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Abstract We derive generalized solutions of an inhomogeneous inviscid Burgers equation using vanishing
viscosity method. This is achieved with the classical solution of a concerned viscous inhomogeneous
Burgers equation. We then study Riemann problem for a de-coupled system. The weak solutions of the
system are explicitly obtained by Volpert product concept. There are infinitely many real valued solutions
for the system in the case of rarefaction wave and the weak solutions consist of d- measures in the case of
shock wave. Motivated by the structure of weak solutions, we construct the explicit generalized solutions for
a more general de-coupled system.

Keywords Vanishing viscosity � Weak solution � Volpert product � Reimann problem

Mathematics Subject Classification 35Q53 � 35B40 � 35D30 � 35D40

1 Introduction

The forced Burgers equation

ut þ uux ¼ muxx þ f ðx; tÞ; x 2 R; t [ 0; ð1Þ

is well known governing equation for several physical problems such as charge density waves, vortex lines
in superconductors etc..(see [12] and the references therein).

In this paper, we, initially, consider Cauchy problem for an inhomogeneous inviscid Burgers equation,
namely,
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ut þ uux ¼
k

ð2bt þ 1Þ3=2
; x 2 R; t [ 0; ð2Þ

uðx; 0Þ ¼ u0ðxÞ; x 2 R; ð3Þ

where the initial data u0 satisfies
R x

0
u0ðyÞdy ¼ oðx2Þ for large |x|, b [ 0 and k is a non-zero constant. We

obtain the weak solutions of the Cauchy problem (2)-(3) by passing m! 0 in the classical solution
constructed in [3] for

ut þ uux ¼ muxx þ
k

ð2bt þ 1Þ3=2
; x 2 R; t [ 0; ð4Þ

where m[ 0, b [ 0 and k is a non-zero constant.
We then construct solutions for the Riemann problem for the decoupled system,

ut þ uux ¼ k

ð2btþ1Þ3=2 ; x 2 R; t [ 0;

qt þ ðuqÞx ¼ 0; x 2 R; t [ 0;
ð5Þ

with the initial value

ðu; qÞtðx; 0Þ ¼ ðuL;qLÞt if x\0;

ðuR; qRÞt if x [ 0:

(

ð6Þ

Motivated by the solution form of (5)-(6), we finally construct solutions for the Riemann problem of the
decoupled system

ut þ uux ¼ hðtÞ; x 2 R; t [ 0;

qt þ ðuqÞx ¼ 0; x 2 R; t [ 0;

where hðtÞ 2 L1
loc½0;1Þ: This work is analogous to the significant works by Zheng et.al. [11] and Ding et.al.

[1].
Hopf [4] reduced the viscous Burgers equation

ut þ uux ¼muxx; x 2 R; t [ 0; ð7Þ

uðx; 0Þ ¼u0ðxÞ; x 2 R; ð8Þ

into the linear heat equation and rigorously discussed the behaviour of the solutions in the limit case t! 0
with finite m and also in the limit case m! 0. Ding and Ding [1] showed that, for fixed (x, t), the solution of

ut þ uux ¼muxx þ 4x; x 2 R; t [ 0; ð9Þ

uðx; 0Þ ¼u0ðxÞ; x 2 R; ð10Þ

converges to the weak solution of relevant inviscid forced Burgers equation as m! 0, assuming the initial
data satisfies

u0ðxÞ ¼ oðxÞ; jxj ! 1:

This was obtained by the viscous solution constructed by Ding, Jiu, and He [2]. Joseph [5] considered a
system of conservation laws

ut þ
�

u2

2

�
x
¼ 0; x 2 R; t [ 0;

vt þ ðuvÞx ¼ 0; x 2 R; t [ 0;

(

ð11Þ

with the initial conditions
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ðu; vÞtðx; 0Þ ¼ ðuL; vLÞt ifx\0;

ðuR; vRÞt ifx [ 0:

(

ð12Þ

He analyzed the solution of above problem by using vanishing viscosity method. For which he constructed a
solution ðumðx; tÞ; vmðx; tÞÞ for the system

um
t þ

�
um2

2

�
x
¼ 1

2
mum

xx; x 2 R; t [ 0;

vm
t þ ðuvÞmx ¼ 1

2
mvm

xx; x 2 R; t [ 0;

(

ð13Þ

with the initial conditions

ðum; vmÞtðx; 0Þ ¼ ðuL; vLÞt ifx\0;

ðuR; vRÞt ifx [ 0:

(

ð14Þ

Joseph and Sahoo [8] constructed spherically symmetric solutions to the system governing the large scale
structure formation in the universe. In the case one dimensional, they studied the system supplemented with
locally Lipscitz functions as initial-boundary conditions. Joseph and Sahoo [9] constructed solutions of
Riemann problem for a system of four conservation laws using vanishing viscosity method. This system of
equations is a generalization of the system studied in [6]. Joseph [6] studied a non strictly hyperbolic system,
which cannot be dealt with classical distribution theory. For which, he considered concerned viscous system
and found the explicit solutions for it. Using the algebra of generalized functions of Colombeau, he derived
the solutions for the conservation laws. For further applications of vanishing viscosity method and its
generalizations, we refer to [7, 10] and the references there in.

This paper is organized as follows. In Section 2, we look for the weak solutions of the initial value
problem (2)-(3). Section 3 discusses a Riemann problem for de-coupled system and obtain the explicit
generalized solutions. Appendix deals with the briefing of the procedure to find the solution given in [3] to
forced viscous Burgers equation (4) using the generalized Cole-Hopf transformation.

2 Solution of the inhomogeneous inviscied Burgers equation

In this section, we derive the weak solutions of the Cauchy problem (2)-(3) using vanishing viscosity
argument.

