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Abstract This paper deals with a class of singular problems involving the fractional p(x,-)-Laplace
operator of the form

(—=A) e u(x) = 5+ uf™1 in Q,

u>0, in Q

u=0 on RV\Q,

where Q is a smooth bounded domain in R¥ (N >3), 0<s<1, A is a positive parameter and y : RY —
(0,1) is a continuous function, p: R*» — (1,00) is a bounded, continuous and symmetric function,
g:RY — (1,00) is a continuous function. Using the direct method of minimization combined with the
theory of fractional Sobolev spaces with variable exponents, we prove that the problem has one positive
solution for 4 > 0 small enough. To our best knowledge, this paper is one of the first attempts in the study of
singular problems involving fractional p(x, -)-Laplace operators.
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A fractional p(x, -)-Laplacian problem involving a singular term 101

1 Introduction

Let Q ¢ RV (N >3) be an open bounded Lipschitz domain and let s € (0,1). We consider the following
nonlocal singular problem

(—A);(x_,)u(x) = ﬁ + w1 in Q,
(P) u>0, in Q,
u=0, on R¥\Q,
where /1 is a positive parameter, p: RY x R¥ — (1,00) and g : R — (1,00) are two continuous
functions satisfying the following conditions

(H,) For all x,y € RY, p(x,y) = p(y,x) (i.e. p is symmetric) and sp(x,y) <N with
l<p” = inf_ plx,y)<p(xy)< sup p(r,y) =p" <oo,
(x,y)eRZN

(xy) R
Np(x, x) .
< * = d +< = f
q(x) <p"(x) N MdP<d inf q(x),

and y € C(R") verifies
(H2)
0<y™ := inf p(x) <p(x) < sup p(x) =19 <1.

xeRN xeRY

The operator (_A),S;(x,-) formally defined by

s o () = ()" (u(x) — u(y)) N
(—A)p(&)u(x) - 2}]_{% RY\B, (0 |)C _ y‘NvLSP(X,y) dy7 VxeR y

that generalizes the fractional p-Laplacian operator. In particular, if s = 1 then the fractional p-Laplace
operator (—A) (.) becomes the p-Laplace operator —A,(.) = —div(\V(.)V’*QV(.)) as usual. There is a

large literature which deal with problem involving the fractional p-Laplacian with Dirichlet boundary and
note that many papers deal with problem related to the constant case, see for example [7, 8, 20, 28, 34] and

references cited therein. On the other hand, the operator (—A);(X‘_) is a fractional version of the well-know

p(-)-Laplacian defined by A, u = div(|Vul’ (')_ZVu) which lead to Sobolev spaces with variable exponent;
we refer the readers to [13, 15, 23]. In [21], the authors have extended the Sobolev spaces with variable
exponents to include the fractional case which are called fractional Sobolev spaces with variable exponents
noted by W*4®)»() and also have proved a Sobolev-type inequality (see Proposition 2.2); moreover, note
that there are other that works have studied these type of problems; see [1, 4-6, 9, 10].

In the local setting case the problem (P;) becomes

—Apu = ﬁ—i— ud®-1 in Q,
u>0 in Q, (1.1)
u=20 on 0Q.

Here Q C RY, (N >2) be a bounded domain with C? boundary, 1 is a positive parameter. Unfortunately,
results for p(x)-Laplace equations with singular non-linearity are rare. ZHANG [35] obtain the existence and
the boundary asymptotic behavior of solutions to the purely singular p(x)-Laplace equation. Saoupr [30, 33]
has been extended the results of existence for more general problem. Fan [14] using the critical point theory,
investigate the existence and multiplicity of solutions for p(x)—Laplacian Dirichlet problem with singular
coefficients. Liu [25] generalized the results of [26] to the problem involving p(x)-Laplace operator by
making the similar assumptions.

Problems (P;) has been also studied with different elliptic operators. We refer the reader to the
monographs of GHERGU-RADULEscu [17] for a more general presentation of these results and the survey
article of CRANDALL-RABINOWITZ-TARTAR [12]. After this, many authors have been considered the problem
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102 A. Mokhtari et al.

above for Laplacian operators, p-Laplacian operators, fractional Laplacian or fractionalp-Laplacian, using
the technique used in [12] or a combination of this approach with the Nehari’s and Perron’s methods, among
others, we would like to mention CocLITE-PALMIERI [11], Giacomoni-Saoupi [18], and references therein in
the case of the laplacian equation. In Saoupr [32] the singular case with the p-Laplace operator equation is
considered. The corresponding quasilinear and singular N-Laplacian equation is considered in Saoupi-
KraTou [31].

