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Abstract In this article, for a prime p such that p = 2 or 3(mod 5), we identify cyclic codes of length N
over R = M,(F, + uF,), u> = 0 as right R-submodules of R[x]/(x¥ — 1). Also, we define an isometry from
M>(F, + uF,) to Fp +uF, 4+ vF, + uvF,, where u*> =v? = 0,uv = vu and determine the structure of
cyclic codes, in particular self-dual cyclic codes of length N where gcd(N,p) = 1. Moreover, several
optimal and near to optimal codes are obtained as the Gray images of these codes over R.
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1 Introduction

The class of cyclic codes is an important class of linear codes which has been extensively studied over finite
rings after the establishing work of Hammons et al. [7] in 1994. Like commutative rings [9, 11-14],
noncommutative rings also play an important role in the development of error-correcting codes. Apart from
skew polynomial rings [4, 8, 10], rings of matrices have recently attracted a growing interest among
researchers. In 2012, Oggier et al. [16] considered the matrix ring M,([F,) for space-time coding. In 2013,
Alahmadi et al. [1] studied cyclic codes over M;([F,) and explored certain self-dual F4-codes. Also, in 2014,
Falcunit and Sison [5] investigated the structure of cyclic codes over M»([F,) by using an isometry between
M, (F,) and F, + uf,. Recently, Luo and Udaya [15] considered the matrix ring M>(F2 4 ulF;) and
obtained several optimal F4-codes of length 16 and 20, respectively as the Gray images of cyclic codes.
Further, Pal et al. [17] and Bhowmick et al. [2] have studied cyclic codes over M4([F,) and self-dual cyclic
codes over M,(Z4), respectively.

In this paper, for any integer k > 0, we consider the matrix ring M, (F, + ulF,) where u>=0and pisa
prime of the form p = 5k + 2 or p = 5k + 3 and investigate the structure of cyclic codes over M» ([, + ulF,).
Note that cyclic codes of length N were discussed for p = 2 in [15] along with the Gray map ¢ and some
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good parameters of linear codes over [Fy. It is worth mentioning that [15] determined the structure of cyclic
codes only. Here, we extend this work for a class of primes satisfying p = 2 or 3(mod 5). Along with the
structural properties of cyclic codes (in Section 3), we also discuss their dual codes and obtain conditions for
such codes to be self-dual (in Section 4). Finally, in addition to few examples of self-dual cyclic codes over
4, we obtain many optimal and near to optimal linear codes over Fy in Table 1 and Table 2, respectively.

The presentation of the paper is as follows: In Section 2, we discuss some basic facts and establish an
isometry between My (F, 4+ uF,) and F,> + uF > + vF > 4+ uvF,. where u?> =v? = 0,uv = vu. In Section 3,
by following the same arguments of [15], we determine the structure of cyclic codes while in Section 4, we
study self-dual codes and obtain necessary and sufficient conditions for cyclic codes to be self-dual.
Section 5 contains several optimal and near to optimal codes of length 16 and 20, respectively over [y.
Section 6 concludes the paper.

2 Basic facts and Gray Map

Throughout, p denotes a prime such that p =2 or 3(mod 5) and F,, a finite field of order p. Then from
Lemma 4.1 of [5], we know that the polynomial f(x) = x*> +x + (p — 1) is irreducible over [,. In fact, the
irreducibility of fx) over [F, leads to restrict p =2 or 3(mod 5). For example, if p =11 satisfying
p = 1(mod 5), then f(x) = x*> + x + 10 has roots 3, 7 and hence f(x) is not an irreducible polynomial in
F,[x]. One may take different irreducible polynomials over F, for other primes p. But, here we fix the
irreducible polynomial f(x) = x* +x + (p — 1), which has some specific benefit as discussed in the sub-
sequent portion. Now, F,. = F,[w] is a Galois field of order p? where f(w) =0, and the Galois group
G = Gal(F/F,) is cyclic generated by the Frobenius automorphism ¢ : F,, — [ defined by o(a) = a”
for all a € F,». Now, following the same arguments given in [16], we construct a cyclic algebra D =
(Fp2/Fp,0,1) as follows:

D contains the Galois field F,, and has a right F.-basis {1, e} such that D = F,. @ e[, where ae =
ed(a)and e* = 1, forall a € F,.. Again, by ([18], Theorem 12.1, page-316), D = (F,./F,, g, 1) is a central
simple algebra over [F,. Hence, D is a cyclic algebra and dim D = 4. Also, by Proposition 1 of [19], we have
D = M;(Fp), ie., Fp @ eF, = M,(F,), where M,(F,) is the ring of 2 x 2 matrices over [F,. Further, by
considering [, /[, as a vector space over [, we have Endg, (F,2) 2 M>(F,). Thus, D = Endg, (F,2), where
the isomorphism i : D — Endg, (F») is given by i(a) = I,, foralla € F» and [, : F,, — [ is defined by
l.(c) = ac, for all ¢ € F,» and i(e) = 0. In fact, following [5] for a = a; + way € Fz (withay,a; € F,), we
have [, € Endg,(F,2) whose matrix representation is given by

l (al ay ) L( )
L = L,(say),
as ai+(p—1)ay

and also the matrix for e is
1 0

‘T (p—l p—l) = Lelsay).

To calculate L,, we have used the fact w”=(p—Dw+(p—1) (mod w>+w+(p—1)) of (
[5], Theorem 4.5). As pointed out above, this is one of the major reasons for the choice of irreducible
polynomial f(x) = x* +x + (p — 1) over F,. In this way, M(F,) = F,» @ eF 2, where ae = ea(a), ¢* = 1
for all a € [, and the matrix correspondence is

Table 1 Cyclic codes of length 4 over M(F; + ulF3)

Generators of cyclic codes ¢(C) Remarks

(fof3, (u +vw)fa) [16, 11, 3] near to optimal
(ufa, vf3, (u+v)fa) [16, 12, 2] near to optimal
(fa, (u+v)f3) [16, 14, 2] optimal

(f5, uvfs) [16, 13, 2] near to optimal
(f5, vfa) [16, 14, 2] optimal

i ufo, vfs) (16, 15, 2] MDS

(ufa, vy, uvfs) [16, 10, 4] near to optimal
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Table 2 Cyclic codes of length 5 over M(F; + ulF3)

Generators of cyclic codes ¢(C) Remarks
(fi.uf2) [20, 18, 2] optimal
{fa, uvfs) [20, 13, 5] near to optimal
(3, uf1) [20, 16, 2] near to optimal
(f2, ufs, uvfifa) [20, 17, 3] optimal
{fi, ufa, vf3> [20, 19, 2] MDS
(1, (u+v)fs) [20, 18, 2] optimal
{fi,ufy, (u+v)fs) 20, 19, 2] MDS
a —l—b a+b
a+eb=(a; +way +e(by +why)) +— L, + L.L, = ( b 2 )
a, — by — a; —ay — b
Now, let { =a+ef € Fp el where o :%l+w’%2, +w € F,2. Consider v = e + ¢, then
VES [sz D E[sz and
1 142w 2
2 = — P = P — = 3
o 5 y % 3 ’ ﬁ 3 ( + W)7
and hence
&= (a+ef)(o+ep)

= o? + aef + eaf + efef

= o? + ea(a)p + eaf + a(p)p, (since e* = 1)

= o + e’ f 4 eaf + P

1 2w n 2w L 4

5 95 79575
=1.

Therefore, by using above values, we have

=(e+)(e+9)

= telt et

=1l+e(a+ef)+ (a+efle+1

=2+ eu+ B+ ae+ efe, (sincee’ = 1)
=2+ ea+ f+ ea(a) + a(f), (since e* = 1)
=2+ex+ f+eod +f

2
:2—2(1+2w)+§(—2+w)

=2-2=0.

e 2
“(1+2w) ==
+5( +2w) 5(3+w)

Also, the matrix representation of v is given by

VH(pil p21>+<pgl (1)>:<p21 8>:MV(SaY)EM2([Fp)’

Hence, M? = 0. Again, asv—e+éandM2([F ) = F2 @ eF 2, we have My (F,) = 2 & v, where v2 = 0.

