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Abstract We give an explicit form for the ordinary generating function of a class of Appell polynomials.
This class contains the Euler and Genocchi polynomials. The technic used also works for Bernoulli poly-
nomials. In the sequel, we introduce the weighted generalized hyperharmonic numbers. We establish for this
family of Appell polynomials an expression in terms of Stirling symmetric polynomials introduced in this
paper.
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1 Introduction and Main result

Let s 2 N [ f0g and x be a variable (complex or real), we define the sequence of polynomials ðAðsÞn ðxÞÞn� 0

by the exponential generating function

X

n� 0

AðsÞn ðxÞ
tn

n!
¼ 2ts

et þ 1
ext:

For s ¼ 0 we deal with Euler polynomials ðEnðxÞÞn, and for s ¼ 1 with Gennocchi polynomials ðGnðxÞÞn.
In [2], the authors give determinantal properties for thus class of polynomials.
The sequence of polynomials ðAðsÞn ðxÞÞn are Appell polynomials, i.e. they satisfy

d

dx
AðsÞn ðxÞ ¼ nA

ðsÞ
n�1ðxÞ:

Let us, also consider the linear and bijective transformation

L : ðanÞn �! ðn!anÞn:

This means that L
�P

n� 0 an
tn

n!

�
¼
P

n� 0 antn, it transforms an exponential generating function to an

ordinary generating function. Equivalently, we can write LðeatÞ ¼ 1
1�at.

Now, we are able to give our main result.
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Theorem 1. The ordinary generating function of ðAðsÞn ðxÞÞn, for s� 0, is

X

n� 0

AðsÞn ðxÞtn ¼
X

n� 0

�Pn
i¼0 2iHiðsÞ

� ð�1=2Þnðnþ sÞ!tn

ð1� xtÞð1� ðxþ 1ÞtÞ � � � ð1� ðxþ nþ sÞtÞ ; ð1Þ

where

HnðsÞ :¼
X

n1þn2þ���þns¼n

1

ðn1 þ 1Þðn2 þ 1Þ � � � ðns þ 1Þ ðs� 1Þ; ð2Þ

and Hnð0Þ ¼ dn;0 is the Kronecker delta.

Corollary 1. The Euler and Genocchi cases give respectively

X

n� 0

EðsÞn ðxÞtn ¼
X

n� 0

ð�1=2Þnn!tn

ð1� xtÞð1� ðxþ 1ÞtÞ � � � ð1� ðxþ nÞtÞ ; ð3Þ

and

X

n� 0

GðsÞn ðxÞtn ¼
X

n� 0

�Pn
i¼0

2i

iþ1

� ð�1=2Þnðnþ 1Þ!tn

ð1� xtÞð1� ðxþ 1ÞtÞ � � � ð1� ðxþ nþ 1ÞtÞ : ð4Þ

Proof. It suffices to take s ¼ 0 and s ¼ 1, respectively, in (1). h

2 Proof of the main result

We start by a lemma giving a link between a power of a variable and the generalized harmonic numbers (see
Relation (2))

Lemma 1. Let s 2 N [ f0g, we have

ts ¼
X

n� 0

ð�1Þnðet � 1ÞnþsHnðsÞ: ð5Þ

Proof (of Lemma 1). It’s easy to see that

t ¼ lnðetÞ ¼ lnð1þ ðet � 1ÞÞ ¼
X

n� 0

ð�1Þn

nþ 1
ðet � 1Þnþ1:

Thus, for s� 1

ts ¼
Ys

i¼1

X

ni � 0

ð�1Þni

ni þ 1
ðet � 1Þsþ

Ps

i¼1
ni

¼
X

n1;n2;:::;ns � 0

ð�1Þ
Ps

i¼1
ni

ðn1 þ 1Þðn2 þ 1Þ � � � ðns þ 1Þ ðe
t � 1Þsþ

Ps

i¼1
ni

¼
X

n� 0

ð�1Þnðet � 1Þnþs
X

n1þn2þ���þns¼n

1

ðn1 þ 1Þðn2 þ 1Þ � � � ðns þ 1Þ :

For s ¼ 0, the identity is trivially satisfied. h

We deduce a nice identity for Faulhaber sums;

Proposition 1. We have the following combinatorial identity

Xm

k¼0

ks ¼
X

n� 0

nXnþs

j¼0

ð�1Þs�j nþ s

j

� �
1� emj

1� ej

o
HnðsÞ: ð6Þ

Proof. We have
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Xm

k¼0

ks ¼
X

n� 0

ð�1ÞnHnðsÞ
Pm

k¼0ðek � 1Þnþs;

we conclude by developing the binomial sum. h

Proof of Theorem 1.

