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1 Introduction

The Korteweg—de Vries (for short, KdV) equation
U + Uy + Uy + ity = 0

was first derived by Korteweg and de Vries in 1895 as a model for propagation of some surface water waves
along a channel. The KdV equation has been intensively studied from various aspects of both mathematics
and physics since the 1960s. It turns out that the equation is not only a good model for some water waves but
also a very useful approximation model in nonlinear studies whenever one wishes to include and balance a
weak nonlinearity and weak dispersive effects.

The KdV equation has been studied extensively:

Attractor: [9, 19, 20, 31];

Forced oscillations: [1, 10, 22, 30];

Asymptotic stability: [5, 27];

Unique continuation property: [24, 26, 33];

Inverse problem: [12];

Controllability: [13-16, 25];

Optimal control: [11];

Stabilization: [4, 24, 29, 32];

Well-posedness: [2, 3, 21]; ------ Recurrent solutions problem is one of center topics in the qualitative
theory of differential equations and dynamical systems, which started from Poincaré and Lyapunov, even
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Newton for the proof of Keplers law. Recurrent behavior of solutions of partial differential equations
arises from many biological, chemical, and physical systems, and various methods have been proposed
for the study of the existence and qualitative property of recurrent solutions.

In this paper, we consider the following equation

U + Uy + Uy +uu, =0 inl x R
u(0,1) = (), u(1,1) =0 inR (1.1)
u,(1,1) = au,(0, 1) inR,

where |a| <1, = (0,1) and ¢(¢) is boundary force. This model has been discussed in [32].
Motivated by previous research and from both physical and mathematical standpoints, the following
mathematical question arises naturally which is important from the point of view of dynamical systems:

e Does (1.1) have bounded solution, periodic solution, quasi-periodic solution and almost periodic
solution?

In this paper we will answer this question. We will establish Massera type theorems for the periodic solution,
quasi-periodic solution and almost periodic solution for (1.1).

This paper is organized as follows. In Sect. 2, we some preliminary results. In Sects. 3—-6, we will prove
the main results in this paper.

2 Preliminaries
2.1 Mathematical setting

We introduce the following mathematical settings:

e We denote by C'(R) a function space whose elements are continuously differentiable complex-valued
functions on R. The norm on C!(R) is

Hu”Cl(R) = ”u”C(R) + ||”t||c(u2<),
for any u € C'(R). Set
Cy(R) = {u € C'(R) : lull gy < + 00}

e We denote by L%(I) the space of all Lebesgue square integrable complex-valued functions on /. The inner
product on L*(I) is

(u,v) = SR/ undz,
3

for any u,v € L*(I), where = denotes the conjugate of -. The norm on L*(I) is
1
lull = (u,u)?,

for any u € L*(I). H*(I)(s>0) are the classical Sobolev spaces of complex-valued functions on 1. The
definition of H*(I) can be found in [23], the norm on H*([) is || - |

e Set X = C,(R,H'(I)), the norm on X is defined by

[lully = sup [lu(®)]] g1
teR

()

Set X, = {u € X|||ully < p}.

e The letter C with or without subscripts denotes positive constants whose value may change in different
occasions. We will write the dependence of constant on parameters explicitly if it is essential.

e . >0 is the smallest constant such that the following inequality holds

2 2
o[ = Ao luel|

where u € H}(I). In the sequel, we frequently use the Agmon inequality in one dimension:
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[ ull ooy < Cllaell g

for any u € H'(I), where C is a positive constant depending only on . We also use the following property
of H'(I):

llwraa| g gy < Cllun [y 2l

for any u;,u, € H'(I), where C is a positive constant depending only on 1.

2.2 Semigroup associated with linear KdV operator

Let A : D(A) — L*(I) be the linear operator defined by

with
D(A) = {uc H*(I)|u(0) = 0 = u(1), u,(1) = oue,(0)}.
It is easily verified that
AV = v + Ve
with
D(AY) = {ve H3(I) [v(0) =0 = v(1), aw,(1) = v,(0)}.
Proposition 2.1 A generates a Cy-semigroup of contractions on L*(I).

Proof Noting that
1
(Au,u) = /(—ux — Uy )udx = E(ot2 - 1)u?(0) <0,
I
1
(A*v,v) = /(vx + Ve )vdx = E(oc — 1)v3(1) <0.
1
Thus, both A and its adjoint A* are dissipative. It follows from [28, Corollary 4.4, Chap. 1] that A generates a

Co-semigroup of contractions on L(I). O

From now on, we denote by {S(¢)},, the Co-semigroup associated with A, then S(¢)uy is the mild solution
of the linearized system B

W+ Uy + ey =0 inl x RY

u(0,7) =0=u(1,r) inR" (2.1)

uc(l,1) = ou,(0,2)  inR* '
u(x,0) = up(x) inl

for any given initial data uy € L*(I).