Let R = My(F, + ulF,), u> =0 be a noncommutatlve ring of 2 X 2 matrices over [F + u[F Now, we can
represent R = My (F,) + uMy(F,) = M»(F,)[u]/(u*). Therefore, from above d1scus51on we have
R = Fp +uF, + vF,2 + uvF ., where u? = v? = 0, uv = vu. Hence, further we use R for both F» + ulF,» +
v[sz + qupz and Mz([Fp + u[F,,), where u2 = v? = 0, uv = vu. Note that every element o € R is of the form
o = o + uoy + voz + uvoy where o; € e, for i = 1,2,3,4. Recall that a non-empty subset C of RV is said
to be a linear code if it is an R-submodule of R". Also, C is said to be a cyclic code if (cy_1,co, . . -, CN-2) €
C for each (co,cy,...,cn—1) € C. We consider the Gray map defined in [15] as follows:
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¢:R— [F;z
by
O (o + uoy + voz + uvoy) = (o, 03 + dg, 0 + dlg, 00 + 0 + 03 + 0lg). (1)

Clearly, ¢ is a linear bijective map and can be extended to R componentwise. For any
o = o + udy + voz + uvoy € R, the Gray weight wig(a) is defined as
wig(o) = wiy(oa) + wig (o + 0g) + wig (o + oa) + weg (o + 0 + o3 + 04), where wey is the Hamming
weight in F,.. The Gray weight of ¢ = (g, c1,...,cy-1) € RY is defined by wig(c) = SN wig(c;) while
the Gray distance of a linear code C is dg(C) = min{wts(c) | 0 # ¢ € C}. Therefore, it is a routine work to
verify that ¢ is a weight preserving map from (R", Gray weight) to ([F#V , Hamming weight).

Definition 1 [11, 12] Let v be a cyclic shift and N = mt, where m, t are positive integers. Then the quasi-
cyclic shift operator 7, is defined by

mlc' [ ][ e) = () [v(@) ] ... [ (),

where ¢/ € R" fori = 1,2,...,t. A linear code C of length N over R is said to be a quasi-cyclic code of index
t if and only if 7,(C) = C.

Theorem 1 Let C be a cyclic code of length N, size M and distance dg. Then ¢(C) is a quasi-cyclic code of
length 4N, index 4, size M and distance dy.

Proof Note that ¢ is a distance preserving linear map. Therefore, for a cyclic code C of length N, size M
and distance dg, ¢(C) is a linear code of length 4N, size M and distance dy. On the other hand, by Definition
1 and map ¢, it is easy to check that ¢v=my¢p. Now, for a cyclic code C, we have
$(C) = ¢v(C) = ma(¢(C)). Hence, ¢(C) is a quasi-cyclic code of length 4N and index 4 over Fp. O

3 Cyclic codes over R

Let p : R — [F,» be a projection map defined by p(o; + uoy + voz +uvoy) = oy, foro; € Fip, i =1,2,3,4.
Then the ring homomorphism p can be extended to the polynomial ring R[x] as p : R[x] — [F,[x] defined
by p(3N youx’) = oV p(e4)x'. Now, f(x) is called a basic irreducible polynomial in R[x] if and only if
p(f(x)) is irreducible in [ [x].

Henceforth, we consider cyclic codes C of length N where p does not divide N, i. e., gcd(N,p) = 1.

Theorem 2 Let gcd(N,p) = 1 and XV — 1 = LI, fs, where fi.fs,...,fm are pairwise coprime and irre-
ducible polynomials in F[x]. Then R[x]/(x" — 1) = @ R[x]/{f;).

Proof 1t follows from the successful application of the Chinese Remainder Theorem by considering

R[x]/(x" — 1) as a right R-module (see [16, 20]). O

Proposition 1 Let f be an irreducible polynomial in F[x]. Then the possible right R-submodules of
Ry = R[x]/(f) are (0),(1), (u), (v), (uv), (u) + (v) and (u + vHy) where Hy is a unit in F,[x].

Proof LetI(# 0) be aright R-submodule of Ry and a + (f), a non-zero element of 1. Then a ¢ (f). Assume
a = ay + uay + vaz + uvay, where a; € F[x], fori = 1,2,3,4.

Case A: If ged(f, p(a)) = 1, ie., ged(f,a;) = 1, then p(a) is a unit in F,[x], and hence a is unit in .
Thus, I = (a) = Ry.
Case B: If ged(f, p(a)) = f, i.e., ged(f,a1) = f, then
a+ (f) = ay + uay + vaz + uvay + (f) 2)
= ua, + vaz + uvag + {f).

Subcase I: If ged(f,a;) = f, then from equation (2), we have
a+ {f) = vaz + uvas + {f). (3)
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Therefore, I C (v + (f)).

