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Annotation The mixed problem for a degenerate high order equation with a fractional derivative in a
rectangular domain is considered in the article. The existence of a solution and its uniqueness are shown by
the spectral method.
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1 Introduction

In the region X ¼ Xx � Xy; Xx ¼ x : 0 \x\1f g; Xy ¼ y : 0\y\1f g; we consider the equation

�1ð Þkþ1Da
0xu x; yð Þ � ym o2ku x; yð Þ

oy2k
¼ 0; 1\a\2; 0�m\k; m 62 N: ð1Þ

where k 2 N;Da
0x� is the Riemann-Liouville fractional differentiation operator of order a

Da
0xu x; yð Þ ¼ 1

C 2� að Þ
d2

dx2

Zx

0

u s; yð Þds

x� sð Þa�1
:

For equation (1), we consider the problem.

Problem A Find a solution to equation (1) with the conditions:

Da
0xu x; yð Þ; o

2ku

oy2k
2 C Xð Þ; x2�au x; yð Þ 2 C1 X

� �
;
ok�1u

oyk�1
2 C Xx � Xy

� �
; ð2Þ

osu x; 0ð Þ
oys

¼ osu x; 1ð Þ
oys

¼ 0; 0\x� 1; s ¼ 0; 1; . . .; k � 1; ð3Þ
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lim
x!0

x2�au x; yð Þ ¼ w yð Þ; ð4Þ

lim
x!0

o

ox
x2�au x; yð Þ
� �

¼ u yð Þ; ð5Þ

here the functions u yð Þ;w yð Þ� are quite smooth and the natural matching conditions are satisfied for them.

Fractional differential equations arise in mathematical modeling of various physical processes and phe-
nomena [1]. Second-order equations, without degeneracy, with partial derivatives of fractional order, were
studied in [1–5] and others. In these papers, the Cauchy problem, first, second and mixed boundary value
problems were considered, a fundamental solution was found, a general representation of the solutions was
constructed. Mixed equations and high-order equations with a fractional derivative were studied in [6–9].
Fractional order equations with degeneracy were studied in [10]. The study will be carried out by the Fourier
method. Earlier, by the Fourier method, boundary value problems for equations with a fractional derivative
were studied in [5, 6].

2 Solution existence

We are looking for a solution in the form

u x; yð Þ ¼ X xð ÞY yð Þ:

Then with respect to the variable y, taking into account condition (3), we obtain the following spectral
problem:

Y 2kð ÞðyÞ ¼ �1ð Þkky�mYðyÞ;
Y sð Þð0Þ ¼ Y sð Þ 1ð Þ ¼ 0; s ¼ 0; 1; . . .; k � 1:

�
ð6Þ

It is easy to show that k ¼ 0 is not an eigenvalue of problem (6).
We apply the results of work [11], then the fundamental system of solutions to equation (6) will have the

form:

Yi yð Þ ¼ yi � 0F2k�1

i

2k � m
þ 1; . . .;

i� i� 1ð Þ
2k � m

þ 1; . . .;
i� 2k � 1ð Þ

2k � m
þ 1;

�1ð Þkky2k�m

2k � mð Þ2k

" #
;

i ¼ 0; 1; . . .; 2k � 1;

where

pFq

a1; . . .; ap; x

b1; . . .; bq

� �
¼
X1
k¼0

a1ð Þk. . . ap

� �
k

b1ð Þk. . . bq

� �
k

xk

k!

- is the generalized hypergeometric function, here

að Þk ¼ a aþ 1ð Þ. . . aþ k � 1ð Þ

- Pohhammer symbol.
In particular, for k ¼ 1 we have (c0; . . .; c3 � const)
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Y0 tð Þ ¼ c0

ffiffiffi
k
p

y
2�m

2

2� m

 ! 1
2�mX1

j¼0

�1ð Þj 2
ffiffi
k
p

y
2�m

2

2 2�mð Þ

� 	2j� 1
2�m

j!C j� 1
2�mþ 1

� � ¼ c1

ffiffiffi
y
p

J� 1
2�m

2
ffiffiffi
k
p

y
2�m

2

2� m

 !
;

