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Abstract Letm be a positive integer. Using certain properties of Pell equations with elementary number theoretic
methods, we prove that the equation x> + (3m? + 1) = (4m* + 1)" has only two positive integer solutions
(x, n) = (m, 1) and (8m> 4 3m, 3).
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1 Introduction

Let Z, N be the sets of all integers and positive integers, respectively. Let D and k be positive integers with
gcd(2D, k) = 1. Then the equation

X2+ D=kK' x,neN (1.1)

is usually called a generalized Ramanujan-Nagell equation. In 1918, using Thue’s method on diophantine approx-
imation, G. Pdlya [8] proved that P[x2 + D] — oo as x — 00, where P[x2 + D] is the greatest prime divisor
of x2 4+ D. It implies that (1.1) has only finitely many solutions (x, n). An effective upper bound for solutions
of (1.1) was given by A. Schinzel [9]. In 1960, R.Apéry [1] proved that if k is an odd prime, then (1.1) has at
most two solutions (x, n). In 1995, using Baker’s method on transcendental number theory, T. J. Xu and M. H.
Le [10] proved that if max{D, k} > C, where C is an effectively computable absolute constant, then (1.1) has at
most 22®=1 4 1 solutions (x, n), where w (k) is the number of distinct prime divisors of k. Afterwards, using
certain results on the existence of primitive divisors of Lucas and Lehmer numbers, Y. Bugeaud and T. N. Shorey
[2] showed that the condition max{D, k} > C can be eliminated from the result of [10]. It has been conjectured
that the number of solutions of (1.1) does not exceed an absolute constant (see [4, Conjecture 3.5.1] and [5]).
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In this paper we deal with (1.1) for the following case:
D=3m*+1, k=4m*+1, m e N. (1.2)
Then (1.1) can be written as
2+ Gm?+ 1) =@m>+1)", x,neN. (1.3)

By [2, Theorem 1], if k = 4m? + 1 is an odd prime, then (1.3) has only two solutions (x, n) = (m, 1)
and (8m> 4 3m, 3). Using certain properties of Pell equations with elementary number theoretic methods, we
completely solve (1.3) as follows:

Theorem For any positive integer m, (1.3) has only two solutions (x, n) = (m, 1) and 8m3 + 3m, 3).

2 Preliminaries

For any positive integer D, let h(—4 D) denote the class number of positive definite binary quadratic primitive
forms of discriminant —4D.

Lemma 2.1 (/3, Theorem 11.4.3, 12.10.1 and 12.14.3]).
4
h(—4D) < —~/Dlog(2ev D).
T

Lemma 2.2 ([2, Corollary 2]). All solutions (x, n) of (1.1) satisfy n < max{5, h(—4D)}.
Let D’ be a positive integer which is not a square, and let k" be a positive integer with ged(D’, k') = 1.

Lemma 2.3 (/6, Section 8.1]). The equation
w—Dvi =1 uvel (2.1)

has solutions (u, v) with v # 0, and it has a unique positive integer solution (uy, vy) such that u; + viv D’ <
u + v D', where (u, v) run through all positive integer solutions of (2.1). The solution (u1, v1) is called the
least solution of (2.1). Every solution (u, v) of (2.1) can be expressed as

u+ovvD =x(u +ronivD) =1, A, e{l, -1}, r>0,reZ (2.2)
Lemma 2.4 ([7, Lemmas 104 and 105]). The equation
W —@m*+ )’ =1, uvel (2.3)

has solutions (u, v) with v # 0, its least solution is (u1, v1) = 8m? + 1, 4m), and every solution (u, v) of
(2.3) can be expressed as

wt oA £ 1= (G + D +dmioam2 1) a o el -1), r20,r ez 24)
Lemma 2.5 ([7, Lemmas 119 and 120]). If the equation
X2 -DY?=—K,6 ged(X, Y)=1, X, Y €Z (2.5)
has solutions (X, Y), then every solution (X, Y) of (2.5) can be expressed as
X+ YVD =X+ YiIVD)u +vvVD), re{l,—1}, (2.6)

where (u, v) is a solution of (2.1), (X1, Y1) is a positive integer solution of (2.6) satisfying

k’ —1 k’
L, i v, —0—, (2.7)
2 2(uy — 1)

where (11, vy) is the least solution of (2.1).
Since m* — (4m?* + 1) - 12 = —3m? — 1, by Lemmas 2.4 and 2.5, we can obtain the following lemma
immediately.
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Lemma 2.6 The equation
X2 —@m?+1)y*=-3m?> -1, ged(X, Y)=1, X,Y € Z (2.8)

has solutions (X, Y), and every solution (X, Y) of (2.8) can be expressed as

X +YVam?2 + 1= (X1 +AV1vVam?2 + D +vv4m2 + 1), » € {1, -1}, 2.9
where (u, v) is a solution of (2.3), (X1, Y1) is a positive integer solution of (2.9) satisfies
X1 <2mvV3m2+1, Y1 <+/3m2+1. (2.10)

3 Proof of Theorem

Since 4m? + 1 is not an odd prime for 1 < m < 3, by [1, Theorem 1], the theorem holds for these cases. It
suffices to prove the theorem for m > 4. We now assume that (x, n) is a solution of (1.3) with

(x, n) # (m, 1), (8m> +3m, 3). 3.1)

Clearly, by (3.1), we have n > 1. If 2 | n, then from (1.3) we get 3m? + 1 = ((4m>+ 1)"/2)2 —x% >
(4m2 + 1)"/2 + x > 3m? + 1, a contradiction. So we have

