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1 Introduction

The Korteweg–de Vries (for short, KdV) equation

ut þ ux þ uxxx þ uux ¼ 0

was first derived by Korteweg and de Vries in 1895 as a model for propagation of some surface water waves
along a channel. The KdV equation has been intensively studied from various aspects of both mathematics
and physics since the 1960s. It turns out that the equation is not only a good model for some water waves but
also a very useful approximation model in nonlinear studies whenever one wishes to include and balance a
weak nonlinearity and weak dispersive effects.

The KdV equation has been studied extensively:

• Attractor: [9, 19, 20, 31];
• Forced oscillations: [1, 10, 22, 30];
• Asymptotic stability: [5, 27];
• Unique continuation property: [24, 26, 33];
• Inverse problem: [12];
• Controllability: [13–16, 25];
• Optimal control: [11];
• Stabilization: [4, 24, 29, 32];
• Well-posedness: [2, 3, 21]; � � � � � � Recurrent solutions problem is one of center topics in the qualitative

theory of differential equations and dynamical systems, which started from Poincaré and Lyapunov, even
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Newton for the proof of Keplers law. Recurrent behavior of solutions of partial differential equations
arises from many biological, chemical, and physical systems, and various methods have been proposed
for the study of the existence and qualitative property of recurrent solutions.

In this paper, we consider the following equation

ut þ ux þ uxxx þ uux ¼ 0

uð0; tÞ ¼ uðtÞ; uð1; tÞ ¼ 0

uxð1; tÞ ¼ auxð0; tÞ

8
<

:

in I � R

in R

in R;
ð1:1Þ

where jaj\1; I ¼ ð0; 1Þ and uðtÞ is boundary force. This model has been discussed in [32].
Motivated by previous research and from both physical and mathematical standpoints, the following

mathematical question arises naturally which is important from the point of view of dynamical systems:

• Does (1.1) have bounded solution, periodic solution, quasi-periodic solution and almost periodic
solution?

In this paper we will answer this question. We will establish Massera type theorems for the periodic solution,

quasi-periodic solution and almost periodic solution for (1.1).
This paper is organized as follows. In Sect. 2, we some preliminary results. In Sects. 3–6, we will prove

the main results in this paper.

2 Preliminaries

2.1 Mathematical setting

We introduce the following mathematical settings:

• We denote by C1ðRÞ a function space whose elements are continuously differentiable complex-valued

functions on R. The norm on C1ðRÞ is

kukC1ðRÞ ¼ kukCðRÞ þ kutkCðRÞ;

for any u 2 C1ðRÞ: Set

C1
bðRÞ ¼ fu 2 C1ðRÞ : kukC1ðRÞ\þ1g:

• We denote by L2ðIÞ the space of all Lebesgue square integrable complex-valued functions on I. The inner

product on L2ðIÞ is

ðu; vÞ ¼ R

Z

I

uvdx;

for any u; v 2 L2ðIÞ; where � denotes the conjugate of �. The norm on L2ðIÞ is

kuk ¼ ðu; uÞ
1
2;

for any u 2 L2ðIÞ: HsðIÞðs� 0Þ are the classical Sobolev spaces of complex-valued functions on I. The
definition of HsðIÞ can be found in [23], the norm on HsðIÞ is k � kHsðIÞ:

• Set X ¼ CbðR;H1ðIÞÞ; the norm on X is defined by

kukX ¼ sup
t2R
kuðtÞkH1ðIÞ:

Set Xq ¼ fu 2 X j kukX � qg:
• The letter C with or without subscripts denotes positive constants whose value may change in different

occasions. We will write the dependence of constant on parameters explicitly if it is essential.
• k�[ 0 is the smallest constant such that the following inequality holds

kuxk2� k�kuk2;

where u 2 H1
0ðIÞ: In the sequel, we frequently use the Agmon inequality in one dimension:
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kukL1ðIÞ �CkukH1ðIÞ;

for any u 2 H1ðIÞ; where C is a positive constant depending only on I. We also use the following property

of H1ðIÞ:
ku1u2kH1ðIÞ �Cku1kH1ðIÞku2kH1ðIÞ;

for any u1; u2 2 H1ðIÞ; where C is a positive constant depending only on I.