The solution of the Cauchy problem

ut þ uux ¼ muxx þ
k

ð2bt þ 1Þ3=2
; x 2 R; t [ 0; ð15Þ

uðx; 0Þ ¼ u0ðxÞ; x 2 R; ð16Þ

where m[ 0, b [ 0 and k [ 0, is given by (see Appendix for details)

uðx; tÞ

¼

R1
�1

2bt0ðg�t0yÞ
1�t02

þ kt0

b
1�t0

1þt0

� �h i
exp � 1

2m Fðg; y; t0Þ
� �

dy
R1
�1 exp � 1

2m Fðg; y; t0Þ
� �

dy

¼: ûðg; t0Þ;

ð17Þ

where g ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p ; t0 ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p and

Fðg; y; t0Þ

¼ b

1� t02
g2 þ bt02

1� t02
y2 þ k

b
1� t0

1þ t0

	 


g� yþ k

b2

� �

� 2bt0

1� t02
gy

þ
Z y

0

u0ðsÞds:

ð18Þ
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Let us denote the solution written in (17) by uðx; t; mÞ. We now show that uðx; t; mÞ converges to the
generalized solution of inviscid Burgers equation (2) subject to (3) as m! 0.

Since

u0ðyÞ ¼ oðyÞ as jyj ! 1;

it can be seen that

Fðg; y; t0Þ
y2

! bt02

1� t02
as jyj ! 1; for every fixed g; t0: ð19Þ

Then there exists a natural number N such that

1

2

	
bt02

1� t02




\Fðg; y; t0Þ\ 3

2

	
bt02

1� t02




; 8 jyj[ N: ð20Þ

Since F is continuous in y for all jyj �N and by the virtue of (20), minimum of Fðg; y; t0Þ exists for all y.
Say,

min
y

Fðg; y; t0Þ ¼: mðg; t0Þ:

Let y�ðg; t0Þ and y�ðg; t0Þ be the smallest and largest value of y for which Fðg; y; t0Þ attains its minimum.

Lemma 2.1 We have the following

(i). y�ðg; t0Þ 6 y�ðg0; t0Þifg 6 g0;
(ii). y�ðg� 0; t0Þ ¼ y�ðg; t0Þ; y�ðgþ 0; t0Þ ¼ y�ðg; t0Þ;

(iii). y�ðþ1; t0Þ ¼ þ1; y�ð�1; t0Þ ¼ �1.

Proof Setting

Gðg; y; t0Þ :¼ Fðg; y; t0Þ � b

1� t02
g2 � k

b
1� t0

1þ t0

	 


gþ k

b2

� �

; ð21Þ

it can be seen that Gðg; y; t0Þ also attains its minimum at y�ðg; t0Þ and y�ðg; t0Þ. So

Gðg; y; t0Þ � Gðg; y�; t0Þ
> 0 if y\y�;

[ 0 if y [ y�;




ð22Þ

where y� ¼ y�ðg; t0Þ. In view of (21) and (18), we have

Gðg; y; t0Þ ¼ Gð0; y; t0Þ � 2bt0

1� t02
gy ð23Þ

and

Gðgþ a; y; t0Þ � Gðgþ a; y�; t0Þ ¼ Gðg; y; t0Þ � Gðg; y�; t0Þ � 2bt0a

1� t02
ðy� y�Þ: ð24Þ

Then from (22)-(23), we find that

Gðgþ a; y; t0Þ � Gðgþ a; y�; t0Þ[ 0 for y\y� and a [ 0: ð25Þ

Therefore, Gðgþ a; y; t0Þ attains its minimum for y� y�: Hence (i) is proved.
We will prove y�ðgþ 0; t0Þ ¼ y�ðg; t0Þ, i.e, we will prove that for a given �[ 0 there exists a real number

a such that

jy�ðgþ h; t0Þ � y�ðg; t0Þj\� 8 h ð0; aÞ: ð26Þ

Let �[ 0 be given. Set
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gg;t0 ðyÞ :¼ Gðg; y; t0Þ � Gðg; y�; t0Þ
y� y�

: ð27Þ

Then in view of (22), we have gg;t0 ðyÞ[ 0 for y [ y�: From (19), we can say that there exists a natural
number N such that

1

2

	
bt02

1� t02




y2\Fðg; y; t0Þ8jyj[ N:

The above inequality leads to

1

2

	
bt02

1� t02



y2

y� y�
� Fðg; y�; t0Þ

y� y�
\

Fðg; y; t0Þ � Fðg; y�; t0Þ
y� y�

¼ gg;t0 ðyÞ:

Thus, we find that gg;t0 ðyÞ ! 1 as y!1. Then, corresponding to M [ 0, there exists a N [ 0, such that

gg;t0 ðyÞ[ M8y [ N: ð28Þ

On the other hand, from (22), gg;t0 ðyÞ[ 0 and is continuous in ½y� þ �;N�, so it attains a positive minimum
say d [ 0 in ½y� þ �;N� in the case that y� þ �\N, the other case is trivial.

Let a ¼ minfd;Mg, then

gg;t0 ðyÞ� a [ 0; 8 y [ y� þ �: ð29Þ

In view of (24) and (29), we can choose sufficiently small a, such that

Gðgþ h; y; t0Þ � Gðgþ h; y�; t0Þ
y� y�

¼ gg;t0 ðyÞ �
2bt0h

1� t02

[ a� 2bt0a

1� t02
[ 0

for all h 2 ð0; aÞ and y [ y� þ �. Hence, from (25) and (29) it is clear that

Gðgþ h; y; t0Þ � Gðgþ h; y�; t0Þ[ 0; ð30Þ

holds when y\y� or y [ y� þ �. This means,

y� 6 y�ðgþ h; t0Þ 6 y� þ �8h 2 ð0; aÞ:

Therefore, (26) follows. Similarly, we can prove y�ðg� 0; t0Þ ¼ y�ðg; t0Þ. Hence, (ii) is proved.
We will prove y�ðþ1; t0Þ ¼ þ1, i.e., we will prove that for every real number I [ 0, there exists g0 [ 0

such that

y�ðg; t0Þ[ I8g [ g0: ð31Þ

Let the minimum of Gð0; y; t0Þ be m for fixed t0. Take a real number A such that

A [ y�ð0; t0Þ: ð32Þ

Then,

0\
1� t02

2bt0
½Gð0;Aþ 1; t0Þ � n�

¼: g0

and in view of (23), we have

Gðg0; y; t
0Þ � nþ 2bg0t0

1� t02
A ¼ Gð0; y; t0Þ � n� 2bg0t0

1� t02
ðy� AÞ: ð33Þ

Hence, Gðg0; y; t
0Þ and left hand side of (33) attain their minimum at same points. Clearly,
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Gðg0; y; t
0Þ � nþ 2bg0t0

1� t02
A

[ 0 ify\A;

¼ 0 ify ¼ Aþ 1;




