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Abstract We derive generalized solutions of an inhomogeneous inviscid Burgers equation using vanishing
viscosity method. This is achieved with the classical solution of a concerned viscous inhomogeneous
Burgers equation. We then study Riemann problem for a de-coupled system. The weak solutions of the
system are explicitly obtained by Volpert product concept. There are infinitely many real valued solutions
for the system in the case of rarefaction wave and the weak solutions consist of J- measures in the case of
shock wave. Motivated by the structure of weak solutions, we construct the explicit generalized solutions for
a more general de-coupled system.
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1 Introduction

The forced Burgers equation

U + uy = vi + f(x,1), x€R, >0, (1)

is well known governing equation for several physical problems such as charge density waves, vortex lines
in superconductors etc..(see [12] and the references therein).

In this paper, we, initially, consider Cauchy problem for an inhomogeneous inviscid Burgers equation,
namely,
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Generalized solutions of an inhomogeneous inviscid Burgers equation 189

k
wtuu, =———7-, xR, t>0, 2
(2Pt +1)*? @)
u(x, O) = uo(X), x € R, <3>
where the initial data u, satisfies fg uo(y)dy = o(x*) for large Ixl, > 0 and k is a non-zero constant. We

obtain the weak solutions of the Cauchy problem (2)-(3) by passing v — 0 in the classical solution
constructed in [3] for

k
(2Bt + 1)

where v > 0, f > 0 and k is a non-zero constant.
We then construct solutions for the Riemann problem for the decoupled system,

Uy + uuy, = vuy, + xeR, >0, (4)

w4 un, = —-*— xeR,t>0,
P+ (up), =0, xeR,1>0,
with the initial value

" ifx<0
(uLapL) 1Ix <V, (6)

(ug,pr)’ ifx>0.

(u,p)'(x,0) = {

Motivated by the solution form of (5)-(6), we finally construct solutions for the Riemann problem of the
decoupled system

U +uu, = h(t), xeR, t>0,
p,+ (up), =0, xeR, >0,

where h(t) € L} [0, 00). This work is analogous to the significant works by Zheng et.al. [11] and Ding et.al.
[1].

Hopf [4] reduced the viscous Burgers equation
u, + unu, =viey,, x€R, >0, (7)
u(x, 0) :uO('x)7 x e R, (8)

into the linear heat equation and rigorously discussed the behaviour of the solutions in the limit case t — 0
with finite v and also in the limit case v — 0. Ding and Ding [1] showed that, for fixed (x, ), the solution of

u; + uny, =viu, +4x,x € R, > 0, (9)
M(xa 0) ZMO(X)7X € Ra (10)

converges to the weak solution of relevant inviscid forced Burgers equation as v — 0, assuming the initial
data satisfies

up(x) = o(x), |x| — oc.

This was obtained by the viscous solution constructed by Ding, Jiu, and He [2]. Joseph [5] considered a
system of conservation laws

{u,—l—(%)x:(()), xeR, >0, an

, xe€R, >0,

with the initial conditions
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190 S. Engu et al.

(ug,vy)  ifx<0,

12
(ug,vg)" ifx > 0. (12)

(u,v)'(x,0) = {

He analyzed the solution of above problem by using vanishing viscosity method. For which he constructed a
solution (u"(x,1),v"(x,t)) for the system

2
w4 (%), =3, xeR, >0, )
v+ (uv)y =3wy, xeR, 1>0,
with the initial conditions
" ifx<0
WY (e 0) = § U IO (1)
(ug,vg)" ifx > 0.

Joseph and Sahoo [8] constructed spherically symmetric solutions to the system governing the large scale
structure formation in the universe. In the case one dimensional, they studied the system supplemented with
locally Lipscitz functions as initial-boundary conditions. Joseph and Sahoo [9] constructed solutions of
Riemann problem for a system of four conservation laws using vanishing viscosity method. This system of
equations is a generalization of the system studied in [6]. Joseph [6] studied a non strictly hyperbolic system,
which cannot be dealt with classical distribution theory. For which, he considered concerned viscous system
and found the explicit solutions for it. Using the algebra of generalized functions of Colombeau, he derived
the solutions for the conservation laws. For further applications of vanishing viscosity method and its
generalizations, we refer to [7, 10] and the references there in.

This paper is organized as follows. In Section 2, we look for the weak solutions of the initial value
problem (2)-(3). Section 3 discusses a Riemann problem for de-coupled system and obtain the explicit
generalized solutions. Appendix deals with the briefing of the procedure to find the solution given in [3] to
forced viscous Burgers equation (4) using the generalized Cole-Hopf transformation.

