4 10y* + 5y* 4 8y + 4)
(x—1D(5y*+7y +y* +8y+9) (x+1)(9* + 8y +y* + Ty +5)

G=| (x=1)9*+2y+9°+2y+9) |, H=| (x+1)(9H*+2y° +9?+2y+9)

(x = 1)(3y* +10y* + 49> + 6y +9) (x + 1)(99* + 6y + 4y* + 10y + 3)
(x+1)O*+6y* +3y* + 7y +9) (1 —x)(9* +7y> +3y> + 6y + 1)

respectively. The code C is not self-dual as condition (ii) of Theorem 4 is not satisfied fork = ¢ — 1 =4, i.e.

Pi(x) = 1 — x # m(x)pol).

The codewords corresponding to rows of the matrix G are
9 10 5 8 4
o = )
9 10 5 8 4
-9 -8 -1 -7 =5 -9 -2 -9 -2 -9
1 = ) C =
9 8 1 7 5 9 2 9 2 9
-9 -6 -4 —-10 -3 9 7 3 6 1
3 = y Ca4 = .
9 6 4 10 3 9 7 3 6 1

The corresponding code C; (see equation (1)) has a generator matrix

9 10 5 8 4 9 10 5 8 4
-9 -8 -1 -7 =59 8 1 7 5
G = -9 -2 -9 -2 -9 9 2 9 2 9
-9 -6 -4 —-10 -3 9 6 4 10 3
9 7 3 6 1 9 7 3 6 1

It is a quasi-cyclic [10, 5, 6] MDS code over Fy;[x] . The dual Cll is also [10, 5, 6] MDS code. The code C;
is isodual but not self-dual.
The corresponding code C; (see equation (2)) is a (—1)-quasi-twisted, isodual, [10, 5, 6] MDS code over
[Fll [x]
Example 2 If in the above example we take po(x) = ps(x) =x + 1, pi(x) = p3(x) =x — 1 and po(x) = 1;
generator matrices of C and C* are
(x + 1)(4y* + 8y> + 5y* + 10y + 9)
(x—=1)(y* + 7 +y* +8y+9) (1 —x)(9y* + 10y® 4+ 5y + 8y + 4)
(9" +2y° +9y* +2y+9) o (x+ 1)(9*+ 8y +y* + Ty +5)
x(9y* +2y° +9y* + 2y +9) (x + 1)(9* + 6y* +4y* + 10y + 3)
(x —1)(3y* +10y* + 42 + 6y +9) (1—=x)(9* +7y° +3y> + 6y + 1)
(x+1)*+6y* +3y* + 7y +9)
respectively. The corresponding codes C; and C; are [10, 6, 5] MDS codes over Fy;[x] . The dual ClL and 02L

are [10, 4, 7] MDS codes.
C is quasi cyclic code of index 5 and C, is (—1)-quasi-twisted of index 2.

Example 3 Takeq=7,0=—1,=2,5=3and ¥ = 2, so that order r of f is 3. One finds that w = 3 is
a ré™ i.e. 6™ root of unity in F} such that w* = 2. Therefore,

V=2=0u-3)y-3)=0-3)(—-4).

Thus,
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no(y) =6y+4, m(y)=y+4.
As X +1=x+1)(x*—x+1), take po(x)—x —x+1 and pl( ) =x+1, then by Theorem 2, a

generator matrix of two dimensional (—1,2)-constacyclic code is given by
(¥ —x+1)(6y+4)
G= (x+ Dy +4)

x(x+1)(y+4)

The corresponding codes C; and C; are [6, 3, 4] MDS codes over F7. C; is (—1)-quasi-twisted code of index
2 and C, is 2-quasi-twisted code of index 3.

Example 4 Take g =7, 0= —1=f, s =3 = {so that r = 2. One notes that ® = 3 is 6" root of unity in
[} satisfying w® = —1. Therefore,

Y4+1=0ur-3)y-3)0-3)=0+4)0+1)+2).
Thus,
no(y) =6y +4y+5, m(y) =57 —=5y+5, my) =3 +y+5.

In F7[x], we have x> + 1 = (x + 1)(x*> — x + 1). Suppose, po(x) = p2(x) =x*> —x+ 1 and p;(x) = x + 1,
then by Theorem 2, a generator matrix of two dimensional (—1, —1)-constacyclic code is given by

(x? —x+ 1)(6y* + 4y +5)
(x +1)(5* =5y +5)
x(x+ 1)(5y* = 5y +5)

(P —x+1)(3? +y+5)

The corresponding codes C; and C; are (—1)-quasi-twisted [9, 4, 4], near MDS codes of index 3 over [F.
Their duals are [9, 5, 3], near MDS codes over [.

Example 5 Take g =5,a=1, = —1,s =2 = (. One finds that » = 2 is r{" i.e. 4" root of unity in [
satisfying w? = —1. Therefore,
YH1=0-2) -2
As x> —1=(x—1)(x+1), take po(x)=x—1 and pi(x) =x+1, so that pj(x)=pi(x) and
p(x) = —po(x). Then by Theorem 2, a generator matrix of two dimensional (1,—1) constacyclic code
is given by
B ((x— l)(4y+3)>
(x+ Dy +3) /)

The corresponding codes C; and C, are [4, 2, 2] self-dual codes over Fs. C; is quasi cyclic and C; is (—1)-
quasi-twisted code of index 2.

Example 6 Take g = 13,0 =1, = —1,s=2and ¢ = 6. One finds that ® = 2 is 12" root of unity in [},
satisfying w® = —1. Therefore,

YH+1=(-2)y-2)o6-2)rv-2)(ry-2°)(v—2").

As x> —1 = (x — 1)(x+ 1). Take po(x) = p1(x) = p2(x) = x — 1 and p3(x) = p4(x) = ps(x) = x + 1, then
by Theorem 2, a generator matrix of two dimensional (1, —1) constacyclic code is given by
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(x — 1)(4y> + 8y* + 3y* + 6y* + 12y + 11)
(x —1)(3y° + 11y* + 10y* + 2y + 3y + 11)
(x — 1)(12y° + Ty* + 3y* +5y% + 4y + 11)
(x+1)(9y° + 8y* + 10y> + 6y* +y + 11)
(x+ 1)(10y° + 11y* 4 3y3 +2y* + 10y + 11)
(x+ 1)y + 7y* 4+ 10y* + 5y* + 9y + 11)

The corresponding codes C; and C, are [12, 6, 4] self-dual codes over F3. C; is quasi cyclic of index 6 and
C, is (—1)-quasi-twisted code of index 2.
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