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Abstract In this paper we characterize the algebraic structure of two-dimensional ða;bÞ-constacyclic codes
of arbitrary length s‘ and of their duals over a finite field Fq, where a;b are non zero elements of Fq. For
a;b 2 f1;�1g, we give necessary and sufficient conditions for a two-dimensional ða;bÞ-constacyclic code
to be self-dual. We also show that a two-dimensional ða; 1Þ-constacyclic code C of length n ¼ s‘ cannot be
self-dual if gcdðs; qÞ ¼ 1. Finally, we give some examples of self-dual, isodual, MDS and quasi-twisted
codes corresponding to two-dimensional ða; bÞ-constacyclic codes.

Keywords Constacyclic codes � Self-dual � MDS codes � Quasi-twisted codes �
Central primitive idempotents

Mathematics Subject Classification 94B15 � 94B05 � 11T71

1 Introduction

One of the important generalizations of the cyclic code is two-dimensional cyclic code. Let Fq be the finite
field with q ¼ pm elements. Suppose that C is a linear code over Fq of length s‘ whose codewords are viewed
as s‘ arrays. That is, every codeword c in C has the following form

c ¼

c0;0 c0;1 . . . c0;‘�1

c1;0 c1;1 . . . c1;‘�1

. . . . . . . . . . . .

cs�1;0 cs�1;1 . . . cs�1;‘�1

0
BBB@

1
CCCA:

If C is closed under the row shift and the column shift of codewords, then we call C a two-dimensional
cyclic code of length s‘ over Fq.

In 1975, Ikai et al. [5] introduced the concept of two-dimensional codes and in 1977, Imai [6] char-
acterized binary two-dimensional cyclic codes. G€uneri and €Ozbudak [4] studied the relations between quasi-
cyclic codes and two-dimensional cyclic codes. In 2014, Xiuli et al. [13] generalized this concept to skew
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cyclic two-dimensional codes over a finite field. It is well known that a two-dimensional cyclic code of

length s‘ over Fq is an ideal of the polynomial ring Fq½x; y�=hxs � 1; y‘ � 1i. In 2016, Sepasdar and

Khashyarmanesh [10] characterized the structure of two-dimensional cyclic codes of length s � 2k over Fpm

iteratively, where p is an odd prime. In [11], Sepasdar gave a different method to characterize the generator
matrix of two-dimensional cyclic codes of length s‘.

Constacyclic codes over finite fields have a very significant role in the theory of error-correcting codes.
A lot of work on constacyclic codes has been done in recent years, see for example [1, 3, 8, 9]. Given
nonzero elements a and b of Fq, a two-dimensional ða;bÞ-constacyclic code of length s‘ is an ideal of the

polynomial ring Fq½x; y�=hxs � a; y‘ � bi. In 2018, Rajabi and Khashyarmanesh [7] investigated some

repeated-root two-dimensional ða;bÞ-constacyclic codes of length 2ps � 2k over Fpm , where p is an odd
prime, using the structure of two-dimensional cyclic codes given in [10]. They also studied self-dual

repeated-root two-dimensional ða; 1Þ-constacyclic codes of length 2ps � 2 and 2ps � 22 over Fpm for
a 2 f�1; 1g.

In this paper we give a new method to characterize the algebraic structure of two-dimensional ða; bÞ-
constacyclic codes of arbitrary length s‘ and their duals over a finite field Fq, using central primitive

idempotents of the ring Fq½y�=hy‘ � bi (Theorems 1–3). Our method is quite different from that of [7, 10, 11]
and it does not require s to be a multiple of p, the characteristic of Fq as in [7]. When a; b 2 f1;�1g, we give
necessary and sufficient conditions for a two-dimensional ða;bÞ-constacyclic code to be self-dual (Theo-
rem 4). We also prove that a two-dimensional ða; 1Þ-constacyclic code C of length n ¼ s‘ can not be self-
dual if gcdðs; qÞ ¼ 1, for any s, where a 2 f1;�1g (Theorem 5). As a consequence, we give a number of
examples of self-dual or isodual, MDS or near MDS and quasi-twisted codes in Section 4.

2 Preliminaries

Let a and b be two non-zero elements of field Fq. For a two-dimensional codeword

c ¼

c0;0 c0;1 . . . c0;‘�1

c1;0 c1;1 . . . c1;‘�1

. . . . . . . . . . . .

cs�1;0 cs�1;1 . . . cs�1;‘�1

0
BBB@

1
CCCA;

its row a-constacyclic shift and column b-constacyclic shift are defined as

raðcÞ ¼

acs�1;0 acs�1;1 . . . acs�1;‘�1

c0;0 c0;1 . . . c0;‘�1

. . . . . . . . . . . .

cs�2;0 cs�2;1 . . . cs�2;‘�1

0
BBB@

1
CCCAand

sbðcÞ ¼

bc0;‘�1 c0;1 . . . c0;‘�2

bc1;‘�1 c1;1 . . . c1;‘�2

. . . . . . . . . . . .

bcs�1;‘�1 cs�1;1 . . . cs�1;‘�2

0
BBB@

1
CCCA;

respectively.

Definition 1 If a linear two-dimensional code C is closed under both row-constacyclic shift ra and
column-constacyclic shift sb, then it is called a two-dimensional ða;bÞ-constacyclic code of length s‘ over
Fq:

Each codeword c in a two-dimensional ða; bÞ-constacyclic code has a unique polynomial representation

cðx; yÞ ¼ f0ðxÞ þ f1ðxÞyþ � � � þ f‘�1ðxÞy‘�1; where fiðxÞ ¼ c0;i þ c1;ixþ � � � þ cs�1;ix
s�1
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for i ¼ 0; 1; . . .; ‘� 1. xc(x, y) corresponds to codeword raðcÞ and yc(x, y) corresponds to sbðcÞ. Therefore a
two-dimensional ða; bÞ-constacyclic code can be regarded as an ideal in the polynomial ring

Fq½x; y�=hxs � a; y‘ � bi.
Definition 2 Let

a ¼
�
a0;0; a0;1; . . .; a0;‘�1ja1;0; . . .; a1;‘�1j � � � jas�1;0; . . .; as�1;‘�1

�
¼
�
að0Þjað1Þj � � � jaðs�1Þ�

be a vector in Fn
q divided into s equal parts of length ‘ where n ¼ s‘: A linear code C is called a k-quasi-

twisted code of index s if
�
kaðs�1Þjað0Þj � � � jaðs�2Þ� 2 C whenever a 2 C. When k ¼ 1, C is called quasi-cyclic

code of index s.