Proposition 2.2 [f u is the solution of (2.1), we have

(. T)I| < ol
T

(1-22) / W20, 1)t < o]
0

1 1
leell 2o,y <[5\ 7=z T 4T ) llueoll,

Proof Straightforward calculation shows that

for any T > 0.
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1d
/qutdx = zd— uldx,
/uuxdx =0,

I

/uuxxxdx =
I

1d
24t ),

(1= a®)uz (0,0),

| =

thus, it holds that
uldx + % (1 — o®)u?(0,1) =0,
this implies

(-, TP + (1 = o) /OT u; (0, 1)t = uo|*.

It is easy to see that the first inequality and the second inequality in (2.2) hold.
Similarly, we can obtain that

1d
/Ixuu,dx— 2 xuzdx,

1
/xuuxdx: _,/ude’
I 2/

3 1
/Ixuuxxxdxzi/l 2dx—iux(l 1),

thus, it holds that
1d 3 1 1
0 xuzdx—i—z/luidxzz/[ de—}—zux(l 1),

namely, we have

T
/xuz(x, T)dx+3/ /uidxdt:/xuodx—l—/ / 2dxdt—|—/ 2(1,t)dt.
1 o Ji

With the help of this inequality and the first two inequalities in (2.2), one finds that

T
/xuz(x, T)dx+3/ /uidxdt /xuodx—i—/ / 2dxdt+/ 2(1,1t)dt
1 o Ji

< /uédqu/ /uzdxdt+oc2/ u?(0,1)dt

/u(z)dx—l—/ / 2dxa’l‘—i— )||uoH
< dx+T/ dx—l—i U
< [u ool

=1+ =l

T 1 1
2 2
dxdt < = (T + ——~
/0 /qu * 3( (1 052)>”u0” ’

Thus, we can obtain that

namely, we have
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T T
||u||i2(0,T;H1(1)) :/ /uzdxdt"'/ /Midxdl‘
0 1 0 1
<T/u2dx+l T4 luo|?
=0 3 (1—02)

1 1 )
= — 4T P E——— .
3 ( = o@)) ol
This implies the third inequality in (2.2).

According to Proposition 2.2, we can show that
Proposition 2.3 If uy € L*(I), we have
[S(®)uoll < [luoll,

1 1
ISCuoll 20,701 (1)) < s\t [[uol,

where t > 0.
Proposition 2.4 ([4, 32]) There exist ® > 0 and C > 0 such that
[15(£)uol| < Ce™'[|uoll,
where t > 0.
We set
Hy(1) = {u € H'(I) [u®(0) = 0 = u® (1), u®* V(1) = 0¥ (0)},

as long as the indicated derivatives are of order <n — 1. The norm and inner product in H%(I) are inherited

from H"(I).

Proposition 2.5 There exists w > 0 such that for any k = 0,1,2,3, we can find C; > 0 such that

[S(@)uoll ey < Cre™ " llutol g1

where t > 0.

Proof The main idea comes from [5, P2029, Lemma 2.3] and [24, P940, Proof of Proposition 2.7].

The case k = 0 can be obtained from Proposition 2.4.
For any uy € D(A), let us define

u(-,t) = S(t)up.
Let v = u, = Au. Then v is the mild solution of the system
{ v, = Av,
v(x,0) = vo(x) = (Auo)(x) € L*(I).
Hence, it follows from Proposition 2.4 that
V(- )l < Ce™[|voll-

Since the norms |[u|| + [|Au|| and [|ul|;,, are equivalent on D(A), we conclude that, for some constant C,

independent of uy and t >0, we have
HM(I)HD(A) < C*E_MH’/‘OHD(A)a
Then the result of Proposition 2.5 follows by a standard interpolation argument.

Proposition 2.6 There exists C > 0 such that for any t > 0, it holds that

@ Springer




Recurrent solutions of the Korteweg—de Vries equation... 117

1 1
[S(Ouoll 1y < Vi ! [[uoll
for any ug € L*(I).

