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Abstract Bousfield introduced an algebraic category of modules that reflects the structure detected by p-
localized complex topological K-theory. He constructed, for any module M in this category, a natural 4-term
exact sequence 0! M ! UM ! UM ! M �Q! 0, where U denotes the co-free functor, right adjoint to
the forgetful functor to ZðpÞ-modules. Clarke et al. identified the objects of Bousfield’s category as the

‘discrete’ modules for a certain topological ring A, obtained as a completion of the polynomial ring ZðpÞ½x�,
and simplified the construction of the Bousfield sequence in this context. We introduce the notion of
‘cobasically discrete’ R-modules as a clarification of the Clarke et al. modules, noting that these correspond
to comodules over the coalgebra that R is dual to. We study analogues of the Bousfield sequence for other
polynomial completion rings, noting a variety of behaviour in the last term of the sequence.
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1 Introduction

In [2] Bousfield1 introduced an algebraic category that reflected the structure detected by p-localized
complex K-theory, for a prime p. For simplicity, we will assume throughout that p is an odd prime, although
some of the results are also applicable for p ¼ 2. The objects are ZðpÞ-modules with an operator Wq

satisfying a number of conditions - local finite generation, p-adic continuity, and rational diagonalizability -
that are not easy to work with. Nevertheless he was able to establish that the forgetful functor to ZðpÞ-
modules has a right-adjoint, U, and that for each object M in his category, there is a natural exact sequence

0! M�!a UM�!b UM�!c M �Q! 0; ð1:1Þ

where the second and third terms involve applying U to the ZðpÞ-module underlying M, and the fourth term
is the rationalization of M.

One way to think about this sequence begins with the observation that UM has two actions of Wq - one
arising from the action on M itself, and one arising from the functor U. To distinguish these we write the first
as a left action (m 7!Wq � m) and the second as a right action (m 7!m �Wq). The central map in this sequence,
b, is then a comparison of these actions assigning, to each element m 2 M, the difference Wq � m� m �Wq.
The sequence then identifies ker b as the unit of the adjunction, applied to M, and cokerb as M �Q.

In the papers [3, 4], Clarke, Whitehouse and the first author gave a new description of the ring A of
degree zero operations in p-local complex K-theory, as a completion of the polynomial ring ZðpÞ½x� with
respect to a certain family of ideals. In [4] it was established that Bousfield’s category is isomorphic to the
full subcategory of A-modules whose objects are the ‘discrete’ modules. For any topological ring R, an R-
module M is said to be ‘discrete’ if the action map R�M ! M is continuous when M is given the discrete
topology and R�M the product topology. It was noted in [4] that, for the ring A, the discrete modules are
precisely the ‘locally finitely generated’ modules, i.e., those M with the property that, for each m 2 M, the
submodule A � m is finitely generated as a ZðpÞ-module.

Locally finitely generated modules - also known as ‘tame’ modules - have been studied in quite a few
contexts now (e.g. [5, 6, 9]). It is clear that, under certain conditions on the topology of R, the discrete
modules are all locally finitely generated. The converse is more elusive, as is to be expected, since local
finite generation is a property of the algebraic structure of R and its modules, whereas discreteness depends
also on the choice of topology on R. From this line of thought it is clear that the converse can only be true
when the topology reflects the algebraic structure. More generally, it is clear that the importance of discrete
modules depends on choosing a topology that is relevant to the situation under consideration. Another
situation where discrete modules have been considered is in the problem of identifying, for a given coal-
gebra, which modules over the dual algebra arise from comodules over the coalgebra. For the case where the
coalgebra C is a free module of countable rank over some commutative ring k, we identify a criterion for a
C�-module to be dual to a comodule over C - namely the module should be ‘cobasically discrete’, which is
to say, it should be discrete with respect to a topology on C� constructed from a choice of basis for C. This is
Proposition 3.1 below. Of course, the property of corresponding to a comodule should be basis-independent,
and we will see why the topology does not depend on the particular choice of basis for C.

We also study analogues of the Bousfield sequence (1.1) for other rings beyond those considered in [4],
that nevertheless have features in common, being duals of countable-rank coalgebras, and being completions
of single-variable polynomial rings. We observe that for these rings we can construct a cofree functor U just
as in Bousfield’s category, and obtain an exact sequence analogous to the first part of (1.1), but where the
last term varies much more than (1.1) might lead one to expect.