ð34Þ

where

n ¼ Gðg0;Aþ 1; t0Þ þ 2bg0t0

1� t02
A:

Thus, the function Gðg0; y; t
0Þ attains its minimum only for y > A. That is y�ðg0; t

0Þ > A. Hence, in view of
(i), we get

y�ðg; t0Þ > A8g[ g0: ð35Þ

Case(a): If I 6 A, then (31) follows from (35).
Case(b): If I [ A, then (31) follows by replacing A with I in (32) and proceeding the same upto (35).
Similarly we can prove y�ð�1; t0Þ ¼ �1. Hence, (iii) is proved. h

Lemma 2.2 The function

mðg; t0Þ ¼ Fðg; y�ðg; t0Þ; t0Þ ¼ Fðg; y�ðg; t0Þ; t0Þ

is continuous in the region fðg; t0Þ : g 2 R; 0\t0\1g.
Proof Take an arbitrary point ðg0; t

0
0Þ in the region fðg; t0Þ : g 2 R; 0\t0\1g. We will show that mðg; t0Þ

is continuous at ðg0; t
0
0Þ.

Denote

y� ¼ y�ðg0; t
0
0Þ; y� ¼ y�ðg0; t

0
0Þandm0 ¼ Fðg0; y�; t

0
0Þ ¼ Fðg0; y

�; t00Þ:

Since m0 is the minimum of Fðg0; y; t
0
0Þ, there exists a constant p [ 0 such that

Fðg0; y; t
0
0Þ[ m0 þ pwhenevery\y� � 1 and y [ y� þ 1: ð36Þ

In view of (18), Fðg; y; t0Þ ! 1 uniformly as jyj ! 1 in a neighborhood of ðg0; t
0
0Þ. Hence, in view of (36),

there exists 0\q\t00, such that

Fðg; y; t0Þ[ m0 þ p

2
; whenevery\y� � 1; y [ y� þ 1 and jg� g0j þ jt0 � t00j 6 q: ð37Þ

Besides, from the fact that Fðg; y; t0Þ is continuous at the point ðg0; y�; t
0
0Þ, we see that there exists

r [ 0; r\q, such that

Fðg; y; t0Þ\m0 þ p

2
;wheneverjg� g0j þ jt0 � t00j 6 r: ð38Þ

In view of (37) and (38), we conclude that, for all ðg; t0Þ satisfying jg� g0j þ jt0 � t00j 6 r; Fðg; y; t0Þ attains
its minimum in

y� � 1 6 y 6 y� þ 1:

Thus, there exists y0 in ½y� � 1; y� þ 1� such that Fðg; y; t0Þ attains its minimum for all ðg; t0Þ satisfying
jg� g0j þ jt0 � t00j 6 r. Then uniform continuity of Fðg; y; t0Þ over the region

fðg; y; t0Þ : y� � 1 6 y 6 y� þ 1 and jg� g0j þ jt0 � t00j 6 rg

will imply the existence of 0\d1 6 r such that

Fðg0; y
0; t00Þ � Fðg; y0; t0Þ\� whenever jg� g0j þ jt0 � t00j\d1:

Therefore,

mðg0; t
0
0Þ � mðg; t0Þ ¼ min

y
Fðg0; y; t

0
0Þ �min

y
Fðg; y; t0Þ

6 Fðg0; y
0; t00Þ � Fðg; y0; t0Þ\�;

ð39Þ

whenever jg� g0j þ jt0 � t00j\d1.
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Consider,

mðg; t0Þ � mðg0; t
0
0Þ ¼ min

y
Fðg; y; t0Þ � Fðg0; y�; t

0
0Þ

6 Fðg; y�; t0Þ � Fðg0; y�; t
0
0Þ:

Since Fðg; y; t0Þ is continuous at ðg0; y�; t
0
0Þ, we get

mðg; t0Þ � mðg0; t
0
0Þ\�whenever jg� g0j þ jt0 � t00j\d2: ð40Þ

Thus, in view of (39) and (40), choosing d to be the minimum of d1 and d2 we infer that mðg; t0Þ is
continuous at ðg0; t

0
0Þ: h

Lemma 2.3 The functions y�ðg; t0Þ and y�ðg; t0Þ are lower and upper semi continuous respectively and at
the point ðg; t0Þ where y�ðg; t0Þ ¼ y�ðg; t0Þ, they are continuous.

Proof Let ðg0; t
0
0Þ be a fixed point in t [ 0, t0 ¼ 1ffiffiffiffiffiffiffiffiffi

2btþ1
p and ðgn; t

0
nÞ be a sequence of points approaching to

ðg0; t
0
0Þ. Also, let U be an open and bounded set that contains ðg0; t

0
0Þ and ðgn; t

0
nÞ8n ¼ 1; 2; 3; � � � : Firstly, we

prove that the sequence fy�ðgn; t
0
nÞg is bounded, for which let us assume contrarily that fy�ðgn; t

0
nÞg is

unbounded. The fact that mðg; t0Þ is continuous proved in Lemma 2.2 will imply that

sup
U

mðg; t0Þ ¼: M

exists. Due to (19), corresponding to this M [ 0 there exists a N [ 0 such that

Fðg; y; t0Þ[ M; whenever jyj[ N; ð41Þ

for all ðg; t0Þ 2 U. Since fy�ðgn; t
0
nÞg is unbounded, so corresponding to this N [ 0 there exists a point ðgi; t

0
iÞ

such that jy�ðgi; t
0
iÞj[ N. From (41), we get Fðgi; y�ðgi; t

0
iÞ; t0iÞ[ M, which is a contradiction, since M is

supremum of mðg; t0Þ. Thus fy�ðgn; t
0
nÞg is bounded.

Let

limðgn;t
0
nÞ!ðg0;t

0
0
Þy�ðgn; t

0
nÞ ¼: �y: ð42Þ

Then the sequence fy�ðgn; t
0
nÞg has a subsequence fy�ðgn0 ; t

0
n0 Þg, such that

lim
ðgn0 ;t

0
n0 Þ!ðg0;t

0
0
Þ
y�ðgn0 ; t

0
n0 Þ ¼ �y: ð43Þ

Though we use the general notation of limit in (43), our meaning here is to say that ðgn; t
0
nÞ converges to

ðg0; t
0
0Þ along the specific curve.