For a two-dimensional code C, let

C1 ¼
�
c0;0; . . .; c0;‘�1jc1;0; . . .; c1;‘�1j � � � jcs�1;0; . . .; cs�1;‘�1

�
: c 2 C

� �
ð1Þ

C2 ¼
�
c0;0; . . .; cs�1;0jc0;1; . . .; cs�1;1j � � � jc0;‘�1; . . .; cs�1;‘�1

�
: c 2 C

� �
: ð2Þ

Clearly C1 and C2 are permutation equivalent. By definition, C is a two-dimensional ða; bÞ-constacyclic code
if and only if C1 is an a-quasi-twisted code of index s and C2 is a b-quasi-twisted code of index ‘.

For a linear code C of length n over Fq, the dual code C? is defined as

C? ¼ fx 2 Fn
q j x � y ¼ 0 for all y 2 Cg, where x � y denotes the usual Euclidean inner product. If C is k-

constacyclic code over Fq, then C? is a k�1-constacyclic code over Fq. A similar result holds for a two-
dimensional ða; bÞ-constacyclic code. Following results are due to [7].

Proposition 1 Let f ðx; yÞ ¼ f0ðxÞ þ f1ðxÞyþ � � � þ f‘�1ðxÞy‘�1; gðx; yÞ ¼ g0ðxÞ þ g1ðxÞyþ � � � þ
g‘�1ðxÞy‘�1 2 Fq½x; y�; where fiðxÞ ¼ a0;i þ a1;ixþ � � � þ as�1;ix

s�1 and giðxÞ ¼ b0;i þ b1;ixþ � � � þ bs�1;ix
s�1

for i ¼ 0; 1; . . .; ‘� 1. Then

f ðx; yÞgðx; yÞ ¼ 0 in Fq½x; y�=hxs � a; y‘ � bi

if and only if ða0; a1; . . .; a‘�1Þ is orthogonal to ðb‘�1; b‘�2; . . .; b0Þ and all its ða�1; b�1Þ-constacyclic shifts
where ai ¼ ða0;i; a1;i; . . .; as�1;iÞ and bi ¼ ðb0;i; b1;i; . . .; bs�1;iÞ
Proposition 2 The dual of a two-dimensional ða;bÞ-constacyclic code is a two-dimensional ða�1; b�1Þ-
constacyclic code.

Let S be a non-empty subset of a commutative ring R. The annihilator of S, denoted by ann(S), is the set
annðSÞ ¼ ff 2 R : fg ¼ 0 for all g 2 Sg. Then ann(S) is an ideal of R. For a polynomial f(x) with

degðf ðxÞÞ ¼ k, its reciprocal is defined as f �ðxÞ ¼ xkf ð1=xÞ. The reciprocal of the zero polynomial is the
zero polynomial itself. For any set S of polynomials over Fq, we use the notation S� ¼ ff � : f 2 Sg. If C is a

k-constacyclic code of length n over Fq generated by g(x), then C? is k�1-constacyclic code generated by
h�ðxÞ where xn � k ¼ gðxÞhðxÞ.
Proposition 3 Suppose that a;b 2 f1;�1g . Let C be a two-dimensional ða;bÞ-constacyclic code, then

C? is also a two-dimensional ða;bÞ-constacyclic code and C? ¼ ðannðCÞÞ�; also denoted as ann�ðCÞ.

3 Two Dimensional a; bð Þ-Constacyclic Codes of length s‘

In this section we will obtain generators of a two-dimensional ða;bÞ-constacyclic code of arbitrary length s‘
and its dual. First we study primitive central idempotents of the ring Fq½y�=hy‘ � bi and discuss some of their
properties.

Let R denote the polynomial ring Fq½x; y�=hxs � a; y‘ � bi where a; b 2 F�q. Let r be the order of b in Fq

so that br ¼ 1 and rjðq� 1Þ. Let x be a r‘th root of unity such that x‘ ¼ b. Assume that q � 1ðmod r‘Þ so

that x 2 Fq, since for some integer k, xq�1 ¼ xr‘k ¼ brk ¼ 1. Then,
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yr‘ � 1 ¼ ðy� 1Þðy� xÞðy� x2Þ � � � ðy� xr‘�1Þ:

Define

f0ðyÞ ¼
ðy� xÞðy� x2Þðy� x3Þ � � � ðy� xr‘�1Þ
ð1� xÞð1� x2Þð1� x3Þ � � � ð1� xr‘�1Þ ;

f1ðyÞ ¼
ðy� 1Þðy� x2Þðy� x3Þ � � � ðy� xr‘�1Þ
ðx� 1Þðx� x2Þðx� x3Þ � � � ðx� xr‘�1Þ ;

..

.

fjðyÞ ¼
ðy� 1Þðy� xÞ � � � ðy� xj�1Þðy� xjþ1Þ � � � ðy� xr‘�1Þ

ðx j � 1Þðx j � xÞ � � � ðx j � xj�1Þðx j � xjþ1Þ � � � ðx j � xr‘�1Þ ;

..

.

fr‘�1ðyÞ ¼
ðy� 1Þðy� xÞðy� x2Þ � � � ðy� xr‘�2Þ

ðxr‘�1 � 1Þðxr‘�1 � xÞðxr‘�1 � x2Þ � � � ðxr‘�1 � xr‘�2Þ :

Then f0ðyÞ; f1ðyÞ; . . .; fr‘�1ðyÞ are primitive central idempotents in Fq½y�=hyr‘ � 1i i.e. f0ðyÞ þ f1ðyÞ þ � � � þ
fr‘�1ðyÞ ¼ 1 and fiðyÞfjðyÞ ¼ di;jfiðyÞ for i; j 2 f0; 1; 2; . . .; r‘� 1g, where di;j is the Kronecker delta

function. For a proof of it see [2]. Also, fjðx jÞ ¼ 1 and fjðxkÞ ¼ 0 for j 6¼ k.

