
ORIGINAL RESEARCH

On the structure of cyclic codes over M2ðFp + u FpÞ
Habibul Islam • Om Prakash • Dipak Kumar Bhunia

Received: 25 February 2019 / Accepted: 22 January 2021 / Published online: 14 June 2021
� The Indian National Science Academy 2021, corrected publication 2021

Abstract In this article, for a prime p such that p � 2 or 3ðmod 5Þ, we identify cyclic codes of length N
over R ¼ M2ðFp þ uFpÞ, u2 ¼ 0 as right R-submodules of R½x�=hxN � 1i. Also, we define an isometry from

M2ðFp þ uFpÞ to Fp2 þ uFp2 þ vFp2 þ uvFp2 , where u2 ¼ v2 ¼ 0; uv ¼ vu and determine the structure of

cyclic codes, in particular self-dual cyclic codes of length N where gcdðN; pÞ ¼ 1. Moreover, several
optimal and near to optimal codes are obtained as the Gray images of these codes over R.

Keywords Cyclic code � Gray map � Self-dual code � Matrix ring � Optimal code
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1 Introduction

The class of cyclic codes is an important class of linear codes which has been extensively studied over finite
rings after the establishing work of Hammons et al. [7] in 1994. Like commutative rings [9, 11–14],
noncommutative rings also play an important role in the development of error-correcting codes. Apart from
skew polynomial rings [4, 8, 10], rings of matrices have recently attracted a growing interest among
researchers. In 2012, Oggier et al. [16] considered the matrix ring M2ðF2Þ for space-time coding. In 2013,
Alahmadi et al. [1] studied cyclic codes over M2ðF2Þ and explored certain self-dual F4-codes. Also, in 2014,
Falcunit and Sison [5] investigated the structure of cyclic codes over M2ðFpÞ by using an isometry between
M2ðFpÞ and Fp2 þ uFp2 . Recently, Luo and Udaya [15] considered the matrix ring M2ðF2 þ uF2Þ and

obtained several optimal F4-codes of length 16 and 20, respectively as the Gray images of cyclic codes.
Further, Pal et al. [17] and Bhowmick et al. [2] have studied cyclic codes over M4ðF2Þ and self-dual cyclic
codes over M2ðZ4Þ, respectively.

In this paper, for any integer k� 0, we consider the matrix ring M2ðFp þ uFpÞ where u2 ¼ 0 and p is a
prime of the form p ¼ 5k þ 2 or p ¼ 5k þ 3 and investigate the structure of cyclic codes over M2ðFp þ uFpÞ.
Note that cyclic codes of length N were discussed for p ¼ 2 in [15] along with the Gray map / and some
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good parameters of linear codes over F4. It is worth mentioning that [15] determined the structure of cyclic
codes only. Here, we extend this work for a class of primes satisfying p � 2 or 3ðmod 5Þ. Along with the
structural properties of cyclic codes (in Section 3), we also discuss their dual codes and obtain conditions for
such codes to be self-dual (in Section 4). Finally, in addition to few examples of self-dual cyclic codes over
F4, we obtain many optimal and near to optimal linear codes over F9 in Table 1 and Table 2, respectively.

The presentation of the paper is as follows: In Section 2, we discuss some basic facts and establish an
isometry between M2ðFp þ uFpÞ and Fp2 þ uFp2 þ vFp2 þ uvFp2 where u2 ¼ v2 ¼ 0; uv ¼ vu. In Section 3,
by following the same arguments of [15], we determine the structure of cyclic codes while in Section 4, we
study self-dual codes and obtain necessary and sufficient conditions for cyclic codes to be self-dual.
Section 5 contains several optimal and near to optimal codes of length 16 and 20, respectively over F9.
Section 6 concludes the paper.