The paper is organized as follows: In Section 2, we recall some results concerning the variable exponent
Lebesgue spaces, [7¥)(Q), as well as the generalized Sobolev spaces, W,” ®)(Q). Moreover, some prop-
erties of these spaces will be also exhibited to be used later. The proof of our results will be presented in
Section 3.

2 Preliminary results

In order to deal with fractional p(x,-)-Laplacian problems, we need to recall some definitions and basic
properties of the generalized Lebesgue space Lr(">(Q) as well as the fractional Sobolev space with variable
exponent WS"’(")”’(“‘")(Q). For more detailed information on this topic, we refer to the papers [4, 6, 21] and
the books [13, 29]. Let Q be a Lipschitz bounded open set in R". Firstly, we introduce the space C. (Q) as
follows

Ci(Q) :={ucC(Q), u(x)>1 foranyx c Q}.

For all r € C;.(Q), we denote r* := inf g r(x) and r~ := sup g r(x). For any r € C..(Q), we define the
variable exponent Lebesgue space
L'W(Q) = {u Q — R is mesurable : / |u(x) D dx< + oo}

which is equipped with the following Luxemburg norm

r(x)
] :=inf{,u>0:/ dxgl}.
Q

The space (L' (Q), |- |,(x)) becomes a separable and reflexive Banach space. As in the classical case, its
conjugate space is L” ) (Q), where ﬁ % = 1. Moreover, for any u € LYY (Q) and v € L (Q), we recall

P

u(x)
u

the Holder type inequality

Lowan) < (22 ool <200 1)
where r~ = inf r(x) and ¥~ = inf r(x).
Proposmonxfgi Let p,y) fQ x)|"™ dx. For any u € L"®(Q), we have
(1) Foru#0, |ul,, 7)L<:>p) =1L

2) I ful,y > 1, then |u| )< Py () <
3 If |bl| <1 then |M| < pr(x)( ) < |u|:(x)
4) lim p,( (g — u) = O <:> lim [u, —ul,,) =0

Now, let Q be a smooth open set in RY. Fix s € (0,1), letp: Q x Q — R be a continuous function which
satisfies

p is symmetric, that is, p(x,y) =p(y,x), V(x,y) € QxQ (2.2)
and
1< min p(x,y)<p(,y)< max p(x,y)< (2.3)
(xy)eQxQ (xy)€QxQ

For the above function p : Q x Q — R, we set p(x) := p(x,x) for all x € Q. Let us define the fractional
Sobolev space W*»)(Q) as follows
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p(xy
WoPE(Q) = Sy € [PW // —u0)| < oo for some u >0 »,
N-+tsp(x,y)
oxQ ,ul’ ) |x —y|
which is a reflexive Banach space under the norm
lllwrotcy = il + g™,
where [u];zp () denotes the Gagliardo seminorm with variable exponent defined by

[]’p(x))' inf{pu>0: // — )" <15.
QXQ#FX} |x |N+prw =

We recall the following compact embedding theorem into variable exponent Lebesgue spaces which is
established in [3], see also the papers [6, 21] for some related results.

Proposition 2.2 Let Q C RY be a Lipschitz bounded domain and s € (0,1), let p: Qx Q — R be a
continuous funcﬁon such that sp(x,y)<N for (x,y) € Q x Q and the conditions (2.2) and (2.3) hold.
Assume that o : Q — (1,400) is a continuous function such that

i) = ) a2 1,

for x € Q, then there exists a constant C = C(N, s, p, «, Q) such that for every u € W*?*¥)(Q) it holds that

|M|oc(x) < C||”||Wl-l’(xv,\')(g)'

That is, the space W*”¥)(Q) is continuously embedded in L**(Q) for any « € (1,p*). Moreover, this
embedding is compact.

In addition, when one considers function u € WS”’<X’-V)(Q) that is compactly supported inside Q, it holds
that

il < Clulg™.

Next, we consider the function space

_ _ p(x.y
W:=<du:R"Y — R is measurable, ul, € Y(Q) and 34> 0: / () = u()| Sl ,
0 ) |x — |N+sp

where Q0 = R* \ (Q° x Q°) and Q° = RY \ Q. Then W is a separable reflexive Banach space under the
norm

lully = luly + g
Moreover, if u € W then u € W*?*¥)(Q) and l[ut][ o ) < ||l yy- Now, we define the following space

Wy = {ue W and u=0 ae. on RN\Q}.
which is also a separable reflexive Banach space. .
As in Proposition 2.2, it is proved in [3] that, if & : Q — (1,+00) is a continuous function such that

i) = )

—_— > >o_>1
N — sp(x,x) wx) 2 ’

for x € Q, then there exists a constant C = C(N, s, p, o, Q) such that for every u € W it holds that
|ty < Clluell-

That is, the space W is continuously embedded in L**) (Q) for any o € (1, p*). Moreover, this embedding is
compact. We also note that the above results remain true if we replace W by Wy and the norms ||. ||y, =
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[“]Sép(x’)') and |.||,, are equivalent in Wj.

