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Abstract Since the appearance of HIV, various mathematical models have been proposed to describe the
dynamics of the disease. These models are helpful not only to understand the various aspects of disease
progression but also help to discover effective drug therapy. In this paper, we have used memetic computing
to solve the modified model of HIV dynamics of CD4"T cells with the help of differential evolution and
Bernstein polynomials. The results of the proposed methodology approach that of the Runge-Kutta method.
Furthermore, the stability analysis of the equilibria of this model is also performed. The disease-free
equilibrium is found to be unstable within the realistic range of parameters, while the endemic equilibrium
could be stable or unstable, depending upon the value of the infection rate.

Keywords Human Immunodeficiency Virus - CD4*T - Stability Analysis - Bernstein Polynomial -
Differential Evolution - Sequential Quadratic Programming

1 Introduction

The human immunodeficiency virus (HIV) is a retrovirus that attacks the CD4"T cells, by causing their
deterioration and destruction, thus diminishing the resistance of the immune system. CD4* T cells are also
known as leukocytes or T helper cells. These are the most abundant white blood cells of the immune system.
If a large number of CD4™"T cells are destroyed, the body may not be able to defend itself against infection
[1, 2]. The deadly and epidemic nature of HIV has several biological characteristics and has attracted
epidemiologists, mathematicians, and biologists resulting in various mathematical models that have proven
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Stability analysis and memetic computation using differential evolution for in-host HIV model 77

to be valuable for understanding the evolution of the disease, as well as, coming up with drug therapies. As a
matter of fact, early diagnosis and timely treatment can help to slow or stop the progress of HIV infection
[3]. Therefore, we have three broad classes of mathematical models [4], namely, Immunological, epi-
demiological, and Immunoepidemiological models. At an individual level, the within-host viral dynamics
are described as immunological models, while at the population level, transmission dynamics is explained
using between-host transmission and are categorized as epidemiological models. The dynamics of popu-
lation-level HIV transmission as a function of immune viral responses at individual level are described using
the immunoepidemiological models [5—7]. It is important to mention that the various models belonging to
the three classes, mentioned above, have been under continuous investigation and modification, in the light
of the clinical data [8].

From a mathematical modeling point of view, these models may be categorized into two broad classes
[9]; stochastic and deterministic. The stochastic models, as proposed by Merril [10, 11], suit well for
describing the disease at the early stages when the number of infected cells and virus count is small. On the
other hand, deterministic [12-16] models apply well to the later stages of the disease.

Since these models were described by coupled nonlinear differential equations, therefore, their exact
solutions do not exist. As a consequence, researchers attempted to come up with non-analytical solutions, by
employing various numerical techniques, which are largely deterministic in nature. However, the quest for
faster, more stable, and more accurate algorithms is still in progress. Recently, the abundance of computing
power has motivated researchers to use evolutionary algorithms for the solution of various research prob-
lems in engineering and medicine. These algorithms are stochastic in nature.

In the last two decades, a variety of approaches have been proposed to solve various models of HIV
infection. Merdan [17] has employed the Homotopy perturbation method. Yuzbasi [18] came up with
Quasilinearization-Lagrangian method and suggested an exponential collocation method to solve the model
of HIV infection described using CD4" T cells. Parand et al. [19] have used the shifted Boubaker lagrangian
approach to provide an approximate solution of a model for HIV infection of CD4" T cells. Merdan et al.
[17], later on, introduced the Pade approximate and amended the variational iteration method. Ongun [20]
proposed the Laplace Adomian decomposition method. Venkatesh et al. [21] proposed the Legendre wavelet
method and El-Baghdady et al. [22] have used Legendre collocation method for solving this problem.
Computational analysis of this model is also carried out by [23, 24].

In this paper, we propose a memetic computing approach to solve the primary model that considers three
categories of cells, the uninfected CD4™T cells, infected CD4" T cells and virus population. Specifically, we
have employed Bernstein polynomial to construct the solution of the primary infection model of HIV.
Furthermore, we have provided a detailed stability analysis of the model.

