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On the generalized Ramanujan-Nagell equation
x2 + (3m2 + 1) = (4m2 + 1)nx2 + (3m2 + 1) = (4m2 + 1)nx2 + (3m2 + 1) = (4m2 + 1)n

Ruiqin Fu · Hai Yang

Received: 2 July 2018 / Accepted: 9 March 2021 / Published online: 10 January 2022
© The Indian National Science Academy 2022

Abstract Let m be a positive integer. Using certain properties of Pell equations with elementary number theoretic
methods, we prove that the equation x2 + (3m2 + 1) = (4m2 + 1)n has only two positive integer solutions
(x, n) = (m, 1) and (8m3 + 3m, 3).
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1 Introduction

Let Z, N be the sets of all integers and positive integers, respectively. Let D and k be positive integers with
gcd(2D, k) = 1. Then the equation

x2 + D = kn, x, n ∈ N (1.1)

is usually called a generalized Ramanujan-Nagell equation. In 1918, using Thue’s method on diophantine approx-
imation, G. Pólya [8] proved that P[x2 + D] → ∞ as x → ∞, where P[x2 + D] is the greatest prime divisor
of x2 + D. It implies that (1.1) has only finitely many solutions (x, n). An effective upper bound for solutions
of (1.1) was given by A. Schinzel [9]. In 1960, R.Apéry [1] proved that if k is an odd prime, then (1.1) has at
most two solutions (x, n). In 1995, using Baker’s method on transcendental number theory, T. J. Xu and M. H.
Le [10] proved that if max{D, k} > C , where C is an effectively computable absolute constant, then (1.1) has at
most 2ω(k)−1 + 1 solutions (x, n), where ω(k) is the number of distinct prime divisors of k. Afterwards, using
certain results on the existence of primitive divisors of Lucas and Lehmer numbers, Y. Bugeaud and T. N. Shorey
[2] showed that the condition max{D, k} > C can be eliminated from the result of [10]. It has been conjectured
that the number of solutions of (1.1) does not exceed an absolute constant (see [4, Conjecture 3.5.1] and [5]).
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In this paper we deal with (1.1) for the following case:

D = 3m2 + 1, k = 4m2 + 1, m ∈ N. (1.2)

Then (1.1) can be written as

x2 + (3m2 + 1) = (4m2 + 1)n, x, n ∈ N. (1.3)

By [2, Theorem 1], if k = 4m2 + 1 is an odd prime, then (1.3) has only two solutions (x, n) = (m, 1)

and (8m3 + 3m, 3). Using certain properties of Pell equations with elementary number theoretic methods, we
completely solve (1.3) as follows:

Theorem For any positive integer m, (1.3) has only two solutions (x, n) = (m, 1) and (8m3 + 3m, 3).

2 Preliminaries

For any positive integer D, let h(−4D) denote the class number of positive definite binary quadratic primitive
forms of discriminant −4D.

Lemma 2.1 ([3, Theorem 11.4.3, 12.10.1 and 12.14.3]).

h(−4D) <
4

π

√
D log(2e

√
D).

Lemma 2.2 ([2, Corollary 2]). All solutions (x, n) of (1.1) satisfy n ≤ max{5, h(−4D)}.
Let D′ be a positive integer which is not a square, and let k′ be a positive integer with gcd(D′, k′) = 1.

Lemma 2.3 ([6, Section 8.1]). The equation

u2 − D′v2 = 1, u, v ∈ Z (2.1)

has solutions (u, v) with v �= 0, and it has a unique positive integer solution (u1, v1) such that u1 + v1
√

D′ ≤
u + v

√
D′, where (u, v) run through all positive integer solutions of (2.1). The solution (u1, v1) is called the

least solution of (2.1). Every solution (u, v) of (2.1) can be expressed as

u + v
√

D′ = λ1(u1 + λ2v1
√

D′)r = 1, λ1, λ2 ∈ {1,−1}, r ≥ 0, r ∈ Z (2.2)

Lemma 2.4 ([7, Lemmas 104 and 105]). The equation

u2 − (4m2 + 1)v2 = 1, u, v ∈ Z (2.3)

has solutions (u, v) with v �= 0, its least solution is (u1, v1) = (8m2 + 1, 4m), and every solution (u, v) of
(2.3) can be expressed as

u + v
√

4m2 + 1 = λ1

(
(8m2 + 1) + 4mλ2

√
4m2 + 1

)r
, λ1, λ2 ∈ {1,−1}, r ≥ 0, r ∈ Z (2.4)