2 Solution of the inhomogeneous inviscied Burgers equation
In this section, we derive the weak solutions of the Cauchy problem (2)-(3) using vanishing viscosity

argument.
The solution of the Cauchy problem

k
U+ utly =V + ——=, x€R, >0, 15
u(x,0) = up(x), xeR, (16)

where v > 0, f > 0 and k > 0, is given by (see Appendix for details)
u(x, 1)
oo |28t (n=ty) | ki’ [1=( _1F Ny
. f*OO [ + B \1+7 exp{ 2y (n,y,t)} y (17)
S exp{ =2, F(n,y,1) }dy

=:ii(n,1'),
where 1 = * = ! and
Ry o RV
F(n,y,7)
B, B, k(1T k 2B1
et T s y+ﬁ2 — " (18)

+ /Oy uo(s)ds.
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Generalized solutions of an inhomogeneous inviscid Burgers equation 191

Let us denote the solution written in (17) by u(x,t,v). We now show that u(x,#,v) converges to the
generalized solution of inviscid Burgers equation (2) subject to (3) as v — 0.
Since

up(y) = o(y) asly| — oo,
it can be seen that

Fn,y,!) "

5 = ly| — oo, forevery fixedn, . (19)
y J—

Then there exists a natural number N such that

1/ pi? 3
- <F N<Z
2<1_t,2) (n,y,£) <5

12
(+%5)% b=, (20)

1-7

Since F is continuous in y for all |[y| <N and by the virtue of (20), minimum of F(n,y,?) exists for all y.
Say,

min F(n,y,7') =:m(n,t).
y

Let y.(n,¢') and y*(5,#') be the smallest and largest value of y for which F(n,y,?) attains its minimum.

Lemma 2.1 We have the following

D).y (n, 1) < y.(n',0)ifn <’
(i). yi(n=0,7) =y.(n,7),y" (n +0,8) = y*(n,1);
(iii). y«(+o0,t) = 400,y*(—00,) = —o0.

Proof Setting

k(1-7¢ k
Gl y.t) = F(n,y,7) ——— 2 = K — 21
(n,9,7) (n,y,7) 2" g\ n+ﬂ2, (21)
it can be seen that G(#,y,7) also attains its minimum at y.(n,#) and y*(n,¢'). So
>0 ify<y’,
Gn,y,t) — G(n,y*, ¢ 22
) =Gy 20 (22)
where y* = y*(5,7'). In view of (21) and (18), we have
2p¢
G(’/Ivyv t/) = G(anvt/) - %ﬂy (23)
and
/ * / * 2ﬁt/a *
G(”+a7yat) - G(’7+a7)’ 7t) = G('/]7y7t) - G(nay at) 7m<y -y ) (24>
Then from (22)-(23), we find that
Gn+a,y,t)—Gn+a,y,') >0fory<y anda > 0. (25)

Therefore, G(1 + a,y,t') attains its minimum for y > y*. Hence (i) is proved.
We will prove y*(n + 0,#) = y*(, '), i.e, we will prove that for a given € > 0 there exists a real number
a such that

I (n+h,t) —y*(n,t)|<e Vh(0,a). (26)

Let € > 0 be given. Set
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192 S. Engu et al.

G '77)’;f/ -G ’17)’*,1'
gn,t’(y) = ( ))} — y*( ) . (27)

Then in view of (22), we have g, ,(y) > 0 for y > y*. From (19), we can say that there exists a natural
number N such that

1 ﬁt’2
3 (25 )2 <Fny sl > w.

The above inequality leads to

2
1( pr > Y Fyst) _F,y,0) = F(n,yx, 1)
2\1—-1%)y—y  y—» y—y*

= gnr(¥)-

Thus, we find that g, »(y) — oo as y — oo. Then, corresponding to M > 0, there exists a N > 0, such that
gnr(y) > MVy > N. (28)

On the other hand, from (22), g, ~(y) > 0 and is continuous in [y* 4 €, N], so it attains a positive minimum
say d > 0 in [y* + ¢, N] in the case that y* + ¢ <N, the other case is trivial.
Let o = min{d, M}, then

gr(y)>a>0, Vy>y +e (29)
In view of (24) and (29), we can choose sufficiently small a, such that

Gn+hy,t)— G+ hy,t)
y—=y

2p1h
:gi1,t’(y) - 1 — t,z

2pta
N

for all & € (0,a) and y > y* + €. Hence, from (25) and (29) it is clear that
G(n+h,y,t') = G(n+h,y",1') >0, (30)

> o >0

holds when y <y* or y > y* + €. This means,
YO <Y (n+ht) <Y+ evh € (0,a).
Therefore, (26) follows. Similarly, we can prove y.(1 — 0,#) = y.(y,¢'). Hence, (if) is proved.