The simplest such ring is the integer power series ring Z½½x��. In this case the analogous sequence, for any
cobasically discrete module M, is simply a short exact sequence

0! M�!a UM�!b UM ! 0; ð1:2Þ

as detailed in Theorem 4.2 below.
For other polynomial completion rings we are unable to establish a general theorem describing the

analogous sequence, but we note several examples from which it is apparent that while the complexity of the
cokernel of b does, in some way, reflect the intricacy of the ring, this cokernel cannot generally be expressed
in the form M � N for some choice of module N. One positive outcome of this is the fact that the rather

1 We note with sadness the passing of A.K. Bousfield during the preparation of this paper.

123

262 M. D. Crossley, N. T. Khafaja



technical proof of [4, Theorem 5.7] may be optimal, since a conceptually simpler proof could be expected to
generalize, whereas these examples show that (1.1) is a fairly specialized result.

Bousfield used the sequence (1.1) to re-derive a result of Adams and Baird [1] that all terms Ext [ 2

vanish in his category. In the language of [4] one might say that the Clarke et al. ring A has ‘discrete’
injective dimension 2. At first glance it is tempting to suppose that the sequence (1.2) will imply that Z½½x��
has discrete injective dimension 1. However, the spectral sequence used to calculate discrete Ext groups

from this sequence has non-zero E1;1
1 term, suggesting that such a conclusion would be hasty. The picture for

the other completion rings considered in section 5 is more complicated still, and evidently more work is
required before much can be said about the discrete injective dimension of a topological ring.

The structure of the paper is as follows. In section 2 we discuss discrete modules in as general a setting
as possible, to identify the precise hypotheses required for the ‘standard’ results in this area. In section 3 we
introduce cobasically discrete modules, and establish that these are precisely the modules that correspond to
comodules over the pre-dual coalgebra. In section 4 we look at the original Bousfield sequence, compare it
with a standard injective resolution, and we state and prove the sequence (1.2) for the Z½½x��. Finally, in
section 5 we consider other completion rings and present a number of examples where the analogues of this
sequence show some interesting phenomena.

2 Preliminaries on discrete modules

Let R be any commutative ring, with a specified filtration R ¼ R0 � R1 � R2 � � � � � f0g. The ‘filtration’
topology on R is obtained by taking the subsets of the form xþ Ri for x 2 R as a basis. If the subsets are
ideals then better behaviour can be expected, but we start without this assumption.

An R-module M is said to be ‘discrete’ if the action R�M ! M is continuous with respect to the
discrete topology on M, and the filtration topology on R. We immediately have the following alternative
characterization of this condition.

Lemma 2.1 An R-module M is discrete if, and only if, for each m 2 M there is some n such that
Rn � m ¼ 0.

We can construct a right adjoint to the forgetful functor from discrete R-modules to R-modules where, as
usual, by the ‘category of discrete R-modules’ we mean the full subcategory of the category of R-modules
whose objects are the discrete R-modules.

Lemma 2.2 For any commutative filtered ring R there is a right adjoint ð�Þdisc to the forgetful functor
from the category of discrete R-modules to the category of R-modules, given on objects by
Mdisc ¼ fm 2 M : R � m is discreteg, and on morphisms by restriction.

Note that the more obvious subset fm 2 M : Rn � m ¼ 0 for n	 0g may fail to be an R-module in the
absence of some algebraic condition on the Rk.

Proof of Lemma 2.2 It is easy to confirm that Mdisc is a subgroup and, with Lemma 2.1, it is straight-
forward to verify that it is a discrete R-submodule, and the largest R-submodule of M that is discrete.

It is right adjoint to the forgetful functor, for if Q is a discrete R-module and f : Q! M an R-module
morphism, then for each q 2 Q and r 2 R, there is some n such that Rn � ðr � qÞ ¼ 0. Hence

Rn � r � f ðqÞ ¼ f ðRn � r � qÞ ¼ 0, so f ðqÞ 2 Mdisc.
If f : M ! N is an R-module morphism, then R � f ðmÞ ¼ f ðR � mÞ and Rn � f ðmÞ ¼ f ðRn � mÞ, so f restricts

to an R-module morphism Mdisc ! Ndisc. h

Now suppose that R is a k-algebra for some commutative ring with unity k, i.e., R is a ring endowed with a
compatible k-module structure. For the cases considered by Bousfield and Clarke et al. we can take k ¼ ZðpÞ,
or for the case R ¼ Z½½x�� considered later we would choose k ¼ Z. Combining the functor of Lemma 2.2
with an obvious generalization of the standard right adjoint for the forgetful functor from R-modules to
Abelian groups [10, Lemma 2.3.8], we have the following.