2.2 Semigroup associated with linear KdV operator

Let A : DðAÞ ! L2ðIÞ be the linear operator defined by

Au ¼ �ux � uxxx

with

DðAÞ ¼ fu 2 H3ðIÞ j uð0Þ ¼ 0 ¼ uð1Þ; uxð1Þ ¼ auxð0Þg:

It is easily verified that

A�v ¼ vx þ vxxx

with

DðA�Þ ¼ fv 2 H3ðIÞ j vð0Þ ¼ 0 ¼ vð1Þ; avxð1Þ ¼ vxð0Þg:

Proposition 2.1 A generates a C0-semigroup of contractions on L2ðIÞ.
Proof Noting that

ðAu; uÞ ¼
Z

I

ð�ux � uxxxÞudx ¼ 1

2
ða2 � 1Þu2

xð0Þ� 0;

ðA�v; vÞ ¼
Z

I

ðvx þ vxxxÞvdx ¼ 1

2
ða2 � 1Þv2

xð1Þ� 0:

Thus, both A and its adjoint A� are dissipative. It follows from [28, Corollary 4.4, Chap. 1] that A generates a

C0-semigroup of contractions on L2ðIÞ. h

From now on, we denote by fSðtÞgt� 0 the C0-semigroup associated with A, then SðtÞu0 is the mild solution
of the linearized system

ut þ ux þ uxxx ¼ 0

uð0; tÞ ¼ 0 ¼ uð1; tÞ
uxð1; tÞ ¼ auxð0; tÞ

uðx; 0Þ ¼ u0ðxÞ

8
>><

>>:

in I � Rþ

in Rþ

in Rþ

in I

ð2:1Þ

for any given initial data u0 2 L2ðIÞ.
Proposition 2.2 If u is the solution of (2.1), we have

kuð; TÞk� ku0k;

ð1� a2Þ
Z T

0

u2
xð0; tÞdt�ku0k2;

kukL2ð0;T ;H1ðIÞÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

1

1� a2
þ 4T

� �s

ku0k;

ð2:2Þ

for any T � 0:

Proof Straightforward calculation shows that
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Z

I

uutdx ¼ 1

2

d

dt

Z

I

u2dx;

Z

I

uuxdx ¼ 0;

Z

I

uuxxxdx ¼ 1

2
ð1� a2Þu2

xð0; tÞ;

thus, it holds that

1

2

d

dt

Z

I

u2dxþ 1

2
ð1� a2Þu2

xð0; tÞ ¼ 0;

this implies

kuð�;TÞk2 þ ð1� a2Þ
Z T

0

u2
xð0; tÞdt ¼ ku0k2:

It is easy to see that the first inequality and the second inequality in (2.2) hold.
Similarly, we can obtain that

Z

I

xuutdx ¼ 1

2

d

dt

Z

I

xu2dx;

Z

I

xuuxdx ¼ � 1

2

Z

I

u2dx;

Z

I

xuuxxxdx ¼ 3

2

Z

I

u2
xdx� 1

2
u2

xð1; tÞ;

thus, it holds that

1

2

d

dt

Z

I

xu2dxþ 3

2

Z

I

u2
xdx ¼ 1

2

Z

I

u2dxþ 1

2
u2

xð1; tÞ;

namely, we have
Z

I

xu2ðx; TÞdxþ 3

Z T

0

Z

I

u2
xdxdt ¼

Z

I

xu2
0dxþ

Z T

0

Z

I

u2dxdt þ
Z T

0

u2
xð1; tÞdt:

With the help of this inequality and the first two inequalities in (2.2), one finds that
Z

I

xu2ðx;TÞdxþ 3

Z T

0

Z

I

u2
xdxdt ¼

Z

I

xu2
0dxþ

Z T

0

Z

I

u2dxdt þ
Z T

0

u2
xð1; tÞdt

�
Z

I

u2
0dxþ

Z T

0

Z

I

u2dxdt þ a2

Z T

0

u2
xð0; tÞdt

�
Z

I

u2
0dxþ

Z T

0

Z

I

u2dxdt þ a2

ð1� a2Þ ku0k2

�
Z

I

u2
0dxþ T

Z

I

u2
0dxþ a2

ð1� a2Þ ku0k2

¼ðT þ 1

ð1� a2ÞÞku0k2:

Thus, we can obtain that
Z T

0

Z

I

u2
xdxdt� 1

3
ðT þ 1

ð1� a2ÞÞku0k2;

namely, we have
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kuk2
L2ð0;T ;H1ðIÞÞ ¼

Z T

0

Z

I

u2dxdt þ
Z T

0

Z

I

u2
xdxdt

� T

Z

I

u2
0dxþ 1

3
T þ 1

ð1� a2Þ

� �

ku0k2

¼ 1

3
4T þ 1

ð1� a2Þ

� �

ku0k2:

This implies the third inequality in (2.2). h

According to Proposition 2.2, we can show that

Proposition 2.3 If u0 2 L2ðIÞ; we have

kSðtÞu0k� ku0k;

kSð�Þu0kL2ð0;T ;H1ðIÞÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

1

1� a2
þ 4T

� �s

ku0k;

where t� 0:

Proposition 2.4 ([4, 32]) There exist x [ 0 and C [ 0 such that

kSðtÞu0k�Ce�xtku0k;

where t� 0:

We set

Hn
aðIÞ ¼ fu 2 HnðIÞ j uð3iÞð0Þ ¼ 0 ¼ uð3iÞð1Þ; uð3iþ1Þð1Þ ¼ auð3iþ1Þð0Þg;

as long as the indicated derivatives are of order � n� 1: The norm and inner product in Hn
aðIÞ are inherited

from HnðIÞ:
Proposition 2.5 There exists x [ 0 such that for any k ¼ 0; 1; 2; 3; we can find Ck [ 0 such that

kSðtÞu0kHk
aðIÞ �Cke�xtku0kHk

aðIÞ;

where t� 0:

Proof The main idea comes from [5, P2029, Lemma 2.3] and [24, P940, Proof of Proposition 2.7].
The case k ¼ 0 can be obtained from Proposition 2.4.
For any u0 2 DðAÞ, let us define

uð�; tÞ ¼ SðtÞu0:

Let v ¼ ut ¼ Au: Then v is the mild solution of the system

vt ¼ Av;
vðx; 0Þ ¼ v0ðxÞ ¼ ðAu0ÞðxÞ 2 L2ðIÞ:

�

Hence, it follows from Proposition 2.4 that

kvð�; tÞk�Ce�xtkv0k:

Since the norms kuk þ kAuk and kukDðAÞ are equivalent on D(A), we conclude that, for some constant C�
independent of u0 and t� 0; we have

kuðtÞkDðAÞ �C�e
�xtku0kDðAÞ;

Then the result of Proposition 2.5 follows by a standard interpolation argument. h

Proposition 2.6 There exists C [ 0 such that for any t [ 0; it holds that
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kSðtÞu0kH1ðIÞ �C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

t
þ 1

r

ku0k

for any u0 2 L2ðIÞ:
Proof Let t� 0 be fixed. For every u0 2 L2ðIÞ, by Proposition 2.2, the estimate

kSð�Þu0kL2ð0; t
2
;H1ðIÞÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

1

1� a2
þ 2t

� �s

ku0k

holds. Then, arguing by contradiction, we get the existence of s 2 0; t
2

� �
such that

kSðsÞu0kH1ðIÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

1

1� a2
þ 2t

� �s ffiffiffi
2

t

r

ku0k:

Thus, we have

kSðtÞu0kH1ðIÞ ¼kSðt � sÞSðsÞu0kH1ðIÞ

�C1kSðsÞu0kH1ðIÞ

�C1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

1

1� a2
þ 2t

� �s ffiffiffi
2

t

r

ku0k

¼C1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

1

1� a2

2

t
þ 4

� �s

ku0k:

h

3 Bounded solution of (1.1)

In this section, we consider the bounded solution of (1.1). First, we introduce the definition of solution of
(1.1).

