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Abstract We give an explicit form for the ordinary generating function of a class of Appell polynomials.
This class contains the Euler and Genocchi polynomials. The technic used also works for Bernoulli poly-
nomials. In the sequel, we introduce the weighted generalized hyperharmonic numbers. We establish for this
family of Appell polynomials an expression in terms of Stirling symmetric polynomials introduced in this

paper.
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1 Introduction and Main result

Let s € N U {0} and x be a variable (complex or real), we define the sequence of polynomials (A" (x)), -,
by the exponential generating function -

" 2t
A(s) i Xt
Z w () n e+ 1°

For s = 0 we deal with Euler polynomials (E,(x)),, and for s = 1 with Gennocchi polynomials (G, (x))
In [2], the authors give determinantal properties for thus class of polynomials.
The sequence of polynomials (A*)(x)), are Appell polynomials, i.e. they satisfy

4,40
dx "

Let us, also consider the linear and bijective transformation

(x) = nAlY | (x).

L: (ay),— (nla,),.

This means that Egznzoan%) = anoant”, it transforms an e)liponential generating function to an
1 1 1 1 1 ary

ordinary generating unctlf)n. Equlva¥ently, we can write E(e ) =T
Now, we are able to give our main result.
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Theorem 1. The ordinary generating function of (A®)(x)),, for s >0, is

s n_ no i (=1/2)"(n + )t
> AL = 3 (S 2HO) T Tt T (G TR TS 1)

n>0 n>0

where

Hi)= Y ! (s21), @

ny+ny+-+ny=n (l’l] + 1)(”12 + 1) T (nS + 1)

and H,(0) = 0, is the Kronecker delta.

Corollary 1. The Euler and Genocchi cases give respectively

(s (—1/2)nl’l'tn
;E" Z N0 — G+ 1)) (- xtn))’ (3)
and
(s) no_ no 2 (—I/Z)n(}’l + l)lln
,;)G" ()t ;)(Zf—Oi+l>(1—xt)(1—(x+1)t)---(1—(x+n+1);)' 4)
Proof. 1Tt suffices to take s = 0 and s = 1, respectively, in (1). O

2 Proof of the main result

We start by a lemma giving a link between a power of a variable and the generalized harmonic numbers (see
Relation (2))

Lemma 1. Let s € NU{0}, we have

Proof (of Lemma ). 1t’s easy to see that

Thus, for s > 1
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B (— 1) ™
= 2 so(m D)+ 1) (ng+1)

— Z(_l)n(et _ 1)n+s

n>0 ny+ny+-+ns=n

(e — 1) 2™

1
(m+ 1)y +1)--(ng+ 1)

For s = 0, the identity is trivially satisfied. O
We deduce a nice identity for Faulhaber sums;

Proposition 1. We have the following combinatorial identity

S s (S0 (1) L o
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m
Do =D () Hals) T - 1)
k=0 n>0
we conclude by developing the binomial sum. ]

Proof of Theorem 1.

AN 2t
> AV ) == e

I ’
5% nl e +1

1
=r————e¢

(=
= (S e - ) (e () e

n>0 n>0

Xt

With the convention H_y = 0, we get

AV = 3 (oD H (1720 ) (¢ - 1) e

nl

n>0 n>s
n n—s 1 n n—j [T (x+))t
=3 (S0 g Hes(9) o117 (2 )e
n>s

= S 12 (S () ) (1) <) et

n>s ’ J

Thus

S AP =£( 3 AP ) %)

= Z(—l /2" ( S 2’H,-(s)) S (= 1) <;1> r (eumt)

It is well know that

i (—1)"* (m) 1 B "
— ml k) 1—tx+k) (1—xt)(1—(x+1))-- (1= (x+m))’
it suffices to decompose the right-hand side into partial fractions, this concludes the proof. O

3 Weighted generalized hyperharmonic numbers

The weighted generalized hyperharmonic numbers are defined as follows:
Let r € N and A, := (41,42, ..., 4,) € C" be the weight of the sequence

n
H D (5300, 00, 0 2) = HU D (55 A,) 1= ) 20 HY (51 A1),
k=0

We note that Ay = 2; and H'") (s) = H,(s).
Proposition 2. The following identity holds true
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r1) /. _ n—kr ki jka=k
H,(, )(57Ar) = Z A A AT H ().
0<ki <k <<k <n

Corollary 2.

