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Abstract In this paper, we prove the strong log-concavity and the unimodality of the various sequences of
an extension of elementary symmetric function. The principal technique used is a combinatorial interpre-
tation of determinants using lattice paths due to Gessel and Viennot. As applications, we establish the strong
q-log-concavity and the unimodality of q-bisnomial coefficients and their sequences lying on rays of the
associated triangle.
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Mathematics Subject ClassiÞcation05A10 � 05A20 � 05A30 � 05E05 � 11B65.

1 Introduction

Log-concave and unimodal sequences arise often in combinatorics, geometry and algebra. The reader is
referred to [11, 19] for surveys of the diverse techniques employed to sequences and polynomials for which
are log-concave or unimodal.

A sequence of nonnegative numbers xkf gk is log-concave if xi�1xiþ1� x2
i for all i [ 0, which is

equivalent to (for relevant results one can see [10] and [19])

xi�1xjþ1� xixj for j� i� 1: ð1Þ

A finite sequence of real numbers a0; :::; amf g is said to be unimodal if there exists an index 0�m� �m,
called the mode of the sequence, such that ak increases up to k ¼ m� and decreases from then on, that is,
a0� a1� � � � � am� and am� � am�þ1� � � � � am. A polynomial is said to be unimodal if its sequence of
coefficients is unimodal. It is easy to see that if a sequence is log-concave then it is unimodal [10].
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Given two real polynomials f(x) and g(x), we write f(x)-gðxÞ� x0 if f(x)-g(x) has nonnegative coefficients
as a polynomial in x. Let fnðxÞf gn be a sequence of polynomials in x, we say that ffnðxÞgn is x-log-concave if
fnðxÞ2 � fn�1ðxÞfnþ1ðxÞ� x0, for all n� 1, and strongly x-log-concave if fmðxÞfnðxÞ � fm�1ðxÞfnþ1ðxÞ� x0, for
all n�m� 1. Clearly, if the sequence ffnðxÞgn is x-log-concave, then for each fixed positive number x, the
sequence ffnðxÞgn is log-concave. Also the strong x-log-concavity implies the x-log-concavity. But the
converse is not true in general (see, Sagan [17]).

The concept of the x-log-concavity was first suggested by Stanley [19] and this has been of much interest
on this subject. We refer the reader to Sagan [17] for further information about the x-log-concavity.

The bisnomial coefficient is defined as the kth coefficient in the development

ð1þ xþ x2 þ � � � þ xsÞn ¼
X

k� 0

n

k

� �

s

xk: ð2Þ

The first result dealing with unimodality of bisnomial coefficients is due to Belbachir and Szalay [9] who
proved that any ray crossing Pascal’s triangle provides a unimodal sequence. Ahmia and Belbachir [1–6]
established the log-concavity, the log-convexity and the unimodality properties of the bisnomial coefficients
and the p, q-binomial coefficients.

A natural extension of the bisnomial coefficients are the q-bisnomial coefficients which are defined by

n

k

h iðsÞ
q
¼

X

j1þj2þ���þxs¼k

n

j1

� �

1

n

j2

� �

1

� � � n

js

� �

1

ð�1Þka
Ps

r¼1
rjr ; ð3Þ

where n
j

h i

1
¼ q

j
2

� �

n
j

h i

q
and a ¼ e

2pi
sþ1, for more details, see [8].

They satisfy the following recursion

n

k

h iðsÞ
q
¼
Xs

j¼0

qðn�1Þj n� 1

k � j

� �ðsÞ

q

ð4Þ

and they appear as the coefficients of the following product

Yn�1

j¼0

1þ q jzþ � � � þ ðq jzÞs
� �

¼
X

k� 0

n

k

h iðsÞ
q

zk: ð5Þ

These coefficients, as for usual bisnomial coefficients, are built trough the s-Pascal triangle known as ‘‘q-
analogue of s-Pascal Triangle’’.