2 Basic facts and Gray Map

Throughout, p denotes a prime such that p � 2 or 3ðmod 5Þ and Fp; a finite field of order p. Then from

Lemma 4.1 of [5], we know that the polynomial f ðxÞ ¼ x2 þ xþ ðp� 1Þ is irreducible over Fp. In fact, the
irreducibility of f(x) over Fp leads to restrict p � 2 or 3ðmod 5Þ. For example, if p ¼ 11 satisfying

p � 1ðmod 5Þ, then f ðxÞ ¼ x2 þ xþ 10 has roots 3, 7 and hence f(x) is not an irreducible polynomial in
Fp½x�. One may take different irreducible polynomials over Fp for other primes p. But, here we fix the

irreducible polynomial f ðxÞ ¼ x2 þ xþ ðp� 1Þ, which has some specific benefit as discussed in the sub-

sequent portion. Now, Fp2 ffi Fp½w� is a Galois field of order p2 where f ðwÞ ¼ 0, and the Galois group

G ¼ GalðFp2=FpÞ is cyclic generated by the Frobenius automorphism r : Fp2 �! Fp2 defined by rðaÞ ¼ ap

for all a 2 Fp2 . Now, following the same arguments given in [16], we construct a cyclic algebra D ¼
ðFp2=Fp;r; 1Þ as follows:

D contains the Galois field Fp2 , and has a right Fp2 -basis f1; eg such that D ¼ Fp2 � eFp2 where ae ¼
erðaÞ and e2 ¼ 1, for all a 2 Fp2 . Again, by ( [18], Theorem 12.1, page-316), D ¼ ðFp2=Fp;r; 1Þ is a central

simple algebra over Fp. Hence, D is a cyclic algebra and dimD ¼ 4. Also, by Proposition 1 of [19], we have
D ffi M2ðFpÞ, i.e., Fp2 � eFp2 ffi M2ðFpÞ, where M2ðFpÞ is the ring of 2	 2 matrices over Fp. Further, by

considering Fp2=Fp as a vector space over Fp, we have EndFp
ðFp2Þ ffi M2ðFpÞ. Thus, D ffi EndFp

ðFp2Þ, where

the isomorphism i : D �! EndFp
ðFp2Þ is given by iðaÞ ¼ la; for all a 2 Fp2 and la : Fp2 �! Fp2 is defined by

laðcÞ ¼ ac; for all c 2 Fp2 and iðeÞ ¼ r. In fact, following [5] for a ¼ a1 þ wa2 2 Fp2 (with a1; a2 2 FpÞ; we

have la 2 EndFp
ðFp2Þ whose matrix representation is given by

la �!
a1 a2

a2 a1 þ ðp� 1Þa2

� �
¼ LaðsayÞ;

and also the matrix for e is

e�!
1 0

p� 1 p� 1

� �
¼ LeðsayÞ:

To calculate Le, we have used the fact wp � ðp� 1Þwþ ðp� 1Þ ðmod w2 þ wþ ðp� 1ÞÞ of (
[5], Theorem 4.5). As pointed out above, this is one of the major reasons for the choice of irreducible

polynomial f ðxÞ ¼ x2 þ xþ ðp� 1Þ over Fp. In this way, M2ðFpÞ ffi Fp2 � eFp2 , where ae ¼ erðaÞ, e2 ¼ 1

for all a 2 Fp2 , and the matrix correspondence is

Table 1 Cyclic codes of length 4 over M2ðF3 þ uF3Þ

Generators of cyclic codes /ðCÞ Remarks

hf2f3; ðuþ vwÞf4i [16, 11, 3] near to optimal
huf2; vf3; ðuþ vÞf4i [16, 12, 2] near to optimal
hf2; ðuþ vÞf3i [16, 14, 2] optimal
hf3; uvf4i [16, 13, 2] near to optimal
hf3; vf4i [16, 14, 2] optimal
hf1; uf2; vf4i [16, 15, 2] MDS
huf2; vf4; uvf3i [16, 10, 4] near to optimal
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aþ eb ¼ ða1 þ wa2 þ eðb1 þ wb2ÞÞ �! La þ LeLb ¼
a1 þ b1 a2 þ b2

a2 � b1 � b2 a1 � a2 � b1

� �
:

Now, let n ¼ aþ eb 2 Fp2 � eFp2 where a ¼ p�1
5
þ w p�2

5
;b ¼ p�4

5
þ w 2

5
2 Fp2 . Consider v ¼ eþ n, then

v 2 Fp2 � eFp2 and

a2 ¼ 1

5
; ap ¼ 1þ 2w

5
; bp ¼ � 2

5
ð3þ wÞ;

and hence

n2 ¼ ðaþ ebÞðaþ ebÞ
¼ a2 þ aebþ eabþ ebeb

¼ a2 þ erðaÞbþ eabþ rðbÞb; ðsince e2 ¼ 1Þ
¼ a2 þ eapbþ eabþ bpb

¼ 1

5
� e

2w

5
þ e

2w

5
þ 4

5

¼ 1:

Therefore, by using above values, we have

v2 ¼ ðeþ nÞðeþ nÞ
¼ e2 þ enþ neþ n2

¼ 1þ eðaþ ebÞ þ ðaþ ebÞeþ 1

¼ 2þ eaþ bþ aeþ ebe; ðsince e2 ¼ 1Þ
¼ 2þ eaþ bþ erðaÞ þ rðbÞ; ðsince e2 ¼ 1Þ
¼ 2þ eaþ bþ eap þ bp

¼ 2� e

5
ð1þ 2wÞ þ 2

5
ð�2þ wÞ þ e

5
ð1þ 2wÞ � 2

5
ð3þ wÞ

¼ 2� 2 ¼ 0:

Also, the matrix representation of v is given by

v�!
1 0

p� 1 p� 1

� �
þ

p� 1 0

0 1

� �
¼

0 0

p� 1 0

� �
¼ MvðsayÞ 2 M2ðFpÞ:

Hence, M2
v ¼ 0. Again, as v ¼ eþ n and M2ðFpÞ ffi Fp2 � eFp2 , we have M2ðFpÞ ffi Fp2 � vFp2 , where v2 ¼ 0.

Let R ¼ M2ðFp þ uFpÞ, u2 ¼ 0 be a noncommutative ring of 2	 2 matrices over Fp þ uFp. Now, we can

represent R ¼ M2ðFpÞ þ uM2ðFpÞ ffi M2ðFpÞ½u�=hu2i. Therefore, from above discussion, we have

R ffi Fp2 þ uFp2 þ vFp2 þ uvFp2 , where u2 ¼ v2 ¼ 0, uv ¼ vu. Hence, further we use R for both Fp2 þ uFp2 þ
vFp2 þ uvFp2 and M2ðFp þ uFpÞ, where u2 ¼ v2 ¼ 0, uv ¼ vu. Note that every element a 2 R is of the form

a ¼ a1 þ ua2 þ va3 þ uva4 where ai 2 Fp2 , for i ¼ 1; 2; 3; 4. Recall that a non-empty subset C of RN is said

to be a linear code if it is an R-submodule of RN . Also, C is said to be a cyclic code if ðcN�1; c0; . . .; cN�2Þ 2
C for each ðc0; c1; . . .; cN�1Þ 2 C. We consider the Gray map defined in [15] as follows:

Table 2 Cyclic codes of length 5 over M2ðF3 þ uF3Þ

Generators of cyclic codes /ðCÞ Remarks

hf1; uf2i [20, 18, 2] optimal
hf2; uvf3i [20, 13, 5] near to optimal
hf3; uf1i [20, 16, 2] near to optimal
hf2; uf3; uvf1f2i [20, 17, 3] optimal
hf1; uf2; vf3i [20, 19, 2] MDS
hf1; ðuþ vÞf3i [20, 18, 2] optimal
hf1; uf2; ðuþ vÞf3i [20, 19, 2] MDS
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/ : R �! F4
p2

by

/ða1 þ ua2 þ va3 þ uva4Þ ¼ ða4; a3 þ a4; a2 þ a4; a1 þ a2 þ a3 þ a4Þ: ð1Þ

Clearly, / is a linear bijective map and can be extended to RN componentwise. For any
a ¼ a1 þ ua2 þ va3 þ uva4 2 R, the Gray weight wtGðaÞ is defined as
wtGðaÞ ¼ wtHða4Þ þ wtHða3 þ a4Þ þ wtHða2 þ a4Þ þ wtHða1 þ a2 þ a3 þ a4Þ, where wtH is the Hamming

weight in Fp2 . The Gray weight of c ¼ ðc0; c1; . . .; cN�1Þ 2 RN is defined by wtGðcÞ ¼
PN�1

i¼0 wtGðciÞ while

the Gray distance of a linear code C is dGðCÞ ¼ minfwtGðcÞ j 0 6¼ c 2 Cg. Therefore, it is a routine work to

verify that / is a weight preserving map from (RN , Gray weight) to (F4N
p2 , Hamming weight).