Proposition 2.3 For any commutative filtered k-algebra R there is a right adjoint U to the forgetful functor
from the category of discrete R-modules to the category of k-modules, given on objects by

UM ¼ HomkðR;MÞdisc, with R-action defined by by r � f : s7!f ðrsÞ, and on morphisms by Ug ¼ g 
 � for
g : M ! N.
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We would like to characterize this adjoint more directly. In the current setting we can only establish the
following.

Lemma 2.4 For any commutative filtered ring R and any k-module M, the discrete R-module

HomkðR;MÞdisc is contained in the R-module Homcts
k ðR;MÞ of continuous k-linear maps R! M.

Proof If f 2 HomkðR;MÞdisc
, then Rn � f ¼ 0 for some n, i.e., f ðRn � rÞ ¼ 0 for all r 2 R. In particular,

f ðRnÞ ¼ f ðRn � 1Þ ¼ 0. Hence f is continuous. h

We say that the commutative filtered ring R is ‘ideally filtered’ if the filtration subsets Ri are ideals of R. In

that case Mdisc ¼ fm 2 M : Rn � m ¼ 0 for some n� 0g, and then, just as in [4, Proposition 5.3] we have

Proposition 2.5 For any ideally filtered k-algebra R, and any k-module M, we have

HomkðR;MÞdisc ¼ Homcts
k ðR;MÞ.

We say that the k-algebra R is ‘finely filtered’ if the filtration subsets Ri are ideals of R, the quotients Ri=Riþ1

are each freely generated, as k-modules, by a single element, vi, and the intersection \Ri is f0g. In that case
the elements of Rn can be written as formal sums

P
i� n aivi for ai 2 k; an corresponds to the residue of this

element modulo Rnþ1 under the identification Rn=Rnþ1 ffi k (given by vn 7!1). In this case the functor
M 7!Homcts

k ðR;MÞ, is determined by its action on k.

Proposition 2.6 If R is a finely filtered k-algebra then, the functor U is exact and preserves direct sums
and limits. Moreover, in this setting, for any k-module M, UM ffi M � Uk as discrete R-modules.

Proof The first statement is proved exactly as in [4, Theorem 5.5].
A map M � Uk! UM is given by m� f 7!ðs7!f ðsÞmÞ. Its inverse takes f 2 UM, and assigns to it the

sum
P

f ðvjÞ � /j, where /j : R! k is the map
P

i� 0 aivi 7!aj. Since f is continuous, the summation is

finite, and hence gives an element of M � Uk. h

3 Comodules and cobasically discrete modules

Discrete modules arise in a number of places, but one aspect of their importance arises from the assertion
that the comodules over a coalgebra correspond to discrete modules over the dual algebra. This is a curious
statement, linking a purely algebraic condition with an ostensibly topological condition. It is clear, then, that
this can only be true in circumstances where the filtration topology used in defining discreteness has some
algebraic content. Proposition 3.6 of [7] contains one result of this form, for a particular class of coalgebras
(regular coalgebras), while Lemma 9.5.3 of [6] (which also appears as Proposition 2.5.5 of [5]) asserts a link
between comodules and ‘tame’ or ‘locally finitely generated’ modules. Using the ideas of the latter, we
generalize to modules over a commutative ring, not just vector spaces, and we provide more complete
details, which indicate that the appropriate criterion is not tameness but a particular form of discreteness,
which we term ‘cobasic discreteness’.

Suppose that k is a commutative ring with unity, and that B is a k-coalgebra which is free as a k-module,
with countable rank. It is well established that the k-dual, B� has an algebra structure.

Let fb0; b1; . . .g be a basis for B, and define a filtration on the dual B� by
B�n ¼ ff 2 B� j f ðbjÞ ¼ 0 for all j\ng, so that B� ¼ B�0 � B�1 � B�2 � � � � � 0. We call this the cobasic
filtration associated with the basis fb0; b1; . . .g; the name is chosen to emphasize the fact that basis and
filtration live in different places: we are taking a basis for the coalgebra B to obtain a filtration on the algebra
B�. As in Section 2, this defines a topology on B�.

The filtration obviously varies with the choice of basis, but the associated topology does not. This can be
established in an obvious way, using the fact that for any other basis fc0; c1; . . .g, each cj is a linear
combination of finitely many bjs, and vice versa.