Lemma 2.5 ([7, Lemmas 119 and 120]). If the equation

X2 − D′Y 2 = −k′, gcd(X, Y ) = 1, X, Y ∈ Z (2.5)

has solutions (X, Y ), then every solution (X, Y ) of (2.5) can be expressed as

X + Y
√

D′ = (X1 + λY1
√

D′)(u + v
√

D′), λ ∈ {1,−1}, (2.6)

where (u, v) is a solution of (2.1), (X1, Y1) is a positive integer solution of (2.6) satisfying

X1 ≤
√

k′(u1 − 1)

2
, Y1 ≤ v1

√
k′

2(u1 − 1)
, (2.7)

where (u1, v1) is the least solution of (2.1).
Since m2 − (4m2 + 1) · 12 = −3m2 − 1, by Lemmas 2.4 and 2.5, we can obtain the following lemma

immediately.
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Lemma 2.6 The equation

X2 − (4m2 + 1)Y 2 = −3m2 − 1, gcd(X, Y ) = 1, X, Y ∈ Z (2.8)

has solutions (X, Y ), and every solution (X, Y ) of (2.8) can be expressed as

X + Y
√

4m2 + 1 = (X1 + λY1

√
4m2 + 1)(u + v

√
4m2 + 1), λ ∈ {1,−1}, (2.9)

where (u, v) is a solution of (2.3), (X1, Y1) is a positive integer solution of (2.9) satisfies

X1 ≤ 2m
√

3m2 + 1, Y1 ≤
√

3m2 + 1. (2.10)

3 Proof of Theorem

Since 4m2 + 1 is not an odd prime for 1 ≤ m ≤ 3, by [1, Theorem 1], the theorem holds for these cases. It
suffices to prove the theorem for m ≥ 4. We now assume that (x, n) is a solution of (1.3) with

(x, n) �= (m, 1), (8m3 + 3m, 3). (3.1)

Clearly, by (3.1), we have n > 1. If 2 | n, then from (1.3) we get 3m2 + 1 = (
(4m2 + 1)n/2

)2 − x2 ≥
(4m2 + 1)n/2 + x > 3m2 + 1, a contradiction. So we have

2 � n, n ≥ 3. (3.2)

By (1.3), we have x2 ≡ (4m2 + 1)n − (3m2 + 1) ≡ 1 − 1 ≡ 0(mod m2). It implies that

m | x . (3.3)

Further, since 2 � x if 2 � m and (x/m)2 ≡ 4n − 3(mod m2) if 2 | m, we get

2 �
x

m
. (3.4)

On the other hand, since m ≥ 6, by Lemmas 2.1 and 2.2, we have

n ≤ max{5, h(−4(3m2 + 1))} <
4

π

√
3m2 + 1 log(2e

√
3m2 + 1)

<
2

π

√
3m2 + 1

(
3.4 + log (3m2 + 1)

)
. (3.5)

We see from (1.3) and (3.2) that (2.8) has the solution

(X, Y ) =
(

x, (4m2 + 1)(n−1)/2
)

. (3.6)

Applying Lemma 2.6 to (3.6), we have

x + (4m2 + 1)
n−1

2

√
4m2 + 1 = (X1 + λY1

√
4m2 + 1)(u + v

√
4m2 + 1), λ ∈ {1,−1}, (3.7)

where (u, v) is a solution of (2.3), X1 and Y1 are positive integers satisfy (2.10) and

X2
1 − (4m2 + 1)Y 2

1 = −3m2 − 1, gcd(X1, Y1) = 1. (3.8)

By (3.7), we get

x = X1u + λ(4m2 + 1)Y1v (3.9)

and

(4m2 + 1)
n−1

2 = X1v + λY1u. (3.10)
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Since (u, v) is a solution of (2.3), by Lemma 2.4, we can find from (2.4) that

2 � u, 4m | v. (3.11)

Hence, by (3.3), (3.9) and (3.11), we have

m | X1 (3.12)

and

x

m
≡ X1

m
u(mod 4). (3.13)

Further, since 2 � u, we see from (3.4) and (3.13) that

2 �
X1

m
. (3.14)

Therefore, by (3.8), (3.12) and (3.14), we obtain

Y 2
1 − 1 ≡ (4m2 + 1)Y 2

1 − 1 ≡ X2
1 + 3m2 ≡ m2

(
(

X1

m
)2 + 3

)
≡ m2(1 + 3)

≡ 0(mod 4m2). (3.15)

This implies that either Y1 = 1 or Y 2
1 − 1 ≥ 4m2.