The novel contributions of this paper are as follows:

— We have employed the Bernstein polynomial along with differential evolution and sequential quadratic
programming for solving the mathematical model of HIV infection of CD4" T cells. The coefficients of
the Bernstein polynomials have been optimized using memetic computing which includes global
optimizer as differential evolution and local optimizer as sequential quadratic programming.

— We have analyzed the stability of the undiseased equilibrium, as well as, endemic equilibrium. We have
found that with the realistic range values of the parameters, equilibrium with the disease is not stable at
all. However, the endemic equilibrium can be stable or unstable by adjusting the values of parameters
within the practical range.

2 Materials and methods

In this section, we discussed the HIV in-host models and the idea of using Bernstein polynomial along with
differential evolution and sequential quadratic programming to solve the HIV model. In the next section, we
presented the results and discussion followed by a stability analysis of the undiseased and endemic
equilibrium.

@ Springer




78 M. Ahmed et al.

2.1 HIV models

Various mathematical models have been developed to describe the infection caused by HIV and as a result,
several solutions have been developed for these models. One of the earlier and simple model studied by
[5, 6, 25] is given below.

dTr

T —kVT 1
il Vv (1)
dl

E —kvT — BI 2
=T =B (2)
av

— = NBI — vV 3
= BI —y (3)

This model is referred to as the primary infection model. It consists of three coupled nonlinear differential
equations that represent three basic components. Here 7(¢), I(f) and V(¢) represent the concentration of
uninfected, CD4"T cells, the infected CD4*T cells and the virus population of HIV particles in the blood,
respectively. The constant coefficients o,  and 7y represent the natural turnover rates of uninfected CD4"T
cells, infected CD4™T cells and virus particles of HIV, respectively. Here p is a constant rate at which the
human body produces CD4™T cells. In a normal body, the concentration of these cells is about 800 to 2000
per mm? [26]. k represents the rate of infection and kVT describes the HIV infection of uninfected T cells. It
is further assumed that N virus particles are generated by any infected CD4™ T cells including all of its
daughter cells during its life.

Later on in [7], a simplified term rT(1 —TLX) is suggested as logistic growth for T cells, where r
represents the growth rate of T cells and maximum concentration T cells in the body is represented by T}y,
In this work, the researchers assumed that the growth of T cells remains unaffected by the HIV infection.
Later on, a full logistic growth term rT(1 — ﬁ) was suggested by [23]. This is assumed that the growth of T
cells is hampered during the lifetime of HIV infection. We have considered the model that includes a full
logistic growth term and is given as follows.

dT T+1

= =p—aT+rT(1 - — kVT 4

=P =TT =) kv @
dl
— =kVT — I 5
" p 0
av
— = NBI — 6
o = NBL=yV (6)

The parameters are also summarized in Table 1.
2.2 Problem formulation

In most of the cases the exact solution to the set of coupled nonlinear differential equations, does not exist.
Therefore, the researchers have attempted the solution through orthodox numerical, as well as, heuristic
techniques. We propose to employ the memetic computing approach which uses both global and local
optimizers for getting the sub-optimal solution. Specifically, we have used a differential evolution (DE)
algorithm as a global optimizer and as a local optimizer, sequential quadratic programming (SQP) is used.
DE belongs to the class of evolutionary algorithms and was proposed by Rainer Storn & Kenneth Price in
1997 [27] for optimization problems in the continuous domain. It has some distinguishing properties like
simple structure, speed, ease of use and robustness [28]. Both Genetic Algorithm and Differential Evolution
use mutation and crossover mechanisms [29].

The proposed methodology comprises of two major steps. The first step is the formulation of fit-
ness(error) function. Bernstein polynomials are linearly combined to represent the solution and are sub-
stituted in the differential equations to give us a fitness function. In the second step, the coefficients of the
linear combination are optimized by employing the memetic computing to give us minimal possible error
function.
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Table 1 Parameters in HIV infection model of CD4*T cells

