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Abstract This paper deals with a class of singular problems involving the fractional pðx; �Þ-Laplace
operator of the form

ð�DÞspðx;�ÞuðxÞ ¼ k
ucðxÞ þ uqðxÞ�1 in X;

u [ 0; in X

u ¼ 0 on RN n X;
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where X is a smooth bounded domain in RN (N� 3), 0\s\1, k is a positive parameter and c : RN �!
ð0; 1Þ is a continuous function, p : R2N �! ð1;1Þ is a bounded, continuous and symmetric function,

q : RN �! ð1;1Þ is a continuous function. Using the direct method of minimization combined with the
theory of fractional Sobolev spaces with variable exponents, we prove that the problem has one positive
solution for k[ 0 small enough. To our best knowledge, this paper is one of the first attempts in the study of
singular problems involving fractional pðx; �Þ-Laplace operators.
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1 Introduction

Let X � RN (N� 3) be an open bounded Lipschitz domain and let s 2 ð0; 1Þ. We consider the following
nonlocal singular problem

ðPkÞ
ð�DÞspðx;�ÞuðxÞ ¼ k

ucðxÞ þ uqðxÞ�1; in X;

u [ 0; in X;

u ¼ 0; on RN n X;
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>:

where k is a positive parameter, p : RN � RN �! ð1;1Þ and q : RN �! ð1;1Þ are two continuous
functions satisfying the following conditions

ðH1Þ For all x; y 2 RN , pðx; yÞ ¼ pðy; xÞ (i.e. p is symmetric) and spðx; yÞ\N with

1\p� ¼ inf
ðx;yÞ2R2N

pðx; yÞ� pðx; yÞ� sup
ðx;yÞ2R2N

pðx; yÞ ¼ pþ\1;

qðxÞ\p�ðxÞ ¼ Npðx; xÞ
N � spðx; xÞ and pþ\q� :¼ inf

x2RN
qðxÞ;

and c 2 CðRNÞ verifies

ðH2Þ
0\c� :¼ inf

x2RN
cðxÞ� cðxÞ� sup

x2RN

cðxÞ ¼: cþ\1:

The operator ð�DÞspðx;�Þ formally defined by

ð�DÞspðx;�ÞuðxÞ ¼ 2 lim
e!0

Z

RNnBeðxÞ

juðxÞ � uðyÞjpðx;yÞ�2ðuðxÞ � uðyÞÞ
jx� yjNþspðx;yÞ dy; 8x 2 RN ;

that generalizes the fractional p-Laplacian operator. In particular, if s ¼ 1 then the fractional p-Laplace

operator ð�DÞspð:Þ becomes the p-Laplace operator �Dpð:Þ ¼ �div jrð:Þjp�2rð:Þ
� �

as usual. There is a

large literature which deal with problem involving the fractional p-Laplacian with Dirichlet boundary and
note that many papers deal with problem related to the constant case, see for example [7, 8, 20, 28, 34] and
references cited therein. On the other hand, the operator ð�DÞspðx;�Þ is a fractional version of the well-know

pð�Þ-Laplacian defined by Dpð�Þu ¼ div
�
jrujpð�Þ�2ru

�
which lead to Sobolev spaces with variable exponent;

we refer the readers to [13, 15, 23]. In [21], the authors have extended the Sobolev spaces with variable
exponents to include the fractional case which are called fractional Sobolev spaces with variable exponents

noted by Ws;qðxÞ;pð�;�Þ and also have proved a Sobolev-type inequality (see Proposition 2.2); moreover, note
that there are other that works have studied these type of problems; see [1, 4–6, 9, 10].