(1) If ged(f,a3) = 1, then from equation (3), we have
w = aa;'u+ (f) € I
Again, by equation (3), we have
vaz =a —uvas + {f) €I
which impliesv = (a — uvay)a;' + (f) € I.
Hence, (v + (f)) C I. Thus, I = (v + (f)).
(2) If ged(f,a3) =f, then from equation (3),
a+{f) = uvas + {f). (4)
Therefore, I C (uv + (f)). Again, since a is a non-zero element of 7, so ged(f, as) = 1, and by equation (4),
wv = aay' + (f) € 1. Hence, (uv + (f)) C I and I = (uv + {f)).
Subcase II: Let ged(f,a2) = 1.
If ged(f, a3) = f, then from equation (2), we have
a+ {f) = uay +vaz + uvay + {f)
= uay + uvay + {f).
Therefore, I C (u + (f)). Again, by equation (5),
wv = aa,'v+ {f) € I
Now, from equation (5),
u=(a—ua)a," + (f) € 1.
Then (u + (f)) C I. Hence, I = (u + (f)).
If ged(f,a3) = 1, then by equation (2), we have
wv = aa,'v + {f).
Again, by equation (2),
ua; +vay =a—uvay + (f) € 1
which implies u + vaza; ' = u + vHy = (a — uvas)aza; ' + (f) €1,
where Hy = asza; ' is a unit in F[x]. Then either I = (u + vHy), or (u+ vHy) C I. If (u+ vHy) C I, then
there exists wu+vHp €l such that wu+vHp & (u+vHy;) where f'€[Fp[x]. Therefore,
v(Hf — Hp) = u+ vHy —u—vHp € 1. As (Hy — Hp) € (f), so v € 1. Again, since a, ' exists, by equation
(2), uv € I. Further, from equation (2), u € I and this implies that (u) + (v) C I. Also, it is clear from
equation (2) that I C (u) + (v). Hence, I = (u) + (v).

Thus, by combining above all cases, we conclude that the possible right R-submodules of Ry = R[x]|/(f) are
(0), (1), (u), (v), (uv), (u) + (v) and (u + vHy) where Hy is a unit in F[x]. O

Proposition2 LetxV — 1 = [T, fs, where fi,fa, ..., fm are pairwise coprime and irreducible polynomials

in Fp[x]. Let f,= fo’l for 1 <s<m. Then a right R-submodule of R[x]/(x" — 1) is the sum of right R-

submodules (f, + (& = 1)), (ufy + (N = 1)), (ofy + (& = 1), Goofy + 6N = 1)), (fy) + (ofy) + (& = 1)
and ((u+ vHy)f, + (x" — 1)) where Hy is a unit in F[x].

Proof 1t follows from Theorem 2 and Proposition 1. O

Theorem 3 Let C be a cyclic code of length N. Then
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C = (F1) @ (uF2) & (vF3) & (uFy) @ {(u+ vHy)Fs) & ((uFe) + (vF5))
and |C| = pBdeeli+adeghy+adeghs+2deghytddegls+6degls where [y, Fy,...,F are pairwise coprime and monic
polynomials in F. [x] such that x¥ — 1 = 15, F; with F, = x% and Hy is a unit in [ [x].

Proof First part is same as the proof of ( [15], Theorem 2).
Here, note that
[(F1)| = peer, ()| = pHesrs, (v )| = pHesrs, (v | = per,

(o =8, )+ i =

Therefore,
(C1 = [(F0)| - [aFo)] - [(vEs)] - | (v ] - | (VB FS)] - ()
+(VEg))| = pileehi+adegFy 4degFs2degFy+4degFs +6degFo =

Proposition 3 Let C be a cyclic code of length N over R. Then C = (A) ® u(B) ® v(C) @ uv(D) ® (u +
VvH;)(F) and |C| = p'ON=2degA+degBrdegCrdegD+deel) \yhere A, B, C, D, F are polynomials in T [x] which
are factors of X" — 1.

Proof Same as the proof of ( [15], Proposition 4). ]

Proposition 4 Let C be a cyclic code of length N over R. Then there exists a polynomial F in R[x] such that
C=(F).