We are grateful to the referee for pointing out that this topology also admits a rather different
description, as follows. The basis fb0; b1; . . .g provides a k-module isomorphism B ffi 
Nk, given byP

aibi $ faigi2N, where on both sides all but finitely many ai are 0 (and N is the set of the non-negative
integers). The evaluation functions pj : B� ! k (given by pjðf Þ ¼ f ðbjÞ) allow us to identify B� with the
product

Q
N k, by f $ fpiðf Þgi2N. By taking the discrete topology on each factor k, we can give B� the

resultant product topology (i.e., the topology with sub-basis p�1
i fmg for each i 2 N and m 2 M). This
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coincides with the topology above, since, for each n� 0 and f 2 B�, f þ B�n ¼
Tn�1

i¼0 p�1
i fpiðf Þg, and, for

each j� 0 and n 2 k, p�1
n fng ¼

S
ðbþ B�nþ1Þ, the union being taken over all b 2 p�1

n fng.
We say that a B�-module M is cobasically discrete (CBD) if the action map B� �M ! M is continuous

with respect to the discrete topology on M and the topology on B� described above.

Proposition 3.1 If M is a B-comodule, then M can be made into a B�-module by the map

k : B� �M ! B� � B�M ! M

where the first map comes from the comodule structure map q : M ! B�M, and the second map comes
from the duality evaluation B� � B! k. This module is cobasically discrete, and all cobasically discrete
modules arise in this way.

Before we prove this, we need the following variation on the familiar relation between a vector space and its
double dual.

Lemma 3.2 For any k-module M there is a k-module isomorphism

i : B�M ! Homcts
k ðB�;MÞ iðb� mÞ : f 7!f ðbÞm;

where Homcts
k ðB�;MÞ is the set of continuous k-linear maps B� ! M, with respect to the discrete topology

on M and the topology on B� described above.

Proof It is easy to see that i is a k-linear monomorphism B�M to HomkðB�;MÞ.
Using the basis fbjg for B, any element y of B�M can be written as a finite sum y ¼

Pn
j¼0 bj � mj for

some mj 2 M. Then iðyÞ is

f 7!
Xn

j¼0

f bj

� �
mj: ð3:1Þ

We claim that (3.1) is continuous. Let m 2 M. If the preimage of fmg is not empty, let f be any point in this
preimage, so we have m ¼

Pn
j¼0 f ðbjÞmj. Let S ¼ f þ B�nþ1 (an open neighbourhood of f in B�), then for any

g 2 S we have g ¼ f þ h for some h 2 B�nþ1, i.e., hðbjÞ ¼ 0 for j\nþ 1, and hence

g 7!
Pn

j¼0 gðbjÞmj ¼
Pn

j¼0 f ðbjÞmj ¼ m. Thus S is contained in the preimage, so every point in the preimage

has an open neighbourhood, the preimage itself is open, and the map (3.1) is continuous. Hence i has image
in Homcts

k ðB�;MÞ. It remains to show that i is surjective.
Suppose that g : B� ! M is k-linear and continuous. Then g�1f0g is open and contains 0, so it must

contain an open neighbourhood of 0, i.e., some B�n. Hence B�n � ker g.
Now let fb�j g be the elements of B� defined by b�j ðbiÞ ¼ 1 if i ¼ j, and 0 otherwise. We define

yg ¼
Pn�1

j¼0 bj � gðb�j Þ, and will show that iðygÞ ¼ g. First we note that, for any f 2 B�,

iðygÞðf Þ ¼
Xn�1

j¼0

f ðbjÞgðb�j Þ ¼ g
Xn�1

j¼0

f ðbjÞb�j

 !

:

Next we note that, for i in the range 0� i� n� 1,

f �
Xn�1

j¼0

f ðbjÞb�j

 !

ðbiÞ ¼ f ðbiÞ �
Xn�1

j¼0

f ðbjÞb�j ðbiÞ ¼ f ðbiÞ � f ðbiÞ ¼ 0;

so f �
Pn�1

j¼0 f ðbjÞb�j is in B�n. Consequently this difference is contained in ker g, i.e.,

gðf Þ ¼ gð
Pn�1

j¼0 f ðbjÞb�j ¼ iðygÞðf Þ. Since this holds for all f 2 B�, we have iðygÞ ¼ g. Thus i is surjective,

completing the proof. h

Proof of Proposition 3.1 First suppose that we have a B-comodule M, with q : M ! B�M being the
comodule structure map, and let fb0; b1; . . .g be a basis for B. Write q with respect to this basis as

qðmÞ ¼
Xnm

j¼0

bj � qjðmÞ;