As an illustration of recurrence relation (4) we give the triangles of q-trinomial coefficients (Table 1).
For more details, we refer the reader to [7, 8].
Let X ¼ x1; x2; . . .f g be a countably infinite set of variables. The elementary and complete homogeneous

symmetric functions of degree k in x1; x2; . . .; xn are defined by

ekðnÞ :¼ekðx1; x2; . . .; xnÞ ¼
X

1� i1\i2\���\ik � n

xi1 xi2 � � � xik ;

hkðnÞ :¼hkðx1; x2; . . .; xnÞ ¼
X

1� i1 � i2 � ��� � ik � n

xi1
xi2
� � � xik ;

where e0ðnÞ ¼ h0ðnÞ ¼ 1 and ekðnÞ ¼ 0 for k [ n: Set ekðnÞ ¼ hkðnÞ ¼ 0 unless k; n� 0; and ekð0Þ ¼
hkð0Þ ¼ d0;k ¼ d0;k where d0;k is the Kronecker delta. Then for n; k 2 N, we have

Table 1 Table values of q-trinomial coefficients

n/
k

0 1 2 3 4

0 1
1 1 1 1
2 1 1þ q 1þ qþ q2 qþ q2 q2

3 1 1þ qþ q2 1þ qþ 2q2 þ q3 þ q4 � � � � � �
4 1 1þ qþ q2 þ q3 1þ qþ 2q2 þ 2q3 þ 2q4 þ q5 þ q6 � � �
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ekðnÞ ¼ ekðn� 1Þ þ xnek�1ðn� 1Þ; ð6Þ

hkðnÞ ¼ hkðn� 1Þ þ xnhk�1ðnÞ: ð7Þ

See, for instance, [16].
It is easy to see that the binomials with their analogs are just specializations of elementary and complete

symmetric functions.
Bazeniar et al. [7] defined the generalized elementary homogeneous symmetric functions as follows.

DeÞnition 1 Let s� 1 be a positive integer number. The generalized elementary homogeneous symmetric
function is defined by

E
ðsÞ
k ðnÞ :¼ E

ðsÞ
k ðx1; x2; . . .; xnÞ ¼

X

a1 þ a2 þ � � � þ an ¼ k

0� a1; a2; . . .; an� s

xa1

1 xa2

2 � � � xan
n ;

ð8Þ

where E
ðsÞ
0 ðnÞ ¼ 1, E

ðsÞ
k ðnÞ ¼ 0 unless 0� k� sn.

To illustrate this, we have

E
ð1Þ
0 ð2Þ ¼ 1; E

ð1Þ
1 ð2Þ ¼ x1 þ x2; E

ð1Þ
2 ð2Þ ¼ x1x2;

E
ð2Þ
0 ð2Þ ¼ 1; E

ð2Þ
1 ð2Þ ¼ x1 þ x2; E

ð2Þ
2 ð2Þ ¼ x2

1 þ x2
2 þ x1x2:

From Definition 1, the generalized elementary symmetric function satisfies the following recurrence
relation.

E
ðsÞ
k ðnÞ ¼

Xs

j¼0

x j
nE
ðsÞ
k�jðn� 1Þ: ð9Þ

Bazeniar et al. [7] also established that the bisnomial coefficients and their analogs can be expressed
respectively as specialization of the generalized elementary homogeneous symmetric functions:

1. E
ðsÞ
k ð1; 1; . . .; 1Þ ¼ n

k

� �

s

,

2. E
ðsÞ
k ð1; q; . . .; qn�1Þ ¼ n

k

� 	ðsÞ
q

.