Definition 1 [11, 12] Let m be a cyclic shift and N ¼ mt, where m, t are positive integers. Then the quasi-
cyclic shift operator pt is defined by

ptðc1 j c2 j . . . j ctÞ ¼ ðmðc1Þ j mðc2Þ j . . . j mðctÞÞ;

where ci 2 Rm for i ¼ 1; 2; . . .; t. A linear code C of length N over R is said to be a quasi-cyclic code of index
t if and only if ptðCÞ ¼ C:
Theorem 1 Let C be a cyclic code of length N, size M and distance dG. Then /ðCÞ is a quasi-cyclic code of
length 4N, index 4, size M and distance dH.

Proof Note that / is a distance preserving linear map. Therefore, for a cyclic code C of length N, size M
and distance dG, /ðCÞ is a linear code of length 4N, size M and distance dH . On the other hand, by Definition
1 and map /, it is easy to check that /m ¼ p4/. Now, for a cyclic code C, we have
/ðCÞ ¼ /mðCÞ ¼ p4ð/ðCÞÞ. Hence, /ðCÞ is a quasi-cyclic code of length 4N and index 4 over Fp2 . h

3 Cyclic codes over R

Let �q : R �! Fp2 be a projection map defined by �qða1 þ ua2 þ va3 þ uva4Þ ¼ a1, for ai 2 Fp2 , i ¼ 1; 2; 3; 4.
Then the ring homomorphism �q can be extended to the polynomial ring R[x] as q : R½x� �! Fp2 ½x� defined

by qð
PN

i¼0 aix
iÞ ¼

PN
i¼0 �qðaiÞxi. Now, f(x) is called a basic irreducible polynomial in R[x] if and only if

qðf ðxÞÞ is irreducible in Fp2 ½x�.
Henceforth, we consider cyclic codes C of length N where p does not divide N, i. e., gcdðN; pÞ ¼ 1.

Theorem 2 Let gcdðN; pÞ ¼ 1 and xN � 1 ¼
Qm

s¼1 fs, where f1; f2; . . .; fm are pairwise coprime and irre-
ducible polynomials in Fp2 ½x�. Then R½x�=hxN � 1i ¼a

m

s¼1
R½x�=hfsi.

Proof It follows from the successful application of the Chinese Remainder Theorem by considering

R½x�=hxN � 1i as a right R-module (see [16, 20]). h

Proposition 1 Let f be an irreducible polynomial in Fp2 ½x�. Then the possible right R-submodules of
Rf ¼ R½x�=hf i are h0i; h1i, hui; hvi; huvi; hui þ hvi and huþ vHf i where Hf is a unit in Fp2 ½x�.

Proof Let Ið6¼ 0Þ be a right R-submodule of Rf and aþ hf i; a non-zero element of I. Then a 62 hf i. Assume
a ¼ a1 þ ua2 þ va3 þ uva4, where ai 2 Fp2 ½x�, for i ¼ 1; 2; 3; 4.

Case A: If gcdðf ;qðaÞÞ ¼ 1, i.e., gcdðf ; a1Þ ¼ 1, then qðaÞ is a unit in Fp2 ½x�, and hence a is unit in I.
Thus, I ¼ hai ¼ Rf .

Case B: If gcdðf ;qðaÞÞ ¼ f , i.e., gcdðf ; a1Þ ¼ f , then

aþ hf i ¼ a1 þ ua2 þ va3 þ uva4 þ hf i
¼ ua2 þ va3 þ uva4 þ hf i:

ð2Þ

Subcase I: If gcdðf ; a2Þ ¼ f , then from equation (2), we have

aþ hf i ¼ va3 þ uva4 þ hf i: ð3Þ
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Therefore, I 
 hvþ hf ii.

(1) If gcdðf ; a3Þ ¼ 1; then from equation (3), we have

uv ¼ aa�1
3 uþ hf i 2 I:

Again, by equation (3), we have

va3 ¼ a� uva4 þ hf i 2 I

which implies v ¼ ða� uva4Þa�1
3 þ hf i 2 I:

Hence, hvþ hf ii 
 I. Thus, I ¼ hvþ hf ii.
(2) If gcdðf ; a3Þ ¼ f ; then from equation (3),

aþ hf i ¼ uva4 þ hf i: ð4Þ

Therefore, I 
 huvþ hf ii. Again, since a is a non-zero element of I, so gcdðf ; a4Þ ¼ 1, and by equation (4),

uv ¼ aa�1
4 þ hf i 2 I. Hence, huvþ hf ii 
 I and I ¼ huvþ hf ii.