We will prove y,(400,#) = +00, i.e., we will prove that for every real number I > 0, there exists 7, > 0
such that

Y(n,1') > I¥n > ng. (31)
Let the minimum of G(0,y, ) be m for fixed #. Take a real number A such that
A > y"(0,7). (32)
Then,
1—17?
0< 2 [G(0,A +1,1) —n]
=MNo
and in view of (23), we have
G(g,y,7) —n + fﬁ”‘;f;A =G(0,y,/) —n— lzﬁ”jtz (y — A). (33)

Hence, G(1y,y,t) and left hand side of (33) attain their minimum at same points. Clearly,
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Generalized solutions of an inhomogeneous inviscid Burgers equation 193

G(’/I07ya t/) —n+

2810t >0 ify <A,
Bro A{ ify (34)

1-2" =0 ify=A+1,
where

2Bnot

—at

n =G, A+ 1,1') +

Thus, the function G(#,y, ') attains its minimum only for y > A. That is y.(n,,#) > A. Hence, in view of
(i), we get

Ye(n,1) = AV > g (35)

Case(a): If I < A, then (31) follows from (35).
Case(b): If I > A, then (31) follows by replacing A with 7 in (32) and proceeding the same upto (35).
Similarly we can prove y*(—oo,#) = —oo. Hence, (iii) is proved. O

Lemma 2.2 The function
m(n,1') = F(n,y.(n,¢),¢) = F(n,y"(n,1), 1)
is continuous in the region {(,7) : n € R,0<¢ <1}.

Proof Take an arbitrary point (174, #¢) in the region {(1,#) : n € R,0<¢ <1}. We will show that m(n, 1)
is continuous at (1o, f;)).
Denote

Vs = Y*(’?o»ff))’y* = y*(WO’ ta)andm' = F(”O’y*vté)) - F(n07y*7 t6)
Since m’ is the minimum of F(1,,y, #,), there exists a constant p > 0 such that
F(no,y,1y) > m' + pwhenevery<y, — 1 and y > y* + 1. (36)

In view of (18), F(n,y,t") — oo uniformly as [y| — oo in a neighborhood of (1, 7;,). Hence, in view of (36),
there exists 0 <g <1, such that

F(n,y,t') >m' +§, whenevery <y, — 1,y >y" + land|n —no| + | — 15| < q. (37)

Besides, from the fact that F(n,y,t) is continuous at the point (1y,y:,#,), we see that there exists
r > 0,r<gq, such that

F(n,y,t)y<m +g,whenever|n —nol + | — 15l < r. (38)

In view of (37) and (38), we conclude that, for all (n,1') satisfying | — no| + |/’ — 1;| < r, F(n,y,¢') attains
its minimum in

y.— 1<y <y + 1

Thus, there exists ¥ in [y. — 1,y* + 1] such that F(n,y,) attains its minimum for all (1,#) satisfying
|n —no| + | — 1| < r. Then uniform continuity of F(n,y,?’) over the region

{0y, 7) 2y =1 <y <Y+ Land | — no| + |1 — 1] < r}
will imply the existence of 0 <d; < r such that
F(no,y' ty) — F(n,y', 1) <e whenever |5 — no| + |t — 1] <.
Therefore,
m(ilo, to) — m(n, ') = min F(ny, y, fo) — min F(n,, 1)
< F(no,y' 1) = F(n,Y', 1) <e,

whenever | — 1| + |/ — 15| <.
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194 S. Engu et al.

Consider,

m(’htl) - m(’707t6) = In)lnF(nayv t,) - F(WO,Y*J(,))

< F('l,}’*af/) - F("O,y*vt(,))'
Since F(n,y,t') is continuous at (1], ys, 1), we get
m(n,t') — m(ny, t,) < e whenever |5 — no| + ' — 15| <0a. (40)

Thus, in view of (39) and (40), choosing 6 to be the minimum of J; and 5, we infer that m(sn,) is
continuous at (11, #)). O

Lemma 2.3  The functions y.(n,t) and y*(n,t') are lower and upper semi continuous respectively and at
the point (n,1') where y.(n,t') = y*(n,¢), they are continuous.
1

v/ 2pt+1

(170, 2y)- Also, let U be an open and bounded set that contains (1, #y) and (n,,,#,)Vn = 1,2,3,- - . Firstly, we
prove that the sequence {y.(n,.%,)} is bounded, for which let us assume contrarily that {y.(n,,7,)} is
unbounded. The fact that m(#, ) is continuous proved in Lemma 2.2 will imply that

Proof Let (19, t,) be a fixed pointin ¢ > 0,/ =

and (1,,,t,) be a sequence of points approaching to

supm(n,t') =M
U

exists. Due to (19), corresponding to this M > 0 there exists a N > 0 such that
F(n,y,t) > M, whenever|y| >N, (41)

for all (,¢') € U. Since {y.(n,,,)} is unbounded, so corresponding to this N > 0 there exists a point (1;, ;)
such that |y.(n;, )| > N. From (41), we get F(n;,y.(n;,t.),t.) > M, which is a contradiction, since M is
supremum of m(n, ). Thus {y.(n,.t,)} is bounded.