3.1 The definition of solution of (1.1)

By using a change of variable, we set

yðx; tÞ ¼ uðx; tÞ þ AðxÞuðtÞ;

where

AðxÞ ¼ a� 1

aþ 1
x2 þ 2

aþ 1
x� 1:

If u satisfies (1.1), y satisfies

yt þ yx þ yxxx þ yyx þ ayx þ by ¼ f
yð0; tÞ ¼ 0 ¼ yð1; tÞ
yxð1; tÞ ¼ ayxð0; tÞ

8
<

:

in I � R

in R

in R

ð3:1Þ

where

a ¼ �Au;

b ¼ �Axu;

f ¼ Au0 þ Axu� AAxu
2:

Definition 3.1 If y is the mild solution to (3.1), namely, it satisfies the corresponding integral equation
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yðtÞ ¼ Sðt � rÞyðrÞ þ
Z t

r

Sðt � sÞð�yyx � ayx � byþ f ÞðsÞds

for all t� r and each r 2 R, then

uðx; tÞ ¼ yðx; tÞ � AðxÞuðtÞ

is called a solution to (1.1).

3.2 Bounded solution of (1.1)

Theorem 3.1 There exists a constant e [ 0 such that for any

kukC1ðRÞ � e;

(1.1) admits a unique solution

u 2 XCe;

where C [ 0 is a constant independent of e:

Proof Straightforward calculation shows that
Z 1

0

e�
x
2
s

ffiffiffi
1

s

r

ds ¼ 2

Z 1

0

e�
x
2
sd

ffiffiffi
s
p

¼x
Z 1

0

e�
x
2
s ffiffiffi

s
p

ds

¼x
Z 1

0

e�
x
4
se�

x
4
s ffiffiffi

s
p

ds:

Set

hðsÞ ¼ e�
x
2
ss;

we have

h0ðsÞ ¼ 1� x
2

s
� 	

e�
x
2
s;

thus, it holds that

hðsÞ� h
2

x

� �

¼ 2e�1

x
;

this implies that

e�
x
4
s ffiffiffi

s
p
�

ffiffiffiffiffiffiffiffiffiffi
2e�1

x

r

;

then

Z 1

0

e�
x
2
s

ffiffiffi
1

s

r

ds�x
Z 1

0

e�
x
4
s

ffiffiffiffiffiffiffiffiffiffi
2e�1

x

r

ds

¼4

ffiffiffiffiffiffiffiffiffiffi
2e�1

x

r

:

ð3:2Þ

On the other hand, we have
Z 1

0

e�
x
2
sds ¼ 2

x
: ð3:3Þ

It is not difficult to show that
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Z t

�1
Sðt � sÞyð�; sÞyxð�; sÞds



















H1ðIÞ

¼
Z t

�1
S

t � s

2

� 	
S

t � s

2

� 	
yð�; sÞyxð�; sÞds



















H1ðIÞ

�
Z t

�1
S

t � s

2

� 	
S

t � s

2

� 	
yð�; sÞyxð�; sÞ















H1ðIÞ
ds

�C1

Z t

�1
e�

x
2
ðt�sÞ S

t � s

2

� 	
yð�; sÞyxð�; sÞ















H1ðIÞ
ds

�C

Z t

�1
e�

x
2
ðt�sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

2

t � s
þ 1

r

kyð�; sÞyxð�; sÞkds

�C

Z t

�1
e�

x
2
ðt�sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

t � s
þ 1

r

kyð�; sÞkL1ðIÞkyxð�; sÞkds

�C

Z t

�1
e�

x
2
ðt�sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

t � s
þ 1

r

kyð�; sÞkH1ðIÞkyð�; sÞkH1ðIÞds

�C

Z t

�1
e�

x
2
ðt�sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

t � s
þ 1

r

ds � kyk2
X

¼ C

Z 1

0

e�
x
2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

s
þ 1

r

ds � kyk2
X;

then, according to (3.2) and (3.3), we have
Z t

�1
Sðt � sÞyðsÞyxðsÞds



















H1ðIÞ
�C

Z 1

0

e�
x
2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

s
þ 1

r

ds � kyk2
X

�C

Z 1

0

e�
x
2
s

ffiffiffi
1

s

r

þ 1

 !

ds � kyk2
X

�C
1
ffiffiffiffi
x
p þ 1

x

� �

kyk2
X;