Y1 yð Þ ¼ c2y
X1
j¼0

�1ð Þj ky2�m

2�mð Þ2

 �j

j!C jþ 1
2�mþ 1

� � ¼ c3

ffiffiffi
y
p X1

j¼0

�1ð Þj 2
ffiffi
k
p

y
2�m

2

2 2�mð Þ

� 	2jþ 1
2�m

j!C jþ 1
2�mþ 1

� �

¼ c3

ffiffiffi
y
p

J 1
2�m

2
ffiffiffi
k
p

y
2�m

2

2� m

 !
;

where

Jm zð Þ ¼
X1
j¼0

�1ð Þj z
2

� �2jþm

j!C jþ mþ 1ð Þ

- Bessel functions [12].
Satisfying the boundary conditions, we obtain the condition for the existence of eigenvalues

J 1
2�m

2
ffiffiffi
k
p

2� m

 !
¼ 0:

Let’s get back to the general case. Because 2k � mð Þ 62 N , then the system of functions Yi yð Þf gi¼2k�1
i¼0 -

forms a fundamental system of solutions. Hence the general solution of equation (6) has the form

Y yð Þ ¼ c0Y0 yð Þ þ c1Y1 yð Þ þ . . .þ c2k�1Y2k�1 yð Þ;

from the first boundary condition we obtain

Y yð Þ ¼ ckYk yð Þ þ ckþ1Ykþ1 yð Þ þ . . .þ c2k�1Y2k�1 yð Þ;

mean

Y yð Þ ¼ O yk
� �

; y! þ0;

from the second boundary condition we have the system

ckYk 1ð Þ þ ckþ1Ykþ1 1ð Þ þ . . .þ c2k�2Y2k�2 1ð Þ þ c2k�1Y2k�1 1ð Þ ¼ 0;
. . .
ckYk yð Þ þ ckþ1Ykþ1 yð Þ þ . . .þ c2k�2Y2k�2 yð Þ þ c2k�1Y2k�1 yð Þð Þ k�1ð Þ

y¼1 ¼ 0;

8<
:

equating to zero the main determinant of the system, one can find the eigenvalues of problem (6). But in
view of the complexity of this process, we will proceed in a different way, namely: we reduce problem (6) to
the integral equation using the Green function and obtain the necessary estimates for the eigenfunctions. But
first, we show that k [ 0: Indeed, we have

Z1

0

Y yð ÞY 2kð ÞðyÞdy ¼ �1ð Þkk
Z1

0

y�mY2ðyÞdy;

since

Y2ðyÞ ¼ O y2k
� �

; y! þ0;

then
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0�
Z1

0

y�mY2ðyÞdy� const\1;

considering that

Z1

0

Y yð ÞY 2kð ÞðyÞdy ¼ �1ð Þk
Z1

0

Y kð ÞðyÞ

 �2

dy;

get

Z1

0

Y kð Þ

 �2

dy ¼ k
Z1

0

y�mY2ðyÞdy;

because k ¼ 0 is not an eigenvalue, it follows that k[ 0. It remains to show the existence of eigenvalues
and eigenfunctions of problem (6). The integral equation equivalent to problem (6) has the form

Y yð Þ ¼ �1ð Þkk
Z1

0

n�mG y; nð ÞY nð Þdn; ð7Þ

where

G y; nð Þ ¼ � 1

2k � 1ð Þ!
G1 y; nð Þ; 0� y� n;

G2 y; nð Þ; n� y� 1;

�

- the Green function of problem (6) (see [13]), here

G1 y; nð Þ ¼ 1� nð Þkyk
Xk�1

i¼0

Xk�i�1

j¼0

�1ð ÞiCi
2k�1Cj

k�1þjy
k�i�1njþi;

G2 y; nð Þ ¼ 1� yð Þknk
Xk�1

i¼0

Xk�i�1

j¼0

�1ð ÞiCi
2k�1Cj

k�1þjn
k�i�1yjþi;

Ck
n ¼

n!

k! n� kð Þ! :

Rewrite (7) as

y�
m
2 Y yð Þ ¼ k

Z1

0

n�
m
2 �1ð ÞkG y; nð Þ
h i

y�
m
2 n�

m
2 Y nð Þ

� �
dn;

we introduce the notation

Y yð Þ ¼ y�
m
2 Y yð Þ;

G y; nð Þ ¼ n�
m
2 �1ð ÞkG y; nð Þ
h i

y�
m
2 ;

then we have

Y yð Þ ¼ k
Z1

0

G y; nð ÞY nð Þdn; ð8Þ

(8) - there is an integral equation with a continuous, in both variables, and a symmetric kernel. According to
the theory of equations with symmetric kernels, equation (8) has no more than a countable number of
eigenvalues and eigenfunctions. So, problem (6) has eigenvalues kn [ 0; n ¼ 1; 2; . . ., and the
corresponding eigenfunctions are YnðyÞ . Further, we assume that
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YnðyÞk k2 ¼
Z1

0

y�mY2
n ðyÞdy ¼ 1;

then, taking into account (8), we have the Bessel inequality

X1
n¼0

Yn yð Þ
kn

� 	2

�
Z1

0

y�mG2 y; nð Þdy\1: ð9Þ

Now we find the conditions under which the given function u yð Þ is expanded in a series according to the
eigenfunctions YnðyÞ: For this we use the Hilbert-Schmidt theorem.