The first result dealing with q-log-concavity of the elements of the q-Pascal triangle is due to Butler [12],

who showed that the sequence of q-binomial coefficients n
k

� 	
q

is q-log-concave. Afterwards, Krattenthaler in

[15] proved the conjecture of Butler [13] which explains that the polynomial n
k

� 	
q

m
l

� 	
q
� n

k�1

� 	
q

m
lþ1

h i

q
has

nonnegative coefficients in q. Later, Sagan [18] generalized the previous works, using the theory of

symmetric functions and the combinatorial interpretation of determinants associated to lattice paths (due to

Gessel and Viennot [14]). Furthermore, he has shown that the sequences fekðnÞgn� 0, fek�jðnþ jÞgj� k,

fhkðnÞgn� 0 and fhk�jðnþ jÞgj� k are all strongly q-log-concave if fxjgj� 1 is a strongly q-log-concave

sequence of polynomials in q. Answering a Sagan’s question on the strong q-log-concavity of certain

sequences of symmetric functions, Su and Wang [20] proved that the sequences fek0�jbðn0 þ jaÞgj� 0 and

fhk0�jbðn0 þ jaÞgj� 0 are strongly q-log-concave, and this implies the strong q-log-concavity of the sequence

lying along a ray of the q-Pascal triangle n0þja
k0�jb

h i

q


 �

j� 0

.

In this paper, motivated by these results, we study the strong log-concavity and unimodality of sequences
obtained by the generalized elementary symmetric function E

ðsÞ
k . In Section 2, we give the principal technics

and the necessary tools using lattice paths approach that will be needed in the sequel. In Section 3, we
present the proofs of our main results. In the last Section, as applications, we prove the strong q-log-

concavity of q-bisnomial coefficients n
k

� 	ðsÞ
q

and their sequences lying along a ray of the associated triangle

n0þja
k0�jb

h iðsÞ
q


 �

j� 0

, and the unimodality of the sequences
n0 þ ja
k0 � jb

� �

s


 �

j� 0

.
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2 Paths approach

In [7], Bazeniar et al. showed that the generalized elementary of homogeneous symmetric function E
ðsÞ
k ðnÞ is

interpreted as weight-generating function of lattice paths between the points u1 ¼ ð0; 0Þ and v1 ¼ ðk; n� 1Þ
with at most s vertices in east direction.

Let Ps
n;k be the set of the lattice paths between the points u1 ¼ ð0; 0Þ and v1 ¼ ðk; n� 1Þ with at most s

vertices in east direction. For P ¼ ðp1; p2; . . .; pnþk�1Þ 2 Ps
n;k, we consider the EðsÞ-labeling which assigns

the label for each eastern step as follows

LðpiÞ ¼ (the number of northern pj preceding piÞ þ 1:

Figure 1 shows the EðsÞ-labeling.
From this definition, it is easy to have

E
ðsÞ
k ðnÞ ¼

X

P2Ps
n;k

xP with xP ¼
Y

pi2P

xLðpiÞ: ð10Þ

It should be noted that xP is the EðsÞ-monomial. Although if we have xP1P2 , then the EðsÞ-monomial becomes

xP1P2 ¼ xP1 xP2 :

If P has initial vertex u and final vertex v then we will write u�!P v.
The following definitions used by Sagan in [18] play a key role in our main results.

DeÞnition 2 Given u1�!
P1

v1 and u2�!
P2

v2. Then define the involution uðP1;P2Þ ¼ ðP
0

1;P
0

2Þ where

1. if P1 \ P2 ¼ ; then P
0
1 ¼ P1 and P

0
2 ¼ P2;

2. if P1 \ P2 6¼ ; then,

P
0

1 ¼ u1�!
P1

v0�!
P2

v2 and P
0

2 ¼ u2�!
P2

v0�!
P1

v1;

where v0 is the last (northeasternmost) vertex of P1 \ P2, i.e., switches the portions of P1 and P2 after v0

(see, Figure 2).

DeÞnition 3 Consider the translation sd defined by

sdðP1;P2Þ ¼ ðP01;P02Þ; ð11Þ

where P01 is the path P1 translated by one unit in the direction d ¼ W or S and P02 remains the same path P2.

DeÞnition 4 Consider the switching involution r defined by

rðP1;P2Þ ¼ ðP01;P02Þ;

where P01 is the path P2 translated to start at the initial point of P1 and vice versa for P02 (see, Figure 3).

3 Main results

Now, we are ready to state our main results.