Lemma 1 For j ¼ 0; 1; 2; . . .; r‘� 1; we have

fjðyÞ ¼
1

r‘

�
1þ xr‘�jyþ ðxr‘�jyÞ2 þ � � � þ ðxr‘�jyÞr‘�1

�
:

Proof For any j, j ¼ 0; 1; . . .; r‘� 1, the numerator of fjðyÞ is

ðy� 1Þ � � � ðy� xj�1Þðy� xjþ1Þ � � � ðy� xr‘�1Þ

¼ yr‘ � 1

y� x j

¼ yr‘ � ðx jÞr‘

y� x j
ð*xr‘ ¼ 1Þ

¼ yr‘�1 þ x jyr‘�2 þ ðx jÞ2yr‘�3 þ � � � þ ðx jÞr‘�2yþ ðx jÞr‘�1

¼ ðx jÞr‘�1
�

1þ ðx jÞ�r‘þ1ðx jÞr‘�2yþ ðx jÞ�r‘þ1ðx jÞr‘�3y2 þ � � �
þ ðx jÞ�r‘þ1x jyr‘�2 þ ðx jÞ�r‘þ1yr‘�1

�

¼ x�j
�

1þ ðx jÞ�1yþ ðx jÞ�2y2 þ � � � þ ðx jÞ�r‘þ2yr‘�2 þ ðx jÞ�r‘þ1yr‘�1
�

¼ 1

x j
1þ xr‘�jyþ ðxr‘�jyÞ2 þ � � � þ ðxr‘�jyÞr‘�1
n o

:

To compute denominator of fjðyÞ, substitute y ¼ x j in the above expression and get

ðx j � 1Þ � � � ðx j � xj�1Þðx j � xjþ1Þ � � � ðx j � xr‘�1Þ

¼ 1

x j

�
1þ xr‘�jx j þ � � � þ ðxr‘�jx jÞr‘�1

�

¼ 1

x j
f1þ 1þ � � � þ 1g ¼ r‘

x j
:

This gives the desired result. h

Lemma 2 f1þkrðyÞy j ¼ ðx1þkrÞ jf1þkrðyÞ for j; k 2 f0; 1; 2; . . .; ‘� 1g.
Proof In the ring Fq½y�=hyr‘ � 1i, using Lemma 1
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f1þkrðyÞy ¼
1

r‘

�
1þ xr‘�1�kryþ ðxr‘�1�kryÞ2 þ � � � þ ðxr‘�1�kryÞr‘�1

�
y

¼ 1

r‘

�
yþ xr‘�1�kry2 þ x2ðr‘�1�krÞy3 þ � � � þ xðr‘�1Þðr‘�1�krÞyr‘

�

¼ 1

r‘

�
x1þkr þ yþ xr‘�1�kry2 þ x2ðr‘�1�krÞy3 þ � � � þ xðr‘�2Þðr‘�1�krÞyr‘�1

�

¼ 1

r‘
x1þkr

�
1þ xr‘�1�kryþ ðxr‘�1�kryÞ2 þ � � � þ ðxr‘�1�kryÞr‘�1

�

¼ x1þkrf1þkrðyÞ:

f1þkrðyÞy2 ¼
�
f1þkrðyÞy

�
y

¼ x1þkrf1þkrðyÞy
¼ ðx1þkrÞ2f1þkrðyÞ

..

.

f1þkrðyÞy j ¼ ðx1þkrÞ jf1þkrðyÞ:

h

Following the notations of [3], let P‘;b ¼ f1þ rk : k ¼ 0; 1; 2; . . .; ‘� 1g. Then

y‘ � b ¼ðy� xÞðy� x1þrÞðy� x1þ2rÞ � � � ðy� x1þð‘�1ÞrÞ
¼
Y

i2P‘;b

y� xi
� �

: ð3Þ

Let yr‘ � 1 ¼ ðy‘ � bÞQðyÞ where QðyÞ ¼
Y

i 62P‘;b
y� xi
� �

. Define

g0ðyÞ ¼
ðy� x1þrÞðy� x1þ2rÞ � � � ðy� x1þð‘�1ÞrÞ
ðx� x1þrÞðx� x1þ2rÞ � � � ðx� x1þð‘�1ÞrÞ ;

g1ðyÞ ¼
ðy� xÞðy� x1þ2rÞ � � � ðy� x1þð‘�1ÞrÞ

ðx1þr � xÞðx1þr � x1þ2rÞ � � � ðx1þr � x1þð‘�1ÞrÞ ;

..

.

g‘�1ðyÞ ¼
ðy� xÞðy� x1þrÞ � � � ðy� x1þð‘�2ÞrÞ

ðx1þð‘�1Þr � xÞðx1þð‘�1Þr � x1þrÞ � � � ðx1þð‘�1Þr � x1þð‘�2ÞrÞ :

Then g0ðyÞ; g1ðyÞ; . . .; g‘�1ðyÞ are primitive central idempotents in Fq½y�=hy‘ � bi i.e. g0ðyÞ þ g1ðyÞ þ � � � þ
g‘�1ðyÞ ¼ 1 and giðyÞgjðyÞ ¼ di;jgiðyÞ for i; j 2 f0; 1; . . .; ‘� 1g.
Note that gjðyÞ ¼ fjþ1ðyÞ and g‘�1ðyÞ ¼ f0ðyÞ if r ¼ 1.

Lemma 3 For k ¼ 0; 1; 2; . . .; ‘� 1 we have f1þkrðyÞ ¼ gkðyÞ
QðyÞ

ck

� �
for some constant ck in F�q.