Parameter Description

o Death rate of uninfected T cells

p Death rate of Infected T cells

y Death rate of Virus particles

rT(1 —1H) Logistic growth of healthy T cells

k " Rate of infection

P Rate of constructing T cells

r Growth rate of T cells

N Virus particles from each infected T cell

Tonax Concentration of maximum T cells in the body

2.3 Bernstein polynomials

The Bernstein polynomials (BP) [30] are generally used for the approximation of continuous functions,
uniformly, on a closed interval of interest. These polynomials enjoy some peculiar properties that differ-
entiate it from other polynomials, for example, positivity, continuity, excellent numerical stability, uniform
convergence, the partition of unity property and expansion in terms of power basis. Bernstein polynomials
(BP) are defined as follows;

T.L)t(T_t)’ 0<i<n (7)

0, otherwise (8)

with the properties that

B,‘)n(t) >0 and B,'ﬂ(l‘) =1 (9)

n
i=0

Bernstein polynomials provide greater flexibility to levy boundary conditions at the endpoints of the
interval. All of the Bernstein polynomials approach zero at the start and endpoints of the interval [0, 7]
except for the first polynomial and the last polynomial which are equal to 1 at = 0 and ¢ = 1, respectively.
Mathematically,

B;, att =0 and ¢ =1 is defined as following;

[0, ¥i#0 (10)
Bin(t=0) = { 1, fori=0 (11)

0, Vign (12)
Bin(t=1) = { 1, fori=n (13)

BP has an inherent and higher level of agility and provides greater flexibility to approximate any function
due to its existence between [0, 1] as shown in Fig 1.

BP hs recursive formulae whereby the higher-order polynomials can be expressed in terms of lower-
order polynomials. The same is true about the first and higher-order derivatives.
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Bernstein Polynomial Behavior
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Fig. 1 Behavior of Bernstein Polynomial in the interval [0, 1]
T—1 t
Bin(t) = —— (Bin-1(1) + - Bic1n-1(1)) (14)

Derivatives of higher-order BP can be represented as a linear combination of lower-order polynomials, thus
making computation as a recursive and fast process.

B (1) =% (Bi-1am1(1) = By (1) (15)
8,0 =" (8,220~ 281101 (0) 4 B 2(0) (16)
2.4 Fitness function
T =Y a0, 10 = b ad Vi)=Y cBu0) (1)
Thus ) ) )
0 = a0 = 3 B ()~ B () 19

for0<tr<T

It is pertinent to mention that the value of t depends upon the problem being solved. In our case we are
studying the disease for 100 days, therefore T = 100. Since it is the fraction ¢/t that matters in BP therefore,
for ease of computation we can take T = 1, then the range of t is given as 0 <7 < 1. Thus the equations above
take the form,

n

T/(l‘) = iain(Bi,l’n,l(I) — Bi,nfl(l‘)) = Za,-nBi,l‘n,l(t) — niainB,»’n,l(I) (19)
i=0 i=0

i=0

Since B_;,_;(t) does not exist, therefore we have,

@ Springer



Stability analysis and memetic computation using differential evolution for in-host HIV model 81

n n—1
= ZainBifl,nfl (1) — Z ainB;,—1 (1) (20)
i—1 i—0

Similarly

n n—1

= ZbinBi—l,n—l(t) - Z binB;, (1) (21)
=1 i=0
n n—1

= ZcinBi—l,nfl (1) — ZcinBi,n—l (1) (22)
i—1 =0

Now let us take {ti}}il, where f{ = 0 and #;; = 1. The errors are defined as follows,

61 = 111 Z [diz(;tj) p+al(t) —rT(5)(1 - W) + KV ()T (1)) (23)
_ LIZ V(6)T(5) + BI(t)) (24)
5= %Z — 10+ BI() +7V(1))’ (25)

The sum of these three errors is;
E=81+E,+ &3

We need to minimize this objective function by adjusting coefficients {ai, bi,ci};_, belonging to functions
T(¢), I(¢) and V(¢), respectively. So objective function can be written as:

where {ai, bi,ci};_, are n coefficients of BP three each, mentioned in Eq (17)

2.5 Sequential steps of the hybrid algorithm

In order to find the optimal values of the unknown coefficients for the Bernstein polynomials, we propose to
use the Differential Evolution (DE) as a global optimizer and sequential quadratic programming (SQP) as a
local optimizer. DE like other heuristic computing algorithms (HCAs) are efficient to explore global search
space because of their capability to quickly explore and discover desired results in the search space;
however, they generally have the tendency of slow convergence to the optimal solution [31, 32]. Therefore,
local search methods like SQP are used due to their capability of quick convergence to the optimal solution.