In the local setting case the problem ðPkÞ becomes

�DpðxÞu ¼ k
ucðxÞ þ uqðxÞ�1 in X;

u [ 0 in X;

u ¼ 0 on oX:

8
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>:
ð1:1Þ

Here X � RN ; ðN� 2Þ be a bounded domain with C2 boundary, k is a positive parameter. Unfortunately,
results for p(x)-Laplace equations with singular non-linearity are rare. ZHANG [35] obtain the existence and
the boundary asymptotic behavior of solutions to the purely singular p(x)-Laplace equation. SAOUDI [30, 33]
has been extended the results of existence for more general problem. FAN [14] using the critical point theory,
investigate the existence and multiplicity of solutions for pðxÞ�Laplacian Dirichlet problem with singular
coefficients. LIU [25] generalized the results of [26] to the problem involving p(x)-Laplace operator by
making the similar assumptions.

Problems ðPkÞ has been also studied with different elliptic operators. We refer the reader to the
monographs of GHERGU-RADULESCU [17] for a more general presentation of these results and the survey
article of CRANDALL-RABINOWITZ-TARTAR [12]. After this, many authors have been considered the problem
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above for Laplacian operators, p-Laplacian operators, fractional Laplacian or fractionalp-Laplacian, using
the technique used in [12] or a combination of this approach with the Nehari’s and Perron’s methods, among
others, we would like to mention COCLITE-PALMIERI [11], GIACOMONI-SAOUDI [18], and references therein in
the case of the laplacian equation. In SAOUDI [32] the singular case with the p-Laplace operator equation is
considered. The corresponding quasilinear and singular N-Laplacian equation is considered in SAOUDI-
KRATOU [31].

The paper is organized as follows: In Section 2, we recall some results concerning the variable exponent
Lebesgue spaces, LpðxÞðXÞ, as well as the generalized Sobolev spaces, W

s;pðx;yÞ
0 ðXÞ. Moreover, some prop-

erties of these spaces will be also exhibited to be used later. The proof of our results will be presented in
Section 3.

2 Preliminary results

In order to deal with fractional pðx; �Þ-Laplacian problems, we need to recall some definitions and basic

properties of the generalized Lebesgue space LrðxÞðXÞ as well as the fractional Sobolev space with variable

exponent Ws;rðxÞ;pðx;�ÞðXÞ. For more detailed information on this topic, we refer to the papers [4, 6, 21] and

the books [13, 29]. Let X be a Lipschitz bounded open set in RN . Firstly, we introduce the space CþðXÞ as
follows

CþðXÞ :¼ u 2 CðXÞ; uðxÞ[ 1 for any x 2 X
� �

:

For all r 2 CþðXÞ, we denote rþ :¼ infx2X rðxÞ and r� :¼ supx2X rðxÞ. For any r 2 CþðXÞ, we define the
variable exponent Lebesgue space

LrðxÞðXÞ :¼ u : X! R is mesurable :

Z

X
juðxÞjrðxÞ dx\þ1

� 	

;

which is equipped with the following Luxemburg norm

jujrðxÞ :¼ inf l [ 0 :

Z

X

uðxÞ
l



















rðxÞ
dx� 1

( )

:

The space ðLrðxÞðXÞ; j � jrðxÞÞ becomes a separable and reflexive Banach space. As in the classical case, its

conjugate space is Lr0ðxÞðXÞ, where 1
rðxÞ þ 1

r0ðxÞ ¼ 1. Moreover, for any u 2 LqðxÞðXÞ and v 2 Lr0ðxÞðXÞ, we recall

the Hölder type inequality
Z

X
uv dx

















�

1

r�
þ 1

r0�

� �

jujrðxÞjvjr0ðxÞ � 2jujrðxÞjvjr0ðxÞ; ð2:1Þ

where r� ¼ inf
x2X

rðxÞ and r0� ¼ inf
x2X

r0ðxÞ.
Proposition 2.1 Let qrðxÞðuÞ ¼

R

X juðxÞj
rðxÞ dx. For any u 2 LrðxÞðXÞ, we have

(1) For u 6¼ 0, jujrðxÞ ¼ k, q
�

u
k

�
¼ 1.