If y is arbitrary, then from

Fðgn0 ; y; t
0
n0 Þ > Fðgn0 ; y�ðgn0 ; t

0
n0 Þ; t0n0 Þ;

we get

Fðg0; y; t
0
0Þ > Fðg0; �y; t00Þ;

in view of (43), by letting ðgn0 ; t
0
n0 Þ ! ðg0; t

0
0Þ. Therefore, it is clear that �y is also a point at which Fðg0; y; t

0
0Þ

attain its minimum. So

y�ðg0; t
0
0Þ 6 �y ¼ limðgn;t

0
nÞ!ðg0;t

0
0
Þy�ðgn; t

0
nÞ: ð44Þ

Thus, y�ðg; t0Þ is lower semi continuous at ðg0; t
0
0Þ. Similarly, we can show that y�ðg; t0Þ is upper semi

continuous. It is obvious that, if y�ðg0; t
0
0Þ ¼ y�ðg0; t

0
0Þ, then

lim
ðg;t0Þ!ðg0;t

0
0
Þ
y�ðg; t0Þ ¼y�ðg0; t

0
0Þ;

lim
ðg;t0Þ!ðg0;t

0
0
Þ
y�ðg; t0Þ ¼y�ðg0; t

0
0Þ:

So y�ðg; t0Þ and y�ðg; t0Þ are continuous at ðg0; t
0
0Þ. h
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Theorem 2.4 Suppose uðx; t; mÞ be a solution of (15) subject to (16) with the initial data u0 satisfyingR x
0

u0ðyÞdy ¼ oðx2Þ as jxj ! 1. Then for x; t [ 0 we have,

limða;s;mÞ!ðg;t0;0Þûða; s; mÞ 6
2bt0½g� t0y�ðg; t0Þ�

1� t02
þ kt0

b
1� t0

1þ t0

	 


; ð45Þ

2bt0½g� t0y�ðg; t0Þ�
1� t02

þ kt0

b
1� t0

1þ t0

	 


6 limða;s;mÞ!ðg;t0;0Þûða; s; mÞ: ð46Þ

Proof We will prove (45). We know from (17) that

ûðg; t0Þ ¼

R1
�1

2bt0ðg�t0yÞ
1�t02

þ kt0

b
1�t0

1þt0

� �h i
exp � 1

2m Fðg; y; t0Þ
� �

dy
R1
�1 exp � 1

2m Fðg; y; t0Þ
� �

dy
;

where t0 ¼ 1ffiffiffiffiffiffiffiffiffi
2btþ1
p , g ¼ xffiffiffiffiffiffiffiffiffi

2btþ1
p and F is as given in (18). Now we have

ûða; s; mÞ ¼

R1
�1

2bs0ðn�s0yÞ
1�s02

þ ks0
b

1�s0
1þs0

� �h i
exp � 1

m Pðn; y; s0Þ
� �

dy
R1
�1 exp � 1

m Pðn; y; s0Þ
� �

dy
; ð47Þ

where s0 ¼ 1ffiffiffiffiffiffiffiffiffiffi
2bsþ1
p ; n ¼ affiffiffiffiffiffiffiffiffiffi

2bsþ1
p and

Pðn; y; s0Þ ¼ 1

2
½Fðn; y; s0Þ � mðn; s0Þ� ð48Þ

with

mðn; s0Þ ¼ Fðn; y�ðn; s0Þ; s0Þ ¼ Fðn; y�ðn; s0Þ; s0Þ:

Now, we notice that

Pðn; y; s0Þ ¼
[ 0 if y\y�ðn; s0Þ or y [ y�ðn; s0Þ;
¼ 0 if y ¼ y�ðn; s0Þ or y ¼ y�ðn; s0Þ




ð49Þ

and from Lemma 2.2, Pðn; y; s0Þ is continuous in n; y; s0. In view of (18), we see that

lim
jyj!1

Pðn; y; s0Þ
y2

¼ bs02

2ð1� s02Þ
; ð50Þ

holds uniformly with respect to n; s0 on every closed set. We choose an arbitrary point ðg; t0Þ and then let

Y� ¼ y�ðg; t0Þ; Y� ¼ y�ðg; t0Þ:

For any small real number �[ 0, if a and b are chosen sufficiently small, then we find that

l :¼ 2bt0ðg� t0Y�Þ
1� t02

þ kt0

b
1� t0

1þ t0

	 


� �

\
2bs0ðn� s0yÞ

1� s02
þ ks0

b
1� s0

1þ s0

	 


\
2bt0ðg� t0Y�Þ

1� t02
þ kt0

b
1� t0

1þ t0

	 


þ � ¼: L:

ð51Þ

holds when

jn� gj þ js0 � t0j\a; and Y� � 2b\y\Y� þ 2b:

From Lemma 2.3, since y�ðn; s0Þ is lower semi continuous at ðg; t0Þ, corresponding to this b [ 0 there exists
a1 [ 0 such that
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Y� � b\y�ðn; s0Þ;

whenever jn� gj þ js0 � t0j\a1. At the same time, since y�ðn; s0Þ is upper semi continuous at ðg; t0Þ,
corresponding to the same b [ 0 there exists a2 [ 0 such that

y�ðn; s0Þ\Y� þ b;

when jn� gj þ js0 � t0j\a2. Therefore, if a ¼ minfa1; a2g, then

Y� � b\y�ðn; s0Þ 6 y�ðn; s0Þ\Y� þ b; ð52Þ

when

jn� gj þ js0 � t0j\a: ð53Þ

Now, in view of (51) and (52), the numerator in right hand side of (47) is less than

L

Z 1

�1
exp �P

m


 �

dy

þ
Z Y��2b

�1

2bs0ðn� s0yÞ
1� s02

þ ks0

b
1� s0

1þ s0

	 


� L

� �

exp �P

m


 �

dy

þ
Z 1

Y�þ2b

2bs0ðn� s0yÞ
1� s02

þ ks0

b
1� s0

1þ s0

	 


� L

� �

exp �P

m


 �

dy;

ð54Þ

whenever n; s0 satisfy (53), where P is as given in (48).
Claim: There exist sufficiently small positive numbers a and b such that

�
�
�
�
�
2bs0ðn� s0yÞ

1� s02
þ ks0

b
1� s0

1þ s0

	 