Theorem 1 If the sequence of polynomial ðxnÞn� 1 is strongly x-log-concave, then so are the three
sequences

v1

u1

p1 p2
p3

p4
p5

E(2)-labeling

v1

u1

1 1

2
xP

v1

u1

x1 x1

x2

Fig. 1 Illustration of E
ð2Þ
4 ð3Þ by Eð2Þ-labeling
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1. For n fixed: ðEðsÞk ðnÞÞk� 0,
2. For k fixed: ðEðsÞk ðnÞÞn� 0,
3. For n and k fixed: ðEðsÞk�jðnþ jÞÞj� k.

Proof

1. For n Þxed. Firstly, we will show that

E
ðsÞ
k ðnÞ

h i2

�E
ðsÞ
k�1ðnÞE

ðsÞ
kþ1ðnÞ� x0: ð12Þ

From EðsÞ-labeling and relation (10), we can rewrite the inequality (12) as follows

E
ðsÞ
k ðnÞ

h i2

�E
ðsÞ
k�1ðnÞE

ðsÞ
kþ1ðnÞ ¼

X

P1;P2

ð�1ÞP1P2 xP1P2 ð13Þ

where v1 ¼ ðk; n� 1Þ, v2 ¼ ðk þ 1; n� 1Þ and

– u1 ¼ ð0; 0Þ is the initial vertex of P1,

– u2 ¼ ð1; 0Þ is the initial vertex of P2,

– ð�1ÞP1P2 ¼

þ1 if v1 is the final vertex of P1 and

v2 is the final vertex of P2;
�1 if v2 is the final vertex of P1 and

v1 is the final vertex of P2:

8
>><

>>:

Applying the involution u given by Definition 2 on each EðsÞ-monomial xP1P2 associated to path pairs
ðP1;P2Þ with sign �1 in relation (13), we always get at least one EðsÞ-monomial xP0

1
P0

2 associated to path
pairs ðP01;P02Þ with sign þ1 equal to xP1P2 (i.e. xP0

1
P0

2 � xP1P2 ¼ 0) in relation (13), because P1 and P2 start in
the same horizontal line (an example is given in Figure 4). This implies that there is an injection between the
set of path pairs ðP01;P02Þ and the set of path pairs ðP1;P2Þ. Thus we have the inequality (12) as required.
Note that the map ðP1;P2Þ �! ðP01;P02Þ corrects the degree. Finally, to prove

v0

P2

P1

u1

v1

u2

v2

ϕ

v0

P2

P1

u1

v1

u2

v2

Fig. 2 The involution u

P2

P1

σ

P2

P1

Fig. 3 The involution r
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E
ðsÞ
l ðnÞE

ðsÞ
k ðnÞ � E

ðsÞ
l�1ðnÞE

ðsÞ
kþ1ðnÞ� x0 for l� k; ð14Þ

we use the same approach with u2 ¼ ðk � lþ 1; 0Þ as new condition. For example, if we take n ¼ 3, l ¼ 1,
k ¼ 2 and s ¼ 2 then the inequality (14) is verified because

E
ð2Þ
1 ð3ÞE

ð2Þ
2 ð3Þ � E

ð2Þ
0 ð3ÞE

ð2Þ
3 ð3Þ ¼ðx1 þ x2 þ x3Þðx2

1 þ x2
2 þ x2

3 þ x1x2

þx1x3 þ x2x3Þ � 1:ðx2
1x2 þ x1x2

2 þ x2
1x3

þx1x2
3 þ x2

2x3 þ x2x2
3 þ x1x2x3Þ

¼x1ðx2
1Þ þ x1ðx2

2Þ þ x1ðx2
3Þ þ x1ðx1x2Þ

þx1ðx1x3Þ þ x1ðx2x3Þ þ x2ðx2
1Þ

þx2ðx2
2Þ þ x2ðx2

3Þ þ x2ðx1x2x2ðx1x3Þ þ x2ðx2x3Þ þ x3ðx2
1Þ

þx3ðx2
2Þ þ x3ðx2

3Þ þ x3ðx1x2Þ
þx3ðx1x3Þ þ x1ðx2x3Þ � ðx2

1x2

þx1x2
2 þ x2

1x3 þ x1x2
3 þ x2

2x3

þx2x2
3 þ x1x2x3Þ

� x0:

2. For k Þxed. From the first case, we know that to establish the strong x-log-concavity of ðEðsÞk ðnÞÞn� 0 it
suffices to prove

E
ðsÞ
k ðmÞE

ðsÞ
k ðnÞ � E

ðsÞ
k ðm� 1ÞEðsÞk ðnþ 1Þ ¼

X

P1;P2

ð�1ÞP1P2 xP1P2

� x0

ð15Þ

with n�m, v1 ¼ ðk; n� 1Þ, v2 ¼ ðk; nÞ and the following conditions

– u1 ¼ ð0; 0Þ is the initial vertex of P1,

– u2 ¼ ð0; n� mþ 1Þ is the initial vertex of P2,

– ð�1ÞP1P2 ¼

þ1 if v1 is the final vertex of P1 and

v2 is the final vertex of P2;
�1 if v2 is the final vertex of P1 and

v1 is the final vertex of P2:

8
>><

>>:

Applying the involution u given by Definition 2 on each EðsÞ-monomial xP1P2 associated to path pairs
ðP1;P2Þ with sign �1 in (15), we obtain at least one EðsÞ-monomial xP0

1
P0

2 associated to path pairs ðP01;P02Þ
with sign þ1 in (15) and satisfies

v1 v2

v0

u1 u2

x1x2
3

ϕ

v1 v2

v0

u1 u2

(x1x3)x3

Fig. 4 The application of the involution u on the two terms outlined above
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xP0
1
P0

2 � xP1P2 ¼ y
Y

i

xai
xbi
�
Y

i

xai�1xbiþ1

 !
;

where ai� bi for all i, because P1 and P2 end in the same vertical line and y is a fixed EðsÞ-monomial
(everything south-west of v0), see Figure 5. Hence, if ðxnÞn� 1 is strongly x-log-concave then
xP0

1
P0

2 � xP1P2 � x0. Thus we have the inequality (15) as required. Therefore, the sequence ðEðsÞk ðnÞÞn� 0 is
x-log-concave. For example, if n ¼ 3, m ¼ 2, k ¼ 2 and s ¼ 2 then we find in (15) the following two Eð2Þ-
monomials as shown in Figure 5

xP1P2 ¼ x2
1x2x4 ¼ x1x2ðx1x4Þ;

xP0
1
P0

2 ¼ x1x2
2x3 ¼ x1x2ðx2x3Þ:

We remark that x1x2ðx2x3Þ � x1x2ðx1x4Þ� x0 when ðxnÞn� 0 is strongly x-log-concave.
3. For n and k Þxed.Now, we will demonstrate the general case

E
ðsÞ
k ðnÞE

ðsÞ
l ðmÞ � E

ðsÞ
k�1ðnþ 1ÞEðsÞlþ1ðm� 1Þ� x0; ð16Þ

where m� n, k� l� sm and k þ n ¼ lþ m. Hence, it suffices to prove
X

P1;P2

ð�1ÞP1P2 xP1P2 � x0; ð17Þ

where v1 ¼ ðk; n� 1Þ, v2 ¼ ðk � 1; nÞ with the following conditions

– u1 ¼ ð0; 0Þ is the initial vertex of P1,

– u2 ¼ ðk � l� 1; n� mþ 1Þ is the initial vertex of P2,

– ð�1ÞP1P2 ¼

þ1 if v1 is the final vertex of P1 and

v2 is the final vertex of P2;
�1 if v2 is the final vertex of P1 and

v1 is the final vertex of P2:

8
>><

>>:

To verify the inequality (17), it suffices to show that for each EðsÞ-monomial xP1P2 of path pairs ðP1;P2Þ with
sign �1 there exists at least one EðsÞ-monomial xP00

1
P00

2 of path pairs ðP001;P002Þ with sign þ1 such that
xP00

1
P00

2 � xxP1P2 . To do this, we combine between the two previous approaches, from which we use the three
applications of Definitions 2, 3 and 4 in the following composition