Proof Let t>0 be fixed. For every uy € L*(I), by Proposition 2.2, the estimate

1 1
I5Cnloganin <3 (72 + Zt) o

holds. Then, arguing by contradiction, we get the existence of t E ‘ such that

1S(0)uoll \/ T2 t? \/Iluoll

1S uoll a1y =1S( = ©)S()uol |z 1
< CilIS(2)uoll )

[
e g( +2t>\/||u0||
1/ 1 2
== (=21 4 ) o).
1\/3 <l—a2t+ )””OH

Thus, we have

3 Bounded solution of (1.1)

In this section, we consider the bounded solution of (1.1). First, we introduce the definition of solution of

(1.1).
3.1 The definition of solution of (1.1)

By using a change of variable, we set

where

If u satisfies (1.1), y satisfies
Ve + Ve + Yo YV +ayy +by=f inl xR

y(0,) =0 =y(1,1) inR (3.1)
yx(lat) = Ofyx(o,l) inR
where
a= _A(P,
b= _Ax(pv

f=A¢ +Ap — AA Q%

Definition 3.1 If y is the mild solution to (3.1), namely, it satisfies the corresponding integral equation
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t
0) = (= 1) + [ S(e=9) (-3 = a = by 1) (5)ds
for all + > r and each r € R, then
u(x, 1) = y(x,1) — A(x)o(t)
is called a solution to (1.1).
3.2 Bounded solution of (1.1)
Theorem 3.1 There exists a constant ¢ > 0 such that for any
lollerm <e,
(1.1) admits a unique solution
uc XCSJ
where C > 0 is a constant independent of e.
Proof Straightforward calculation shows that
| *
/ e 2’ \/:d‘c = 2/ e 2'd\/T
0 T 0
=w / e *\/1dt
0
= u)/ e e 1\ /1dr.
0
Set
h(t) = e *"1,
we have
H(z) = (1 - —r)e*%f,
thus, it holds that
2 2¢7!
h(‘E)Sh(—) =2
w w
this implies that
-1
VI
w
then
o0 00 -1
/ e_%f\/Tdr < w/ e i 2e dt
0 t 0 @ (3.2)
_4 2e~1
w
On the other hand, we have
Ly 2
/ e 2'dt =— (3.3)
0

It is not difficult to show that
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H/ (t—5)y(-,8)yx (-, 8)ds
H'\(I)
t— t—
:H/ S( S>S< s)y(,s)yx(,s)ds
o 2 2 H)
' t—s\ /t—s
< | GE)sE el 4
| sC)s(5)somea]),, o
t » f —
car [ s ot
. 2 H'(I
< —5(=9) 1 )||d
<o [ e ot s
t
<c[ et u/liaz—ﬂny e e )l
t
<c [ eI Sl I s
t
<C + 1d
S B e
—c[ e +1de- |yl
0
then, according to (3.2) and (3.3), we have
1 [e’e} L 1
[ sa—smomoa| <c [Ter iAot ik
—00 H'(I) 0 oaT
© w, 1
gc/ e—7f< ——i—l)dr e (3.4)
0 T
1 1 2
<Cl—=+—
<c(s+ ) biE,
by the same method, we can obtain that for any y,z € X,
d 1 1
|| sa=statsmoas| <c(z 2 )lalylbl, (3
—00 H\(I) w (0]
! 1 1
S(t = 8)b(,s)y(-,s)ds|| < C{—=+—|IblIxlI¥llx: (3.6)
—0 HI(I) w (0]
d 1 1
St = s)a(-,s)(v(-;5) — 2(-,5)) ds <Cl—=+—lallxlly —zllx, (3.7)
NS HI() w a)
| sa=s9p5)09) = 2toonas| <e( o) blly ] (8
-9 S8)WLy e 8) — 20,8 s = = - Y —Zlx .
—00 H(I) \/6 (@] X X

@ Springer



120 M. Chen

[ stu-sitoas

t
ms/nm—wuwmw
HY (1 -

o]

t
sc/ e F (- 5) 1 s

o0
t
sc [ e syl (39)
— 00

=c£ et |flly

C

= 1l

and
t
H/ S(t = s 5) — 2o )20
—00 H'\(I)
<c/’ew0 L G 9mCrs) — 2 8)(r ) s
— . 1—0(2[—S y b) )’x ) Z b ZX )
<o et L s = 269l
=Cc/ e = 27— Yu8) =20 Sl nas
5 (3.10)
<o et Ly =l 4l
- ) l—o?t—s ] X X
S I
=C e ey =y + i
<=+ LYy 2llelly 2
< =0 Y =Zxly T Z|x-
We set