� L

�
�
�
�
�
�Kðy� Y�Þ;

for all y [ Y� þ 2b, jn� gj þ js0 � t0j\a and for some constant K.
We have

lim
y!1

2bs0ðn�s0yÞ
1�s02

þ ks0
b

1�s0
1þs0

� �
� L

y� Y�

�
�
�
�
�
�

�
�
�
�
�
�
¼ 2bs02

1� s02
: ð55Þ

Then for d [ 0 there exists M such that

�
�
�
�
�

2bs0ðn�s0yÞ
1�s02

þ ks0
b

1�s0
1þs0

� �
� L

y� Y�

�
�
�
�
�
\

2bs02

1� s02
þ d:

� 2bðt0 þ aÞ2

1� ðt0 þ aÞ2
þ d ¼: K2;

ð56Þ

for all y [ M and jn� gj þ js0 � t0j\a: In fact a is chosen sufficiently small so that t0 þ a\1, remember
that 0\t0\1: Therefore,

�
�
�
�
�
2bs0ðn� s0yÞ

1� s02
þ ks0

b
1� s0

1þ s0

	 


� L

�
�
�
�
�
�K2ðy� Y�Þ; for all y [ M

and jn� gj þ js0 � t0j\a:

ð57Þ

If Y� þ 2b�M, then the claim holds. If Y� þ 2b\M, then

�
�
�
�
�

2bs0ðn�s0yÞ
1�s02

þ ks0
b

1�s0
1þs0

� �
� L

y� Y�

�
�
�
�
�

is continuous on ½Y� þ 2b;M�: Hence it is bounded by K1, for some real K1:
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Thus,
�
�
�
�
�
2bs0ðn� s0yÞ

1� s02
þ ks0

b
1� s0

1þ s0

	 


� L

�
�
�
�
�
�Kðy� Y�Þ; ð58Þ

for all y [ Y� þ 2b and jn� gj þ js0 � t0j\a; where K ¼ supfK1;K2g: Claim holds. Similarly one can
obtain that

�
�
�
�
�
2bs0ðn� s0yÞ

1� s02
þ ks0

b
1� s0

1þ s0

	 


� L

�
�
�
�
�
�KðY� � yÞ; ð59Þ

for all y\Y� � 2b,jn� gj þ js0 � t0j\a and for some constant K̂.
Therefore, from (54), (58) and (59), we have

ûða; s; mÞ\Lþ K

R Y��2b
�1 ðY� � yÞ exp � P

m

� �
dy

R y�ðn;s0Þ
�1 exp � P

m

� �
dy

þ K̂

R1
Y�þ2bðy� Y�Þ exp � P

m

� �
dy

R1
y�ðn;s0Þ exp � P

m

� �
dy

;

ð60Þ

when jn� gj þ js0 � t0j\a is satisfied.

Claim : lim
m!0
n!g
s0!t0

K̂

R1
Y�þ2bðy� Y�Þ exp � P

m

� �
dy

R1
y�ðn;s0Þ exp � P

m

� �
dy

¼ 0:

To prove this, we first show that
Pðn;y;s0Þ
ðy�Y�Þ2 is bounded below by a positive constant n; y; and s0 satisfy

y [ Y� þ 2b and jn� gj þ js0 � t0j\a. Since
Pðn;y;s0Þ
ðy�Y�Þ2 !

bs02

2ð1�s02Þ as jyj ! 1 uniformly on any closed set of

ðn; s0Þ, there exist a natural number N such that
Pðn;y;s0Þ
ðy�Y�Þ2 is bounded below by bs02

4ð1�s02Þ ¼: A1 for all y [ N and

jn� gj þ js0 � t0j\a is satisfied.
On the other hand

Pðn;y;s0Þ
ðy�Y�Þ2 attains its positive minimum on B ¼

�
ðn; y; s0Þ=Y� þ 2b� y�N; jn� gj þ

js0 � t0j\ag say A2.
Take A ¼ minfA1;A2g. Then

A

2
\

Pðn; y; s0Þ
ðy� Y�Þ2

; when n; y; s0 satisfy y [ Y� þ 2b and jn� gj þ js0 � t0j\a:

Further, a calculation shows that
Z 1

Y�þ2b

ðy� Y�Þ exp �P

m


 �

dy\
Z 1

Y�þ2b

ðy� Y�Þ exp � A

2m
ðy� Y�Þ2


 �

dy

¼
Z 1

2b

r exp � A

2m
r2


 �

dr

¼ m
A

exp � 2Ab2

m


 �

;

ð61Þ

whenever n; s0 satisfy jn� gj þ js0 � t0j\a. Meanwhile, the uniform continuity of P on the set

fðn; y; s0Þ : jn� gj þ js0 � t0j 6 a and Y� � 2b 6 y 6 Y� þ 2bg

and the fact (49) imply that there exists a positive d such that P\2Ab2 holds whenever n; y; and s0 satisfy
y�ðn; s0Þ � d\y\y�ðn; s0Þ þ d and jn� gj þ js0 � t0j\a. Thus
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Z 1

y�ðn;s0Þ
exp �P

m


 �

dy [
Z y�ðn;s0Þþd

y�ðn;s0Þ
exp � 2Ab2

m


 �

dy

þ
Z 1

y�ðn;s0Þþd
exp � 2Ab2

m


 �

dy

[
Z y�ðn;s0Þþd

y�ðn;s0Þ
exp � 2Ab2

m


 �

dy

¼ d exp � 2Ab2

m


 �

whenever jn� gj þ js0 � t0j\a is true.
Therefore, the third term in right hand side of the inequality (60) is less than m=Ad and hence it tends to 0

as m! 0, whenever n; s0 satisfy jn� gj þ js0 � t0j\a. Claim holds. Similarly, second term in (60) also
vanishes as m! 0:

Thus we have proved (45). Similarly we can prove (46). h

In view of Theorem 2.4, we observe that, at the point ðg; t0Þ where y�ðg; t0Þ ¼ y�ðg; t0Þ,
lim

ða;s;mÞ!ðg;t0;0Þ
ûða; s; mÞ

exists and

lim
ða;s;mÞ!ðg;t0;0Þ

ûða; s; mÞ ¼ 2bt0½g� t0y�ðg; t0Þ�
1� t02

þ kt0

b
1� t0

1þ t0

	 


¼ 2bt0½g� t0y�ðg; t0Þ�
1� t02

þ kt0

b
1� t0

1þ t0

	 


¼: ûðg; t0Þ

¼: uðx; tÞ:

By virtue of Lemma 2.1, y�ðg; t0Þ; y�ðg; t0Þ are monotonic in R for fixed t0. Then the set of points g at which
y�ðg; t0Þand y�ðg; t0Þ are discontinuous is at most countable.