Subcase II: Let gcdðf ; a2Þ ¼ 1.

If gcdðf ; a3Þ ¼ f ; then from equation (2), we have

aþ hf i ¼ ua2 þ va3 þ uva4 þ hf i
¼ ua2 þ uva4 þ hf i:

ð5Þ

Therefore, I 
 huþ hf ii: Again, by equation (5),

uv ¼ aa�1
2 vþ hf i 2 I:

Now, from equation (5),

u ¼ ða� uva4Þa�1
2 þ hf i 2 I:

Then huþ hf ii 
 I. Hence, I ¼ huþ hf ii:
If gcdðf ; a3Þ ¼ 1; then by equation (2), we have

uv ¼ aa�1
2 vþ hf i:

Again, by equation (2),

ua2 þ va3 ¼ a� uva4 þ hf i 2 I

which implies uþ va3a�1
2 ¼ uþ vHf ¼ ða� uva4Þa3a�1

2 þ hf i 2 I;

where Hf ¼ a3a�1
2 is a unit in Fp2 ½x�. Then either I ¼ huþ vHf i, or huþ vHf i � I. If huþ vHf i � I, then

there exists uþ vHf 0 2 I such that uþ vHf 0 62 huþ vHf i where f 0 2 Fp2 ½x�. Therefore,

vðHf � Hf 0 Þ ¼ uþ vHf � u� vHf 0 2 I. As ðHf � Hf 0 Þ 62 hf i, so v 2 I. Again, since a�1
2 exists, by equation

(2), uv 2 I. Further, from equation (2), u 2 I and this implies that hui þ hvi 
 I. Also, it is clear from
equation (2) that I 
 hui þ hvi. Hence, I ¼ hui þ hvi.
Thus, by combining above all cases, we conclude that the possible right R-submodules of Rf ¼ R½x�=hf i are

h0i; h1i, hui; hvi; huvi; hui þ hvi and huþ vHf i where Hf is a unit in Fp2 ½x�. h

Proposition 2 Let xN � 1 ¼
Qm

s¼1 fs, where f1; f2; . . .; fm are pairwise coprime and irreducible polynomials

in Fp2 ½x�. Let f̂ s ¼ xN�1
fs

, for 1� s�m. Then a right R-submodule of R½x�=hxN � 1i is the sum of right R-

submodules hf̂s þ hxN � 1ii, huf̂s þ hxN � 1ii; hvf̂s þ hxN � 1ii; huvf̂s þ hxN � 1ii; ðhuf̂si þ hvf̂si þ hxN � 1iÞ
and hðuþ vHf Þf̂s þ hxN � 1ii where Hf is a unit in Fp2 ½x�.

Proof It follows from Theorem 2 and Proposition 1. h

Theorem 3 Let C be a cyclic code of length N. Then

123

On the structure of cyclic codes over... 157



C ¼ hF̂1i � huF̂2i � hvF̂3i � huvF̂4i � hðuþ vHf ÞF̂5i � ðhuF̂6i þ hvF̂6iÞ

and jCj ¼ p8degF1þ4degF2þ4degF3þ2degF4þ4degF5þ6degF6 , where F0;F1; . . .;F6 are pairwise coprime and monic

polynomials in Fp2 ½x� such that xN � 1 ¼
Q6

s¼0 Fs with F̂s ¼ xN�1
Fs

and Hf is a unit in Fp2 ½x�.

Proof First part is same as the proof of ( [15], Theorem 2).
Here, note that

jhF̂1ij ¼ p8degF1 ; jhuF̂2ij ¼ p4degF2 ; jhvF̂3ij ¼ p4degF3 ; jhuvF̂4ij ¼ p2degF4 ;

jhðuþ vHf ÞF̂5ij ¼ p4degF5 ; jðhuF̂6i þ hvF̂6iÞj ¼ p6degF6 :

Therefore,

jCj ¼ jhF̂1ij � jhuF̂2ij � jhvF̂3ij � jhuvF̂4ij � jhðuþ vHf ÞF̂5ij � jðhuF̂6i
þhvF̂6iÞj ¼ p8degF1þ4degF2þ4degF3þ2degF4þ4degF5þ6degF6 . h

Proposition 3 Let C be a cyclic code of length N over R. Then C ¼ hAi � uhBi � vhCi � uvhDi � ðuþ
vHf ÞhFi and jCj ¼ p10N�2ðdegAþdegBþdegCþdegDþdegFÞ, where A, B, C, D, F are polynomials in Fp2 ½x� which

are factors of xN � 1.