Let

0, 1) g Y (s 1) =2 5. (42)
Then the sequence {y.(1,,7,)} has a subsequence {y.(1,,%,)}, such that
lim Vs (1’],11, t:l,) =y (43)

()= (outh)

Though we use the general notation of limit in (43), our meaning here is to say that (1,,7,) converges to
(110, ;) along the specific curve.
If y is arbitrary, then from

F(nn’ayat;lq’) 2 F(nn’vy*("n’at;’)at;’%
we get
F(’?m% t{)) 2 F(’?o,ﬁ t{))v

in view of (43), by letting (1,,,1,,) — (19, ). Therefore, it is clear that y is also a point at which F (1, y, ;)
attain its minimum. So

Yaltg: 19) <V = Lim, oy .t Vs (s 0 (44)

Thus, y.(n,7') is lower semi continuous at (1,#,). Similarly, we can show that y*(n,) is upper semi
continuous. It is obvious that, if y. (1, 1,) = y* (1, #,), then

lim  y.(n,1) =y.(no, 1),
(ﬂ%t/)_’wo:to)

lim ¥ (1, ) =y (10, 19)-
()= )

So y.(n,t') and y*(n,t') are continuous at (1, 1)) O
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Generalized solutions of an inhomogeneous inviscid Burgers equation 195

Theorem 2.4 Suppose u(x,t,v) be a solution of (15) subject to (16) with the initial data uy satisfying
Jo uo(y)dy = o(x*) as |x| — oo. Then for x,t > 0 we have,

— 2B —ty.(n, )] k(17
My 2 0 (% 7, V) < 2 ANEY (45)
260 — ¢y (n, 1)) ki (17 , .

1 —¢2 F 147 < hm(a,fﬁv)ﬂ(’%t'«,o)u(o{’ T V). (46)

Proof We will prove (45). We know from (17) that

00 267 (n—1'y / 4
s [t (ﬁ)} exp{ P01 e

I//i(;/]7l/) = OO )
Joocexp{—5F(n,y,7) }dy
where ¢ = \/2ﬁz+1 n= e and F is as given in (18). Now we have
) ffcoo [2[311(€T—Ty) +k/§ (il?)} exp{ P é 1 }dy
(o, T,v) = I , (47)
oo exp{—{ P&y, ) }dy
where 7 = \/2/3 — , &= o and 1
P(é))}a T,) :E[F(éaya T/) _m(67f/)] (48)
with

m(&,7) = F(&y.(&7),7) = F(&y"(&7), 7).

Now, we notice that

>0 ify<y.(&1)ory >y (& 1),
con={ 7, | jory =y o) (49)
=0 lfy:y*(i’f)ory:y(évf)
and from Lemma 2.2, P(,y, ') is continuous in &, y, 7. In view of (18), we see that
P / 2
hm (£7y7 T ) — ﬂf 7 (50)
s ¥ 2(1-17)

holds uniformly with respect to &, 7 on every closed set. We choose an arbitrary point (17,#) and then let
Y. = )’*(”Ia t,)v Y= )’*(ﬂaf)

For any small real number € > 0, if a and b are chosen sufficiently small, then we find that

2 / _ ly* / 1_/
|2 k(1)
1—1? p\1+7

L2BTE—TY) Lk ' <1 —T/> (51)

1 — 17
1-—
< >+e—:L.
147

|&E—n|+ |7 —F|<a, and Y, —2b<y<Y" + 2b.

p
2pf(n — 1Y) Kkt
< e J—

= B

holds when

From Lemma 2.3, since y.(&, 7') is lower semi continuous at (#,¢'), corresponding to this b > 0 there exists
a; > 0 such that
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Y* - b<y*(fy‘fl)7

whenever |& —n| + |t — /| <a;. At the same time, since y*(£,7') is upper semi continuous at (1,t),
corresponding to the same b > 0 there exists a, > 0 such that

y(& )<Y, +b,
when |& — 5| + |7 — | <ay. Therefore, if a = min{a;, a2}, then
Y. —b<y.(E 1) <y (&)<Y + b, (52)
when
| —nl+ |7 = ]<a. (53)