SQP is one of the most effective methods used to solve nonlinear optimization problems [33] and is
extensively used as a local search method to expedite the searching process to find the optimal solution [34].
The specific details of the proposed solution are as under.

Step 1: Initialization: In general, the differential evolution algorithm starts with the initialization of the
candidate solutions and it may be biased or random initialization. In our case, it is a random initialization
with real numbers between the range 10 and -10. For our discussion, we assume x; 4(j) is the j# element of
the i candidate solution in the generation g.

Step 2: Fitness Evaluation: Before we go for applying DE operators, we have to evaluate the fitness of
each candidate solution. This is done by using Eq (26) for each candidate within the initial generation. The
lower the error &, the more the fitness.

Producing new generation for i = 1 : N, repeat steps 3-5.

Step 3: Mutation: A mutant vector is created by selecting three random numbers (7, n,, n3) which fall
within the range of 1 to P where P is the size of population. These are chosen s.t. ny # ny # n3 # i.

The mutant vector vf“ is given as
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+1
viT =g+ g, — X} (27)
where u € (0,2]. It is important to mention that a large mutation factor u expands the search space but
results in slowing down the convergence.
Step 4: Recombination: The parent vector is combined with the mutated one to generate a trial vector.
Forj=1:D

g+1 _

{ v! ; if(rand < CR) or j = randomly chosen index (28)
u ;

Ig,j otherwise (29)

Here CR is the crossover constant € [0, 1].
Step 5: Selection:

% 4

x? otherwise (31)

(2

Lot _ { wdTh i fitness(u? ™) is better than fitness(z?) (30)
3

Step 6: Termination Criterion: The algorithm is stopped if either error is achieved or the number of
iterations reached.

Step 7: Initialization of SQP: After the termination of DE, the candidate solution with the best fitness is
selected and handed over to SQP which is one of the best local optimizers, in terms of fast convergence, for
the numerical solution of nonlinear optimization problems.

Step 8: Fitness Evaluation: Fitness evaluation is performed by using Eq (26) as in DE.

Step 9: Termination: After the specified number of iterations the SQP algorithm is stopped and the final
result (solution) is obtained.

3 Results and discussion

Based on the model, described by the Eqs (4-6) in the previous section, we have carried out the simulation
using the Dell Laptop Inspiron 15, with Intel(R) Core(TM) i3-4005U CPU 1.7GHz dual processor, 4GB
RAM running MATLAB 2017 in Windows 7, 64 bit operating system. It is essential to mention here that the
approximate solution of the HIV model has been obtained for the interval 0 <t < 1. Furthermore, We have
chosen T(0) =0.1, 1(0) =0.0, V(0) =0.1, p=0.1, r=3, 0 =0.02, $=0.3 , y =24, k=0.0027,
Tnax = 1500, 7 =1 and N = 10. Note that T(0) = 0.1 implies ap = 0.1, I(0) = 0.0 implies by = 0.0 and
V(0) = 0.1 implies ¢o = 0.1 as previously used in [17-19, 24]

Table 2 Comparison of numerical results for T(t) of the proposed method with classical methods LADM, LADM-pade, VIM,
MVIM, HPM, Euler, Bessel collocation and RK-4

-

0 0.2 04 0.6 0.8 1

Proposed Methods =~ BP-DE 0.1 021452365 0.41365241  0.77812345  1.43501243  2.63154235
BP-DE with SQP 0.1  0.21231125  0.41253690  0.77638721  1.43470898  2.63013124

Classical Methods =~ LADM 0.1  0.20880732  0.40613583  0.76247622  1.39808286  2.50787415
LADM padé 0.1  0.20880727  0.40610526  0.76114677  1.37731985  2.32916976
VIM 0.1  0.20880732  0.40613465  0.76245303  1.39788058  2.50674666
MVIM 0.1  0.20880808  0.40624079  0.76442872  1.41409417  2.59192107
HPM 0.1  0.20880732  0.40613582  0.76247620  1.39808281  2.50787401
Euler 0.1  0.191448 0.345502 0.605002 1.042060 1.777990
Bessel 0.1 020386165  0.38033093  0.69546237  1.27596244  2.38322774
RK-4 0.1  0.20880808  0.40624053  0.76442388  1.41404682  2.59159480
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Since we have used BP of degree 5 (i.e. 5 coefficients) and we have to determine three parameters,
namely 7, V and I, therefore our candidate solution comprises 15 values, five for each. The number of genes
in a chromosome is D = 15 and the number of chromosomes = N. This is far less than Raja et al. [35] who
have used 54 parameters for the same problem.