(2) If jujrðxÞ[ 1, then jujr
�

rðxÞ � qrðxÞðuÞ� jujr
þ

rðxÞ.
(3) If jujrðxÞ\1, then jujr

þ

rðxÞ � qrðxÞðuÞ� jujr
�

rðxÞ.
(4) lim

n!1
qrðxÞðun � uÞ ¼ 0, lim

n!1
jun � ujrðxÞ ¼ 0.

Now, let X be a smooth open set in RN . Fix s 2 ð0; 1Þ, let p : X� X! R be a continuous function which
satisfies

p is symmetric, that is; pðx; yÞ ¼ pðy; xÞ; 8ðx; yÞ 2 X� X ð2:2Þ

and

1\ min
ðx;yÞ2X�X

pðx; yÞ� pðx; yÞ� max
ðx;yÞ2X�X

pðx; yÞ\1: ð2:3Þ

For the above function p : X� X! R, we set pðxÞ :¼ pðx; xÞ for all x 2 X. Let us define the fractional

Sobolev space Ws;pðx;yÞðXÞ as follows
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Ws;pðx;yÞðXÞ :¼
(

u 2 LpðxÞðXÞ :

ZZ

X�X

juðxÞ � uðyÞjpðx;yÞ

lpðx;yÞjx� yjNþspðx;yÞ\1 for some l [ 0

)

;

which is a reflexive Banach space under the norm

kukWs;pðx;yÞðXÞ :¼ jujpðxÞ þ ½u	
s;pðx;yÞ
X ;

where ½u	s;pðx;yÞX denotes the Gagliardo seminorm with variable exponent defined by

½u	s;pðx;yÞX :¼ inf

(

l [ 0 :

ZZ

X�X

juðxÞ � uðyÞjpðx;yÞ

lpðx;yÞjx� yjNþspðx;yÞ � 1

)

:

We recall the following compact embedding theorem into variable exponent Lebesgue spaces which is
established in [3], see also the papers [6, 21] for some related results.

Proposition 2.2 Let X � RN be a Lipschitz bounded domain and s 2 ð0; 1Þ, let p : X� X! R be a

continuous function such that spðx; yÞ\N for ðx; yÞ 2 X� X and the conditions (2.2) and (2.3) hold.

Assume that a : X! ð1;þ1Þ is a continuous function such that

p�s ðxÞ :¼ Npðx; xÞ
N � spðx; xÞ [ aðxÞ� a�[ 1;

for x 2 X, then there exists a constant C ¼ CðN; s; p; a;XÞ such that for every u 2 Ws;pðx;yÞðXÞ it holds that

jujaðxÞ �CkukWs;pðx;yÞðXÞ:

That is, the space Ws;pðx;yÞðXÞ is continuously embedded in LaðxÞðXÞ for any a 2 ð1; p�Þ. Moreover, this
embedding is compact.

In addition, when one considers function u 2 Ws;pðx;yÞðXÞ that is compactly supported inside X, it holds
that

jujaðxÞ �C½u	s;pðx;yÞX :

Next, we consider the function space

W :¼
(

u : RN ! R is measurable; ujX 2 LpðxÞðXÞ and 9k [ 0 :

Z

Q

juðxÞ � uðyÞjpðx;yÞ

kpðx;yÞjx� yjNþspðx;yÞ � 1

)

;

where Q ¼ R2N n ðXc � XcÞ and Xc ¼ RN n X. Then W is a separable reflexive Banach space under the
norm

kukW ¼ jujpðxÞ þ ½u	
s;pð�;�Þ
Q :

Moreover, if u 2 W then u 2 Ws;pðx;yÞðXÞ and kukWs;pðx;yÞðXÞ � kukW . Now, we define the following space

W0 ¼
n

u 2 W and u ¼ 0 a.e. on RN n X
o
:

which is also a separable reflexive Banach space.
As in Proposition 2.2, it is proved in [3] that, if a : X! ð1;þ1Þ is a continuous function such that

p�s ðxÞ :¼ Npðx; xÞ
N � spðx; xÞ [ aðxÞ� a�[ 1;

for x 2 X, then there exists a constant C ¼ CðN; s; p; a;XÞ such that for every u 2 W it holds that

jujaðxÞ �CkukW :

That is, the space W is continuously embedded in LaðxÞðXÞ for any a 2 ð1; p�Þ. Moreover, this embedding is

compact. We also note that the above results remain true if we replace W by W0 and the norms k:kW0
¼
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½u	s;pðx;yÞQ and k:kW are equivalent in W0.