Now, in view of (51) and (52), the numerator in right hand side of (47) is less than
o P
L/ exp{——}dy
oo v
=2 B (6 —1y)  kt (1 -7 P
_— =+ — —L ——d 54
+[m [ - +ﬂ(1+r’> }exp{ v}y >4
o0 2 / _ 4 kl 1_ / P
“fa T () el e
Y 42b 1 -7 pA\lL+T v

whenever &, 7’ satisfy (53), where P is as given in (48).
Claim: There exist sufficiently small positive numbers a and b such that

287 (E — 7 kt /1 —1
B 2ry)Jr_f LA
1-7 p\1+7

SK(}/— Y*)7

for all y > Y* +2b, | — n| + |7’ — ¢| <a and for some constant K.

We have
27 (E=7y) |kt (14) _
_? + T/ L 2 2
lim | P L (55)
y—00 y—Y* 1-7
Then for d > 0 there exists M such that
2p7 (E-7y) kv (1-7
T <l+r’> —L| ope”
y—Y* = 1—1? +d.
- (56)
2B8(¢ + a)*
< M +d=: K27

T 1—({+a)

for all y > M and |£ — 5| + |7 — ¢| <a. In fact a is chosen sufficiently small so that ¥ 4+ a <1, remember
that 0 <# < 1. Therefore,

Zﬁr'(é—zt’y)+k_r’ 1-7 .
1—-7 p\l+7

<K)(y—Y"), forally >M

(57)

and | —n|+ |7 —7{|<a.
If Y* +2b > M, then the claim holds. If Y* + 2b <M, then

2B (E=7y) |kt (17
1-72 +7T (1+;’) -L

y—Y*

is continuous on [Y* + 2b, M]. Hence it is bounded by K;, for some real K;.
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Generalized solutions of an inhomogeneous inviscid Burgers equation 197

Thus,

<K(y—-Y7), (58)

2p7(E—1y) kU (1 -7
Il R VA _L
1 -1 * B \1+7

forally > Y*+2b and|f—n|+ |7’ — 7| <a, where K = sup{K;,K,}. Claim holds. Similarly one can
obtain that

2p7(E—1y) kU (1 -7
— .2t ;
1-7 p\1+1

for all y<Y* — 2b,|¢ — 5| + |’ — | <a and for some constant K.
Therefore, from (54), (58) and (59), we have

) - L‘ <K(Y" —y), (59)

S5 (Y — y)exp{—E}dy

Vs 7/

P e~y ”
fY*+2by Y”) exp{ }dy

S exp{ =5ty 7

(o, t,v)<L+K

+K

when |& — 5| + |7/ — | <a is satisfied.

v*)exp{—E}d
Claim : lim K v *bey Jexp{— Fidy
20 [ exe{ =Ty

(%)

=0.

To prove this, we first show that is bounded below by a positive constant &, y, and 7’ satisfy

y>Y"+2band | —ny|+ |7 —7|<a Smce (< Y*)> — 2(1&5/2 as |y| — oo umformly on any closed set of

P(Ey,T)

(&,7'), there exist a natural number N such that e

|E—n| + |7/ — 7| <a is satisfied.
On the other hand 252%) attains its positive minimum on B = {(&y,7)/Y*+2b<y<N, | —n|+

is bounded below by 2 =:A; forally > N and

( %)

(-1
|7 — | <a} say Aj.
Take A = min{A;,A,}. Then
A P !
5< ((f,yy,r)z, when ¢, y, 7 satisfyy > Y* +2band |¢ — 5| + |7 — 7| <a.
y_ *

Further, a calculation shows that

/ (y—Y)eXP{——}dy</ (y—Y)eXp{——(y—Y )z}dy
Y*4+2b v Y*42b 2v
/OO e 401, (61)
= rexpy —=r r
2 P 2v

v [
AP v |’

whenever &, v satisfy | — | + |t — /| <a. Meanwhile, the uniform continuity of P on the set

{(&y, ) l&—nl+ 7' =7 <aand Y, —2b <y <Y +2b}

and the fact (49) imply that there exists a positive & such that P <2Ab? holds whenever ¢, y, and 7’ satisfy
yi(& 1) —o<y<y" (&) + 0 and | — | + |7 — /| <a. Thus
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o0 P ¥ (&) 46 2AD?
/ exp{——}dy > / exp{— }dy
y*(fvf/> v \'*(f,f’) v

/ o { 2Ab2}
+ expy — dy
Vv (ET)+0 v

Y (&1)+0
> / exp
(&)

2Ab*
=9 exp{ . }
whenever [& — | + [t — | <a is true.