Proof Let C be a cyclic code of length N over R. Then by Theorem 3, we have C = (F}) @ (uF,) @
(vF3) @ (wvFy) @ ((u + vHy)Fs) © ((uFs) + (vFs)), where Fo, F\,..., Fe are pairwise coprime and monic
polynomials in Fp2 [x] such that N—1= H?:o F, with F, = "NTZI Take
F = F\ + uF; + vF5 4+ uvFy + (u+ vHy)Fs + ((u) + (v))Fs. Now, we show C = (F). It is easily seen that
(F) CC. Also, for s #k, x¥ — 1 is a factor of F.F, and this implies that F.F) = 0(mod xN — 1), for
0 <s, k < 6. Moreover, since polynomials Fy, F are coprime in [ 2 [x], there exist polynomials gy, i, € F 2 [x]
such that g,F + hF, = 1, for all s = 1,2,3,4,5,6. Now, HiS:l(gSFS + hsﬁs) =1, and which implies that

w1 FyFaF3FyFs + waF\FoF3F4Fs + wiyF 1 FaF3FyFs -+ wyF | F2F3F4Fs

+ wsF 1 FaF3F4Fs + weF 1 FyF3FyF's = 1, )

where wi,ws, ..., we are some polynomials in [, [x]. Multiplying equation (6) by Fe, we have
Few F\FoF3F4Fs = Fg.
Again,
FwiF\FyF3F4Fs ={F + uFy + vF5 + uvFy + (u + vHy)Fs

+ ((u) + (v))Fe}w1F1FyF3F4Fs
((u) 4 (v))Few  F1F2F3F4Fs (since FFy = 0,Y0 < s < 6)
((u) + (v))Fe.

Therefore, ((u) (v))Fs € (F). Again, by following similar procedure, we can show that
Fy,uFy,vF3,uvFy, (u+ vHy)Fs € (F). Hence, C C (F). Thus, C = (F). O

Corollary 1  Every right R-submodule of R[x]/{(x" — 1) is principally generated.

4 Self-dual cyclic codes over R

Let C be a linear code of length N over R. For any two vectors ¢ = (co,C1,...,Cn 1),
¢ = (ch,ch,...,chy_;) €C, the Buclidean inner product is defined by ¢ - ¢ = SV ' ¢;c/. The dual of C is
defined by C* = {x € RV | x-y = 0,Vy € C}. Recall that C is said to be self-orthogonal if C C C* and self-
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dual if C = C*. Let f(x) be a polynomial such that f(0) = ay # 0. Then the reciprocal polynomial of f(x) is
denoted by f*(x), and defined as f*(x) = ag 'x%e/@)f(x~!). Note that deg(f(x)) = deg(f*(x)). In the present
section, we obtain the structure of dual codes (Theorem 4), and necessary and sufficient conditions (The-
orem 5) for cyclic codes to be self-dual.

Theorem 4 Let C = (F)) @ (uF2) © (vF3) @ (uvFy) @ ((u + vHy)Fs) © ((uFs) + (vFg)) be a cyclic code
of length N where FO, Fl, ..., Fg are pairwise coprime and monic polynomials in [ [x] such that W —1=
115, Fs with Fy = ©=L and H; is a unit in F2[x]. Then

cr= <F2§> @ (uF3) @ (vF3) ® (uvFg) @ ((u+ vH)F5) @ ((uF}) + (vF4))
and |CL| _ p(Sdean+4deng+4degF3+6degF4+4degF5+2degF(,)‘

Proof Let C= (F3) ® (uFy) ® (vF3) @ (wFy) @ ((u+ vHp)FL) @ ((uF5) + (vEy)). Clearly, ccct.

Now |C| — p8degF| +4degF,+4degF;+2degF,+4degFs+6degFg and ‘CL| % — p(SdegF0+4degF2+4degF3+6degF4+4deng+
9
2degF). Again,

|<F*>| deCgFo |<uF*>| _ 4deng |<VF*>| _ 4deng | qu*>| pZdegF6

(e -+ vHp)FS)| = p* [(((uFy) + (vFy)))| = poeet,

and

|é| _ p(8degF0+4degF2+4degF3+6degF4+4degF5+2degF6)'

Hence, C = C*. -

Proposition 5 Let C be a cyclic code of length N over R. Then C- = (A*) @ u(B*) © v(C*) @ uv(D*) @
(u+vHy)(F*) and
|C‘ — pl0N72(degA*+degB*+degC*+degD*+degF‘)

factors of XN — 1.

, where A*,B*,C*,D*,F* are polynomials in [ [x] which are

Proof Same as the proof of Proposition 3. O

Proposition 6 Let C be a cyclic code of length N over R. Then there exists a polynomial F* in R[x] such
that C+ = (F*).