If Y 2
1 − 1 ≥ 4m2, then from (2.10) we get

4m2 + 1 ≤ Y 2
1 ≤ 3m2 + 1, (3.16)

a contradiction. So we have Y1 = 1, and by (3.8),

X1 = m, Y1 = 1. (3.17)

Substitute (3.17) into (3.7) and (3.10), we get

x + (4m2 + 1)
n−1

2

√
4m2 + 1 = (m + λ

√
4m2 + 1)(u + v

√
4m2 + 1), λ ∈ {1,−1} (3.18)

and

(4m2 + 1)
n−1

2 = mv + λu, (3.19)

respectively.
We first consider the case that λ = 1. Then, by (3.18), we have

x + (4m2 + 1)
n−1

2

√
4m2 + 1 = (m +

√
4m2 + 1)(u + v

√
4m2 + 1). (3.20)

Since n ≥ 3 by (3.2), x + (4m2 + 1)
n−1

2
√

4m2 + 1 > m + √
4m2 + 1 > 0, we see from (3.20) that u +

v
√

4m2 + 1 > 1 and (u, v) is a positive integer solution of (2.3). Therefore, using Lemma 2.4, we have

u + v
√

4m2 + 1 =
(
(8m2 + 1) + 4m

√
4m2 + 1

)r
, r ∈ N, (3.21)

whence we get

u =
[r/2]∑

i=0

(
r
2i

)
(8m2 + 1)r−2i

(
16m2(4m2 + 1)

)i
,

v = 4m
[(r−1)/2]∑

i=0

(
r

2i + 1

)
(8m2 + 1)r−2i−1

(
16m2(4m2 + 1)

)i
,

(3.22)
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where [r/2] and [(r−1)/2] are integer parts of r/2 and (r−1)/2 respectively. Since 8m2+1 ≡ −1( mod 4m2+1),
by (3.22), we have

u ≡ (8m2 + 1)r ≡ (−1)r (mod 4m2 + 1),

v ≡ 4mr(8m2 + 1)r−1 ≡ (−1)r−14mr(mod 4m2 + 1).

(3.23)

Further, since λ = 1, by (3.2), (3.19) and (3.23), we get

0 ≡ (4m2 + 1)
n−1

2 ≡ mv + u ≡ (−1)r−14m2r + (−1)r ≡ (−1)r (r + 1)(mod 4m2 + 1). (3.24)

This implies that

r + 1 ≥ 4m2 + 1. (3.25)

Furthermore, by (1.3), (3.20), (3.21) and (3.25), we have

2(4m2 + 1)n/2 > x + (4m2 + 1)(n−1)/2
√

4m2 + 1 > 2(u + v
√

4m2 + 1)

= 2
(
(8m2 + 1) + 4m

√
4m2 + 1

)r
> 2(4m2 + 1)r ≥ 2(4m2 + 1)4m2

, (3.26)

whence we obtain

n > 8m2. (3.27)

The combination of (3.5) and (3.27) yields

8m2 <
2

π

√
3m2 + 1

(
3.4 + log(3m2 + 1)

)
. (3.28)

But, since m ≥ 4, (3.28) is impossible.
Next, we consider the case that λ = −1. Then, by (3.18) and (3.19), we have

x + (4m2 + 1)
n−1

2

√
4m2 + 1 = (m −

√
4m2 + 1)(u + v

√
4m2 + 1) (3.29)

and

(4m2 + 1)
n−1

2 = mv − u, (3.30)

respectively. Since m −√
4m2 + 1 < 0 and x + (4m2 + 1)

n−1
2

√
4m2 + 1 > −m +√

4m2 + 1 > 0, we see from
(3.29) that u + v

√
4m2 + 1 < −1 and (u, v) is a negative integer solution of (2.3). Hence, using Lemma 2.4,

we have

u + v
√

4m2 + 1 = −
(
(8m2 + 1) + 4m

√
4m2 + 1

)r
, r ∈ N. (3.31)

Similar to (3.23) and (3.24), we can get from (3.31) and (3.30) that

u ≡ (−1)r+1(mod 4m2 + 1), v ≡ (−1)r 4mr(mod 4m2 + 1) (3.32)

and

r − 1 ≡ 0(mod 4m2 + 1). (3.33)

If r = 1, then from (3.29) and (3.31) we obtain that x + (4m2 + 1)
n−1

2
√

4m2 + 1 = −(m −√
4m2 + 1)

(
(8m2 + 1) + 4m

√
4m2 + 1

)
and (x, n) = (8m3 + 3m, 3), which contradicts the assumption

(3.1). So we have r > 1, and by (3.33), we get

r ≥ 4m2 + 2. (3.34)

Further, similar to (3.27), we can deduce from (3.29), (3.31) and (3.34) that

n ≥ 8m2 + 4. (3.35)

Furthermore, the combination of (3.5) and (3.35) yields a contradiction as (3.28). Thus, (1.3) has no solutions
(x, n) satisfy (3.1). The theorem is proved.
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