Table 2 shows the count of the CD4*T cells estimated by the proposed method and also shows the
comparison of the proposed method with some well-known solutions including RK4 being the most cited
one and considered as a benchmark. It can be observed that the results with BP-DE-SQP are much closer to
RK4 as compared to BP-DE. This proves that convergence of the memetic computing approach is superior
to an evolutionary algorithm when used alone without local optimizer. We have also shown a comparison of
the proposed method with RK4 in Figure 2. It is evident that our results follow the results by RK4 almost
perfectly throughout the time range between O and 1.

Similarly, Table 3 shows the estimated count of infected cells for the normalized time range. The
proposed method follows the RK4 but not as close as in the case of T cells count. This is also depicted in
Figure 3.

Table 4 shows the estimated count of virus cells for the normalized time range. It is obvious that the
results of the proposed method follow perfectly the results of the RK4 as shown in Figure 4. Once again, the
results of the memetic computing approach are much closer to RK4 than the results of DE alone. As a matter
of fact, not only the memetic computing approach gives better results, but it also incurs less error. This is
shown in Figure 5 which shows the error curve for mean squared error (MSE) versus the number of
iterations. It is important to mention that we have not found such type of error dynamics (in the form of
MSE vs. iterations) in other relevant papers. If we use only DE, then after 30 iterations, the error goes down
to 10~*. Although DE is a global optimizer it does not converge quickly. When it is jointly employed with
SQP, the error drops down to 1077 in the same number of iterations. The difference between errors for the
two approaches amounts to 300 times, which is enormous. This is exactly the strength of memetic com-
puting in comparison with the classical numerical techniques in which the error gets accumulated during the
run of the algorithm. This may result in even worse results if the interval of the solution is big. On the other
hand, if we try to minimize the error, we have to reduce the step size which results in the increase of
computations. Memetic computing is free from both of these problems.

Table 3 Comparison of numerical results for I(t) of the proposed method with classical methods LADM, LADM-pade, VIM,
MVIM, HPM, Euler, Bessel collocation and RK-4

t

0 02 0.4 0.6 0.8 1
Proposed Methods BP-DE 0  5.835642E- 1.230145E- 1.936542E- 2.85421E-05  3.95698E-05

06 05 05

BP-DE with SQP 0  4.074992E- 1.242519E- 1.985411E- 2.876155E- 3.972489E-
06 05 05 05 05

Classical Methods LADM 0  6.032706E- 1.315891E- 2.123298E- 3.024270E- 4.033321E-

06 05 05 05 05

LADM-pade 0 6.032707E- 1.315916E- 2.126836E- 3.006918E- 3.987365E-
06 05 05 05 05

VIM 0  6.032634E- 1.314878E- 2.101417E- 2.795130E- 2.431562E-
06 05 05 05 05

MVIM 0  6.032701E- 1.315830E- 2.122331E- 3.017450E- 4.002540E-
06 05 05 05 05

HPM 0  6.032706E- 1.315890E- 2.123298E- 3.024270E- 4.033321E-
06 05 05 05 05

Euler 0 5.48760E-06 1.11233E-05 1.66243E-05  2.18436E-05  2.67125E-05

Bessel 0  6.247872E- 1.293552E- 2.035267E- 2.837302E- 3.690842E-
06 05 05 05 05

RK-4 0 6.031510E- 1.315302E- 2.121060E- 3.015178E- 3.999421E-
06 05 05 05 05
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3.1 Statistical analysis

Table 5 gives the average time taken by the algorithm with and without SQP. It was run six times. DE
algorithm without SQP keeps on running until it finds no change in the objective function (error) and