ð3:4Þ

by the same method, we can obtain that for any y; z 2 X,
Z t

�1
Sðt � sÞað�; sÞyxð�; sÞds



















H1ðIÞ
�C

1
ffiffiffiffi
x
p þ 1

x

� �

kakXkykX; ð3:5Þ

Z t

�1
Sðt � sÞbð�; sÞyð�; sÞds



















H1ðIÞ
�C

1
ffiffiffiffi
x
p þ 1

x

� �

kbkXkykX; ð3:6Þ

Z t

�1
Sðt � sÞað�; sÞðyð�; sÞ � zð�; sÞÞxds



















H1ðIÞ
�C

1
ffiffiffiffi
x
p þ 1

x

� �

kakXky� zkX; ð3:7Þ

Z t

�1
Sðt � sÞbð�; sÞðyð�; �; sÞ � zð�; sÞÞds



















H1ðIÞ
�C

1
ffiffiffiffi
x
p þ 1

x

� �

kbkXky� zkX; ð3:8Þ
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Z t

�1
Sðt � sÞf ð�; sÞds



















H1ðIÞ
�
Z t

�1
kSðt � sÞf ð�; sÞkH1ðIÞds

�C

Z t

�1
e�xðt�sÞkf ð�; sÞkH1ðIÞds

�C

Z t

�1
e�xðt�sÞds � kfkX

¼ C

Z 1

0

e�xsds � kfkX

¼ C

x
kfkX

ð3:9Þ

and
Z t

�1
Sðt � sÞ½yð�; sÞyxð�; sÞ � zð�; sÞzxð�; sÞ�ds



















H1ðIÞ

�C

Z t

�1
e�

x
2
ðt�sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

t � s
þ 1

r

kyð�; sÞyxð�; sÞ � zð�; sÞzxð�; sÞkds

�C

Z t

�1
e�

x
2
ðt�sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

t � s
þ 1

r

ky2ð�; sÞ � z2ð�; sÞkH1ðIÞds

�C

Z t

�1
e�

x
2
ðt�sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

t � s
þ 1

r

ds � ky� zkXkyþ zkX

¼ C

Z 1

0

e�
x
2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� a2

1

s
þ 1

r

ds � ky� zkXkyþ zkX

�C
1
ffiffiffiffi
x
p þ 1

x

� �

ky� zkXkyþ zkX:

ð3:10Þ

We set

ðT yÞðtÞ ¼
Z t

�1
Sðt � sÞð�yyx � ayx � byþ f Þð�; sÞds:

It is obvious that

kT ykX �C
1
ffiffiffiffi
x
p þ 1

x

� �

kyk2
X þ C

1
ffiffiffiffi
x
p þ 1

x

� �

ðkakX þ kbkXÞkykX þ
C

x
kfkX;

kT y� T zkX �C
1
ffiffiffiffi
x
p þ 1

x

� �

ky� zkXkyþ zkX þ C
1
ffiffiffiffi
x
p þ 1

x

� �

ðkakX þ kbkXÞky� zkX:

Therefore, for any y; z 2 Xq; we have

kT ykX �C
1
ffiffiffiffi
x
p þ 1

x

� �

q2 þ C
1
ffiffiffiffi
x
p þ 1

x

� �

ðkakX þ kbkXÞqþ
C

x
kfkX;

kT y� T zkX �C
1
ffiffiffiffi
x
p þ 1

x

� �

qky� zkX þ C
1
ffiffiffiffi
x
p þ 1

x

� �

ðkakX þ kbkXÞky� zkX:

Since

kukC1ðRÞ � e;

we have

kakX �Ce; kbkX �Ce; kfkX �Ce;

where C [ 0 is a constant independent of e:
If we take
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e	 1 and q	 1

such that

C
1
ffiffiffiffi
x
p þ 1

x

� �

q� 1

3
;

C
1
ffiffiffiffi
x
p þ 1

x

� �

ðkakX þ kbkXÞ\
1

3
;

C

x
kfkX ¼

1

3
q;

it holds that

kT ykX � q;

kT y� T zkX �
2

3
ky� zkX:

By the Banach fixed point theorem, there exists a unique y 2 Xq such that

T y ¼ y:

Since yðx; tÞ ¼ uðx; tÞ þ AðxÞuðtÞ; we have

kukX �Ce;

where C [ 0 is a constant independent of e: h

4 Periodic solution of (1.1)

In this section, we consider periodic solution of (1.1).

Theorem 4.1 Let

kukC1ðRÞ � e;

where e is the same constant as in Theorem 3.1. If u is a T-periodic function, the solution u to (1.1) obtained
by Theorem 3.1 is also T-periodic function.