Therefore, the third term in right hand side of the inequality (60) is less than v/A¢ and hence it tends to 0
as v — 0, whenever &, 7' satisfy | — | + |t/ — /| <a. Claim holds. Similarly, second term in (60) also
vanishes as v — 0.

Thus we have proved (45). Similarly we can prove (46). ]

—
-|2
S
——
&

In view of Theorem 2.4, we observe that, at the point (1,#) where y.(n,¢) = y*(n,¢),

lim (o, T, v
(ot,7,v)—= (1, ,0) ( )

exists and

281 — t'y.(n, ¢ ki' (1 -7
lim i, 7, v) = Pl = 2. )]+—< )

(2,,9)— (1,4,0) 1—1¢? 1+7
2Bl =ty (n,0)] | k(17
- 112 * B <1 + t’)
=:4i(n, 1)
=: u(x,1).

By virtue of Lemma 2.1, y.(n,?), y*(1,¢) are monotonic in R for fixed 7. Then the set of points # at which
v«(n,7)and y*(n,7') are discontinuous is at most countable.

Further, suppose y.(n,¢') is continuous at 7. Take a sequence #; such that , < and ; converges to .
Then

Y (e t') <0, 7).
Therefore,
Jim (., 1) <. (1,7).
Hence,
y (i, 1) = y:(i1,1).
Thus, we obtain,
yi(n,t) =y"(n,7) ae.
Finally, for every ¢ > 0,

lirr(l)u(x7 t,v) =u(x,t) a.e.,

V—

But we know that the weak formulation of (2) is
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/ / [xtv‘l’, 7( (X’;’V))Z‘I’
_v/ / xtv‘I’xxdxdt—&-k/ / 2[3t+13/2 dxdt,

for any ¥ € CF(R2), R2 = R x (0,00). Let supp(¥) =: K; x K, C R%. Therefore, passing to v — 0 for
the limit function u(x, r), we have

dxdt+/ W(x,0)u(x,0,v)dx

(u(x,1))* k - oo
/K2 /Kl lu(}@ HY, + > Y, + i 1)3/2 ‘I’] dxdt . W (x, 0)u(x, 0)dx = 0.

Hence, u(x, 1) is the generalized solution to the initial value problem (2)-(3).

3 Riemann problem for de-coupled system
In this section, we study the Riemann problem for a decoupled system.
3.1 Riemann Problem for a de-coupled system with a specific source term in the first component

We now construct the solution of the following Riemann problem for decoupled system

u; + uu, = 3/7,x6R t>0

(2pt+1) (62)
p;+(up), =0, xeR, >0,

with the initial value

(u, py)" ifx<0,
(u, )" (x,0) = ( v (63)
ug, pg) ifx > 0.
Choosing v(x, f) to be v(x,t) fo t)dz, the system (62) with (63) reduces to
U+, = W
Ve 4+ uvy, =0,
u(x, O) _ { ur, X<07 (64)
ug, x >0,
= [y p(x,0)dx = { prx, x<0,
of Prx, x>0,

where
Ve =P, V= —up.

We now solve the Riemann problem for inviscid forced Burgers equation using the method of
characteristics.
The characteristic equations are

dx du(x(t),t) k
dr dt - (2pr+ 1)

Solving this system of ODEs, we obtain the characteristic curve originated at the point (xo,0) and is given
by

x(t) =— (1 —+/2Br+1) + (u(xo,O) +%>t+xo

k
p

and the solution along the curve is
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k 1
hit)==1——7—— | + ,0).
uta(0,0) = (1= ey ) 20,0
Depending on the values of u; and ug, we have the following cases.
Casel: u; > up
In this case, we will have a shock wave originated from (0, 0) and satisfies
dx 1|2k (1 1 )+
—=— |5 (1 ——=—=—=) +ur +ugr|,
a_ 2|p V2pir1r R TR
x(0) =0.
Then the equation of shock wave is
1|2k 2k
x(t) == —<1—\/2 t+1) + <—+u +u )t
=:g(1).
Thus the solution for the Riemann problem for inviscid forced Burgers equation is
k (1 ! ) + if x<g(1)
|1l — = u X ,
g\ T g1 T &
ur + ug k 1 .
) = 4 M (1 )i =) (66)
k 1
it 1—7)—4—14 if x> g(f),
51— ) 8(1)

where g(¢) is given in (65). Using the solution u(x, #) given in (66), we solve the Riemann problem for the

second equation in de-coupled system (64).
If x<g(t), then we have

where x(0) = ¢, <0. Hence,

v, 1) =préi

for the case x<g(1).
If x > g(z), then we have

x(t) _%(1 — V2Bt +1) + (uR —|—%>t—|— &,
u(x, 1) :% <1 - 2ﬂ1t+ l) + Ug,
where x(0) = & > 0. Hence,
V()Cﬂf) :prZ
=pgr <x—%(1 —V2pt+1) - (uR +%>t>

for the case x > g(1).
Here we find the distribution derivative of v(x, 7).
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Let
k k
eL(t) = P(\/2ﬁt+ 1— 1) — (ML +B>t,
k k
eR(t) = E(\Qﬁt—i— 1-— 1) — <MR +B>l