H (550,200, 0) = Z ARH (s),
0<k <k <-<k<n
and
HP (5,2) = > 2" Hy(s) (7)
=0

Remark 1. The case s =0 gives

and the case s = 1 gives,

According to (7), Theorem 1 has the version below;

Theorem 2. We have

o (—=1)"(n+s)lt"
’;)Afl)(x)t = ;Héz)(& 1/2) Q—at)1—G+ D) (1— (xtntsn) ®

Corollary 3. The Genocchi case is

s no__ 2 (—1/2)"(n+1)'t”
Y GV —ZH;5>(1=1/2>(1 T (R iy T ot s a1 B ()

n>0 n>0

4 Link with Stirling symmetric polynomials

In the literature there is a concept of Stirling polynomials of the second kind given by Gessel and Stanley [5]

as an extension of Stirling numbers of the second kind { } For a fixed non negative integer k, they

k

consider f(n) := { " ;: k } as a polynomial function of the positive integer n.

We propose to define the Stirling symmetric polynomials (according to symmetric functions) of the
second kind as an extension of the r-Stirling numbers where r is a non-negative integer. The r-Stirling
numbers of the second kind were introduced by Comtet [4] and were developed by Broder [3]. Given n,

k (n > k) non negative integers, the r-Stirling numbers of the second kind, denoted { X } count the number
of ways to distribute (n + r) elements into (k + r) parts such that the r added elements are in distinct parts.
We avoid the enumeration property in order to give a sense to the parameter r as a variable, we use the well

known ordinary generating function below, see [4],

n| n,_ t
Z{k}rt T A=+ D)0 =(r+2)0)---(1 = (r+k))° (10)

n>k
We start by giving an explicit formula for the r-Stirling numbers, see also [1].

Theorem 3. For any n>k>r>0, we have
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n i i i
{k}_ S D 2R (R (11)
r i tik=n—k
Proof. We have leu = .>0(u)", thus
k

u =uF r+ Du)’ 4 2)u) r+ku)’*
0 o 2 (e ) (i
=ut Z (r+ 1" (r42)2 - (r+ k)*uirriri

01,2500k >0

=S (Y ) R R

n>0 ijbipttig=n
=S X )Y R
n>k ijtiptetiy=n—k
by identification with Relation (10), we get the result. U
According to Theorem 3, we suggest to extend the concept to polynomials.

Definition 1. Let n and k be two non negative integers such that n >k, we define the Stirling symmet-
ric polynomials of the second kind as follows

S (x) := Z 4+ D" (x4+2)2 - (x k)™

i\ +ip++iy=n—k

According to the steps of the proof of Theorem 3, Identity (10) remains true, thus for m > s

m __ tk
2 S = = (e 200 (= (e R

putting k =n+ s+ 1, we get
Z Sm,n+s+l ()C - 1)tm =

m>n+s+1

lJl

a0 Gr) _Ginta)’

Theorem 2 gives

S AV@I =3 ST (1) ()P (5, 1/2) S (6 — D

n>0 n>0m>n+s+1
= 3 (S D HP 5, 1/2)S s (6= D
m>n>0

Thus, we have the following result.

Theorem 4. Expression of Aﬁf) (x) in terms of Stirling symmetric polynomials

n

AP @) = (D ke + U (5,1/2) St s (v = 1). (12)

Corollary 4. For Euler and Genocchi polynomials, we get

n

E\(x) = (—1/2) k1S, 4 (x — 1), (13)

k=0

and
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n

Gal@) = (=172 e+ DY Zho 27 ) Susran (6= 1): (14)

5 What about Bernoulli polynomials ?

Let (B,(x)), be the sequence of Bernoulli polynomials given by the exponential generating function

" te™
ZB"(X)E:et_l' (15)

n>0

Using the same approach as in Section 2, we get its ordinary generating function

Theorem 5. An expression of the ordinary generating function of Bernoulli polynomials is

. . nl "
ZB,,(x)t = Z(—l) ntl(l—x)(I— G+ D) (1-(x+n)n) (16)

n>0 n>0

And according to Stirling symmetric polynomials, we have

Theorem 6. Bernoulli polynomials in terms of Stirling ones

Bal) = Y1) Ly Sl 1) (1)

n>0
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