Proof Since u is the solution to (1.1), we have vð�; tÞ ¼ uð�; t þ TÞ is the solution to

vt þ vx þ vxxx þ vvx ¼ 0

vð0; tÞ ¼ uðt þ TÞ; vð1; tÞ ¼ 0

vxð1; tÞ ¼ avxð0; tÞ

8
<

:

in I � R

in R

in R:
ð4:1Þ

according to the local uniqueness of the solution of (1.1), we have

uð�; tÞ ¼ vð�; tÞ ¼ uð�; t þ TÞ:

Namely, u is a periodic function in t. h

5 Quasi-periodic solution of (1.1)

In this section, we consider quasi-periodic solution of (1.1). First, we introduce the quasi-periodic function.

5.1 Quasi-periodic function

Let f(x, t) be a continuous function defined on I � R with values in R. We denote by ei a unit vector in Rk

such that the ith component is 1 and the others are zero.
Assume that x1;x2; . . .;xk 2 R. x1;x2; . . .;xk are called rationally independent if
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m1x1 þ m2x2 þ � � � þ mkxk 6¼ 0; 8m1;m2; . . .;mk 2 Q n f0g;

where Q is the set of all rational numbers.
A function f(x, t) is said to �x-quasi-periodic in t uniformly with respect to x 2 I; if there is a finite

number of nonzero real numbers x1;x2; . . .;xk which are rationally independent and a function Fðx; uÞ 2
CðI � Rk;RÞ such that

f ðx; tÞ ¼ Fðx; tx1; tx2; . . .; txkÞ ¼ Fðx; t �xÞ

for all t 2 R and x 2 I; where �x ¼ ðx1;x2; . . .;xkÞ; and

Fðx; uþ 2peiÞ ¼ Fðx; uÞ

for all u 2 Rk and x 2 I; i ¼ 1; 2; . . .; k: The numbers x1;x2; . . .;xk are called basic frequencies of f.

5.2 Quasi-periodic solution of (1.1)

Theorem 5.1 Let

kukC1ðRÞ � e;

where e is the same constant as in Theorem 3.1. If u is a quasi-periodic function, the solution u to (1.1)
obtained by Theorem 3.1 is also a quasi-periodic function. Moreover, if uðtÞ is a �x-quasi-periodic function
in t, x1;x2; . . .;xk are rationally independent, then u is �x-quasi-periodic function in t.

Proof To prove Theorem 5.1, we need to borrow some ideas developed in [6–8, 17].
Since the mappings u are �x-quasi-periodic in t 2 R; there exist functions UðuÞ 2 CðRk;RÞ such that

Uðuþ 2peiÞ ¼ UðuÞ;

for all u 2 Rk, i ¼ 1; 2; . . .; k and

uðtÞ ¼ Uðtx1; tx2; . . .; txkÞ ¼ Uð �xtÞ;

for all t 2 R:
We set

�a ¼ ða1; a2; . . .; akÞ; u�aðtÞ ¼ Uð �xt þ �aÞ:

By Theorem 3.1, let u�aðx; tÞ be the unique bounded solution to (1.1) with boundary force u�aðtÞ:
We define

Uðx; �aÞ ¼ u�aðx; 0Þ: ð5:1Þ

It holds that

u�aðx; t þ hÞ ¼ uh �xþ�aðx; tÞ: ð5:2Þ

Indeed, uh �xþ�aðx; tÞ is the unique solution to (1.1) corresponding to function uh �xþ�aðtÞ and u�aðx; t þ hÞ is the
unique solution to (1.1) corresponding to the function u�aðt þ hÞ:

Since

uh �xþ�aðtÞ ¼ Uð �xt þ h �xþ �aÞ ¼ U1ð �xðt þ hÞ þ �aÞ ¼ u�aðt þ hÞ;

it follows from Theorem 3.1 that uh �xþ�aðx; tÞ ¼ u�aðx; t þ hÞ:
By setting t ¼ 0 in (5.2), and according to (5.1), it holds that

u�aðx; hÞ ¼ uh �xþ�aðx; 0Þ ¼ Uðx; h �xþ �aÞ:

According to the arbitrariness of h, we have

u�aðx; tÞ ¼ Uðx; t �xþ �aÞ: ð5:3Þ

Next, we claim that Uðx; �aÞ ¼ Uðx; a1; a2; . . .; akÞ has the period 2p with respect to each argument ai.
In fact, according to (5.1), it is easy to see that

