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Annotation The mixed problem for a degenerate high order equation with a fractional derivative in a
rectangular domain is considered in the article. The existence of a solution and its uniqueness are shown by
the spectral method.
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1 Introduction

In the region Q = Q, x Q,, Q, = {x: 0 <x<1}, Q,={y: 0<y<1}, we consider the equation

O u(x, y)

e =0, l<a<2, 0<m<k, m¢N. (1)
y

k+1
(=)™ Dgu(x,y) —y
where k € N, Dj — is the Riemann-Liouville fractional differentiation operator of order «

1 d_z/x u(t,y)dt
r(27OC>dX2 (x_‘c)‘171 ’
0

Dgu(x,y) =

For equation (1), we consider the problem.

Problem A Find a solution to equation (1) with the conditions:
2% k—1

o u 2—o 1O u raY
DOXu(x,y),@ € C(Q),x"u(x,y) € C'(Q), T €C(Q xQ), (2)
S A\ 1
Tux,0) _Tule1) 6 g vet s—01.. . k1, (3)
oy’ 0y’
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)lci_r)%x27au<x7y) = lp(y)v (4)
}g%% (@ ulx,y)) = o(y), (5)

here the functions ¢(y), (y)— are quite smooth and the natural matching conditions are satisfied for them.

Fractional differential equations arise in mathematical modeling of various physical processes and phe-
nomena [1]. Second-order equations, without degeneracy, with partial derivatives of fractional order, were
studied in [1-5] and others. In these papers, the Cauchy problem, first, second and mixed boundary value
problems were considered, a fundamental solution was found, a general representation of the solutions was
constructed. Mixed equations and high-order equations with a fractional derivative were studied in [6-9].
Fractional order equations with degeneracy were studied in [10]. The study will be carried out by the Fourier
method. Earlier, by the Fourier method, boundary value problems for equations with a fractional derivative
were studied in [5, 6].

2 Solution existence

We are looking for a solution in the form
u(x,y) = X(x)Y(y).

Then with respect to the variable y, taking into account condition (3), we obtain the following spectral
problem:

{ Y (y) = (=1) 2y Y(y), (6)
YO0)=Y®(1)=0,s=0,1,...,k— 1.

It is easy to show that 4 = 0 is not an eigenvalue of problem (6).
We apply the results of work [11], then the fundamental system of solutions to equation (6) will have the
form:

i—(@{—1) ) i—(2k—-1) (= 1) fy2hm

I...
+ ’ ’ 2% —m ’ ’ 2%k —m + ,(2](—1’}’1)2]( ’

Yi(y) =y oF i [ﬁ
i=0,1,...,2k—1,
where
F, [a;, .. .,az,x] _ f: (ar)g. - .(a,,)kxi
Iyee by = (by)y---(bg), *!
- is the generalized hypergeometric function, here

(@), =ala+1)...(a+k—1)

- Pohhammer symbol.
In particular, for k = 1 we have (cy, ..., c3 — const)
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2\ ¥
\/— 0\ T s (— )-i 2‘(/2}_')’ 2) \/— 2-m
— —— > —m
Yo(1) = ¢ (2 - ) Z T (j— o+ 1 —Clx/_J—;< b >,
m Jj=0 J: T 2=m + ) —m

;

zyz vr(:)](gyz';;)j 3y i W(MN) |

ta, ) =0 ]'FJ+2m+1)

27y )

- C3 \/_JZ m (
where

- e
MO = 2 AT

- Bessel functions [12].
Satisfying the boundary conditions, we obtain the condition for the existence of eigenvalues

2V
Ji =0.
—m <2 m)
i=2k—1

Let’s get back to the general case. Because (2k —m) ¢ N , then the system of functions {Y;(y)}—)" -
forms a fundamental system of solutions. Hence the general solution of equation (6) has the form

Y(y) = coYo(y) +eri(y) + ...+ cam1Yu1(y),
from the first boundary condition we obtain

Y(y) = aYi(y) + crm1 i1 () + - - 4+ co—1 Yu—1 (),

mean
Y(y) = 0(y"), y — +0,
from the second boundary condition we have the system
ai(1) + e Yepr (1) + .o 4 cora¥u2(1) + e 1 Y1 (1) = 0,

(Yi(y) + et Vet () + . + a2 Yoo (v) + cact Yur (0) 5= 0,

equating to zero the main determinant of the system, one can find the eigenvalues of problem (6). But in
view of the complexity of this process, we will proceed in a different way, namely: we reduce problem (6) to
the integral equation using the Green function and obtain the necessary estimates for the eigenfunctions. But
first, we show that A > 0. Indeed, we have