Proof

f1þkrðyÞ ¼
ðy� 1Þðy� xÞ � � � ðy� xkrÞðy� xkrþ2Þ � � � ðy� xr‘�1Þ

ðx1þkr � 1Þðx1þkr � xÞ � � � ðx1þkr � xkrÞðx1þkr � xkrþ2Þ � � � ðx1þkr � xr‘�1Þ

¼ ðy� xÞðy� x1þrÞ � � � ðy� x1þðk�1ÞrÞðy� x1þðkþ1ÞrÞ � � � ðy� x1þð‘�1ÞrÞ � QðyÞ
ðx1þkr � 1Þðx1þkr � xÞ � � � ðx1þkr � xkrÞðx1þkr � xkrþ2Þ � � � ðx1þkr � xr‘�1Þ

¼gkðyÞ
QðyÞ

ck
:

h

Lemma 4 gkðyÞy j ¼
�
x1þkr

� j
gkðyÞ for j; k 2 f0; 1; 2; . . .; ‘� 1g.
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Proof Using Lemmas 2 and 3, we see that

gkðyÞy j ¼ f1þkrðyÞy j ck

QðyÞ
¼ ðx1þkrÞ jf1þkrðyÞ

ck

QðyÞ
¼ ðx1þkrÞ jgkðyÞ

h

Lemma 5 The reciprocal polynomials of gkðyÞ; for k ¼ 0; 1; . . .; ‘� 1; are given by

g�kðyÞ ¼
bk g‘�2�kðyÞ if b ¼ 1

bk g‘�1�kðyÞ if b ¼ �1

�

for some constant bk 2 F�q.

Proof When b ¼ 1, we have r ¼ 1. Then by definition gkðyÞ ¼ fkþ1ðyÞ. As fkþ1ðyÞ ¼ 1
ak

y‘�1
y�xkþ1, for some

constant ak, and x‘ ¼ 1, we have

f�kþ1ðyÞ ¼
1

akxkþ1

y‘ � 1

ðy� x�ðkþ1ÞÞ ¼ bk f‘�k�1ðyÞ ¼ bk g‘�2�kðyÞ

for some constant bk.
When b ¼ �1, we have r ¼ 2. As gkðyÞ ¼ 1

ak
� y‘þ1

y�x1þ2k, for some constant ak, we get

g�kðyÞ ¼
1

ak x1þ2k

y‘ þ 1

ðy� x�ð1þ2kÞÞ ¼ bk
y‘ þ 1

y� x1þ2ð‘�1�kÞ ¼ bk g‘�1�kðyÞ

for some constant bk, since x2‘ ¼ 1. h

3.1 Generator matrix

Let C be a two dimensional ða; bÞ-constacyclic code i.e. C is an ideal of the ring

R ¼ Fq½x; y�=hxs � a; y‘ � bi. Define,

I0 ¼ ff ðxÞ 2 Fq½x�=hxs � ai : g0ðyÞf ðxÞ 2 Cg
I1 ¼ ff ðxÞ 2 Fq½x�=hxs � ai : g1ðyÞf ðxÞ 2 Cg
I2 ¼ ff ðxÞ 2 Fq½x�=hxs � ai : g2ðyÞf ðxÞ 2 Cg

..

.

I‘�1 ¼ ff ðxÞ 2 Fq½x�=hxs � ai : g‘�1ðyÞf ðxÞ 2 Cg:

Then I0; I1; . . .; Il�1 are ideals in the principal ideal ring Fq½x�=hxs � ai and are therefore principal. Hence
there exist unique monic generator polynomials pjðxÞ, such that Ij ¼ hpjðxÞi where pjðxÞjxs � a for
j ¼ 0; 1; . . .; ‘� 1. These Ij’s are a-constacyclic codes of length s. Now we have the following result:

Theorem 1 Let C be an ideal in the ring R ¼ Fq½x; y�=hxs � a; y‘ � bi; then

C ¼
	
g0ðyÞp0ðxÞ; g1ðyÞp1ðxÞ; . . .; g‘�1ðyÞp‘�1ðxÞ



: ð4Þ

Proof Let g(x, y) be an arbitrary element of C. Then there exist polynomials giðxÞ 2 Fq½x�=hxs � ai for
i ¼ 0; 1; . . .; ‘� 1 such that

gðx; yÞ ¼ g0ðxÞ þ g1ðxÞyþ � � � þ g‘�1ðxÞy‘�1:

Then using Lemma 4,
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gðx; yÞgkðyÞ ¼ g0ðxÞgkðyÞ þ g1ðxÞgkðyÞyþ � � � þ g‘�1ðxÞgkðyÞy‘�1

¼ g0ðxÞgkðyÞ þ g1ðxÞx1þkrgkðyÞ þ � � � þ g‘�1ðxÞðx1þkrÞ‘�1gkðyÞ
¼ gkðyÞ

�
g0ðxÞ þ g1ðxÞx1þkr þ � � � þ g‘�1ðxÞðx1þkrÞ‘�1

�
:

ð5Þ

Now, gðx; yÞ 2 C implies gðx; yÞgkðyÞ 2 C and hence by definition of Ik

gðx;x1þkrÞ 2 Ik ¼ hpkðxÞi:

Thus, there exist some p00k ðxÞ 2 Fq½x�=hxs � ai such that

g0ðxÞ þ g1ðxÞx1þkr þ . . .þ g‘�1ðxÞðx1þkrÞ‘�1 ¼ pkðxÞp00k ðxÞ:

From, equation (5), we get that gðx; yÞgkðyÞ ¼ gkðyÞpkðxÞp00k ðxÞ.

Now, gðx; yÞ ¼
P‘�1

k¼0 gðx; yÞgkðyÞ ¼
P‘�1

k¼0 gkðyÞpkðxÞp00k ðxÞ implies that

gðx; yÞ 2
	
g0ðyÞp0ðxÞ; g1ðyÞp1ðxÞ; . . .; g‘�1ðyÞp‘�1ðxÞ



:

Therefore,

C �
	
g0ðyÞp0ðxÞ; g1ðyÞp1ðxÞ; . . .; g‘�1ðyÞp‘�1ðxÞ



:

Also, Ik ¼ hpkðxÞi implies that gkðyÞpkðxÞ 2 C for all k ¼ 0; 1; . . .; ‘� 1. Thus,

C ¼
	
g0ðyÞp0ðxÞ; g1ðyÞp1ðxÞ; . . .; g‘�1ðyÞp‘�1ðxÞ



:

h

Theorem 2 Let deg piðxÞ ¼ ai for i ¼ 0; 1; . . .; ‘� 1; then a generator matrix of C is

G ¼

p0ðxÞg0ðyÞ
xp0ðxÞg0ðyÞ

..