Proposition 2.3 (see [3]) Let u € Wy, we have

‘p(x

(1) If [|ufly, > 1. then ||u||”0_fm L))" < ||u H :
il 5%‘» Wo
@) If Jully. <1, then [ulfly, < Jrog il ‘flﬁw < Julliy,

3 Existence of positive solutions

In what follows, we denote by f* := max{g,0} and f~ := max{—g,0} respectively the positive and
negative part of a function f. For brevity, we will use C,C;,i = 1,2, ... to denote various positive constants
throughout this paper.

Definition 3.1 We call u € W, a weak solution of problem (P,) if it holds that

) — ") ~ D) =00 4y (001
. . dsdy = [ (@) g

y|N+€p
By RS
o (u+)r(x>
for all ¢ € W.

Theorem 3.1 Assume that the assumptions (H,) and (H,) hold. Then there exists .* such that for any
€ (0,1%), problem (P)) admits a positive weak solution.

(3.1)

To prove Theorem 3.1, let us define for each 4 > 0 the associating functional F; : Wy — R with problem

(P;) as
p(x.y) +14(x) +\1-7(x)
(u —// 1)v‘+ dxdy—/(u) dx—/l/i(u) dx.
r p(x,y) |x y|VHopes) o q(x) o l—7(x)

We first study the geometry conditions.

Lemma 3.1 There exist p >0, .* and o> 0 such that for any u € Wy with |ully, = p and for any
€ (0,1"), we have

F,(u)>o.

Proof Let u € Wy be such that max{||ul|y,, ||, } <1. Using Proposition 2.1, Proposition 2.3 and the
continuous embedding of W into L"("), we deduce that

1 + A ,
. —Nyli? +y1-7(x)
Fut) 2 — ully, == g, — 5= [ ")
By the Holder inequality (2.1) with exponents 07, (x) = ]q(} <>) and its conjugate 0, ,(x) = # (note that
both these exponents are greater than 1), there exists C; >0 such that
1—p(x 1—7p(x
L= acs el iy,
Q =10
On the other hand, by Proposition 2.1, we have
9(x)
=0
1=y(x)
M= / 7“‘()‘)”' dx=1. (32)
Q ’|u‘1*/(") o

Hence, by the mean value theorem, there exists t € Q such that
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q(x) q(t)
— / @ gy T @I
e q(7)
|M|q ‘|M|17/() =6 “MP*V(X) =10 JQ |M|Zg§
o Ee
Since
|u(x)|q(x) |
5 -
2 Julgy
we can rewrite M as
ulagy
M— q(x)
=7 =g >
“ ol

From (3.2) and (3.3), it follows that

Therefore, by the continuous embeddings, we have
/wﬂwﬁw<qM V< Csllully, Ve Wo. (3.4)
Q
From (3.4), we conclude that
1 C - ;u 17”('[)
F(u) > Ellull —q—,llulli’% —WQIIMIIWO*
1 C A
7|| ulfy, —*II 1%, C%|| [Fn
=yt prart—1 crt-1 4G
Ll (O—n I = Sl - )
Now, we consider the function
| o C .+
h(t)=—@ 77— @ 771 e (0,1).
(1) o = (0,1)

Since pt <g~ then h admits a strictly positive maximum at some p € (0, 1) which is sufficiently small.
Hence, let us choose
1 — vt 1 -yt

" max h(1) = — =~ h(p) > 0,

M=
2C, reon) 2C,

then for any u € Wy with ||ul|y, = p we have

a +
I JC3 Pl _
Fi(w)2 9" (ko) = =5 ) 2 Py k() = > 0
provided 4 € (0, 2%). This completes the proof of Lemma 3.1. O

Lemma 3.2 For any /. € (0,1"), we have
inf F,(u)<O0.

iy, <o

Proof Let uy € Wy be such that u is not identically zero. We infer for any ¢ € (0, 1) that

@ Springer
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_ p(x.y) tq(x) q(x)
5. (tuo) / / |u0 MNOJ(r bl ] dxdy — / ﬂ dx
RN px,y) | — VTP o 4q)