Theorem 1 Let the function u yð Þ satisfy the conditions
1. u yð Þ 2 C2k 0; 1½ �;
2. u ið Þ 0ð Þ ¼ u ið Þ 1ð Þ ¼ 0; i ¼ 0; 1; . . .; k � 1:
Then it can be expanded in a uniformly and absolutely converging series of the form

u yð Þ ¼
X1
n¼1

unYn yð Þ;

where

un ¼
Z1

0

y�mu yð ÞYnðyÞdy:

Proof We show the equality

y�
m
2u yð Þ ¼

Z1

0

G y; nð Þ �1ð Þknm
2

d2ku nð Þ
dn2k

� 	
dn;

really

R1
0

n�
m
2 �1ð ÞkG y; nð Þ
h i

y�
m
2 �1ð Þknm

2
d2ku nð Þ

dn2k


 �
dn

¼ y�
m
2

R1
0

G y; nð Þ d2ku nð Þ
dn2k dn ¼ y�

m
2u yð Þ:

Those for the function y�
m
2u yð Þ the conditions of the Hilbert-Schmidt theorem are satisfied and therefore

y�
m
2u yð Þ ¼

X1
n¼1

y�
m
2unYn yð Þ;

dividing by y�
m
2 , we have

u yð Þ ¼
X1
n¼1

unYn yð Þ:

Theorem 1 is proved. h

We proceed to solve the equation in the variable x. Taking into account conditions (4), (5), we obtain the
following initial problem:
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Da
0xXn xð Þ ¼ �knXn xð Þ;

lim
x!0

x2�aXn xð Þð Þ ¼ wn;

lim
x!0

d
dx x2�aXn xð Þð Þ ¼ un:

8>><
>>:

ð10Þ

where

wn ¼
Z1

0

w yð Þy�mYn yð Þdy ;

un ¼
Z1

0

u yð Þy�mYn yð Þdy :

The general solution of equation (10) has the form (see [14])

Xn xð Þ ¼ d1xa�1E1=a �knxa; að Þ þ d2xa�2E1=a �knxa; a� 1ð Þ;

where

d1; d2 � constant;E1=a z; lð Þ ¼
X1
j¼0

zj

C ajþ lð Þ

- Mittag-Leffler function [1].
Satisfying the initial conditions, we obtain a solution to problem (10) in the form

Xn xð Þ ¼ C að Þunxa�1E1=a �knxa; að Þ þ C a� 1ð Þwnxa�2E1=a �knxa; a� 1ð Þ;

this representation implies the uniqueness of the solution to problem (10).
Given the estimate (see [15], p.136)

E1=a �knxa; að Þ
�� ��� M

1þ knxa
; 0\M � const; a\2;

we have

Xn xð Þj j �M1 unj j þ xa�2 wnj j
� �

; 0\M1 � const: ð11Þ

Theorem 2 Let the function s yð Þ; ult s yð Þ ¼ u yð Þ or s yð Þ ¼ w yð Þ , satisfies the following conditions:

s yð Þ 2 C2k 0; 1½ �; s sð Þ 0ð Þ ¼ s sð Þ 1ð Þ ¼ 0;

yms 2kð Þ yð Þ

 � sð Þ

0ð Þ ¼ yms 2kð Þ yð Þ

 � sð Þ

1ð Þ ¼ 0; yms 2kð Þ yð Þ 2 C2k 0; 1½ �; s ¼ 0; 1; . . .; k � 1:

Then a solution to Problem A exists.

Proof Note that it follows from the conditions of the theorem and Lagrange’s theorem that

s yð Þ ¼ O yk
� �

; y! þ0;

and

yms 2kð Þ yð Þ ¼ O yk
� �

; y! þ0:

We will seek the solution of problem A in the form of the following series

u x; yð Þ ¼
X1
n¼0

Xn xð ÞYn yð Þ: ð12Þ

Let us show that series (12) converges in the region d; 1½ � � 0; 1½ �, where 0\d is an arbitrary sufficiently
small real number.Taking into account (11), we have
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u x; yð Þj j �
X1
n¼0

Xn xð Þj j Yn yð Þj j �M1

X1
n¼0

unj j Yn yð Þj j þ da�2
X1
n¼0

wnj j Yn yð Þj j
 !