.

xs�a0�1p0ðxÞg0ðyÞ
p1ðxÞg1ðyÞ
xp1ðxÞg1ðyÞ

..

.

xs�a1�1p1ðxÞg1ðyÞ
..
.

p‘�1ðxÞg‘�1ðyÞ
xp‘�1ðxÞg‘�1ðyÞ

..

.

xs�a‘�1�1p‘�1ðxÞg‘�1ðyÞ

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

:

Proof It is enough to prove that rows of G are linearly independent. Suppose, if possible, there exist
polynomials m0ðxÞ;m1ðxÞ; . . .;m‘�1ðxÞ in Fq½x�=hxs � ai, with deg miðxÞ� s� ai � 1, for
i ¼ 0; 1; 2; . . .; ‘� 1, such that

m0ðxÞg0ðyÞp0ðxÞ þ m1ðxÞg1ðyÞp1ðxÞ þ � � � þ m‘�1ðxÞg‘�1ðyÞp‘�1ðxÞ ¼ 0

in Fq½x; y�=hxs � a; y‘ � bi: Therefore, there exist polynomials aðx; yÞ; bðx; yÞ 2 Fq½x; y� such that

X‘�1

k¼0

mkðxÞgkðyÞpkðxÞ ¼ aðx; yÞðxs � aÞ þ bðx; yÞðy‘ � bÞ: ð6Þ
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Substituting y ¼ x1þkr in equation (6), we get mkðxÞpkðxÞ ¼ aðx;x1þkrÞðxs � aÞ because gkðx1þkrÞ ¼ 1 and

gjðx1þkrÞ ¼ 0 for j 6¼ k. Since deg ðmkðxÞpkðxÞÞ� s� ak � 1þ ak\s; comparing coefficients of xs; xsþ1; . . .

on both sides we find that coefficients of aðx;x1þkrÞ are all zero and hence aðx;x1þkrÞ ¼ 0 i.e. mkðxÞpkðxÞ ¼
0 in Fq½x�. Therefore, mkðxÞ ¼ 0 for all k ¼ 0; 1; . . .; ‘� 1; and thus the rows of G forms a generator matrix
of C. h

Corollary 1 The dimension of a two-dimensional ða;bÞ- constacyclic code C is given by
s‘� a0 � a1 � � � � � a‘�1.

3.2 Generator matrix of dual code

We assume here that a;b 2 f1;�1g so that the dual code C? of a two-dimensional ða; bÞ-constacyclic code

C is also an ideal in Fq½x; y�=hxs � a; y‘ � bi:
As dimðCÞ þ dimðC?Þ ¼ s‘, therefore dimðC?Þ ¼ a0 þ a1 þ � � � þ a‘�1. As pjðxÞ are divisors of xs � a,

there exist polynomials p0jðxÞ 2 Fq such that pjðxÞp0jðxÞ ¼ xs � a for j ¼ 0; 1; . . .; ‘� 1. The following the-

orem gives the generators of the dual code C?:

Theorem 3 Suppose that a; b 2 f1;�1g. Let C be a two-dimensional ða; bÞ-constacyclic code of length
n ¼ s‘ as given in Theorem 1. Then the dual code

C? ¼
	
p0�0 ðxÞg�0ðyÞ; p0�1 ðxÞg�1ðyÞ; . . .; p0�‘�1ðxÞg�‘�1ðyÞ



ð7Þ

and a generator matrix of C? is given by,

H ¼

p0�0 ðxÞg�0ðyÞ
xp0�0 ðxÞg�0ðyÞ

..

.

xa0�1p0�0 ðxÞg�0ðyÞ
p0�1 ðxÞg�1ðyÞ
xp0�1 ðxÞg�1ðyÞ

..

.

xa1�1p0�1 ðxÞg�1ðyÞ
..
.

p0�‘�1ðxÞg�‘�1ðyÞ
xp0�‘�1ðxÞg�‘�1ðyÞ

..

.

xa‘�1 p0�‘�1ðxÞg�‘�1ðyÞ

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

:

Proof Let the code on the right hand side of equation (7) be denoted by D. To prove that D 	 C? it is
enough to prove, by Proposition the 3, that p0�j ðxÞg�j ðyÞ 2 annðCÞ� i.e, p0jðxÞgjðyÞ 2 annðCÞ for each

j; 0� j� ‘� 1. Now for any j; 0� j� ‘� 1,

p0jðxÞgjðyÞpkðxÞgkðyÞ ¼ 0

for all k; 0� k� ‘� 1, because when k 6¼ j, we have gjðyÞgkðyÞ ¼ 0 and when k ¼ j we have p0jðxÞpjðxÞ ¼
xs � 1 ¼ 0 in the ring R. Hence D 	 C?.

To prove that dimðDÞ ¼ a0 þ a1 þ � � � þ a‘�1 ¼ dimðC?Þ, we need to show that the rows of H are
linearly independent. Suppose, if possible, there exist polynomials m0ðxÞ;m1ðxÞ; . . .;m‘�1ðxÞ in
Fq½x�=hxs � ai, with deg miðxÞ� ai � 1 for i ¼ 0; 1; 2; . . .; ‘� 1 such that
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m0ðxÞp0�0 ðxÞg�0ðyÞ þ m1ðxÞp0�1 ðxÞg�0ðyÞ þ � � � þ m‘�1ðxÞp0�‘�1ðxÞg�‘�1ðyÞ ¼ 0

in Fq½x; y�=hxs � a; y‘ � bi: Therefore, there exist polynomials aðx; yÞ; bðx; yÞ 2 Fq½x; y� such that

X‘�1

k¼0

mkðxÞp0�k ðxÞg�kðyÞ ¼ aðx; yÞðxs � aÞ þ bðx; yÞðy‘ � bÞ: ð8Þ

Let first r ¼ 1. Then by Lemma 5, g�kðyÞ ¼ bkg‘�2�kðyÞ, for some non-zero constant bk. Also

g‘�2�kðx‘�1�kÞ ¼ f‘�1�kðx‘�1�kÞ ¼ 1 and f‘�1�jðx‘�1�kÞ ¼ 0 for j 6¼ k.