A7) ()1 (%)
A/de
o 11—k

P A 1y
< max {luollys oy} — 2 _/(ug) 9 gy
p -7V Ja

From the last inequality and the fact that p~ > 1 > 1 — 7y, there exists #o > 0 so small that F; (#uo) <0 and
< m, which yields infl\unO <p F;,(u) < Fi(l‘()uo) <0. O
0

Lemma 3.3 | H1nf F;(u) is achieved in some w € Wj.
Ullw,
Proof Fix 1 € ( (3 /1* and let (u,) be a minimizing sequence for F; with ||u,||y, <p. Since (u,) is a

bounded sequence in Wo, passing to a subsequence if necessary, there exists w € W() such that u, — w
weakly in Wy and ||wl|y, < p. We deduce from Proposition 2.2 that u,(x) converges to w(x) a.e. x € Q and

u, — w in L% (Q). This means that

+34(x) +14(x)
fim ) / W™ (3.5)
Q

n—oc Jo  q(x) q(x)

By Fatou’s lemma, we get

) 4 (x) — 14 (y) |17 x,y) wi(y )|P(X‘Y)
> . .
nlirl;lo //RZN x ,y ‘)C |N+3P x.y) y R p y|N+5P x.y) dXdy (3 6)

Recalling the elementary inequality

we obtain

|a'7_bf’l|§‘a_b|’7’ V(l,b>0, VWG (Oa1)7
1 (u+)1—‘/(x) dx _/ 1 (w+)1—7(x) dx
al—7y(x) " al—7(x)

1
< ut — w0 gy
< [t =
From (3.4), there exist C; > 0 and 7’ € Q such that

1 A C e
bW e G )
/glv(x) = S e =

The above information combined with Proposition 2.2 implies that

1 1 .
li 1= 4 :/ V@) gy .
n i ol —7(x) ) ) ol —7(x) ) ) (37)

Now, using (3.5), (3.6) and (3.7) it follows that,
inf F,1( )= lim F;(u,)
n—+00

llullwy <
p(xy) +39(x)
// () = (1\)/| 3 dxdy—/<w ) dx
B p(x, y)|x — yV ) o q(x)

_ 1 w7 gy
/Q 1—9(x) ()
=F,(w).

Thus " ‘mf F)(u) = F;(w) and we completes the proof of Lemma 3.3. O
W
Now, weoare in the position to prove our main result.

@ Springer



A fractional p(x, -)-Laplacian problem involving a singular term 107

Proof of Theorem 3.1 As a consequence of Lemmas 3.1-3.3, there exists A* such that for any 1 € (0, 1),
we obtain a function w € W as a nontrivial local minimizer of the functional F;,. We will prove that w is a
positive weak solution of problem (P,).

Let ¢ € W, be a nonnegative function a.e. in RY, we can choose 7 > 0 sufficiently small such that
lw+té||y, < p. Observe that

Fi(w + 1) — F;(w) >0, (3.8)

from which, using the mean-value theorem and Fatou’s lemma, it holds that

+11=7) 1—=y(x)
lim inf / v+ 19) (1} y (x))t(w+) d> / ()70 dx.
n—o00 Q — Q

Hence,

lim
t—0t

Fi(w + t¢> // )" (w(x) — W) = 40D 4,
RV N+sp(x

=yl (3.9)

- /(w*)q(’f)*lqﬁ dx — l/(er)*y Y dx.
Q Q
From (3.8) and (3.9), we have,

/s KO0 W) =400

N3
e — Ve (3.10)

—/(w*)'”_ ¢dx—i/(w+)_y(x)q5 dx >0,
Q Q
for any ¢ € Wy and ¢ > 0.

Clearly, if [|wl[y, = p, then, thanks to Lemma 3.1, we have F(w) > o > 0 which contradicts Lemma 3.2,

o~y

IIWH > 0, we can see that

and thus [|w||y, <p. Now, by taking 0 =
||W+M||W0§p7 V[E[—é,é].

Since the functional F; has a local minimum w, the application #—F;(w + tw) has a minimum at #y = 0, that
is,

]imOF;L(W + fVl;) - F;L(W) —0,
11—

|W w() [ +y4(x) +y1=7(x)
- y‘N“P“ dxdy — Q(w VI dx — A Q(w ) dx = 0. (3.11)

Let ¢ > 0 and ¢ € W,. By using ¢, = w' + ¢¢ as the test function in (3.10) we get

RS WO ) — WO = 10 g

| y|N+vp x,y)