Proposition 2.3 (see [3]) Let u 2 W0, we have

(1) If kukW0
[ 1, then kukp�

W0
�
RR

X�X
juðxÞ�uðyÞjpðx;yÞ

jx�yjNþspðx;yÞ � kukpþ

W0
.

(2) If kukW0
\1, then kukpþ

W0
�
RR

X�X
juðxÞ�uðyÞjpðx;yÞ

jx�yjNþspðx;yÞ � kukp�

W0
.

3 Existence of positive solutions

In what follows, we denote by fþ :¼ maxfg; 0g and f� :¼ maxf�g; 0g respectively the positive and
negative part of a function f. For brevity, we will use C;Ci; i ¼ 1; 2; ::: to denote various positive constants
throughout this paper.

Definition 3.1 We call u 2 W0 a weak solution of problem ðPkÞ if it holds that
ZZ

R2N

juðxÞ � uðyÞjpðx;yÞ�2ðuðxÞ � uðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy�

Z

X
ðuþÞqðxÞ�1/ dx

�k
Z

X

/

ðuþÞcðxÞ
dx ¼ 0:

ð3:1Þ

for all / 2 W0.

Theorem 3.1 Assume that the assumptions ðH1Þ and ðH2Þ hold. Then there exists k� such that for any
k 2 ð0; k�Þ, problem ðPkÞ admits a positive weak solution.

To prove Theorem 3.1, let us define for each k [ 0 the associating functional Fk : W0 ! R with problem
ðPkÞ as

FkðuÞ ¼
ZZ

R2N

juðxÞ � uðyÞjpðx;yÞ

pðx; yÞjx� yjNþspðx;yÞ dxdy�
Z

X

ðuþÞqðxÞ

qðxÞ dx� k
Z

X

ðuþÞ1�cðxÞ

1� cðxÞ dx:

We first study the geometry conditions.

Lemma 3.1 There exist q [ 0, k� and a[ 0 such that for any u 2 W0 with kukW0
¼ q and for any

k 2 ð0; k�Þ, we have

FkðuÞ� a:

Proof Let u 2 W0 be such that maxfkukW0
; jujqðxÞg� 1. Using Proposition 2.1, Proposition 2.3 and the

continuous embedding of W0 into LqðxÞ, we deduce that

FkðuÞ�
1

pþ
kukpþ

W0
� C

q�
kukq�

W0
� k

1� cþ

Z

X
ðuþÞ1�cðxÞ dx:

By the Hölder inequality (2.1) with exponents hcðxÞ ¼ qðxÞ
1�cðxÞ and its conjugate h0cðxÞ ¼

qðxÞ
qðxÞþcðxÞ�1

; (note that
both these exponents are greater than 1), there exists C1 [ 0 such that

Z

X
ðuþÞ1�cðxÞ dx�C1






juj1�cðxÞ








qðxÞ
1�cðxÞ

j1jh0cðxÞ:

On the other hand, by Proposition 2.1, we have

M ¼
Z

X

juðxÞj1�cðxÞ





juj1�cðxÞ








qðxÞ
1�cðxÞ



































qðxÞ
1�cðxÞ

dx ¼ 1: ð3:2Þ

Hence, by the mean value theorem, there exists s 2 X such that
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M ¼
Z