1 1

/ Y(y)Y® (y)dy = (—1)"2 / y "V (y)dy,

0 0
since
Y3 (y) = 0(y*), y — +0,

then
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1
0< / Y2 (y)dy < const < 00,
0

considering that

get

o _
/N
=
o)

1
= i/y””Yz(y)dy,
0

because 4 = 0 is not an eigenvalue, it follows that 4 > 0. It remains to show the existence of eigenvalues
and eigenfunctions of problem (6). The integral equation equivalent to problem (6) has the form

-1 [ emaoree, ™)
0
where
1 Gl(% 6)7 < )
axa————j{
(Q’k*l) GZ(y76)7 ig _1,
- the Green function of problem (6) (see [13]), here
k k=1 k—i— 1 o
G (y7é - ykz C2k ]Ck 1+,yk 1_]6j+la
=0 j=0
. —1 k—i—1 '
Ga(y, &) =(1—y) fk (=1) Cl2k 1Ci 1+jék Ty
i=0 j=0
K n!
S = =

Rewrite (7) as

we introduce the notation

then we have
1
ﬂwzz/éwxﬁ@wa (®)
0

(8) - there is an integral equation with a continuous, in both variables, and a symmetric kernel. According to
the theory of equations with symmetric kernels, equation (8) has no more than a countable number of
eigenvalues and eigenfunctions. So, problem (6) has eigenvalues 4, >0, n=1,2,..., and the
corresponding eigenfunctions are Y,(y) . Further, we assume that
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1

1%.0)]2 = / VY (y)dy = 1,

0

then, taking into account (8), we have the Bessel inequality

i (@)2 < O/Iy’”Gz(% &)dy < oo. (9)

n=0 n

Now we find the conditions under which the given function ¢(y) is expanded in a series according to the
eigenfunctions Y,(y). For this we use the Hilbert-Schmidt theorem.

Theorem 1 Let the function ¢(y) satisfy the conditions
Loo(y) € Cz"[O 1];
2. 9(0) =V(1)=0,i=0,1,....k— 1.
Then it can be expanded in a uniformly and absolutely converging series of the form

=Y 0.Yuy)
n=1

where

Proof We show the equality

Yy ip(y) = 0/15(% &) ((—1)"5? dz;;(ké))déa

really

O

(=060, E (et Ead)ae

m 1 2k (& _m
=y 2 [G(, O 5 de = yEa(y).
0

Those for the function y~3¢(y) the conditions of the Hilbert-Schmidt theorem are satisfied and therefore

o0
NED DRI ALY
n=1

dividing by y~2, we have

= Z (pnYn(y)
n=1

Theorem 1 is proved. O

We proceed to solve the equation in the variable x. Taking into account conditions (4), (5), we obtain the
following initial problem:
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Dng”(x) = _;“an(x)7

3 2—a —

l%(x Xu(x)) =Y, (10)
lim & (27X, (x)) = @,

where

b= [ YOy ")y,

0= [ @(y)y "Yu(y)dy .

S

The general solution of equation (10) has the form (see [14])
Xn (x) = dlxxilEl/a(—;»nxa, OC) —+ dleizEl/a(—)»nxa, o — 1),

where

dy,dy — constant, E; /,(z, t) ZF

= (o4 + 1)

- Mittag-Leffler function [1].
Satisfying the initial conditions, we obtain a solution to problem (10) in the form

Xo(x) = D)@, Eyjy (=202, 1) + (o = 1 x” 2Ey (= 2nx”, 0= 1),

this representation implies the uniqueness of the solution to problem (10).
Given the estimate (see [15], p.136)

M
———, 0<M — const, a <2,

‘El/“ ZaE oc)’ = 14+ x>

we have
1%, (x)| <M (|9, +x*2|W,]), 0<M; — const. (11)
Theorem 2 Let the function t(y), rae t(y) = ¢(y) or ©(y) = ¥(y) , satisfies the following conditions:
1(y) € €*[0,1], 7(0) = (1) = 0,
(Y'”f“k) (y))(S)(O) = (Wr(m (y)>(x)(1) =0,y"t(y) € C*[0,1],s = 0,1,.. .,k — 1.
Then a solution to Problem A exists.
Proof Note that it follows from the conditions of the theorem and Lagrange’s theorem that
t(y) = 0(), y — +0,
and
Y (y) = 0("), y = +0.