P1;P2ð Þ �!
sW u s�1

W

ðP0
1
;P0

2Þ �!
r sn�mþ1

S
sk�l
W

u sm�n�1
S

sl�k
W

ðP00
1
;P00

2Þ
ð18Þ

u1

u2
v0

v1

v2

x2

x4

x1 x1

ϕ

u1

u2
v0

v1

v2

x2

x2

x1 x3

Fig. 5 The application of the involution u on the two Eð2Þ-monomials above
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u1

u2

v1

v2

P2

P1

x2
1x2

2x5

τ−1
W

u1

u2

v1

v2

P2

P1

ϕ

u1

u2

v1

v2

P2

P1

τW

u1

u2

v1

v2

P2

P1

x2
1x2x3x4

τ−2
S τW

u1

u2

v1

v2

P2

P1

ϕ

u1

u2

v1

v2

P2

P1

τ2
S τ−1

W

u1

u2

v1

v2

P2

P1

σ

u1

u2

v1

v2

P2

P1

x2
1x2x3x4

Fig. 6 The application of the composition (18) on the example above
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n

k

h iðsÞ
q

m

l

h iðsÞ
q
� q

n

k � 1

h iðsÞ
q

m

lþ 1

� �ðsÞ

q

;

n

k

h iðsÞ
q

m

l

h iðsÞ
q
� q

nþ 1

k

� �ðsÞ

q

m� 1

l

� �ðsÞ

q

:

By Theorems 1 and 2, and according to Su and Wang’s approach [20, Theorem 4], we have

Theorem 3 If the sequence of polynomial ðxnÞn� 1 in q is strongly q-log-concave, then for the fixed

integers a;b; n0 and k0 satisfying ab [ 0, and sn0� k0, the sequence

E
ðsÞ
k0�bjðn0 þ ajÞ

� 


j� 0
;

is strongly q-log-concave.

Proof We know that a and b have the same sign, then it suffices to take both a and b positive. Hence to
show that the sequence E

ðsÞ
k0�bjðn0 þ ajÞ

� 


j� 0
is strongly q-log-concave, it suffices to prove that

E
ðsÞ
k ðnÞE

ðsÞ
l ðmÞ� qE

ðsÞ
k�bðnþ aÞEðsÞkþbðm� aÞ; ð21Þ

where l� k, n�m with k ¼ k0 � bj, l ¼ k0 � bi, n ¼ n0 þ aj, m ¼ n0 þ ai for j� i.
From Theorem 2 (a) and (b) repeatedly, we obtain

E
ðsÞ
k�bðnþ aÞEðsÞlþbðm� aÞ� qE

ðsÞ
k�bðnþ a� 1ÞEðsÞlþbðm� aþ 1Þ� q � � � � qE

ðsÞ
k�bðnÞE

ðsÞ
lþbðmÞ

and

E
ðsÞ
k�bðnÞE

ðsÞ
lþbðmÞ� qE

ðsÞ
k�bþ1ðnÞE

ðsÞ
lþb�1ðmÞ� q � � � � qE

ðsÞ
k ðnÞE

ðsÞ
l ðmÞ:

Thus (21) holds. This completes the proof. h

Taking ðx1; x2; . . .; xn0þjaÞ ¼ ð1; q; . . .; qn0þja�1Þ in Theorem 3 we obtain

Corollary 4 Let n0, k0, a, b be four nonnegative integers, where sn0� k0. The following sequence is
strongly q-log-concave

n0 þ ja
k0 � jb

� �ðsÞ

q

( )

j� 0

;

with ab [ 0, and therefore it is q-log-concave.

By setting ðx1; x2; . . .; xn0þjaÞ ¼ ð1; 1; . . .; 1Þ in Theorem 3 we obtain the following result.

Corollary 5 Let n0, k0, a, b be four nonnegative integers, where sn0� k0. The following sequence is log-
concave

n0 þ ja

k0 � jb

� �

s


 �

j� 0

;

with ab [ 0, and therefore it is unimodal.
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