3 Proposed DE-SQP Algorithm| |
—5—VIM
—&—MVIM
25 —#— Euler
—©—RK4

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

Fig. 2 Comparison of the proposed method with RK4 for T cell counts

-5
45 x10 1 1 1
Proposed DE-SQP Algorithm
| —5—VIM
4 —Z—MVIM
—— Euler
—O—RK4

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

Fig. 3 Comparison of the proposed method with RK4 for I cell counts
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Table 4 Comparison of numerical results for V(t) of the proposed method with classical methods LADM, LADM-pade, VIM,
MVIM, HPM, Euler, Bessel collocation and RK-4

-

0 0.2 0.4 0.6 0.8 1
Proposed Methods BP-DE 0.1 0.0619124563 0.0383125482 0.0237245682 0.0146521423 0.0090921453
BP-DE with SQP 0.1 0.0618939478 0.0383032918 0.0237126996 0.0146788747 0.0091051150
Classical Methods LADM 0.1 0.0618799531 0.0383081810 0.0239198161 0.0162123434 0.0160550224
LADM-pade 0.1 0.0618799603 0.0383132488 0.024391735 0.0099672189 0.0033050764
VIM 0.1 0.0618799531 0.0383082013 0.0239202926 0.0162170455 0.0160841871
MVIM 0.1 0.0618799088 0.0382959577 0.0237102948 0.0147004190 0.0091572387
HPM 0.1 0.0618799531 0.0383081805 0.0239198161 0.0162123434 0.0160550224
Euler 0.1 0.057761 0.033366 0.019279 0.011145 0.006450
Bessel 0.1 0.0618799186 0.0382949349 0.0237043186 0.0146795698 0.0237043186
RK-4 0.1 0.0618798527 0.0382948970 0.0237045492 0.0146803570 0.0091008245
0.1 :
Proposed DE-SQP Algorithm
—5—VIM
0.09 - —&—MVIM 7
—#c— Euler
0.08 - —O—RK4 J
0.07 -
0.06 -
> 0.05 [~
0.04 -
0.03 -
0.02 [
0.01 -
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time

Fig. 4 Comparison of the proposed method with RK4 for V cell counts

terminates. The error and time taken are given in Table 5. The same is repeated for the DE algorithm with
SQP. As we can see that error achieved without SQP is ~ 1072, while with SQP is ~ 107> (3 order less).

Table 6 gives the statistical analysis of the error function by running the program of DE with SQP six
times. It gives the minimum error, maximum error, mean error, and its standard deviation.

4 Equilibrium points and their stability analysis

It is necessary to find the equilibria of this three compartmental model consisting of three coupled nonlinear
differential equations. The modified model given by Wang [23] is more realistic model specified in Eqs (4-
6) than given by [5-7, 25] in Eqs (1-3), for which we shall carry out the stability analysis. The equilibrium
point is a solution or a point where the system will stay forever if it initiates at the same point. This implies
setting the derivatives equal to zero.
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10° ,
—s— DE with SQP
—&— DE without SQP
10" E 3
102 &
103
H)J F r=3
E L
10% a=0.03
— vy=2.4
10° £ 3
E P=0 . 1
1076 3 p=0.3 <
10-7 I | | | | |
0 5 10 15 20 25 30

Number of Iterations

Fig. 5 Mean Square Error for the proposed method

Table 5 Average time taken by algorithm with and without SQP for attaining a certain error

No. of Runs 1 2 3 4 5 6
DE without SQP Error achieved 0.0509 0.0495 0.0534 0.0557 0.0514 0.0566
Time (sec) 11.814 12.413 11.754 11.573 11.526 11.053
DE with SQP Error achieved 1.346e-5 1.346e-5 1.346e-5 1.346e-5 1.346e-5 1.346e-5
Time (sec) 15.668 15.74 15.522 15.75 15.548 15.78
T+1
p—ol +rT(1— ) —kVT =0 (32)
max
kVT — BI =0 (33)
NBI —9V =0 (34)

4.1 Equilibrium points with and without disease

We denote the disease free equilibrium point as (7,1, Vy) where Ir = 0 and V; = 0. Putting I = 0 and

Vy = 0 in Eqgs (32-34), we get only Eq (32).