Substituting y ¼ x‘�1�k in equation (8) , we get

bkmkðxÞp0�k ðxÞ ¼ aðx;x‘�1�kÞðxs � aÞ:

Since degðmkðxÞp0�k ðxÞÞ� ak � 1þ s� ak\s, comparing coefficients of xs; xsþ1; . . . on both sides we find

that coefficients of aðx;x‘�1�kÞ are all zero and hence aðx;x‘�1�kÞ ¼ 0 i.e. bkmkðxÞp0�k ðxÞ ¼ 0 in Fq½x�.
Therefore, mkðxÞ ¼ 0 for all k ¼ 0; 1; . . .; ‘� 1.

Let now r ¼ 2. Then by Lemma 5, g�kðyÞ ¼ bkg‘�1�kðyÞ. Also g‘�1�kðx1þ2ð‘�1�kÞÞ ¼
f1þ2ð‘�1�kÞðx1þ2ð‘�1�kÞÞ ¼ 1 and g‘�1�jðx1þ2ð‘�1�kÞÞ ¼ 0 for j 6¼ k. Working as above we find that mkðxÞ ¼
0 for all k ¼ 0; 1; . . .; ‘� 1.

Therefore D ¼ C? and the rows of H form a generator matrix of C?. h

Remark If degðpjðxÞÞ ¼ aj ¼ 0 for some j; 0� j� ‘� 1, i.e. pjðxÞ ¼ k, a constant, then the polynomials

p0�j ðxÞg�j ðyÞ; xp0�j ðxÞg�j ðyÞ; . . .; xaj�1p0�j ðxÞg�j ðyÞ do not contribute any rows in H.

3.3 Self-dual codes

Theorem 4 Suppose that a; b 2 f1;�1g. Then a two-dimensional ða; bÞ-constacyclic code C of length
n ¼ s‘ is self-dual if and only if

(i) s‘ ¼ 2ða0 þ a1 þ � � � þ a‘�1Þ
(ii) for every k; 0� k� ‘� 1;

p0�k ðxÞ ¼ mkðxÞp‘�2�kðxÞ; pkðxÞ ¼ m0kðxÞp0�‘�2�kðxÞ if b ¼ 1

p0�k ðxÞ ¼ mkðxÞp‘�1�kðxÞ; pkðxÞ ¼ m0kðxÞp0�‘�1�kðxÞ if b ¼ �1
ð9Þ

for some non-zero polynomials mkðxÞ; m0kðxÞ in Fq½x�=hxs � ai.

Proof It is clear that if C is self-dual, then s‘ ¼ 2ða0 þ a1 þ � � � þ a‘�1Þ. By Theorem 3,

C? ¼
	
p0�0 ðxÞg�0ðyÞ; p0�1 ðxÞg�1ðyÞ; . . .; p0�‘�1ðxÞg�‘�1ðyÞ



, therefore C? 	 C if each p0�k ðxÞg�kðyÞ is a linear com-

bination of rows of generator matrix G of C as given in Theorem 2. This is so if and only if there exist
polynomials ujðxÞ in Fq½x�=hxs � ai such that

p0�k ðxÞg�kðyÞ ¼
X‘�1

j¼0

ujðxÞpjðxÞgjðyÞ: ð10Þ

Again by Theorem 2, C ¼
	
p0ðxÞg0ðyÞ; p1ðxÞg1ðyÞ; . . .; p‘�1ðxÞg‘�1ðyÞ



, therefore C 	 C? if each pkðxÞgkðyÞ

is a linear combination of rows of generator matrix H of C? as given in Theorem 3. This is so if and only if
there exist polynomials vjðxÞ in Fq½x�=hxs � ai such that

pkðxÞgkðyÞ ¼
X‘�1

j¼0

vjðxÞp0�j ðxÞg�j ðyÞ: ð11Þ

When b ¼ 1, we have r ¼ 1 and g�kðyÞ ¼ bkg‘�2�kðyÞ, by Lemma 5. Multiplying both sides of (10) by

g‘�2�kðyÞ and noting that gjðyÞ are primitive central idempotents, C? 	 C, if and only if
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p0�k ðxÞbkg‘�2�kðyÞ ¼
X‘�1

j¼0

ujðxÞpjðxÞgjðyÞg‘�2�kðyÞ ¼ u‘�2�kðxÞp‘�2�kðxÞg‘�2�kðyÞ

i.e. if and only if

p0�k ðxÞ ¼ mkðxÞp‘�2�kðxÞ

for some polynomial mkðxÞ.
Further, (11) can be rewritten as

pkðxÞgkðyÞ ¼
X‘�1

j¼0

bjvjðxÞp0�j ðxÞg‘�2�jðyÞ ¼
X‘�1

i¼0

b‘�2�iv‘�2�iðxÞp0�‘�2�iðxÞgiðyÞ: ð12Þ

Multiplying both sides of (12) by gkðyÞ, C 	 C?, if and only if

pkðxÞgkðyÞ ¼ b‘�2�kv‘�2�kðxÞp0�‘�2�kðxÞgkðyÞ

i.e. if and only if

pkðxÞ ¼ m0kðxÞp0�‘�2�kðxÞ

for some polynomial m0kðxÞ.
When b ¼ �1, we have r ¼ 2, g�kðyÞ ¼ bkg‘�1�kðyÞ and the proof is similar. h

Theorem 5 If b ¼ 1 and a ¼ 
1 then a two-dimensional ða; 1Þ-constacyclic code C of length n ¼ s‘
can not be self-dual if gcdðs; qÞ ¼ 1, assuming that s is odd if a ¼ �1.