X

n� 0

AðsÞn ðxÞ
tn

n!
¼ 2ts

et þ 1
ext

¼ ts 1

1þ
�

et�1
2

� ext

¼
�X

n� 0

ð�1ÞnHnðsÞðet � 1Þnþs
��X

n� 0

ð�1Þn
� et � 1

2

�n�
ext:

With the convention H\0 ¼ 0, we get

X

n� 0

AðsÞn ðxÞ
tn

n!
¼
X

n� s

�Pn
k¼0ð�1Þk�sHk�sðsÞð�1=2Þn�k

��
et � 1

�n

ext

¼
X

n� s

�Pn
k¼sð�1Þn�s 1

2n�k
Hk�sðsÞ

�Pn
j¼0ð�1Þn�j n

j

� �
eðxþjÞt

¼
X

n� s

ð�1=2Þn�s
�Pn�s

i¼0 2iHiðsÞ
�Pn

j¼0ð�1Þn�j n

j

� �
eðxþjÞt:

Thus

X

n� 0

AðsÞn ðxÞtn ¼ L
�X

n� 0

AðsÞn ðxÞ
tn

n!

�

¼
X

n� s

ð�1=2Þn�s
�Pn�s

i¼0 2iHiðsÞ
�Pn

j¼0ð�1Þn�j n

j

� �
L
�

eðxþjÞt
�

¼
X

n� s

ð�1=2Þn�s
�Pn�s

i¼0 2iHiðsÞ
�Pn

j¼0ð�1Þn�j n

j

� �
1

1� ðxþ jÞt :

It is well know that

Xm

k¼0

ð�1Þm�k

m!

m

k

� � 1

1� tðxþ kÞ ¼
tm

ð1� xtÞð1� ðxþ 1ÞtÞ � � � ð1� ðxþ mÞtÞ ;

it suffices to decompose the right-hand side into partial fractions, this concludes the proof. h

3 Weighted generalized hyperharmonic numbers

The weighted generalized hyperharmonic numbers are defined as follows:
Let r 2 N and Kr :¼ ðk1; k2; :::; krÞ 2 Cr be the weight of the sequence

Hðrþ1Þ
n ðs; k1; k2; :::; krÞ � Hðrþ1Þ

n ðs; KrÞ :¼
Xn

k¼0

kn�k
r HðrÞn ðs; Kr�1Þ:

We note that K1 � k1 and Hð1Þn ðsÞ ¼ HnðsÞ:
Proposition 2. The following identity holds true
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Hðrþ1Þ
n ðs; KrÞ ¼

X

0� k1 � k2 � ��� � kr � n

kn�kr
r kkr�kr�1

r�1 � � � kk2�k1

1 Hk1
ðsÞ:

Corollary 2.

Hðrþ1Þ
n ðs; k; k; :::; kÞ ¼

X

0� k1 � k2 � ��� � kr � n

kn�k1 Hk1
ðsÞ;

and

Hð2Þn ðs; kÞ ¼
Xn

k¼0

kn�kHkðsÞ: ð7Þ

Remark 1. The case s ¼ 0 gives

Hð2Þn ð0; kÞ ¼ kn;

and the case s ¼ 1 gives,

Hð2Þn ð1; kÞ ¼
Xn

k¼0

kn�k

k þ 1
:

According to (7), Theorem 1 has the version below;

Theorem 2. We have

X

n� 0

AðsÞn ðxÞtn ¼
X

n� 0

Hð2Þn ðs; 1=2Þ ð�1Þnðnþ sÞ!tn

ð1� xtÞð1� ðxþ 1ÞtÞ � � � ð1� ðxþ nþ sÞtÞ : ð8Þ

Corollary 3. The Genocchi case is

X

n� 0

GðsÞn ðxÞtn ¼
X

n� 0

Hð2Þn ð1; 1=2Þ ð�1=2Þnðnþ 1Þ!tn

ð1� xtÞð1� ðxþ 1ÞtÞ � � � ð1� ðxþ nþ 1ÞtÞ : ð9Þ

4 Link with Stirling symmetric polynomials

In the literature there is a concept of Stirling polynomials of the second kind given by Gessel and Stanley [5]

as an extension of Stirling numbers of the second kind
n
k

� �
. For a fixed non negative integer k, they

consider fkðnÞ :¼ nþ k
k

� �
as a polynomial function of the positive integer n.