- /(WJ“)Q(X)_l(j);r dx — i/(w’L)_” ¢ dx>0.
Q Q

Note that ¢+ ¢, + ¢, , the above inequality leads to

or
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x,y)—2
/e o)) <w<x>N WO ) = O)
R e =l
W72 (w(x) — W(y))(<l>(X) —90))
* 8//Rzzv | y|N+vp dxdy
W2 w(x) — w)(@, () — ¢, ()
// RV |x y|N+Sp x.y) dxdy
_ w4 gy W e — wH)O=1 o= gy
/()da/() Tgd— [ g d
- X — TG ax— 4 [ (wH) Ve dx>0.
/1/ M d si/ ¢ d )/Q( ) ¢, dx>0
Observe that
wH) 7@ b= ax wH) @1 o= gy )
)/Q( ) qﬁsdannd/Q( ) ¢, dx>0 (3.12)
and
(w(x) = w) W (x) = w* () = W' (x) = w* ()] (3.13)
since w* (x)w™(x) = 0 and w* (x)w™(y) >0 ae. x,y € RY. From (3.11), (3.12) and (3.13), we have
l Jf et O 20) — W) =0 g1
R e =yl
—/(w )4t d)dx—)/(w*)*y(x)qﬁ dx] (3.14)
Q
// G2 (w() *W(y))(di(X) =6 0) yegy o,
RV | y‘N-&-sp x.y)
Set
W2 (w(x) — w)) (¢, () — ¢, ()
//RZN |x y|N+Vva dxdy
and
{§, <0} = {x € B : §,(x) <O} and {$, <O} = R"\ {¢, <O},
we then deduce by using some direct computations and (3.13) that
] ) = wi)P 2 0n(x) — w0 (@) = 40D
{6, <0} J{g.<0) e — Ve
W2 (w(x) — w)(@, () — ¢, ()
2 dxdy.
* /d) <0} /¢ <0)* lx }’|N+Sp“ '

Hence,
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_ pxy)—2 _ _
/ ) = O™ 2wl) ~ WO =600
{

<f
(9, o, e — y[V Tl

[w(x) — w7 (w(x) — W(y))(di () — o, ()
- /{@ oz

|N+vp

I/\

0}

I/\

dxdy
¢, <0 |x —

/ () = w7 (wi) - WON@E) = P0)) 4y,
{

™
g\
S

b, < | y|N+sp
w(x) = w) 72 (w(x) - W(y))(¢(X) —¢0)
—2¢ dxdy,
/{@ <0} /{qag <0y lx — y|V Tl Y
and thus,
vz | [ |< >|pyx|>N 10 = 40 615

Moreover, combining (3.14) and (3.15), we get

w(x) = w2 ) = w))(p(x) — ¢0) )
l//[@ﬂv | dxdy )»/Q(w )W dx

x—y |N +sp(x.y)

o <2 W) = w900 = 0
0 (¢, <0y Jm

| y|N+Sp (x,y)

(3.16)

Next, we set

wx) = w)I™ () — ()]

| y|N+Sp x,y)

J(W7 ¢) =

for any n € N, it can be rewritten as

/ / ¢) dxdy = / / @) dxdy + / / J(w, ¢) dxdy, (3.17)
{¢. <0} JRY . <0} {¢.<0} /By

where B, = B(0,n) and B¢ = R" \ B,.
To estimate the terms in (3.17), we first remark that

// J(w, @) dxdy<oo and meas{¢p, <0} — 0, &—0,
RZN

lim/ /J(w,qb) dxdy =0
" . <0} By

lim/ / J(w, @) dxdy =0
=0 J(p. <0} /B,

for any n € N. In summary, we obtain from the above information that

o) = w2 0) — 60 (3.18)

|N+vp (%)

which yields

and

lim
=0 J{g, <0} JRY lx—y
From (3.17) and (3.18), we infer that

@ Springer




110 A. Mokhtari et al.

JIRCE WO 2000 — w0) (D) = )

| y|N+vp (x,y)

_ /(W-&-)q(X)*ld) dx—/l/(w"')*y(x)d) dx>0,
Q Q

for any ¢ € Wy. The arbitrariness of ¢ gives that w is a nontrivial weak solution of (P;).
Now, we show that the solution w is positive. Indeed, testing (3.1) with ¢ = w™ and using the inequality

(w(x) = w) W™ (@) =w™ () < = w™ () —w )P,

for any x, y a.e. in RY, we deduce that

pxy)—2, - 2 _
/ / WOl N(W (x) —w” () dxdy+/(w+)‘f<x>*1w— dx+z/7w —_ dx<0
RV JRY | y| +sp(x Q Q(W"’)’(x)

Therefore, w~ = 0 in Q. In conclusion, problem (P,) admits a nontrivial positive weak solution w € Wj.
The proof of Theorem 3.1 is now completely proved. O
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