Proof Suppose a two-dimensional ða; 1Þ-constacyclic code is self-dual. On taking k ¼ ‘� 1 in equation
(9) we get

p0�‘�1ðxÞ ¼ m‘� 1ðxÞp‘�1ðxÞ and p‘�1ðxÞ ¼ m0‘�1ðxÞp0�‘�1ðxÞ: ð13Þ

We have xs � a ¼ p‘�1ðxÞp0‘�1ðxÞ. If gcdðs; qÞ ¼ 1, x� a divides exactly one of p‘�1ðxÞ and p0‘�1ðxÞ and not
both. (If a ¼ �1, we assume that s is odd.) The reciprocal of x� a is 
ðx� aÞ.

If x� ajp‘�1ðxÞ, then from equation (13) we have x� ajp0�‘�1ðxÞ. This implies ðx� aÞ�jðp0�‘�1ðxÞÞ
�

i.e.
x� ajp0‘�1ðxÞ as ðf �Þ� ¼ f . This is not possible, when gcdðs; qÞ ¼ 1.

If x� ajp0‘�1ðxÞ, we have ðx� aÞ�jp0�‘�1ðxÞ i.e. ðx� aÞjp0�‘�1ðxÞ. This implies, from equation (13),
x� ajp‘�1ðxÞ, again not possible. h

4 Examples

Minimum distances of all the codes in following examples have been calculated by software MAGMA.

Example 1 Let q ¼ 11, a ¼ 1 , b ¼ �1, s ¼ 2 and ‘ ¼ 5. One finds that x ¼ 2 is a 10th root of unity in F�11

such that x5 ¼ �1. Therefore

y5 þ 1 ¼ ðy� 2Þðy� 23Þðy� 25Þðy� 27Þðy� 29Þ
¼ ðyþ 9Þðyþ 3Þðyþ 1Þðyþ 4Þðyþ 5Þ:

Thus,

g0ðyÞ ¼ 4y4 þ 8y3 þ 5y2 þ 10yþ 9;

g1ðyÞ ¼ 5y4 þ 7y3 þ y2 þ 8yþ 9;

g2ðyÞ ¼ 9y4 þ 2y3 þ 9y2 þ 2yþ 9;

g3ðyÞ ¼ 3y4 þ 10y3 þ 4y2 þ 6yþ 9;

g4ðyÞ ¼ y4 þ 6y3 þ 3y2 þ 7yþ 9:

We have x2 � 1 ¼ ðx� 1Þðxþ 1Þ. Suppose, p0ðxÞ ¼ p4ðxÞ ¼ xþ 1 and p1ðxÞ ¼ p2ðxÞ ¼ p3ðxÞ ¼ x� 1,
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then by Theorems 2 and 3, generator matrices of two dimensional 1;�1ð Þ-constacyclic code C and C? are
given by

G ¼

ðxþ 1Þð4y4 þ 8y3 þ 5y2 þ 10yþ 9Þ
ðx� 1Þð5y4 þ 7y3 þ y2 þ 8yþ 9Þ
ðx� 1Þð9y4 þ 2y3 þ 9y2 þ 2yþ 9Þ
ðx� 1Þð3y4 þ 10y3 þ 4y2 þ 6yþ 9Þ
ðxþ 1Þðy4 þ 6y3 þ 3y2 þ 7yþ 9Þ

0
BBBBBB@

1
CCCCCCA
; H ¼

ð1� xÞð9y4 þ 10y3 þ 5y2 þ 8yþ 4Þ
ðxþ 1Þð9y4 þ 8y3 þ y2 þ 7yþ 5Þ
ðxþ 1Þð9y4 þ 2y3 þ 9y2 þ 2yþ 9Þ
ðxþ 1Þð9y4 þ 6y3 þ 4y2 þ 10yþ 3Þ
ð1� xÞð9y4 þ 7y3 þ 3y2 þ 6yþ 1Þ

0
BBBBBB@

1
CCCCCCA
:

respectively. The code C is not self-dual as condition (ii) of Theorem 4 is not satisfied for k ¼ ‘� 1 ¼ 4, i.e.
p0�4 ðxÞ ¼ 1� x 6¼ mðxÞp0ðxÞ.

The codewords corresponding to rows of the matrix G are

c0 ¼
9 10 5 8 4

9 10 5 8 4

� �
;

c1 ¼
�9 � 8 � 1 � 7 � 5

9 8 1 7 5

� �
; c2 ¼

�9 � 2 � 9 � 2 � 9

9 2 9 2 9

� �

c3 ¼
�9 � 6 � 4 � 10 � 3

9 6 4 10 3

� �
; c4 ¼

9 7 3 6 1

9 7 3 6 1

� �
:

The corresponding code C1 (see equation (1)) has a generator matrix

G1 ¼

9 10 5 8 4 9 10 5 8 4

� 9 � 8 � 1 � 7 � 5 9 8 1 7 5

� 9 � 2 � 9 � 2 � 9 9 2 9 2 9

� 9 � 6 � 4 � 10 � 3 9 6 4 10 3

9 7 3 6 1 9 7 3 6 1

0
BBBBBB@

1
CCCCCCA
:

It is a quasi-cyclic [10, 5, 6] MDS code over F11½x� . The dual C?1 is also [10, 5, 6] MDS code. The code C1

is isodual but not self-dual.
The corresponding code C2 (see equation (2)) is a ð�1Þ-quasi-twisted, isodual, [10, 5, 6] MDS code over

F11½x�.
Example 2 If in the above example we take p0ðxÞ ¼ p4ðxÞ ¼ xþ 1, p1ðxÞ ¼ p3ðxÞ ¼ x� 1 and p2ðxÞ ¼ 1;

generator matrices of C and C? are

G ¼

ðxþ 1Þð4y4 þ 8y3 þ 5y2 þ 10yþ 9Þ
ðx� 1Þð5y4 þ 7y3 þ y2 þ 8yþ 9Þ
ð9y4 þ 2y3 þ 9y2 þ 2yþ 9Þ
xð9y4 þ 2y3 þ 9y2 þ 2yþ 9Þ

ðx� 1Þð3y4 þ 10y3 þ 4y2 þ 6yþ 9Þ
ðxþ 1Þðy4 þ 6y3 þ 3y2 þ 7yþ 9Þ

0
BBBBBBBB@

1
CCCCCCCCA
; H ¼

ð1� xÞð9y4 þ 10y3 þ 5y2 þ 8yþ 4Þ
ðxþ 1Þð9y4 þ 8y3 þ y2 þ 7yþ 5Þ
ðxþ 1Þð9y4 þ 6y3 þ 4y2 þ 10yþ 3Þ
ð1� xÞð9y4 þ 7y3 þ 3y2 þ 6yþ 1Þ

0
BBB@

1
CCCA;

respectively. The corresponding codes C1 and C2 are [10, 6, 5] MDS codes over F11½x� . The dual C?1 and C?2
are [10, 4, 7] MDS codes.
C1 is quasi cyclic code of index 5 and C2 is ð�1Þ-quasi-twisted of index 2.