Proof Same as the proof of ( [15], Proposition 4). h

Proposition 4 Let C be a cyclic code of length N over R. Then there exists a polynomial F in R[x] such that
C ¼ hFi.
Proof Let C be a cyclic code of length N over R. Then by Theorem 3, we have C ¼ hF̂1i � huF̂2i �
hvF̂3i � huvF̂4i � hðuþ vHf ÞF̂5i � ðhuF̂6i þ hvF̂6iÞ; where F0;F1; . . .;F6 are pairwise coprime and monic

polynomials in Fp2 ½x� such that xN � 1 ¼
Q6

s¼0 Fs with F̂s ¼ xN�1

Fs
. Take

F ¼ F̂1 þ uF̂2 þ vF̂3 þ uvF̂4 þ ðuþ vHf ÞF̂5 þ ðhui þ hviÞF̂6. Now, we show C ¼ hFi. It is easily seen that

hFi 
 C. Also, for s 6¼ k, xN � 1 is a factor of F̂sF̂k and this implies that F̂sF̂k ¼ 0ðmod xN � 1Þ, for

0� s; k� 6. Moreover, since polynomials Fs; F̂s are coprime in Fp2 ½x�, there exist polynomials gs; hs 2 Fp2 ½x�
such that gsFs þ hsF̂s ¼ 1, for all s ¼ 1; 2; 3; 4; 5; 6: Now,

Q5
i¼1ðgsFs þ hsF̂sÞ ¼ 1, and which implies that

w1F1F2F3F4F5 þ w2F̂1F2F3F4F5 þ w3F1F̂2F3F4F5 þ w4F1F2F̂3F4F5

þ w5F1F2F3F̂4F5 þ w6F1F2F3F4F̂5 ¼ 1;
ð6Þ

where w1;w2; . . .;w6 are some polynomials in Fp2 ½x�. Multiplying equation (6) by F̂6, we have

F̂6w1F1F2F3F4F5 ¼ F̂6:

Again,

Fw1F1F2F3F4F5 ¼fF̂1 þ uF̂2 þ vF̂3 þ uvF̂4 þ ðuþ vHf ÞF̂5

þ ðhui þ hviÞF̂6gw1F1F2F3F4F5

¼ðhui þ hviÞF̂6w1F1F2F3F4F5 ðsince FsF̂s ¼ 0;80� s� 6Þ
¼ðhui þ hviÞF̂6:

Therefore, ðhui þ hviÞF̂6 2 hFi. Again, by following similar procedure, we can show that

F̂1; uF̂2; vF̂3; uvF̂4; ðuþ vHf ÞF̂5 2 hFi. Hence, C 
 hFi. Thus, C ¼ hFi. h

Corollary 1 Every right R-submodule of R½x�=hxN � 1i is principally generated.

4 Self-dual cyclic codes over R

Let C be a linear code of length N over R. For any two vectors c ¼ ðc0; c1; . . .; cN�1Þ;
c0 ¼ ðc00; c01; . . .; c0N�1Þ 2 C, the Euclidean inner product is defined by c � c0 ¼

PN�1
i¼0 cic

0
i. The dual of C is

defined by C? ¼ fx 2 RN j x � y ¼ 0;8y 2 Cg. Recall that C is said to be self-orthogonal if C 
 C? and self-
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dual if C ¼ C?. Let f(x) be a polynomial such that f ð0Þ ¼ a0 6¼ 0. Then the reciprocal polynomial of f(x) is

denoted by f 
ðxÞ, and defined as f 
ðxÞ ¼ a�1
0 xdegðf ðxÞÞf ðx�1Þ. Note that degðf ðxÞÞ ¼ degðf 
ðxÞÞ. In the present

section, we obtain the structure of dual codes (Theorem 4), and necessary and sufficient conditions (The-
orem 5) for cyclic codes to be self-dual.