Proof Consider F* = Fj + uF; + vF§ + uvF}; + (u+ vHy)F: + ((u) + (v))F; and follows the same

argument of Proposition 4. O
Theorem 5 Let C = (F\) @ (uF2) @ (vF3) @ (uvFy) @ ((u + vHy)Fs) @ ((uFs) + (vFg)) be a cyclic code
of length N where Fy, Fy, ..., Fg are pairwise coprime and monic polynomials in F[x] such that X" — 1 =

H?:o F, with F, :X]j;] 2[x]. Then C is a self-dual cyclic code if and only if
F\ = F},Fy = F},F3 = Fi,Fy = Fi,Fs = Fi,Fs = F..

Proof Tt is known that the code C= (F) is self-dual if and only if F=F* ie,
Fi =F,,Fy, =F},F; = F;,Fy = F.,Fs = F},Fs = F}, and this implies that
Fy\=F; Fy=F; Fy=F; Fy=F; Fs = Fi Fs = F;. O

Proposition 7 Let C = (A) © u(B) & v(C) @ uv(D) & (u+ vHy)(F) be a cyclic code of length N over R,
where A, B, C, D, F are polynomials in F[x] which are factors of xV — 1. Then C is a self-dual cyclic code
if and only if A=A*,B=B*,C=C*",D=D* F =F".

5 Examples

It is well known that a linear code [n, k, d] satisfies the Singleton bound d <n — k + 1, and is called an
MDS (maximum-distance-separable) code if d = n — k + 1. The best-known linear codes (close to MDS)
are catalogued in the online database [6], which provides both bounds and known linear codes over [, where
g = p" <9. Recall that a linear code [n, k, d] 4 is said to be optimal (resp. near to optimal) if there exists a

code [n,k,d'], in [6] such that d' —d = 0 (resp. d’ — d <2). An optimal code need not necessarily be an
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MDS code. For example, in Table 1, the code [16, 15, 2], is both optimal and MDS whereas [16, 14, 2], is
optimal but not MDS. In this section, by using the database [6], we present several optimal and near to
optimal codes of length 16 and 20, respectively over [9 under the Gray images of cyclic codes over R. All
computations involved in these examples are carried out by using the Magma computation system [3].

Example 1 Let F4 = {0,1,w,w + 1} be the field of order 4 where w? +w + 1 = 0. Now, in F4[x], we
have

X — 1=+ D> +wx+ 1) +wx+x+1).

Let fi=x+ 1, =x>+wx+1 and fs =x> +wx+x+ 1. Then f =fi,f5 =f,f; =f. Hence, C; =
(ufy, vz, wfy, (u +v)f)) and Cy = (uf},vf5, uvfy, (u+v)f,) are self-dual cyclic codes of length 5 over
R = M, (F, + ulF,). Moreover, ¢(C;) is a [20, 10, 4] linear code over Fy, for i = 1,2.

Example 2 Let Fy = F3]w] be the field of order 9 where w? +w + 2 = 0. Then, in Fo[x],
o l=(+ D +2)x+1+2w)(x+24+w).

Let fi=x+1,H=x+2,s=x+14+2w and fy = x+ 2+ w. Now, some optimal and good codes of
length 16 over Fy are enlisted in Table 1.
Example 3 Let F4 = {0,1,w,w + 1} be the field of order 4 where w? +w + 1 = 0. Now, in F4[x],

X —1l=x+DE+w)(x+w+1).

Let fi=x+1,f=x+w and fi=x+w+1. Then [ =£.f5 =f,f5 =f. Therefore, C=
(ufi,vfi, b, (u+v)f3) is a self-dual cyclic code of length 3 over M, (F, + ulF;) and ¢(C) is a [12, 6, 4]
linear code over [Fy.

Example 4 Let Fy = F3[w] be the field of order 9 where w? +w + 2 = 0. Now, in Fg[x], we have
X —1=x+2){x*+ (w+ Dx+ 1Hx> +2wx + 1}

Letfi =x+2,p =x>+ (w+ x+ Land 5 = x> + 2wx + 1. Now, we present some cyclic codes of length
5 over M,(F3 + ulF3) and their Gray images in Table 2.

6 Conclusion

In this article, we studied cyclic, and in particular self-dual cyclic codes over R = M,(F, + ulF,). We
obtained necessary and sufficient conditions for cyclic codes to be self-dual over R. It is proved that cyclic
codes of length N with gcd(N,p) =1 are principally generated. As an application, we presented some
optimal and good codes of length 16 and 20 over [y, respectively. We believe that some more new and
optimal codes of different length can be obtained by considering their Gray images in our set up.
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