U&Kﬂ‘:/zSU—Sﬂ—xm—aw—Jw+fﬂuﬂﬁ-

It is obvious that
11y, . 11 c

175l <€ (gt LYl + €+ ) lal + el + S

1

1 1 1
17 = Tall < (st 3 ) Iy = aliely + ll+ €( s+ ) lall + el = el

Therefore, for any y,z € X,, we have

ITy|X§c<\/16+;)pz+C<\/la+;><

1 1 1 1
17y = Tl <€+ Yol = el + € )l + ol ~ 2l

C
lallx +116lx)0 + — Ifllx

w
Since
lollcrm <
we have
lallx <Ce, Iblly <Ce, |[fllx <Ce,

where C > 0 is a constant independent of .
If we take
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ekl and px1

such that

1 1 1

cl—+-)p<-

(\/(1)4—6L)>'0_37
o=+ N||+HW)<1
I TP 2
1) X Xy

Vo
C 1
P |lf||x = gpa
it holds that
1Tylx <p,

1Ty~ Telly < 3y — 2l
By the Banach fixed point theorem, there exists a unique y € X, such that
Ty=y.
Since y(x,t) = u(x,t) + A(x)p(z), we have
lully < Ce,

where C > 0 is a constant independent of . ]

4 Periodic solution of (1.1)

In this section, we consider periodic solution of (1.1).
Theorem 4.1 Let
lllcim <

where ¢ is the same constant as in Theorem 3.1. If ¢ is a T-periodic function, the solution u to (1.1) obtained
by Theorem 3.1 is also T-periodic function.

Proof Since u is the solution to (1.1), we have v(-,#) = u(-,#+ T) is the solution to
Vit Ve + Ve + 0, =0 inl x R
v(0,1) = @(t+T),v(l,1) =0 inR (4.1)
ve(1,7) = o, (0, 1) inR.
according to the local uniqueness of the solution of (1.1), we have
u(,t) =v(,t) =u(-,t+7).

Namely, u is a periodic function in ¢. O

5 Quasi-periodic solution of (1.1)

In this section, we consider quasi-periodic solution of (1.1). First, we introduce the quasi-periodic function.
5.1 Quasi-periodic function

Let f(x, f) be a continuous function defined on / x R with values in R. We denote by e; a unit vector in R¥

such that the ith component is 1 and the others are zero.
Assume that o, w;, ..., € R. @, w,, ..., o are called rationally independent if
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m1w1+m2w2+---+mkwk760, le,mz,...,mkEQ\{O},

where Q is the set of all rational numbers.

A function f(x, t) is said to @-quasi-periodic in ¢ uniformly with respect to x € I, if there is a finite
number of nonzero real numbers wy, w,, ..., w; which are rationally independent and a function F(x,u) €
C(I x R, R) such that

Fx, 1) = F(x, twy, tw,, . . ., toy) = F(x, td)
for all # € R and x € I, where & = (w1, w, ..., w), and
F(x,u+ 2me;) = F(x,u)

forallu € R and x € I, i = 1,2, ...,k. The numbers @;, s, ..., o are called basic frequencies of f.
5.2 Quasi-periodic solution of (1.1)

Theorem 5.1 Let
el <&

where ¢ is the same constant as in Theorem 3.1. If ¢ is a quasi-periodic function, the solution u to (1.1)
obtained by Theorem 3.1 is also a quasi-periodic function. Moreover, if ¢(t) is a ®-quasi-periodic function
int, my,w,... w;are rationally independent, then u is @-quasi-periodic function in t.

Proof To prove Theorem 5.1, we need to borrow some ideas developed in [6-8, 17].
Since the mappings ¢ are @-quasi-periodic in 7 € R, there exist functions ®(x) € C(R¥, R) such that

®(u+2me;) = O(u),
forall u e R*, i=1,2,....k and
(1) = O(twy, twy, . . ., tay) = O(o1),
for all r € R.
We set
o= (ot,00,...,0r), @z(t) = D(t + &).
By Theorem 3.1, let uz(x, t) be the unique bounded solution to (1.1) with boundary force ¢,(7).
We define
U(x, &) = ug(x,0). (5.1)
It holds that
uz(x,t + h) = upg1a(x, 1). (5.2)
Indeed, upg14(x, 1) is the unique solution to (1.1) corresponding to function ¢, +(¢) and ug(x,t + h) is the

unique solution to (1.1) corresponding to the function ¢4(¢ + h).
Since

Phirsa(t) = (ot + ho + &) = O (w(t + h) + a) = @4(t + h),

it follows from Theorem 3.1 that upg 4(x, ) = ug(x,t + h).

By setting + = 0 in (5.2), and according to (5.1), it holds that

uz(x,h) = upg1a(x,0) = U(x, hd + &).
According to the arbitrariness of 4, we have
uz(x,1) = U(x, 1 + ). (5.3)

Next, we claim that U(x, &) = U(x, 04,0, ..., o) has the period 2n with respect to each argument o;.