Theorem 4 Let C ¼ hF̂1i � huF̂2i � hvF̂3i � huvF̂4i � hðuþ vHf ÞF̂5i � ðhuF̂6i þ hvF̂6iÞ be a cyclic code

of length N where F0;F1; . . .;F6 are pairwise coprime and monic polynomials in Fp2 ½x� such that xN � 1 ¼Q6
s¼0 Fs with F̂s ¼ xN�1

Fs
and Hf is a unit in Fp2 ½x�. Then

C? ¼ hF̂
0i � huF̂
2i � hvF̂
3i � huvF̂
6i � hðuþ vHf ÞF̂
5i � ðhuF̂
4i þ hvF̂4iÞ

and jC?j ¼ pð8degF0þ4degF2þ4degF3þ6degF4þ4degF5þ2degF6Þ.

Proof Let Ĉ ¼ hF̂
0i � huF̂
2i � hvF̂
3i � huvF̂
6i � hðuþ vHf ÞF̂
5i � ðhuF̂
4i þ hvF̂4iÞ. Clearly, Ĉ 
 C?.

Now, jCj ¼ p8degF1þ4degF2þ4degF3þ2degF4þ4degF5þ6degF6 and jC?j ¼ p8N

jCj ¼ pð8degF0þ4degF2þ4degF3þ6degF4þ4degF5þ

2degF6Þ. Again,

jhF̂
0ij ¼ p8degF0 ; jhuF̂
2ij ¼ p4degF2 ; jhvF̂
3ij ¼ p4degF3 ; jhuvF̂
6ij ¼ p2degF6 ;

jhðuþ vHf ÞF̂
5ij ¼ p4degF5 ; jhðhuF̂
4i þ hvF̂4iÞij ¼ p6degF4 ;

and

jĈj ¼ pð8degF0þ4degF2þ4degF3þ6degF4þ4degF5þ2degF6Þ:

Hence, Ĉ ¼ C?. h

Proposition 5 Let C be a cyclic code of length N over R. Then C? ¼ hA
i � uhB
i � vhC
i � uvhD
i �
ðuþ vHf ÞhF
i and
jCj ¼ p10N�2ðdegA
þdegB
þdegC
þdegD
þdegF
Þ, where A
;B
;C
;D
;F
 are polynomials in Fp2 ½x� which are

factors of xN � 1.

Proof Same as the proof of Proposition 3. h

Proposition 6 Let C be a cyclic code of length N over R. Then there exists a polynomial F
 in R[x] such

that C? ¼ hF
i.
Proof Consider F
 ¼ F̂
0 þ uF̂
2 þ vF̂
3 þ uvF̂
6 þ ðuþ vHf ÞF̂
5 þ ðhui þ hviÞF̂
4 and follows the same
argument of Proposition 4. h

Theorem 5 Let C ¼ hF̂1i � huF̂2i � hvF̂3i � huvF̂4i � hðuþ vHf ÞF̂5i � ðhuF̂6i þ hvF̂6iÞ be a cyclic code

of length N where F0;F1; . . .;F6 are pairwise coprime and monic polynomials in Fp2 ½x� such that xN � 1 ¼Q6
s¼0 Fs with F̂s ¼ xN�1

Fs
and Hf is a unit in Fp2 ½x�. Then C is a self-dual cyclic code if and only if

F1 ¼ F
0 ;F2 ¼ F
2 ;F3 ¼ F
3 ;F4 ¼ F
6 ;F5 ¼ F
5 ;F6 ¼ F
4 .

Proof It is known that the code C ¼ hF̂i is self-dual if and only if F̂ ¼ F̂
, i.e.,

F̂1 ¼ F̂
0 ; F̂2 ¼ F̂
2 ; F̂3 ¼ F̂
3 ; F̂4 ¼ F̂
6 ; F̂5 ¼ F̂
5 ; F̂6 ¼ F̂
4 , and this implies that
F1 ¼ F
0 ;F2 ¼ F
2 ;F3 ¼ F
3 ;F4 ¼ F
6 ;F5 ¼ F
5 ;F6 ¼ F
4 . h

Proposition 7 Let C ¼ hAi � uhBi � vhCi � uvhDi � ðuþ vHf ÞhFi be a cyclic code of length N over R,
where A, B, C, D, F are polynomials in Fp2 ½x� which are factors of xN � 1. Then C is a self-dual cyclic code
if and only if A ¼ A
;B ¼ B
;C ¼ C
;D ¼ D
;F ¼ F
.