Table 6 Finding error after each run of algorithm with SQP

No. of Runs 1 2 3 4 5 6

Min Error 1.346e-5 1.346e-5 1.346e-5 1.346e-5 1.346e-5 1.346e-5
Max Error 0.05279 0.04922 0.05217 0.04935 0.05181 0.05178
Mean Error 0.01814 0.01849 0.01909 0.01821 0.01818 0.01802
Std-Dev 0.01971 0.02057 0.02009 0.01948 0.02054 0.01997
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T
0=p—alp+1T(1 - 1)

max

which after little manipulations becomes

T, T,
17 =2 (r — )Ty = ) = 0
r r
With two roots given as

2 r
(r—oa)£,/(r—o)” +47-

7}:

2r
TVIIIHX

we choose Ty > 0.

1y = (=) flr = 4 T

Tmax

(35)

(38)

Hence the disease free equilibrium point (EP) is given as X; = [T},0, 0]’ where t is for transpose.
Let us now look at EP with disease i.e. I # 0, V # 0. Denote this EP as X, = [Ty, 14, V4)'.

Eqs (33,34) give us fjl; = kV;T; and NSl; = yV,
The two give us
_
Nk
Replacing kV,;T,; in eq (30) with pI;, we get I; in terms of Ty

T/ + (-

Ty

ILi=(p+(r—a)Ts— )Ta)

Tmax

N
V, = ﬂld
y

Thus the endemic EP X; = (T, 1,, Vd)’ where Ty, I; and V, are given by Eqs (39-41), respectively.

4.2 Stability analysis of the two equilibria

In order to find out whether equilibrium points found, are stable or not, we make use of Lyapunov’s

linearization theorem [36] which states:

Table 7 Values of the Parameters in HIV infection model

Parameter Range of Values Parameter Range of Values

o 0.007-0.1[37, 38] p 0.2-0.5[37, 38]
0.01-0.09(8] 0.1-0.9[8]
0.01[39] 0.2 [39]
0.02[9, 40] 0.24[9]

0.3[40]

Y 2.4-3[37, 38] k 0.00025- 0.5[37, 38]
1-9[8] 0.000024[8, 39]]
3.4[39] 0.0027[40]
2.4[9, 40]

p 0-10[37, 38] r 0.03-3[37, 38]
0.03-0.3[8] 0.03[8, 9, 39]
10[39]

N 10-2500[37, 38] Tnax 1500[8, 37-40]
1000[8, 9, 39] 1200[9]
10[40]
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— If the linearized system (LS) has all eigenvalues strictly in the left half-plane, then EP is asymptotically
stable for an actual nonlinear system.

— If LS has at least one eigenvalue strictly in the right half-plane, then EP is unstable for the actual
nonlinear system(NLS).

— If LS is marginally stable, one cannot conclude about the stability of the actual NLS.

X =f(X) (42)

Our 11neaglzed model around disease-free equilibrium Xy is given as
X = (S)x- x X with f = [fy Sl

where
h =p—ocT+rT(1—T+I)—kVT
£ = kVT — I (43)
fi=NBl—»V

Let us first carry stability analysis of disease-free equilibrium Xf = [T},0 L0
Thus the Jacobian matrix, J = (a@ evaluated at X = X, is the same as system matrix, A, of the

linearized system, X = AX, where A is given as
—o+r—2 7% %HT{ — kT
A= 0 - KIy (44)
0 Np -y
For finding its three eigenvalues det = (A — AI) =0

(~ot =20 E = B)(B+ )y + 2) — NBKT))

T
M=—0+r—2 el
max
(B4 ) (B9 + aNpiT; (46)
—(B+7) + 1/ (B— ) +4NKT (47)
A1 is straightaway negative as given below.
2 T, 4
=—atr—o " 2 (r —a) + (r—oc)2+Tpr))
I‘VIHX max (48)
4
=—/(r—0a)? +-2T <
Tonax

A2 <0 as all parameters are positive.
Now we check for 13 = —(f+7) + \/ (B — ) + 4N BkT;
In order that A3<0, (f—7)° +4NPkT;<(f+7)*> which after little manipulations

becomes 7ka T’ = Ry <1, where Ry = basic reproduction number of the model.