T($)=— l/ooo/”q{v(x7 t)%dxdt]

o0 0 o0 0
_ / / pulx+ en(®) 2 dxat + / / pel + ex(0) 2L axai
0 x<g(t) Ox 0 x> g(1) Ox

oo rg(r) 00
= /0 [ prd(x, 1)dxdr — /0 prlg(t) + er(t)](g(r), t)dt
+ /0oo /g: pr(x, 1)dxdt + /00o prlg(t) + er (D)) (g(2), 1)dt

00 (1) 00 0O
— [ motndurs [ | ot yaa
0 00 0 g(1)

- /OOC {pR [g(2) + er(r)] — pL[g(1) + eL(t)]} b(g(1), 1)dt,

for every ¢ € C°(R x (0,00)). Thus
pr ifx<g(t),
px,1) = pr ifx > g(1),
(prl8(1) + er(t)] — prlg(1) + eL(1)])Osg(s if x = g(1).

Case2 : u; <up
From (65), the characteristic curves originated from (xg,0) for the Riemann problem for inviscid forced
Burgers equation are

ﬂ’é(l—\/Zﬁt—Fl)—F(uL—FE)t—{—xo if x9 <0,
x(t) =
;(1\/2/3z+1)+(u1¢+’l§>z+x0 if xp >0

and the solution along these curves respectively is

Z(l —ﬁ) + ug,

k 1
E<1 ——m> + ug.
Let

(1= VA1) + (),

k
3
fr(1) :é(l — /2Bt + 1) + (%+uR)t.

It is clear that the region {f; (¢) <x<fz(¢)} is not covered by the characteristics. Therefore, the solution in
this case is
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%(1 - ﬁlt_+ )+ if X <f£i (1),
u(x, 1) = %[x—%(l ~ V2B )| —ﬁ it f,.(1) <x<fi(0),
%(1—7i2ﬁ1t+1)+u1e if x > fr(t)
and
oL ifx<fL(t)a
plx,t) =q 0 iffi(r) <x<fr(1),
Pr ifx > fr(2).
In this case, we have infinitely many solutions as follows:
k 1
E(l_ﬁ)—i—m‘ ifx<s(r)
k
5 (1= ) i 5(1) < x < fu (1)
u(x, t) = ) k
;{X*E( 2ﬁf+l :| ﬂ\/m 1ffM(t)§x<fR( ),
k
E( 2ﬁt+1)+ul‘ it > fe(1)

where uy € [ur, ug| and

o —%(1 VERET) + (w)

It is to be noted that the entropy solution for first equation in (62) is unique.
Case3:u;, =up=u

6 (1) +mm) ifx<eo)
(1) + ) i 00,

where
g(t) = <%+ﬁ>t+§(l —\/2pt+1).

Now, one can notice that that the solutions so obtained are weak solutions of (62)-(63). i.e. u(x, ) and p(x, 1)
satisfy

u? k o
<Lt, ¢t> + <27¢x> _<(2ﬁt—|—l)%,¢>’ v (,25 € Cc (IR X (0’ OO))

<P, ¢t> + <”pv ¢x> =0, V¢e CSO(R X (0,00))

Remark Section 2 uses vanishing viscosity method to find out entropy solution for the first equation in
(3.1) with the concerned initial data. In section 3.1, we used method of characteristics to solve Riemann
problem. For the rarefaction case (1, <ug), characteristic curves don’t fill the whole region (x € R, ¢ > 0).
The region not filled by characteristics is filled by continuous solution. The solution obtained in this process
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satisfies entropy condition. This solution agrees with the solution obtained through vanishing viscosity
method.