5 Examples

It is well known that a linear code ½n; k; d�q satisfies the Singleton bound d� n� k þ 1, and is called an
MDS (maximum-distance-separable) code if d ¼ n� k þ 1. The best-known linear codes (close to MDS)
are catalogued in the online database [6], which provides both bounds and known linear codes over Fq where
q ¼ pn� 9. Recall that a linear code ½n; k; d�q is said to be optimal (resp. near to optimal) if there exists a

code ½n; k; d0�q in [6] such that d0 � d ¼ 0 (resp. d0 � d� 2). An optimal code need not necessarily be an
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MDS code. For example, in Table 1, the code ½16; 15; 2�9 is both optimal and MDS whereas ½16; 14; 2�9 is
optimal but not MDS. In this section, by using the database [6], we present several optimal and near to
optimal codes of length 16 and 20, respectively over F9 under the Gray images of cyclic codes over R. All
computations involved in these examples are carried out by using the Magma computation system [3].

Example 1 Let F4 ¼ f0; 1;w;wþ 1g be the field of order 4 where w2 þ wþ 1 ¼ 0. Now, in F4½x�, we
have

x5 � 1 ¼ ðxþ 1Þðx2 þ wxþ 1Þðx2 þ wxþ xþ 1Þ:

Let f1 ¼ xþ 1; f2 ¼ x2 þ wxþ 1 and f3 ¼ x2 þ wxþ xþ 1. Then f 
1 ¼ f1; f


2 ¼ f2; f



3 ¼ f3. Hence, C1 ¼

huf̂2; vf̂3; uvf̂1; ðuþ vÞf̂1i and C2 ¼ huf̂1; vf̂3; uvf̂2; ðuþ vÞf̂2i are self-dual cyclic codes of length 5 over
R ¼ M2ðF2 þ uF2Þ. Moreover, /ðCiÞ is a [20, 10, 4] linear code over F4, for i ¼ 1; 2:

Example 2 Let F9 ¼ F3½w� be the field of order 9 where w2 þ wþ 2 ¼ 0. Then, in F9½x�,
x4 � 1 ¼ ðxþ 1Þðxþ 2Þðxþ 1þ 2wÞðxþ 2þ wÞ:

Let f1 ¼ xþ 1; f2 ¼ xþ 2; f3 ¼ xþ 1þ 2w and f4 ¼ xþ 2þ w. Now, some optimal and good codes of
length 16 over F9 are enlisted in Table 1.
Example 3 Let F4 ¼ f0; 1;w;wþ 1g be the field of order 4 where w2 þ wþ 1 ¼ 0. Now, in F4½x�,

x3 � 1 ¼ ðxþ 1Þðxþ wÞðxþ wþ 1Þ:

Let f1 ¼ xþ 1; f2 ¼ xþ w and f3 ¼ xþ wþ 1. Then f 
1 ¼ f1; f


2 ¼ f3; f



2 ¼ f2: Therefore, C ¼

huf̂1; vf̂1; uvf̂2; ðuþ vÞf̂3i is a self-dual cyclic code of length 3 over M2ðF2 þ uF2Þ and /ðCÞ is a [12, 6, 4]
linear code over F4:

Example 4 Let F9 ¼ F3½w� be the field of order 9 where w2 þ wþ 2 ¼ 0. Now, in F9½x�, we have

x5 � 1 ¼ ðxþ 2Þfx2 þ ðwþ 1Þxþ 1gfx2 þ 2wxþ 1g:

Let f1 ¼ xþ 2; f2 ¼ x2 þ ðwþ 1Þxþ 1 and f3 ¼ x2 þ 2wxþ 1. Now, we present some cyclic codes of length
5 over M2ðF3 þ uF3Þ and their Gray images in Table 2.

6 Conclusion

In this article, we studied cyclic, and in particular self-dual cyclic codes over R ¼ M2ðFp þ uFpÞ. We
obtained necessary and sufficient conditions for cyclic codes to be self-dual over R. It is proved that cyclic
codes of length N with gcdðN; pÞ ¼ 1 are principally generated. As an application, we presented some
optimal and good codes of length 16 and 20 over F9, respectively. We believe that some more new and
optimal codes of different length can be obtained by considering their Gray images in our set up.
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