We must check this in a realistic range of parameters.

For healthy person we have r = 3.0, « = 0.02, p = 0.1 and T,,,, = 1500
Using Eq (38) and Eq (39). Ty = 1490 and T,; =~ 88.9

Thus Ry = % £1 = A3 > 0 whcih makes the system unstable.

Hence disease-free equilibrium is unstable which is quite natural.

Our next step is to investigate the stability of the endemic EP given by X,;. The Jacobian matrix J = (g)

at X = Xy, called as system matrix A, is given as follows:
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—oc—i—r—%—%—kvd —% — kT,
A= KV, B KTy (49)
0 Np -y
Let us define 2 — o+ r — 24— Ae _ gy, = —(£+ Ter ) after simplification.

Tma)( Tma.\'
To find eigenvalues, let us have det(A — AI) = 0. This gives

(3= (B + ) + 2) — KNBT) — KVa(r

max

(7 +2) + kNBT;) = 0

Let us define
kaTdr

T (B+y—a)A+ (By —a(B+7) — kNBT, + )

HEB(KNT, — ) + KT,V (kN + T’M/ )=0

max

Using kNT,; = y and kV,T, = pl;, we get.

grld)i+ﬂld(kNﬁ+£) —0 (51)

max Tmax

Pt Bty =@+ (=3B +7) +

Writing it as B4 b )2+ byd+b3=0

where by = (f+7y—%); b, = —a(f+y+ ﬁ””’) and by = ly(kNB + 7-)

Routh Hurwitz criterion about eigenvalues (j ) of a cubic equation states that A, of this equation will
possess negative real parts iff by, by, b3 > 0 and b1b; > bs.

Now since all the parameters have positive values,

Ty
—a= 245

=f+y—u= B—I—y+Td+Tmax

_ prla —  p | rTa BrTq
— — (£ 0

OC(IB + y) + Tmax (Td Tmax)(ﬂ ) ) Tmax ~

7
= Bl (kNG + L) >0

max

Now let us check if b1b, > b3 i.e. byby, — b; > 0.
Substituting the values of b; we get. biby — b3 = (B+ 7y — &) (—a(B+7y) + gr—{i) — BIkN — ﬁ%’i
Putting the value of o and after simplifications we get.

T, T,
bibs — by = (2 L) (B 47+ 96) + (B +7) (2 + )+
d max d max (52)
I’Td
1 — (1 4+ =
ﬂd( ﬁkN+ max( +Td+Tmax))

We shall check for stability with realistic values of parameters given below.

with T, =889, p=0.1,r =3, =0.3,y = 2.4, T,,u, = 1500, o = 0.02.k, the infection rate is the most
crucial factor on which 7; and I; depend through Eqgs (39) and (40). Moreover, the only negative term on
RHS in Eq (52) contain k. We use three values of k within its practical range given in Table 7.
— For k = 0.00027, value of b1b, — b3 = 20.94752 > 0 which is stable.
— For k = 0.0027, value of b1b, — b3 = 0.49152 > 0 which is stable.
— For k = 0.027, value of b1b, — b3 = —1.77679 <0 which is unstable

5 Conclusion

In this paper, we have demonstrated the strength of memetic computing for optimizing the coefficients of the
BP while solving the nonlinear model of HIV dynamics. We have achieved promising results in terms of
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count of CD4™T cells, infected cells and virus particles in the blood. We have also demonstrated that the
mean square error curve drastically drops down as we employ the memetic computing. We also performed
the stability analysis of the model under diseased and disease-free scenarios. By performing this analysis, we
determined the necessary conditions in the range of realistic parameters for the stability of the infected
steady state. We determined that disease-free equilibrium is unstable which is quite natural while the
endemic equilibrium can be stable or unstable depending upon the practical values of the parameters.
Especially, in our case the infection rate k proved to be more crucial than other parameters. In the future, we
intend to extend our exploration of other in-host HIV models. As well as, we need to look into inter-host
models, coupled in-host and inter-host models.

Conflict of Interests There is no conflict of interests regarding the publication of this paper.
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