Further, suppose y�ðg; t0Þ is continuous at ~g: Take a sequence gk such that gk � ~g and gk converges to ~g.
Then

y�ðgk; t
0Þ � y�ðeg; t0Þ:

Therefore,

lim
k!1

y�ðgk; t
0Þ � y�ðeg; t0Þ:

Hence,

y�ðeg; t0Þ ¼ y�ðeg; t0Þ:

Thus, we obtain,

y�ðg; t0Þ ¼ y�ðg; t0Þ a:e:

Finally, for every t [ 0,

lim
m!0

uðx; t; mÞ ¼ uðx; tÞ a:e:;

But we know that the weak formulation of (2) is
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�
Z 1

0

Z 1

�1
uðx; t; mÞWt þ

ðuðx; t; mÞÞ2

2
Wx

" #

dxdt þ
Z 1

�1
Wðx; 0Þuðx; 0; mÞdx

¼ m
Z 1

0

Z 1

�1
uðx; t; mÞWxxdxdt þ k

Z 1

0

Z 1

�1

W

ð2bt þ 1Þ3=2
dxdt;

for any W 2 C10 ðR2
þÞ, R2

þ ¼ R� ð0;1Þ. Let suppðWÞ ¼: K1 � K2 	 R2
þ. Therefore, passing to m! 0 for

the limit function u(x, t), we have

Z

K2

Z

K1

uðx; tÞWt þ
ðuðx; tÞÞ2

2
Wx þ

k

ð2bt þ 1Þ3=2
W

" #

dxdt �
Z

K1

Wðx; 0Þuðx; 0Þdx ¼ 0:

Hence, u(x, t) is the generalized solution to the initial value problem (2)-(3).

3 Riemann problem for de-coupled system

In this section, we study the Riemann problem for a decoupled system.

3.1 Riemann Problem for a de-coupled system with a specific source term in the first component

We now construct the solution of the following Riemann problem for decoupled system

ut þ uux ¼ k

ð2btþ1Þ3=2 ; x 2 R; t [ 0

qt þ ðuqÞx ¼ 0; x 2 R; t [ 0;
ð62Þ

with the initial value

ðu;qÞtðx; 0Þ ¼ ðuL;qLÞt if x\0;

ðuR;qRÞt if x [ 0:

(

ð63Þ

Choosing v(x, t) to be vðx; tÞ ¼
R x

0
qðz; tÞdz; the system (62) with (63) reduces to

ut þ uux ¼ k

ð2btþ1Þ3=2 ;

vt þ uvx ¼ 0;

uðx; 0Þ ¼
uL; x\0;

uR; x [ 0;




vðx; 0Þ ¼
R x

0
qðx; 0Þdx ¼

qLx; x\0;

qRx; x [ 0;




8
>>>>>>>><

>>>>>>>>:

ð64Þ

where

vx ¼ q; vt ¼ �uq:

We now solve the Riemann problem for inviscid forced Burgers equation using the method of
characteristics.

The characteristic equations are

dx

dt
¼ uðxðtÞ; tÞ; duðxðtÞ; tÞ

dt
¼ k

ð2bt þ 1Þ3=2
:

Solving this system of ODEs, we obtain the characteristic curve originated at the point ðx0; 0Þ and is given
by

xðtÞ ¼ k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
þ
	

uðx0; 0Þ þ
k

b




t þ x0

and the solution along the curve is
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uðxðtÞ; tÞ ¼ k

b

	

1� 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p




þ uðx0; 0Þ:

Depending on the values of uL and uR, we have the following cases.
Case1: uL [ uR

In this case, we will have a shock wave originated from (0, 0) and satisfies

dx

dt
¼ 1

2

2k

b
ð1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p Þ þ uL þ uR

� �

;

xð0Þ ¼ 0:

8
<

:

Then the equation of shock wave is

xðtÞ ¼ 1

2

"
2k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
þ
� 2k

b
þ uL þ uR

�
t

#

¼:gðtÞ:
ð65Þ

Thus the solution for the Riemann problem for inviscid forced Burgers equation is

uðx; tÞ ¼

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uL if x\gðtÞ;

uL þ uR

2
þ k

b
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

	 


if x ¼ gðtÞ;

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uR if x [ gðtÞ;

8
>>>>>>><

>>>>>>>:

ð66Þ

where g(t) is given in (65). Using the solution u(x, t) given in (66), we solve the Riemann problem for the
second equation in de-coupled system (64).

If x\gðtÞ, then we have

xðtÞ ¼ k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
þ
	

uL þ
k

b




t þ n1;

uðx; tÞ ¼ k

b
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

	 


þ uL;

where xð0Þ ¼ n1\0: Hence,

vðx; tÞ ¼qLn1

¼qL

	

x� k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
�
	

uL þ
k

b




t




for the case x\gðtÞ:
If x [ gðtÞ, then we have

xðtÞ ¼ k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
þ
	

uR þ
k

b




t þ n2;

uðx; tÞ ¼ k

b
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

	 


þ uR;

where xð0Þ ¼ n2 [ 0: Hence,

vðx; tÞ ¼qRn2

¼qR

	

x� k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
�
	

uR þ
k

b




t




for the case x [ gðtÞ:
Here we find the distribution derivative of v(x, t).
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Let

eLðtÞ ¼
k

b2
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p
� 1Þ � uL þ

k

b

	 


t;

eRðtÞ ¼
k

b2
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p
� 1Þ � uR þ

k

b

	 


t:

Tð/Þ ¼ �
" Z 1

0

Z

R

vðx; tÞ o/
ox

dxdt

#

¼ �
" Z 1

0

Z

x\gðtÞ
qL½xþ eLðtÞ�

o/
ox

dxdt þ
Z 1

0

Z

x [ gðtÞ
qR½xþ eRðtÞ�

o/
ox

dxdt

#

¼
Z 1

0

Z gðtÞ

�1
qL/ðx; tÞdxdt �

Z 1

0

qL½gðtÞ þ eLðtÞ�/ðgðtÞ; tÞdt

þ
Z 1

0

Z 1

gðtÞ
qR/ðx; tÞdxdt þ

Z 1

0

qR½gðtÞ þ eRðtÞ�/ðgðtÞ; tÞdt

¼
Z 1

0

Z gðtÞ

�1
qL/ðx; tÞdxdt þ

Z 1

0

Z 1

gðtÞ
qR/ðx; tÞdxdt

þ
Z 1

0

�

qR½gðtÞ þ eRðtÞ� � qL½gðtÞ þ eLðtÞ�
�

/ðgðtÞ; tÞdt;

for every / 2 C1c ðR� ð0;1ÞÞ: Thus

qðx; tÞ ¼
qL if x\gðtÞ;
qR if x [ gðtÞ;

qR½gðtÞ þ eRðtÞ� � qL½gðtÞ þ eLðtÞ�ð Þdx¼gðtÞ if x ¼ gðtÞ:

8
><

>:

Case2 : uL\uR

From (65), the characteristic curves originated from ðx0; 0Þ for the Riemann problem for inviscid forced
Burgers equation are

xðtÞ ¼
k
b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p �

þ
	

uL þ k
b




t þ x0 if x0\0;

k
b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p �

þ
	

uR þ k
b




t þ x0 if x0 [ 0

8
>>><

>>>:

and the solution along these curves respectively is

uðx; tÞ ¼

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uL;

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uR:

8
>><

>>:

Let

fLðtÞ ¼
k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
þ
� k

b
þ uL

�
t;

fRðtÞ ¼
k

b2
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p� �
þ
� k

b
þ uR

�
t:

It is clear that the region ffLðtÞ\x\fRðtÞg is not covered by the characteristics. Therefore, the solution in
this case is
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uðx; tÞ ¼

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uL if x\fLðtÞ;

1

t

h
x� k

b2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p
Þ
i
� k

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p if fLðtÞ\x\fRðtÞ;

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uR if x [ fRðtÞ

8
>>>>>>><

>>>>>>>:

and

qðx; tÞ ¼
qL if x\fLðtÞ;
0 if fLðtÞ\x\fRðtÞ;
qR if x [ fRðtÞ:

8
><

>:

In this case, we have infinitely many solutions as follows:

uðx; tÞ ¼

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uL if x\sðtÞ;

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uM if sðtÞ� x� fMðtÞ;

1

t

h
x� k

b2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p
Þ
i
� k

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p if fMðtÞ� x� fRðtÞ;

k

b

�
1� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

�
þ uL if x [ fRðtÞ;

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

where uM 2 ½uL; uR� and

sðtÞ ¼ 1

2

"
2k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
þ
� 2k

b
þ uL þ uM

�
t

#

;

fMðtÞ ¼
k

b2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p �
þ
� k

b
þ uL

�
t:

It is to be noted that the entropy solution for first equation in (62) is unique.
Case3 : uL ¼ uR ¼ u

ðu;qÞtðx; tÞ ¼
ðkb 1� 1ffiffiffiffiffiffiffiffiffi

2btþ1
p

	 


þ u;qLÞ if x\gðtÞ;

ðkb 1� 1ffiffiffiffiffiffiffiffiffi
2btþ1
p

	 


þ u;qRÞ if x [ gðtÞ;

8
>>><

>>>:

where

gðtÞ ¼ k

b
þ u

	 


t þ k

b2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p
Þ:

Now, one can notice that that the solutions so obtained are weak solutions of (62)-(63). i.e. u(x, t) and qðx; tÞ
satisfy

u;/th i þ u2

2
;/x

� �

¼ k

ð2bt þ 1Þ
3
2

;/

* +

; 8 / 2 C1c ðR� ð0;1ÞÞ

q;/th i þ uq;/xh i ¼0; 8 / 2 C1c ðR� ð0;1ÞÞ

Remark Section 2 uses vanishing viscosity method to find out entropy solution for the first equation in
(3.1) with the concerned initial data. In section 3.1, we used method of characteristics to solve Riemann
problem. For the rarefaction case (uL\uR), characteristic curves don’t fill the whole region (x 2 R; t [ 0).
The region not filled by characteristics is filled by continuous solution. The solution obtained in this process
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satisfies entropy condition. This solution agrees with the solution obtained through vanishing viscosity
method.

3.2 Riemann Problem for a de-coupled system with a more general source term in the first component

Motivated by the constructed solution to (62) with (63), we now state the solutions to the Riemann problem
for the following decoupled system

ut þ uux ¼ hðtÞ; x 2 R; t [ 0; ð67Þ

qt þ ðuqÞx ¼ 0; x 2 R; t [ 0; ð68Þ

where hðtÞ 2 L1
loc½0;1Þ; with the initial condition

ðu; qÞtðx; 0Þ ¼ ðuL;qLÞt if x\0;

ðuR;qRÞt if x [ 0:

(

ð69Þ

Case 1 : uL [ uR

In this case, the solution is

ðuðx; tÞ; qðx; tÞÞ ¼

ðuL þ
R t

0
hðsÞds;qLÞ if x\gðtÞ;

ðuLþuR

2
þ
R t

0
hðsÞds;qR½gðtÞ � eRðtÞ� � qL½gðtÞ � eLðtÞ�dx¼gðtÞÞ;

if x ¼ gðtÞ;
ðuR þ

R t
0

hðsÞds;qRÞ if x [ gðtÞ;

8
>>>><

>>>>:

ð70Þ

where

gðtÞ :¼ 1

2
ðuL þ uRÞt þ

Z t

0

Z s

0

hðsÞdsds;

eLðtÞ ¼ uLt þ
Z t

0

Z s

0

hðsÞdsds;

eRðtÞ ¼ uRt þ
Z t

0

Z s

0

hðsÞdsds:

We now show that u satisfies the first component equation (67) of decoupled system in the weak sense.
For every /ðx; tÞ 2 C1c ðR� ½0;1ÞÞ; consider

Z 1

0

Z 1

�1
u/t þ

u2

2
/x

	 


dxdt ¼
Z 1

0

Z gðtÞ

�1
u/t þ

u2

2
/x

	 


dxdt

þ
Z 1

0

Z 1

gðtÞ
u/t þ

u2

2
/x

	 


dxdt

¼ �
Z 0

�1
uL/ðx; 0Þdx�

Z 1

0

Z gðtÞ

�1
hðtÞ/ðx; tÞdxdt

�
Z 1

0

uL þ
Z t

0

hðsÞds

	 