X

juðxÞjqðxÞ

jujqðxÞqðxÞ

jujqðxÞqðxÞ





juj1�cðxÞ








qðxÞ
1�cðxÞ

qðxÞ
1�cðxÞ

dx ¼
jujqðsÞqðxÞ






juj1�cðxÞ








qðsÞ
1�cðsÞ

qðxÞ
1�cðxÞ

Z

X

juðxÞjqðxÞ

jujqðxÞqðxÞ

dx:

Since
Z

X

juðxÞjqðxÞ

jujqðxÞqðxÞ

dx ¼ 1;

we can rewrite M as

M ¼
jujqðsÞqðxÞ






juj1�cðxÞ








qðsÞ
1�cðsÞ

qðxÞ
1�cðxÞ

: ð3:3Þ

From (3.2) and (3.3), it follows that





juj1�cðxÞ








qðxÞ
1�cðxÞ

¼ juj1�cðsÞ
qðxÞ :

Therefore, by the continuous embeddings, we have
Z

X
ðuþÞ1�cðxÞ dx�C2juj1�cðsÞ

qðxÞ �C3kuk1�cðsÞ
W0

; 8u 2 W0: ð3:4Þ

From (3.4), we conclude that

FkðuÞ�
1

pþ
kukpþ

W0
� C

q�
kukq�

W0
� k

1� cþ
C3kuk1�cðsÞ

W0

� 1

pþ
kukpþ

W0
� C

q�
kukq�

W0
� k

1� cþ
C3kuk1�cþ

W0

¼kuk1�cþ

W0

1

pþ
kukpþþcþ�1

W0
� C

q�
kukq�þcþ�1

W0
� kC3

1� cþ

� �

:

Now, we consider the function

hðtÞ ¼ 1

pþ
tpþþcþ�1 � C

q�
tq�þcþ�1; t 2 ð0; 1Þ:

Since pþ\q� then h admits a strictly positive maximum at some q 2 ð0; 1Þ which is sufficiently small.
Hence, let us choose

k� ¼ 1� cþ

2C2

max
t2½0;1	

hðtÞ ¼ 1� cþ

2C2

hðqÞ[ 0;

then for any u 2 W0 with kukW0
¼ q we have

FkðuÞ� q1�cþ
�

hðqÞ � kC3

1� cþ

�
� q1�cþ

2
hðqÞ ¼ a[ 0

provided k 2 ð0; k�Þ. This completes the proof of Lemma 3.1. h

Lemma 3.2 For any k 2 ð0; k�Þ, we have

inf
kukW0

� q
FkðuÞ\0:

Proof Let u0 2 W0 be such that uþ0 is not identically zero. We infer for any t 2 ð0; 1Þ that
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Fkðtu0Þ ¼
ZZ

R2N

tpðx;yÞju0ðxÞ � u0ðyÞjpðx;yÞ

pðx; yÞjx� yjNþspðx;yÞ dxdy�
Z

X

tqðxÞju0jqðxÞ

qðxÞ dx

� k
Z

X

t1�cðxÞðuþ0 Þ
1�cðxÞ

1� cðxÞ dx

� tp�

p�
max

�
ku0kp�

W0
; ku0kpþ

W0

�
� kt1�c�

1� c�

Z

X
ðuþ0 Þ

1�cðxÞ dx:

From the last inequality and the fact that p�[ 1 [ 1� c�, there exists t0 [ 0 so small that Fkðt0u0Þ\0 and
t0\ q

ku0kW0

, which yields infkukW0
� q FkðuÞ�Fkðt0u0Þ\0. h

Lemma 3.3 inf
kukW0

� q
FkðuÞ is achieved in some w 2 W0.