Uðx; �aþ 2peiÞ ¼ u�aþ2pei
ðx; 0Þ;
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where fei j i ¼ 1; 2; . . .; kg is the standard basis in Rk:
It can be deduced that u�aþ2pei

ðx; tÞ is the solution to (1.1) corresponding to the function

u�aþ2pei
ðtÞ ¼ Uð �xt þ �aþ 2peiÞ ¼ Uð �xt þ �aÞ ¼ u�aðtÞ:

According to Theorem 3.1, we have

u�aþ2pei
ðx; tÞ ¼ u�aðx; tÞ;

in particular, by taking t ¼ 0; this implies u�aþ2pei
ðx; 0Þ ¼ u�aðx; 0Þ. Thus, it holds that

Uðx; �aþ 2peiÞ ¼ u�aþ2pei
ðx; 0Þ ¼ u�aðx; 0Þ ¼ Uðx; �aÞ:

If we take �a ¼ ð0; 0; . . .; 0Þ in (5.3), the external force u�aðtÞ ¼ uðtÞ, we have

uðx; tÞ ¼ Uðx; t �xÞ;

namely, u(x, t) is a �x-quasi-periodic function in t.
h

6 Almost periodic solution of (1.1)

In this section, we consider almost periodic solution of (1.1). First, we introduce the almost periodic
function.

Definition 6.1 Let (Y, d) be separable and complete metric space. Let f be a continuous mapping from R to
Y. The function f is said to be almost periodic if for every e [ 0, there exists a constant lðeÞ[ 0 such that
any interval of length lðeÞ contains at least a number s for which

sup
t2R

dðf ðt þ sÞ; f ðtÞÞ\e:

Theorem 6.1 Let

kukC1ðRÞ � e;

where 0\e	 1. If u;u0 are almost periodic functions, the solution u to (1.1) obtained by Theorem 3.1 is
also almost periodic function.

Proof We use the ideas in [18]. To simplify the notations, in the following we will denote y(x, t) by y(t)
and the same for functions a, b and f. Straightforward calculation shows that
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kyðt þ rÞ � yðtÞkH1ðIÞ ¼
Z tþr

�1
Sðt þ r� sÞð�yyx � ayx � byþ f ÞðsÞds










�
Z t

�1
Sðt � sÞð�yyx � ayx � byþ f ÞðsÞds










H1ðIÞ

¼
Z t

�1
Sðt � sÞð�yyx � ayx � byþ f Þðsþ rÞds










�
Z t

�1
Sðt � sÞð�yyx � ayx � byþ f ÞðsÞds










H1ðIÞ

�
Z t

�1
Sðt � sÞ½yðsþ rÞyxðsþ rÞ � yðsÞyxðsÞ�ds



















H1ðIÞ

þ
Z t

�1
Sðt � sÞ½aðsþ rÞyxðsþ rÞ � aðsÞyxðsÞ�ds



















H1ðIÞ

þ
Z t

�1
Sðt � sÞ½bðsþ rÞyðsþ rÞ � bðsÞyðsÞ�ds



















H1ðIÞ

þ
Z t

�1
Sðt � sÞ½f ðsþ rÞ � f ðsÞ�ds



















H1ðIÞ
:

According to (3.4) and (3.10), it is easy to see that
Z t

�1
Sðt � sÞ½yð�; sþ rÞyxð�; sþ rÞ � yð�; sÞyxð�; sÞ�ds



















H1ðIÞ

�C
1
ffiffiffiffi
x
p þ 1

x

� �

kyð� þ rÞ � yð�ÞkXkyð� þ rÞ þ yð�ÞkX;