We propose to define the Stirling symmetric polynomials (according to symmetric functions) of the
second kind as an extension of the r-Stirling numbers where r is a non-negative integer. The r-Stirling
numbers of the second kind were introduced by Comtet [4] and were developed by Broder [3]. Given n,

k ðn� kÞ non negative integers, the r-Stirling numbers of the second kind, denoted
n
k

� �

r

count the number

of ways to distribute ðnþ rÞ elements into ðk þ rÞ parts such that the r added elements are in distinct parts.
We avoid the enumeration property in order to give a sense to the parameter r as a variable, we use the well
known ordinary generating function below, see [4],

X

n� k

n
k

� �

r

tn ¼ tk

ð1� ðr þ 1ÞtÞð1� ðr þ 2ÞtÞ � � � ð1� ðr þ kÞtÞ : ð10Þ

We start by giving an explicit formula for the r-Stirling numbers, see also [1].

Theorem 3. For any n� k� r� 0, we have
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n
k

� �

r

¼
X

i1þi2þ���þik¼n�k

ðr þ 1Þi1ðr þ 2Þi2 � � � ðr þ kÞik : ð11Þ

Proof. We have 1
1�ju ¼

P
n� 0ðjuÞ

n
, thus

uk

Qk
j¼1ð1� ðr þ jÞuÞ

¼ uk
X

i1 � 0

ððr þ 1ÞuÞi1
X

i2 � 0

ððr þ 2ÞuÞi2 � � �
X

ik � 0

ððr þ kÞuÞik

¼ uk
X

i1;i2;:::;ik � 0

ðr þ 1Þi1ðr þ 2Þi2 � � � ðr þ kÞik ui1þi2þ���þik

¼ uk
X

n� 0

� X

i1þi2þ���þik¼n

ðr þ 1Þi1ðr þ 2Þi2 � � � ðr þ kÞik
�

un

¼
X

n� k

� X

i1þi2þ���þik¼n�k

ðr þ 1Þi1ðr þ 2Þi2 � � � ðr þ kÞik
�

un;

by identification with Relation (10), we get the result. h

According to Theorem 3, we suggest to extend the concept to polynomials.

Definition 1. Let n and k be two non negative integers such that n� k, we define the Stirling symmet-
ric polynomials of the second kind as follows

Sn;kðxÞ :¼
X

i1þi2þ���þik¼n�k

ðxþ 1Þi1ðxþ 2Þi2 � � � ðxþ kÞik :

According to the steps of the proof of Theorem 3, Identity (10) remains true, thus for m� s

X

m� k

Sm;kðxÞtm ¼ tk

ð1� ðxþ 1ÞtÞð1� ðxþ 2ÞtÞ � � � ð1� ðxþ kÞtÞ ;

putting k ¼ nþ sþ 1, we get

X

m� nþsþ1

Sm;nþsþ1ðx� 1Þtm ¼ tn

ð1� xtÞð1� ðxþ 1ÞtÞ � � � ð1� ðxþ nþ sÞtÞ t
sþ1:

Theorem 2 gives
X

n� 0

AðsÞn ðxÞtn ¼
X

n� 0

X

m� nþsþ1

ð�1Þnðnþ sÞ!Hð2Þn ðs; 1=2ÞSm;nþsþ1ðx� 1Þtm�s�1

¼
X

m� n� 0

ð�1Þnðnþ sÞ!Hð2Þn ðs; 1=2ÞSmþsþ1;nþsþ1ðx� 1Þtm:

Thus, we have the following result.

Theorem 4. Expression of AðsÞn ðxÞ in terms of Stirling symmetric polynomials

AðsÞn ðxÞ ¼
Xn

k¼0

ð�1Þkðk þ sÞ!Hð2Þk ðs; 1=2ÞSnþsþ1;kþsþ1ðx� 1Þ: ð12Þ

Corollary 4. For Euler and Genocchi polynomials, we get

EnðxÞ ¼
Xn

k¼0

ð�1=2Þkk!Sn;kðx� 1Þ; ð13Þ

and
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GnðxÞ ¼
Xn

k¼0

ð�1=2Þkðk þ 1Þ!
�Pk

i¼0
2i

iþ1

�
Snþ1;kþ1ðx� 1Þ: ð14Þ

5 What about Bernoulli polynomials ?

Let ðBnðxÞÞn be the sequence of Bernoulli polynomials given by the exponential generating function

X

n� 0

BnðxÞ
tn

n!
¼ text

et � 1
: ð15Þ

Using the same approach as in Section 2, we get its ordinary generating function

Theorem 5. An expression of the ordinary generating function of Bernoulli polynomials is

X

n� 0

BnðxÞtn ¼
X

n� 0

ð�1Þn n!

nþ 1

tn

ð1� xtÞð1� ðxþ 1ÞtÞ � � � ð1� ðxþ nÞtÞ : ð16Þ

And according to Stirling symmetric polynomials, we have

Theorem 6. Bernoulli polynomials in terms of Stirling ones

BnðxÞ ¼
X

n� 0

ð�1Þk k!

k þ 1
Sn;kðx� 1Þ: ð17Þ
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