In fact, according to (5.1), it is easy to see that

U(x, &+ 27me;) = tgiome; (%, 0),
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where {e;|i=1,2,...,k} is the standard basis in RF.
It can be deduced that ug 2, (x, 1) is the solution to (1.1) corresponding to the function

Piyane, (t) = O(0 + 6+ 2me;) = D(it + &) = ,(t).
According to Theorem 3.1, we have
Uz ome (X, 1) = ug(x, 1),
in particular, by taking ¢ = 0, this implies uz oz, (x,0) = ug(x,0). Thus, it holds that
U(x, &+ 27me;) = Ugione, (x,0) = uz(x,0) = U(x, @).
If we take o = (0,0,...,0) in (5.3), the external force ¢,(r) = ¢(r), we have
u(x,t) = U(x, to),

namely, u(x, f) is a w-quasi-periodic function in .

6 Almost periodic solution of (1.1)

In this section, we consider almost periodic solution of (1.1). First, we introduce the almost periodic
function.

Definition 6.1 Let (¥, d) be separable and complete metric space. Let fbe a continuous mapping from R to
Y. The function fis said to be almost periodic if for every ¢ > 0, there exists a constant /(¢) > 0 such that
any interval of length /(¢) contains at least a number 7 for which

f?}{d(f(H 7),f(1)) <e.

Theorem 6.1 Let
lllcim) <

where 0<e < 1. If @, ¢’ are almost periodic functions, the solution u to (1.1) obtained by Theorem 3.1 is
also almost periodic function.

Proof We use the ideas in [18]. To simplify the notations, in the following we will denote y(x, f) by y(¢)
and the same for functions a, b and f. Straightforward calculation shows that
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t+o
/_ S(t 4 0 = 5)(=yyx — ay, — by +f)(s)ds

1yt +0) =yl =

H(I)

— /_l S(l - S)(_y)’x — ayx — by —|—f)(S)dS

= /_t S(t — 1) (—yyx — ayx — by +f)(s + o)ds

HI (1)

— 11 S(I - S)(_yyx — ayx — by +f)(s)ds

IA

[ St=9s + ohls )~ lshlolls

H'(I)

HY(I)

| [ st sats + omts + o)~ atoitoas

HY(I)

[ [ ste=sits + 065 +-0) — bionolas

Hl(l).

| [ sty + ) - risas

According to (3.4) and (3.10), it is easy to see that

[ St — ) (o5 + O)a(r5 + 0) — (o 8)ya (- 5)]ds

HY(I)

<¢( o+ )b+ 9) =Y+ ) 4300,

H/r S(t — s)[a(s + 6)yx(s + 0) — al(s)yx(s)]ds

H(1)

< H/; S(t = s)[a(s + a)y(s + a) — a(s + o)y.(s)]ds )

HY(I)

i H/w S(t = s)la(s + o)yx(s) — a(s)ys(s)]ds

<0t o byt + ) =30y + € gt 2 ) bldat: + @) - )l

HI(1)

H/_; St =9)[bs + 0)y(s + o) — b(s)y(s)lds

HI (1)

< H [ st=9lbts + oyts+ )~ bls + ool

—0Q

H'(I)

. H / OO St = )[b(s + 0)y(s) — b(s)y(s)]ds

< ¢+ )0l I +.0) =30+ (st 1) Iblalbt + o) = b1

We conclude that
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(- + )~ )l
< ¢+ )b+ 9) =3O+ 0) 430l + (2 lal bt +0)
30l
1 1 1 1
+ (st o ) blllat 4 0) = aOll + €( s+ 5 )bl lb +.0) =50y
(5 ) llet: +.0) = bOl+ S+ 0) = Ol
1

+ )b+ 0) =3Oyt + )+ 50l

3

@+;) (lally + 1Bl I + ) =3Ol

ot ) lllat 4 0) = aCll + b +.0) = Bl + S I+ @) =10l
<o =+ 2 )+ 0) =3Ol + C( =+ - ) Ulall + Bl + 0) =30l
Vo o Vo o

# 0 (st g Jallat 4 0) = aO)ll + 100 +0) = bl + 5 7+ 0) 7Ol

According to Theorem 3.1, by taking ¢ < <1, it holds that

c 1+1 <1
el 1 2 ) <2
Vo o) 3’

1 1 1
C( 5+ ) el + 110 < 5.

we have

Iy(-+a) =yOlix

< ¢t Jellat + o) = aC)l + b6+ o) =B + S I+ ) =1l

Since a, b, f are almost periodic functions, y is also an almost periodic function. According to the fact that
y(x,1) = ulx, 1) + A(x) (1),

we obtain that u is also an almost periodic function. Thus, u is almost periodic solution of (1.1) O
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