Z t

�1
Sðt � sÞ½aðsþ rÞyxðsþ rÞ � aðsÞyxðsÞ�ds



















H1ðIÞ

�
Z t

�1
Sðt � sÞ½aðsþ rÞyxðsþ rÞ � aðsþ rÞyxðsÞ�ds



















H1ðIÞ

þ
Z t

�1
Sðt � sÞ½aðsþ rÞyxðsÞ � aðsÞyxðsÞ�ds



















H1ðIÞ

�C
1
ffiffiffiffi
x
p þ 1

x

� �

kakXkyð� þ rÞ � yð�ÞkX þ C
1
ffiffiffiffi
x
p þ 1

x

� �

kykXkað� þ rÞ � að�ÞkX

and
Z t

�1
Sðt � sÞ½bðsþ rÞyðsþ rÞ � bðsÞyðsÞ�ds



















H1ðIÞ

�
Z t

�1
Sðt � sÞ½bðsþ rÞyðsþ rÞ � bðsþ rÞyðsÞ�ds



















H1ðIÞ

þ
Z t

�1
Sðt � sÞ½bðsþ rÞyðsÞ � bðsÞyðsÞ�ds



















H1ðIÞ

�C
1
ffiffiffiffi
x
p þ 1

x

� �

kbkXkyð� þ rÞ � yð�ÞkX þ C
1
ffiffiffiffi
x
p þ 1

x

� �

kykXkbð� þ rÞ � bð�ÞkX:

We conclude that
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kyð� þ rÞ � yð�ÞkX

�C
1
ffiffiffiffi
x
p þ 1

x

� �

kyð� þ rÞ � yð�ÞkXkyð� þ rÞ þ yð�ÞkX þ C
1
ffiffiffiffi
x
p þ 1

x

� �

kakXkyð� þ rÞ

� yð�ÞkX

þ C
1
ffiffiffiffi
x
p þ 1

x

� �

kykXkað� þ rÞ � að�ÞkX þ C
1
ffiffiffiffi
x
p þ 1

x

� �

kbkXkyð� þ rÞ � yð�ÞkX

þ C
1
ffiffiffiffi
x
p þ 1

x

� �

kykXkbð� þ rÞ � bð�ÞkX þ
C

x
kf ð� þ rÞ � f ð�ÞkX

¼ C
1
ffiffiffiffi
x
p þ 1

x

� �

kyð� þ rÞ � yð�ÞkXkyð� þ rÞ þ yð�ÞkX

þ C
1
ffiffiffiffi
x
p þ 1

x

� �

ðkakX þ kbkXÞkyð� þ rÞ � yð�ÞkX

þ C
1
ffiffiffiffi
x
p þ 1

x

� �

kykX½kað� þ rÞ � að�ÞkX þ kbð� þ rÞ � bð�ÞkX� þ
C

x
kf ð� þ rÞ � f ð�ÞkX

�Ce
1
ffiffiffiffi
x
p þ 1

x

� �

kyð� þ rÞ � yð�ÞkX þ C
1
ffiffiffiffi
x
p þ 1

x

� �

ðkakX þ kbkXÞkyð� þ rÞ � yð�ÞkX

þ C
1
ffiffiffiffi
x
p þ 1

x

� �

e½kað� þ rÞ � að�ÞkX þ kbð� þ rÞ � bð�ÞkX� þ
C

x
kf ð� þ rÞ � f ð�ÞkX:

According to Theorem 3.1, by taking e\\1; it holds that

Ce
1
ffiffiffiffi
x
p þ 1

x

� �

\
1

3
;

C
1
ffiffiffiffi
x
p þ 1

x

� �

ðkakX þ kbkXÞ\
1

3
;

we have

kyð� þ rÞ � yð�ÞkX

�C
1
ffiffiffiffi
x
p þ 1

x

� �

e½kað� þ rÞ � að�ÞkX þ kbð� þ rÞ � bð�ÞkX� þ
C

x
kf ð� þ rÞ � f ð�ÞkX:

Since a, b, f are almost periodic functions, y is also an almost periodic function. According to the fact that

yðx; tÞ ¼ uðx; tÞ þ AðxÞuðtÞ;

we obtain that u is also an almost periodic function. Thus, u is almost periodic solution of (1.1) h

References

1. Bona J L, Sun S M and Zhang B Y. Forced oscillations of a damped Korteweg–de Vries equation in a quarter plane.
Commun. Contemp. Math., 2003, 5: 369–400.

2. Bona J L, Sun S M and Zhang B Y. A Nonhomogeneous Boundary-Value Problem for the Korteweg–de Vries Equa-
tion Posed on a Finite Domain, Communications in Partial Differential Equations, 2003, 28: 1391–1436.

3. Bona J L, Sun S M and Zhang B Y. The initial-boundary value problem for the KdV-equation on a quarter plane, Trans.
American Math. Soc., 2001. 354: 427–490.
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