We will seek the solution of problem A in the form of the following series

=3 KT ) (12)
n=0

Let us show that series (12) converges in the region [d, 1] x [0, 1], where 0<J is an arbitrary sufficiently
small real number.Taking into account (11), we have
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P ASI AR (ZI%IlYn(y)I +5“_2Z|¢n|Yn(y)l>,
n=0 n=0 n=0

Let us show the convergence of the first term, the convergence of the second is shown in a similar way.
Using the Cauchy-Bunyakovsky inequality, we obtain

Zﬂ L < />0 (13)
n n=0
next
1 1
¢, = / ()Y " Yu(y)dy = (=1)"2, / @)Y (y)dy
0 0
1
y=l1
= 0 eV [T ey |
0
if
(2k—1)
Jim ¥, () # 00,
then
p(0)Y1(0) =0,
if
li Y(2k 1) _
Jim ¥, (y) = oo,
then applying L’Hopital’s rule, we get
Y(Zkfl) Y(Zk) 2 -my,
m -2 (7);1) — lim n Eg)) _ (_1)k+l/~Ln li ® (y)y 1(y)

1m
@' (y) =10 @'(y)

1, . O0%)00N)y™
(=1) Anylrfo 0y 1)

=10 (o(y)) =10 —(o(y))

:07

from here
1
_ k+1 / (2k—1)
¢, = (=1) An/<0(y)Yn (y)dy,
0

continuing this process, we obtain the relation
1

@p = (—1)L / @ (y)Y, (y)dy,
0

or

= [ {00 by may
0

i.e. the number of 7 are the Fourier coefficients (—1)* @) (y). Now we apply the Bessel inequality
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1

5(2)'< [ fro)ra - [ (0] v )

0

From (9) and (14) implies the convergence (13), and hence the convergence (12).
Let’s move on to derivatives. Taking into account equation (10), we formally have

‘Dgxu(x,y)| < Z }DgXXn(x)||Yn(y)| = Z | 20X ()] Y ()]
n=0 n=0
<M, (Z n @[ Ya ()] 4 2772 Z |/1n%||Yn(y)|>,
n=0 n=0

we show the convergence of the first term Y |4,¢,||Y.(y)| , convergence of the second: Y |1, ||Y.(»)] , is
shown in the same way. So n=0 n=0

oo

Z|/an)n||Yn( Z|)n n|
n=1

n=0

Yu(y)
ln

o0
<2l

n=1

we have

1
2

Now we apply the Bessel inequality
1

m . (2k) (26) 2 —m
InPr] < (y ¢ (y)> y"dy <00, (15)
0
Taking into account (9) and (15), we obtain that the series

Y = 3 DX (DY)
n=0

converges uniformly. The uniform convergence of the series is proved in a similar way

a2l<
Zx = (1) ””Z}X

n=0

[o°]

D

n=1

Theorem 2 is proved.

Note. In the proof of Theorem 2, we have shown that the solution constructed belongs to the class:

o%u

Diu(ry) € C@), 2 ulry) € €' (@), S e

C(Q x Q,),

3 Uniqueness of solution

Theorem 3 Let a function u(x, y), a solution of a homogeneous problem A from class
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Dju(x,y) € C(Q), *u(x,y) € CH(Q),
TrteC(QxQ), T e Ly e [0,1]),
then

u(x,y) =0.

Proof Let the function u(x,y) be a solution to Problem A with zero initial and boundary conditions. We
consider its Fourier coefficients with respect to the system of eigenfunctions of problem (6)

1
/ v 2 (v)dy,
0

it is easy to show that u,(x) is a solution to the problem

Dgun(x) = —Anttn (%),
lim(xz_“u,, (x)) =0,

lim 4 (x>~*u, (x)) = 0.

x—0 dx

This problem has only a zero solution, i.e.
1
[ 3 e ¥0)dy =0, Vi
0

Because
G(y, &)— symmetrical, continuous

1

/ (3, & d§<oo/ (3, &)y <00,

1
/ Edydé < oo, A, > 0, Vn,
0 0

o _

then the conditions of the Mercer theorem are satisfied and

From here we have

- ) [ e iy

because since the series converges uniformly, then we can interchange the signs of integration and the sum
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Theorem 3 is proved. O

4 Conclusion

The article considers an initial-boundary value problem for an equation with a fractional Riemann-Liouville
derivative. A similar method can be used to study problem A also for an equation of the form:

2k
(~1) eDiu(x,y) — yn St o,
l<a<?2, 0<m<k,m¢gN,
O'u(x,0)  d'u(x, 1)
ay.v - ayr
u(0,y) = ¥(y), u(0,y) = o(y),

where k € N, Djj — is the Caputo fractional differentiation operator of order o

1 /X;—;u(r,y)dr
1"(2 _ a) / (x _ T)o:—] .

=0, 0<x<1,s=0,1,...,n—1,

cDgu(x,y) =
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