/ðgðtÞ; tÞg0 ðtÞdt þ
Z 1

0

1

2
uL þ

Z t

0

hðsÞds

	 
2

/ðgðtÞ; tÞdt;

�
Z 1

0

uR/ðx; 0Þdx�
Z 1

0

Z 1

gðtÞ
hðtÞ/ðx; tÞdxdt

þ
Z 1

0

uR þ
Z t

0

hðsÞds

	 


/ðgðtÞ; tÞg0 ðtÞdt �
Z 1

0

1

2
uR þ

Z t

0

hðsÞds

	 
2

/ðgðtÞ; tÞdt:

¼ �
Z 0

�1
uL/ðx; 0Þdx�

Z 1

0

uR/ðx; 0Þdx�
Z 1

0

Z 1

�1
hðtÞ/ðx; tÞdxdt:
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Thus u in (70) is a weak solution of (67). Similarly one can show that q in (70) satisfies the second
component (68) of decoupled sytem in the weak sense.

Case 2 : uL\uR

Let

fLðtÞ ¼
Z t

0

uL þ
Z s

0

hðsÞds

	 


ds

fRðtÞ ¼
Z t

0

uR þ
Z s

0

hðsÞds

	 


ds

Then

ðuðx; tÞ; qðx; tÞÞ ¼

ðuL þ
R t

0
hðsÞds;qLÞ if x\fLðtÞ;

x

t
þ 1

t

Z t

0

shðsÞds; 0

	 


if fLðtÞ\x\fRðtÞ;

ðuR þ
R t

0
hðsÞds; qRÞ if x [ fRðtÞ:

8
>>><

>>>:

is a solution of the decoupled system (67)-(69).
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Appendix

We now outline the procedure of obtaining the classical solution of the Cauchy problem (15)-(16) from [3]
and put it in a format suitable for the analysis of Section 2.

Making use of the Cole-Hopf like transformation

uðx; tÞ ¼ � 2m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

wgðg; tÞ
wðg; tÞ ;

where g ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p , the Cauchy problem (15)-(16) reduces to

ð2bt þ 1Þwt ¼ bgwg þ mwgg �
k

2m
gw; ðA1Þ

wðg; 0Þ ¼ exp � 1

2m

Z g

0

u0ðsÞds


 �


 w0ðgÞ: ðA2Þ

Scaling the variables

g ¼
ffiffiffi
m
p

g0; wðg; tÞ ¼ wð
ffiffiffi
m
p

g0; tÞ ¼ uðg0; tÞ;

in (A1)-(A2), we find that

ð2bt þ 1Þut ¼ bg0ug0 þ ug0g0 �
k

2
ffiffiffi
m
p g0u; ðA3Þ

uðg0; 0Þ ¼ w0ð
ffiffiffi
m
p

g0Þ ¼ u0ðg0Þ: ðA4Þ

Assuming that the initial data u0 2 L1ðRÞ and u0 is continuous over R, solution to (A3)-(A4) is given by

uðg0; tÞ ¼ ð2bt þ 1Þ
k2

8mb3

Z 1

�1
Kðg0; y0; tÞu0ðy0Þdy0;
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where,

Kðg0; y0; tÞ ¼ 1

2
ffiffiffiffiffi
pt
p

� exp
k g0 � y0ð Þ

2
ffiffiffi
m
p

b
� 1

4t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p
g0 þ k

ffiffiffi
m
p

b2

	 


� y0 þ k
ffiffiffi
m
p

b2

	 
� �2
( )

:

Scaling back to g and w, we get a solution of (A1)-(A2), which is

wðg; tÞ ¼ ð2bt þ 1Þ
k2

8mb3

2
ffiffiffiffiffiffiffi
ptm
p

�
Z 1

�1
exp

k g� yð Þ
2bm

� 1

4mt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1

p
gþ k

b2

	 


� yþ k

b2

	 
� �2
( )

w0ðyÞdy:

ðA5Þ

Let t0 ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p , then (A5) becomes

wðg; tÞ ¼
ffiffiffi
b
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pmð1� t02Þ

q t0
1� k2

4mb3

� �

�
Z 1

�1
exp

k g� yð Þ
2bm

� bt02

2mð1� t02Þ
1

t0
gþ k

b2

	 


� yþ k

b2

	 
� �2
( )

w0ðyÞdy:

ðA6Þ

Set

Fðg; y; t0Þ ¼ � k

b
ðg� yÞ � bt02

ð1� t02Þ
1

t0
gþ k

b2

	 


� yþ k

b2

	 
� �2
( )

þ
Z y

0

u0ðsÞds

¼ b

1� t02
g2 þ bt02

1� t02
y2 þ k

b
1� t0

1þ t0

	 


gþ yþ k

b2

� �

� 2bt0

1� t02
gyþ

Z y

0

u0ðsÞds:

ðA7Þ

Then, from (A6) we see that

wðg; tÞ ¼
ffiffiffi
b
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pmð1� t02Þ

q t0
1� k2

4mb3

� � Z 1

�1
exp � 1

2m
Fðg; y; t0Þ


 �

dy:

One can find

Fgðg; y; t0Þ ¼
2bðg� t0yÞ

1� t02
þ k

b
1� t02

1þ t02

 !

:

Therefore, the solution of the Cauchy problem (15)-(16) is

uðx; tÞ ¼ � 2m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p

wgðg; tÞ
wðg; tÞ ¼ �2mt0

wgðg; tÞ
wðg; tÞ

¼
t0
R1
�1 Fgðg; y; t0Þ exp � 1

2m Fðg; y; t0Þ
� �

dy
R1
�1 exp � 1

2m Fðg; y; t0Þ
� �

dy

¼

R1
�1

2bt0ðg�t0yÞ
1�t02

þ kt0

b
1�t0

1þt0

� �h i
exp � 1

2m Fðg; y; t0Þ
� �

dy
R1
�1 exp � 1

2m Fðg; y; t0Þ
� �

dy

¼:ûðg; t0Þ;
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where F is given in (A7), g ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p and t0 ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bt þ 1
p .
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