Example 3 Take q ¼ 7, a ¼ �1 , b ¼ 2, s ¼ 3 and ‘ ¼ 2, so that order r of b is 3. One finds that x ¼ 3 is

a r‘th i.e. 6th root of unity in F�7 such that x2 ¼ 2. Therefore,

y2 � 2 ¼ ðy� 3Þðy� 34Þ ¼ ðy� 3Þðy� 4Þ :

Thus,
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g0ðyÞ ¼ 6yþ 4; g1ðyÞ ¼ yþ 4 :

As x3 þ 1 ¼ ðxþ 1Þðx2 � xþ 1Þ, take p0ðxÞ ¼ x2 � xþ 1 and p1ðxÞ ¼ xþ 1, then by Theorem 2, a
generator matrix of two dimensional �1; 2ð Þ-constacyclic code is given by

G ¼
ðx2 � xþ 1Þð6yþ 4Þ
ðxþ 1Þðyþ 4Þ
xðxþ 1Þðyþ 4Þ

0
B@

1
CA:

The corresponding codes C1 and C2 are [6, 3, 4] MDS codes over F7. C1 is ð�1Þ-quasi-twisted code of index
2 and C2 is 2-quasi-twisted code of index 3.

Example 4 Take q ¼ 7, a ¼ �1 ¼ b, s ¼ 3 ¼ ‘ so that r ¼ 2. One notes that x ¼ 3 is 6th root of unity in

F�7 satisfying x3 ¼ �1. Therefore,

y3 þ 1 ¼ ðy� 3Þðy� 33Þðy� 35Þ ¼ ðyþ 4Þðyþ 1Þðyþ 2Þ:

Thus,

g0ðyÞ ¼ 6y2 þ 4yþ 5; g1ðyÞ ¼ 5y2 � 5yþ 5; g2ðyÞ ¼ 3y2 þ yþ 5:

In F7½x�, we have x3 þ 1 ¼ ðxþ 1Þðx2 � xþ 1Þ. Suppose, p0ðxÞ ¼ p2ðxÞ ¼ x2 � xþ 1 and p1ðxÞ ¼ xþ 1,
then by Theorem 2, a generator matrix of two dimensional �1;�1ð Þ-constacyclic code is given by

G ¼

ðx2 � xþ 1Þð6y2 þ 4yþ 5Þ
ðxþ 1Þð5y2 � 5yþ 5Þ
xðxþ 1Þð5y2 � 5yþ 5Þ
ðx2 � xþ 1Þð3y2 þ yþ 5Þ

0
BBB@

1
CCCA:

The corresponding codes C1 and C2 are ð�1Þ-quasi-twisted [9, 4, 4], near MDS codes of index 3 over F7.
Their duals are [9, 5, 3], near MDS codes over F7.

Example 5 Take q ¼ 5, a ¼ 1, b ¼ �1, s ¼ 2 ¼ ‘. One finds that x ¼ 2 is r‘th i.e. 4th root of unity in F�5
satisfying x2 ¼ �1. Therefore,

y2 þ 1 ¼ ðy� 2Þðy� 23Þ:

As x2 � 1 ¼ ðx� 1Þðxþ 1Þ, take p0ðxÞ ¼ x� 1 and p1ðxÞ ¼ xþ 1, so that p0�0 ðxÞ ¼ p1ðxÞ and
p0�1 ðxÞ ¼ �p0ðxÞ. Then by Theorem 2, a generator matrix of two dimensional 1;�1ð Þ constacyclic code
is given by

G ¼
ðx� 1Þð4yþ 3Þ
ðxþ 1Þðyþ 3Þ

� �
:

The corresponding codes C1 and C2 are [4, 2, 2] self-dual codes over F5. C1 is quasi cyclic and C2 is ð�1Þ-
quasi-twisted code of index 2.

Example 6 Take q ¼ 13, a ¼ 1, b ¼ �1, s ¼ 2 and ‘ ¼ 6. One finds that x ¼ 2 is 12th root of unity in F�13

satisfying x6 ¼ �1. Therefore,

y6 þ 1 ¼ ðy� 2Þðy� 23Þðy� 25Þðy� 27Þðy� 29Þðy� 211Þ:

As x2 � 1 ¼ ðx� 1Þðxþ 1Þ. Take p0ðxÞ ¼ p1ðxÞ ¼ p2ðxÞ ¼ x� 1 and p3ðxÞ ¼ p4ðxÞ ¼ p5ðxÞ ¼ xþ 1, then
by Theorem 2, a generator matrix of two dimensional 1;�1ð Þ constacyclic code is given by
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G ¼

ðx� 1Þð4y5 þ 8y4 þ 3y3 þ 6y2 þ 12yþ 11Þ
ðx� 1Þð3y5 þ 11y4 þ 10y3 þ 2y2 þ 3yþ 11Þ
ðx� 1Þð12y5 þ 7y4 þ 3y3 þ 5y2 þ 4yþ 11Þ
ðxþ 1Þð9y5 þ 8y4 þ 10y3 þ 6y2 þ yþ 11Þ
ðxþ 1Þð10y5 þ 11y4 þ 3y3 þ 2y2 þ 10yþ 11Þ
ðxþ 1Þðy5 þ 7y4 þ 10y3 þ 5y2 þ 9yþ 11Þ

0
BBBBBBBB@

1
CCCCCCCCA
:

The corresponding codes C1 and C2 are [12, 6, 4] self-dual codes over F13. C1 is quasi cyclic of index 6 and
C2 is ð�1Þ-quasi-twisted code of index 2.
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