2tn, n>3. (3.2)
By (1.3), we have x> = (4m? + 1)" — 3m?> + 1) = 1 — 1 = 0(mod m?). It implies that
m| x. (3.3)
Further, since 2 { x if 2 m and (x/m)? = 4n — 3(mod m?) if 2 | m, we get
24 L. (3.4)
m
On the other hand, since m > 6, by Lemmas 2.1 and 2.2, we have
n < max(5, h(—4G3m> + 1))} < ;mlog(%m)
< ;m (3.4 + log 3m? + 1)) . (3.5)
We see from (1.3) and (3.2) that (2.8) has the solution
(X, Y) = (x, @m? + 1)<"—”/2). (3.6)
Applying Lemma 2.6 to (3.6), we have
X+ @m? DT VAm? 1 = (Xg + AY1VAm? + D+ vv/dm? + 1), & € {1, -1}, (3.7)
where (u, v) is a solution of (2.3), X1 and Y7 are positive integers satisfy (2.10) and
X2 — (@4m*> + Y2 = =3m® — 1, ged(Xy, ¥) = 1. (3.8)
By (3.7), we get
x = Xu + 2(@m? + DYjv (3.9)
and

@m? + 1)"T = X v + AYqu.
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Since (u, v) is a solution of (2.3), by Lemma 2.4, we can find from (2.4) that

2tu, 4m | v. (3.11)
Hence, by (3.3), (3.9) and (3.11), we have
m | X1 (3.12)
and
Z = ZLy(mod 4). (3.13)
m m

24 2L (3.14)

Therefore, by (3.8), (3.12) and (3.14), we obtain

X
Y2 —1=@m?>+ 1)y —1=X2+3m>=m? ((_1)2+3> =m>(1 +3)
m
= 0(mod 4m?). (3.15)

This implies that either ¥; = 1 or Y2 — 1 > 4m?>.
If Y2 — 1 > 4m?, then from (2.10) we get

4m* 4+1 <Y} <3m?+1, (3.16)
a contradiction. So we have Y| = 1, and by (3.8),
Xi=m, Y =1. (3.17)

Substitute (3.17) into (3.7) and (3.10), we get

x + (4m? + 1)%\/4m2 +1=m+r2Vdm?+ D@ +vvdm2 +1), L e{l, -1} (3.18)

and
@m? + 1" = mv + u, (3.19)
respectively.
We first consider the case that A = 1. Then, by (3.18), we have
X+ @m? 4+ DT VAm2 +1 = (m + VaAm? + D(u + vv/4m? + 1). (3.20)

Since n > 3 by (3.2), x + (4m> + 1)%\/4m2 +1 > m++4m?2+1 > 0, we see from (3.20) that u +
va/4m? +1 > 1 and (u, v) is a positive integer solution of (2.3). Therefore, using Lemma 2.4, we have

u+vvam? +1 = ((8m2 + 1) 4+ 4mv4m? + 1>r , r €N, 3.21)
whence we get
/21, _ ;
=Yy <2i) (8m? + 1)~ (16m>(dm? + 1))",
i=0
(3.22)

=4 [(r_zl)m ") @m? A (16m2@Em? + 1)
v=4m P 2% 41 m m<(4m ,
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where [r/2] and [(r —1)/2] are integer parts of r /2 and (r — 1) /2 respectively. Since 8m2+1 = —1(mod 4m3+1),
by (3.22), we have

u=Bm?+1) =(=1)(mod 4m? + 1),
(3.23)
v=4mr@m?+ 1! = (=1)""Y4mr(mod 4m? + 1).

Further, since A = 1, by (3.2), (3.19) and (3.23), we get
0= @m’+ 1T =mv+u=(=1)""4m’r + (=1) = (=1) (- + D(mod 4m> + 1).  (3.24)
This implies that
r+1>4m? +1. (3.25)
Furthermore, by (1.3), (3.20), (3.21) and (3.25), we have

204m? + )2 > x + @m* + DV /am2 41 > 2(u + vv/4m? + 1)

]
-2 ((8m2 1) + 4mv/Am? + 1) > 24m? 4+ 1) > 2(4m? + D, (3.26)

whence we obtain
n > 8m>. (3.27)

The combination of (3.5) and (3.27) yields
2 2 2 2
8m? < Z\/3m +1(3.4+1og(3m +1)). (3.28)
T

But, since m > 4, (3.28) is impossible.
Next, we consider the case that A = —1. Then, by (3.18) and (3.19), we have

X+ @Gm2 + 1) T VAm2 £ 1 = (m — Vam? + D(u + vv/4m? + 1) (3.29)
and
Gm? + 17 =mv—u, (3.30)

respectively. Since m — +/4m? + 1 < 0 and x + (4m> + 1)%\/4m2 +1> —m++/4m? + 1 > 0, we see from
(3.29) that u + v+/4m? + 1 < —1 and (u, v) is a negative integer solution of (2.3). Hence, using Lemma 2.4,

we have
w+ov/Am? + 1 = — ((8m2 +1)+ 4m\/4m2—+1)r ren. (331)
Similar to (3.23) and (3.24), we can get from (3.31) and (3.30) that
u= (=1 " (mod 4m*> + 1), v = (—1)"4mr(mod 4m> + 1) (3.32)
and
r —1=0(mod 4m* + 1). (3.33)
If » = 1, then from (3.29) and (3.31) we obtain that x + (4m? + 1)% 4m?2+1 = —(m —

Vam? + 1) ((sz + 1) + 4m~/4m? + 1) and (x, n) = (8m> + 3m, 3), which contradicts the assumption
(3.1). So we have r > 1, and by (3.33), we get

r>4m? +2. (3.34)
Further, similar to (3.27), we can deduce from (3.29), (3.31) and (3.34) that
n>8m* +4. (3.35)

Furthermore, the combination of (3.5) and (3.35) yields a contradiction as (3.28). Thus, (1.3) has no solutions
(x, n) satisfy (3.1). The theorem is proved.
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