Proof Fix k 2 ð0; k�Þ and let ðunÞ be a minimizing sequence for Fk with kunkW0
� q. Since ðunÞ is a

bounded sequence in W0, passing to a subsequence if necessary, there exists w 2 W0 such that un * w
weakly in W0 and kwkW0

� q. We deduce from Proposition 2.2 that unðxÞ converges to w(x) a.e. x 2 X and

un ! w in LqðxÞðXÞ. This means that

lim
n!1

Z

X

ðuþn Þ
qðxÞ

qðxÞ dx ¼
Z

X

ðwþÞqðxÞ

qðxÞ dx: ð3:5Þ

By Fatou’s lemma, we get

lim
n!1

ZZ

R2N

junðxÞ � unðyÞjpðx;yÞ

pðx; yÞjx� yjNþspðx;yÞ dxdy�
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ

pðx; yÞjx� yjNþspðx;yÞ dxdy: ð3:6Þ

Recalling the elementary inequality

jag � bgj � ja� bjg; 8a; b [ 0; 8g 2 ð0; 1Þ;

we obtain
Z

X

1

1� cðxÞ ðu
þ
n Þ

1�cðxÞ dx�
Z

X

1

1� cðxÞ ðw
þÞ1�cðxÞ dx

















�

Z

X

1

1� cðxÞ ju
þ
n � wþj1�cðxÞ dx

From (3.4), there exist C3 [ 0 and s0 2 X such that
Z

X

1

1� cðxÞ ju
þ
n � wþj1�cðxÞ dx� C3

1� cþ
jun � wj1�cðs0Þ

qðxÞ :

The above information combined with Proposition 2.2 implies that

lim
n!þ1

Z

X

1

1� cðxÞ ðu
þ
n Þ

1�cðxÞ dx ¼
Z

X

1

1� cðxÞ ðw
þÞ1�cðxÞ dx: ð3:7Þ

Now, using (3.5), (3.6) and (3.7) it follows that,

inf
kukW0

�q
FkðuÞ ¼ lim

n!þ1
FkðunÞ

�
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ

pðx; yÞjx� yjNþspðx;yÞ dxdy�
Z

X

ðwþÞqðxÞ

qðxÞ dx

�
Z

X

1

1� cðxÞ ðw
þÞ1�cðxÞ dx:

¼FkðwÞ:

Thus inf
kukW0

� q
FkðuÞ ¼ FkðwÞ and we completes the proof of Lemma 3.3. h

Now, we are in the position to prove our main result.
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Proof of Theorem 3.1 As a consequence of Lemmas 3.1-3.3, there exists k� such that for any k 2 ð0; k�Þ,
we obtain a function w 2 W0 as a nontrivial local minimizer of the functional Fk. We will prove that w is a
positive weak solution of problem ðPkÞ.

Let / 2 W0 be a nonnegative function a.e. in RN , we can choose t [ 0 sufficiently small such that
kwþ t/kW0

� q. Observe that

Fkðwþ t/Þ � FkðwÞ� 0; ð3:8Þ

from which, using the mean-value theorem and Fatou’s lemma, it holds that

lim inf
n!1

Z

X



ðwþ t/Þþ

�1�cðxÞ � ðwþÞ1�cðxÞ

ð1� cðxÞÞt dx�
Z

X
ðwþÞ�cðxÞ/ dx:

Hence,

lim
t!0þ

Fkðwþ t/Þ � FkðwÞ
t

�
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy

�
Z

X
ðwþÞqðxÞ�1/ dx� k

Z

X
ðwþÞ�cðxÞ/ dx:

ð3:9Þ

From (3.8) and (3.9), we have,
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy

�
Z

X
ðwþÞqðxÞ�1/ dx� k

Z

X
ðwþÞ�cðxÞ/ dx� 0;

ð3:10Þ

for any / 2 W0 and /� 0.
Clearly, if kwkW0

¼ q, then, thanks to Lemma 3.1, we have FkðwÞ� a [ 0 which contradicts Lemma 3.2,

and thus kwkW0
\q. Now, by taking d ¼ q�kwkW0

kwkW0

[ 0, we can see that

kwþ twkW0
� q; 8t 2 ½�d; d	:

Since the functional Fk has a local minimum w, the application t 7!Fkðwþ twÞ has a minimum at t0 ¼ 0, that
is,

lim
t!0

Fkðwþ twÞ � FkðwÞ
t

¼ 0;

or
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ

jx� yjNþspðx;yÞ dxdy�
Z

X
ðwþÞqðxÞ dx� k

Z

X
ðwþÞ1�cðxÞ dx ¼ 0: ð3:11Þ

Let e [ 0 and / 2 W0. By using /e ¼ wþ þ e/ as the test function in (3.10) we get
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/þe ðxÞ � /þe ðyÞÞ
jx� yjNþspðx;yÞ dxdy

�
Z

X
ðwþÞqðxÞ�1/þe dx� k

Z

X
ðwþÞ�cðxÞ/þe dx� 0:

Note that /þe ¼ /e þ /�e , the above inequality leads to
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ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞðwþðxÞ � wþðyÞÞ
jx� yjNþspðx;yÞ dxdy

þ e
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy

þ
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/�e ðxÞ � /�e ðyÞÞ
jx� yjNþspðx;yÞ dxdy

�
Z

X
ðwþÞqðxÞ dx� e

Z

X
ðwþÞqðxÞ�1/ dx�

Z

X
ðwþÞqðxÞ�1/�e dx

� k
Z

X
ðwþÞ1�cðxÞ dx� ek

Z

X
ðwþÞ�cðxÞ/ dx� k

Z

X
ðwþÞ�cðxÞ/�e dx� 0:

Observe that

k
Z

X
ðwþÞ�cðxÞ/�e dx� 0 and

Z

X
ðwþÞqðxÞ�1/�e dx� 0 ð3:12Þ

and

ðwðxÞ � wðyÞÞðwþðxÞ � wþðyÞÞ� jwþðxÞ � wþðyÞj2 ð3:13Þ

since wþðxÞw�ðxÞ ¼ 0 and wþðxÞw�ðyÞ� 0 a.e. x; y 2 RN . From (3.11), (3.12) and (3.13), we have

e

"ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy

�
Z

X
ðwþÞqðxÞ�1/ dx� k

Z

X
ðwþÞ�cðxÞ/ dx

#

þ
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/�e ðxÞ � /�e ðyÞÞ
jx� yjNþspðx;yÞ dxdy� 0:

ð3:14Þ

Set

Iðw;/�e Þ ¼
ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/�e ðxÞ � /�e ðyÞÞ
jx� yjNþspðx;yÞ dxdy

and

f/e� 0g ¼ fx 2 RN : /eðxÞ� 0g and f/e� 0gc ¼ RN n f/e� 0g;

we then deduce by using some direct computations and (3.13) that

Iðw;/�e Þ ¼ �
Z

f/e � 0g

Z

f/e � 0g

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/eðxÞ � /eðyÞÞ
jx� yjNþspðx;yÞ dxdy

þ 2

Z

f/e � 0g

Z

f/e � 0gc

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/�e ðxÞ � /�e ðyÞÞ
jx� yjNþspðx;yÞ dxdy:

Hence,
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Iðw;/�e Þ� � e
Z

f/e � 0g

Z

f/e � 0g

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy

þ 2

Z

f/e � 0g

Z

f/e � 0gc

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/�e ðxÞ � /�e ðyÞÞ
jx� yjNþspðx;yÞ dxdy

� � e
Z

f/e � 0g

Z

f/e � 0g

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy

� 2e
Z

f/e � 0g

Z

f/e � 0gc

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy;

and thus,

Iðw;/�e Þ� 2e
Z

f/e � 0g

Z

RN

jwðxÞ � wðyÞjpðx;yÞ�1j/ðxÞ � /ðyÞj
jx� yjNþspðx;yÞ dxdy: ð3:15Þ

Moreover, combining (3.14) and (3.15), we get
"ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy� k

Z

X
ðwþÞ�cðxÞ/ dx

�
Z

X
ðwþÞqðxÞ�1/ dx

#

þ 2

Z

f/e � 0g

Z

RN

jwðxÞ � wðyÞjpðx;yÞ�1j/ðxÞ � /ðyÞj
jx� yjNþspðx;yÞ dxdy� 0:

ð3:16Þ

Next, we set

Jðw;/Þ ¼ jwðxÞ � wðyÞjpðx;yÞ�1j/ðxÞ � /ðyÞj
jx� yjNþspðx;yÞ ;

for any n 2 N, it can be rewritten as
Z

f/e � 0g

Z

RN
Jðw;/Þ dxdy ¼

Z

f/e � 0g

Z

Bn

Jðw;/Þ dxdyþ
Z

f/e � 0g

Z

Bc
n

Jðw;/Þ dxdy; ð3:17Þ

where Bn ¼ Bð0; nÞ and Bc
n ¼ RN n Bn.

To estimate the terms in (3.17), we first remark that
ZZ

R2N
Jðw;/Þ dxdy\1 and measf/e� 0g ! 0; e! 0;

which yields

lim
n!1

Z

f/e � 0g

Z

Bc
n

Jðw;/Þ dxdy ¼ 0

and

lim
e!0

Z

f/e � 0g

Z

Bn

Jðw;/Þ dxdy ¼ 0;

for any n 2 N. In summary, we obtain from the above information that

lim
e!0

Z

f/e � 0g

Z

RN

jwðxÞ � wðyÞjpðx;yÞ�1j/ðxÞ � /ðyÞj
jx� yjNþspðx;yÞ dxdy ¼ 0: ð3:18Þ

From (3.17) and (3.18), we infer that
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ZZ

R2N

jwðxÞ � wðyÞjpðx;yÞ�2ðwðxÞ � wðyÞÞð/ðxÞ � /ðyÞÞ
jx� yjNþspðx;yÞ dxdy

�
Z

X
ðwþÞqðxÞ�1/ dx� k

Z

X
ðwþÞ�cðxÞ/ dx� 0;

for any / 2 W0. The arbitrariness of / gives that w is a nontrivial weak solution of ðPkÞ.
Now, we show that the solution w is positive. Indeed, testing (3.1) with / ¼ w� and using the inequality

ðwðxÞ � wðyÞÞðw�ðxÞ � w�ðyÞÞ� � jw�ðxÞ � w�ðyÞj2;

for any x, y a.e. in RN , we deduce that
Z

RN

Z

RN

jwðxÞ � wðyÞjpðx;yÞ�2ðw�ðxÞ � w�ðyÞÞ2

jx� yjNþspðx;yÞ dxdyþ
Z

X
ðwþÞqðxÞ�1w� dxþ k

Z

X

w�

ðwþÞcðxÞ
dx� 0:

Therefore, w� ¼ 0 in X. In conclusion, problem ðPkÞ admits a nontrivial positive weak solution w 2 W0.
The proof of Theorem 3.1 is now completely proved. h
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(1993).
23. J.J. LIU, Positive solutions of the p(x)-Laplace equation with singular nonlinearity, Nonlinear Anal.,72 (2010), 4428-4437.

123

110 A. Mokhtari et al.



24. J. LIU, Q. ZHANG AND C. ZHAO, Existence of positive solutions for p(x)-Laplacian equations with a singular nonlinear term,
Electron. J. Differ. Equ. Conf., 2014(155) (2014), 1-21.

25. J. J. LIU, Positive solutions of the p(x)-Laplace equation with singular nonlinearity, Nonlinear Anal., 72 (2010),
4428–4437.

26. A. MOHAMMED, Positive solutions of the p-Laplace equation with singular nonlinearity, J.Math. Anal. Appl. 352 (2009),
234–245.

27. T. MUKHERJEE AND K. SREENADH, On Dirichlet problem for fractional p-Laplacian with singular non-linearity , Adv.
Nonlinear Anal., 8 (2019), 52-72.

28. E. DI NEZZA, G. PALATUCCI AND E. VALDINOCI, Hitchhike guide to the fractional Sobolev spaces, Bull. Sci. Math., 136(5)
(2012), 521-573.
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