;

Let us show the convergence of the first term, the convergence of the second is shown in a similar way.
Using the Cauchy-Bunyakovsky inequality, we obtain

X1
n¼0

kn unj j
Yn yð Þj j
kn
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX1
n¼0

knunð Þ2
s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X1
n¼0

Yn yð Þ
kn

� 	2

vuut ; ð13Þ

next

un ¼
Z1

0

u yð Þy�mYn yð Þdy ¼ �1ð Þkkn

Z1

0

u yð ÞY 2kð Þ
n yð Þdy

¼ �1ð Þkkn u yð ÞY 2k�1ð Þ
n yð Þ

��y¼1

y¼0
�
Z1

0

u0 yð ÞY 2k�1ð Þ
n yð Þdy

0
@

1
A;

if

lim
y!þ0

Y 2k�1ð Þ
n yð Þ 6¼ 1;

then

u 0ð ÞY 2k�1ð Þ
n 0ð Þ ¼ 0;

if

lim
y!þ0

Y 2k�1ð Þ
n yð Þ ¼ 1;

then applying L’Hopital’s rule, we get

lim
y!þ0

Y 2k�1ð Þ
n yð Þ
u yð Þð Þ�1

¼ lim
y!þ0

Y 2kð Þ
n yð Þ

� u yð Þð Þ�2u0 yð Þ
¼ �1ð Þkþ1kn lim

y!þ0

u2 yð Þy�mYn yð Þ
u0 yð Þ

�1ð Þkþ1kn lim
y!þ0

O y2k
� �

O yk
� �

y�m

O yk�1ð Þ ¼ 0;

from here

un ¼ �1ð Þkþ1kn

Z1

0

u0 yð ÞY 2k�1ð Þ
n yð Þdy;

continuing this process, we obtain the relation

un ¼ �1ð Þkkn

Z1

0

u 2kð Þ yð ÞYn yð Þdy;

or

un

kn
¼
Z1

0

�1ð Þkymu 2kð Þ yð Þ
n o

y�mYn yð Þdy;

i.e. the number of
un

kn
are the Fourier coefficients �1ð Þkymu 2kð Þ yð Þ. Now we apply the Bessel inequality
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X1
n¼0

un

kn

� 	2

�
Z1

0

ymu 2kð Þ yð Þ

 �2

y�mdy ¼
Z1

0

u 2kð Þ yð Þ

 �2

ymdy\1: ð14Þ

From (9) and (14) implies the convergence (13), and hence the convergence (12).
Let’s move on to derivatives. Taking into account equation (10), we formally have

Da
0xu x; yð Þ

�� ���X
1

n¼0

Da
0xXn xð Þ

�� �� Yn yð Þj j ¼
X1
n¼0

knXn xð Þj j Yn yð Þj j

�M1

X1
n¼0

knunj j Yn yð Þj j þ xa�2
X1
n¼0

knwnj j Yn yð Þj j
 !

;

we show the convergence of the first term
P1
n¼0

knunj j Yn yð Þj j , convergence of the second:
P1
n¼0

knwnj j Yn yð Þj j , is
shown in the same way. So

X1
n¼0

knunj j Yn yð Þj j ¼
X1
n¼1

k2
nun

�� �� Yn yð Þ
kn

����
�����

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX1
n¼1

k4
nu

2
n

�� ��
s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X1
n¼1

Y2
n yð Þ
k2

n

�����
�����

vuut ;

we have

un ¼
R1
0

y�mu yð ÞYnðyÞdy ¼ �1ð Þk
kn

R1
0

u yð ÞY 2kð Þ
n ðyÞdy

¼ �1ð Þk
kn

R1
0

u 2kð Þ yð ÞYnðyÞdy ¼

¼ 1

k2
n

Z1

0

ymu 2kð Þ yð ÞY 2kð Þ
n ðyÞdy ¼ 1

k2
n

Z1

0

ym ymu 2kð Þ yð Þ

 � 2kð Þ

YnðyÞy�mdy;

Now we apply the Bessel inequality

X1
n¼1

k4
nu

2
n

�� ���
Z1

0

ymu 2kð Þ yð Þ

 � 2kð Þ
� 	2

y�mdy\1: ð15Þ

Taking into account (9) and (15), we obtain that the series

Da
0xu x; yð Þ ¼

X1
n¼0

Da
0xXn xð ÞYn yð Þ

converges uniformly. The uniform convergence of the series is proved in a similar way

o2ku x; yð Þ
oy2k

¼
X1
n¼0

Xn xð Þ o
2kYn yð Þ
oy2k

¼ �1ð Þky�m
X1
n¼0

knXn xð ÞYn yð Þ:

Theorem 2 is proved.