3.2 Riemann Problem for a de-coupled system with a more general source term in the first component

Motivated by the constructed solution to (62) with (63), we now state the solutions to the Riemann problem
for the following decoupled system

u+uu, =h(t), xeR, t >0, (67)
p,+ (up), =0, xR, >0, (68)

where h(t) € L}, [0,00), with the initial condition

‘ _ ) (u,p) if x<0,
(u7p> ()C, 0) - { (uRva)t if x> 0. (69)

Case 1 : u;, > ug
In this case, the solution is

(ur + [y h(s)ds,py) if x<g(t),
(u(x, l), p(x, t)) _ (uLJruR + f() ds pR[ ( ) - i?(t)] - pL[g(t) - eL(t)}éx:g(t))v (70)
ifx = g(1),
(ur + [y h(s)ds, pg) if x> g(1),

1
g()-—iuLJruRtJr// s)dsdr,
—uLt—l—// s)dsdr,
—uRt—i—// s)dsdr.

We now show that u satisfies the first component equation (67) of decoupled system in the weak sense.
For every ¢(x,1) € C2°(R x [0,00)), consider

[ oS [ o G

o[ (5 e

:7/7 uLd)Xdef// o (x, 1)

= [ [ a5 o006 <>dr+/°°%<m+/oth<s>ds) Hls(0), 1)
R

w [ [ <>ds)¢><<>,> war— [ (s [ 6305) gt

_ [ " (. 0)dx — /O " k(v 0)dx — /O h [ " () (x, f)dxdr.

o] o0

where
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Thus u in (70) is a weak solution of (67). Similarly one can show that p in (70) satisfies the second
component (68) of decoupled sytem in the weak sense.

Case 2 : u; <ug

Let

Then
(ur + foh(s)ds, p) if x<fi(1),
() ploen) = 8 (344 [ shi0)ds.0) if fio) <<l
0
(ug + Joh(s)ds, pg) if x> fa(1).
is a solution of the decoupled system (67)-(69).
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Appendix

We now outline the procedure of obtaining the classical solution of the Cauchy problem (15)-(16) from [3]
and put it in a format suitable for the analysis of Section 2.
Making use of the Cole-Hopf like transformation

M()C l) _ 2y wn("lat)
VBT ()
where n = ﬁ, the Cauchy problem (15)-(16) reduces to i
(Zﬂl + 1)‘//t = ﬁ’/’l//q + Vl//,m - 5’1‘#7 (Al)
1
000 = exp =5 [ sas b = it (42)

Scaling the variables
n=v', n.0) =y (Vv',t) = o', 1),
in (A1)-(A2), we find that

(2Bt + 1), = P’ @y + @y — %ﬁn’cp, (A3)
@(n',0) = Yo (Vv') = @o(n'). (A4)

Assuming that the initial data uy € L' (R) and ug is continuous over R, solution to (A3)-(A4) is given by

2 o0
o', 1) = (2pt + 1)87° / K(n',y . t)po(y')dy',

o0
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where,

KO0 = 5=
xexp{k(g/\/_‘—)ﬁy L v ﬁw)‘(y/w'?ﬁz)r}'

Scaling back to # and y/, we get a solution of (A1)-(A2), which is

12

(2Bt + 1)»7

lﬁ(i’[,l‘) =
2/mtv 2 ns)
o0 k(n — 1 A ‘
X /_OO exp{ (’;ﬁvy) o {Vzﬁt—i- (n—i_F) — <y+ﬁ)} }‘//O(Y)dy
Let 7 = ﬁ then (A5) becomes
lﬂ(i’[, [) = it,(l 4i{’ﬁ)
2mv(1 — 1)
(A6)
* k(n —y) gt 1 k £\ 12
* /m eXp{ 2v 2v(1 —1?) [? <” +E> - <Y+F)} }wo(y)dy
Set
2 2 ¥y
Fn,y,1') = {;(’7 —-y) - (1B_tt,2) Ll, ('7+;2) - <y+;;2>} } +/O uo(s)ds
& k(1—¢ k
_1_ﬁt,2112+1ﬁ_tt/2y2+ﬁ<1+;) {17+y+ﬁ} (A7)
_ %ny + /Oy uo(s)ds.

Then, from (A6) we see that

Y(n,t) = Lt’(l_ﬁ> /OO eXp{—;F(n,y,t’)}dy
2nv(1 — t’z) —00 v

One can find

2B —1ty)  k(1-
F’?(nay?t/): l_t/Z +B 1+t12

Therefore, the solution of the Cauchy problem (15)-(16) is
2v ‘p (nat> ,quat)

__ n _ _
0= g b~ "y
:t’ffC F (n,y,1 eXP{ 5 F(n,y,1) }dy
exp{ F(n,y,t) }dy

s [W+ i (1;/)] exp{— % F(1,3,) }dy
- J2 exp{=5F(n,y. 1) }dy

=:i(n, 1),
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X 1
where F is given in (A7), § = ———and { = ——.
& A== NGRS
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