Note. In the proof of Theorem 2, we have shown that the solution constructed belongs to the class:

Da
0xu x; yð Þ 2 C Xð Þ; x2�au x; yð Þ 2 C1 X

� �
;
o2ku

oy2k
2 C Xx � Xy

� �
;

3 Uniqueness of solution

Theorem 3 Let a function u(x, y), a solution of a homogeneous problem A from class
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Da
0xu x; yð Þ 2 C Xð Þ; x2�au x; yð Þ 2 C1 X

� �
;

o2k�1u
oy2k�1 2 C Xx � Xy

� �
; o2ku

oy2k 2 L2 y 2 0; 1½ �ð Þ;

then

u x; yð Þ � 0:

Proof Let the function u x; yð Þ be a solution to Problem A with zero initial and boundary conditions. We
consider its Fourier coefficients with respect to the system of eigenfunctions of problem (6)

un xð Þ ¼
Z1

0

y�mu x; yð ÞYnðyÞdy;

it is easy to show that un xð Þ is a solution to the problem

Da
0xun xð Þ ¼ �knun xð Þ;

lim
x!0

x2�aun xð Þð Þ ¼ 0;

lim
x!0

d
dx x2�aun xð Þð Þ ¼ 0:

8>><
>>:

This problem has only a zero solution, i.e.

Z1

0

y�mu x; yð ÞYnðyÞdy ¼ 0; 8n:

Because
G y; nð Þ� symmetrical, continuous

Z1

0

G
2

y; nð Þdn\1;
Z1

0

G
2

y; nð Þdy\1;
Z1

0

Z1

0

G
2

y; nð Þdydn\1; kn [ 0; 8n;

then the conditions of the Mercer theorem are satisfied and

G y; nð Þ ¼
X1
n¼0

Yn yð ÞYn nð Þ
kn

:

From here we have

y�
m
2 u x; yð Þ ¼

Z1

0

G y; nð Þ �1ð Þknm
2
o2ku x; nð Þ

on2k

� 	
dn

¼ �1ð Þk
Z1

0

X1
n¼0

Yn yð ÞYn nð Þ
kn

n
m
2
o2ku x; nð Þ

on2k

� 	
dn

¼ �1ð Þk
X1
n¼0

y�
m
2 Yn yð Þ
kn

Z1

0

n�
m
2 Yn nð Þnm

2
o2ku x; nð Þ

on2k
dn

because since the series converges uniformly, then we can interchange the signs of integration and the sum
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¼ �1ð Þk
X1
n¼0

y�
m
2 Yn yð Þ
kn

Z1

0

Yn nð Þ o
2ku x; nð Þ
on2k

dn

¼ �1ð Þk
X1
n¼0

y�
m
2 Yn yð Þ
kn

Z1

0

Y 2kð Þ
n nð Þu x; nð Þdn

¼ �1ð Þk
X1
n¼0

y�
m
2 Yn yð Þ
kn

Z1

0

kn �1ð Þkn�mYn nð Þu x; nð Þdn

¼ y�
m
2

X1
n¼0

Yn yð Þ
Z1

0

n�mYn nð Þu x; nð Þdn ¼ 0)

u x; yð Þ � 0:

Theorem 3 is proved. h

4 Conclusion

The article considers an initial-boundary value problem for an equation with a fractional Riemann-Liouville
derivative. A similar method can be used to study problem A also for an equation of the form:

�1ð Þkþ1
CDa

0xu x; yð Þ � ym o2ku x;yð Þ
oy2k ¼ 0;

1\a\2; 0�m\k; m 62 N;

osu x; 0ð Þ
oys

¼ osu x; 1ð Þ
oys

¼ 0; 0\x� 1; s ¼ 0; 1; . . .; n� 1;

u 0; yð Þ ¼ w yð Þ; ux 0; yð Þ ¼ u yð Þ;

where k 2 N;Da
0x� is the Caputo fractional differentiation operator of order a

CDa
0xu x; yð Þ ¼ 1

C 2� að Þ

Zx

0

d2

ds2 u s; yð Þds

x� sð Þa�1
:
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