123

Cobasically discrete modules and generalizations... 265



noting that each sum is finite since qðmÞ is an element of B�M. Then the module structure map k is given
by kðf ;mÞ ¼

Pnm

j¼0 f ðbjÞ � qjðmÞ.
A straightforward calculation shows that f � ðg � mÞ ¼ ðfgÞ � m for any f, g that are linear combinations of

the maps b�i defined by b�i ðbjÞ ¼ dij. This implies that f � ðg � mÞ ¼ ðfgÞ � m for all f ; g 2 B� using the fact
that, for each m 2 M there is some n such that B�nþ1 � m ¼ 0. Thus the structure map is associative. A similar

calculation shows that the map is unital, so M is a B�-module.
To verify that M is a CBD B�-module we must establish the continuity of k. To do this, take any q 2 M. If

k�1fqg is non-empty, choose any point ðf ;mÞ 2 k�1fqg. Observe that f þ B�nmþ1

� �
� fmg is in k�1fqg,

since the only values of f that influence kðf ;mÞ are f ðbjÞ for 0� j� nm. Thus every k preimage is open, i.e., k
is continuous. Hence M is a CBD B�-module.

Conversely, suppose that M is a B�-module, so it has a continuous structure map k : B� �M ! M. For
each m 2 M, define a map gm : B� ! M by restricting k to B� � fmg and identifying B� � fmg with B� by
ðf ;mÞ $ f .

Since M has the discrete topology, B� � fmg is open in B� �M, so the gm preimage of any subset U � M

will be open, being the intersection of two open sets, k�1ðMÞ and B� � fmg. Hence each such gm is
continuous, and linearity is clear from the fact that gmðf Þ ¼ f � m.

Lemma 3.2 then assures us that there is a unique kðmÞ 2 B�M with iðkðmÞÞ ¼ gm. Again, a
straightforward calculation shows that the map m 7!kðmÞ satisfies the associativity and unitality conditions
required for M to be a B-comodule. A simpler calculation shows that the derivation of a B�-module from a
B-comodule and vice versa are mutually inverse. h

Remark 3.3 We note that Lemma 9.5.3(b) of [6] (and [5, Proposition 2.5.5]) asserts that all ‘tame’
modules over the dual algebra arise from comodules over the coalgebra.

If the B�-module M is CBD, then M is tame, but the extent to which the converse holds is not known. No
counterexample is known, and the converse has been established in some specific cases, e.g., [4,
Theorem 3.2], [7, Theorem 5.2]. The methods of the latter can be applied to the ring R ¼ Z½½x�� studied later
in this paper, and probably also to the other completions that we consider.

This difference between the results in [6] and Proposition 3.1 seems to hinge on an imprecision in Hovey
et al’s equivalent to Lemma 3.2. In their statement, a map B� ! M comes from B�M if it factors through a
finite-dimensional quotient of B�. The condition in Lemma 3.2 is more restrictive, requiring that the map
factor through a particular type of finite-rank quotient, namely some B�=B�n. (This is because the map needs
to be continuous, which is equivalent to its kernel containing some open neighbourhood of 0, i.e., some B�n).

In the situation where M is a B�-module, it is not clear whether or not these conditions identify different
subsets of HomkðB�;MÞ. Under more general conditions, one can construct examples where the conditions
are not equivalent, suggesting that any coincidence is not a simple formality.

For example, let B be the Abelian group Q½x�, so that B� can be identified with a power series ring Q½½y��,
with yn corresponding to the function that maps xj to 1 if j ¼ n and 0 if j 6¼ n. (Note that we are only viewing
B and B� as Abelian groups, and using the multiplicative structure merely to give convenient bases). Let

M ¼ Q (again, simply as an Abelian group, not a B�-module) and define g : Q½y� ! M by setting gðyjÞ ¼ 1
for all j. Now extend this to ~g : Q½½x�� ! M using the injectivity of Q in the category of Abelian groups. The
map ~g evidently factors through a finite-dimensional quotient, namely M itself, but ~g does not satisfy the
condition of Lemma 3.2: it is not continuous. To see this, note that, for any n� 0, the filtration term B�n
contains ynþ1, and yet ~gðynþ1Þ ¼ gðynþ1Þ ¼ 1, so B�n 6� ker ~g. By the argument above, this shows that ~g is not
continuous.

We have not been able to identify any B�-module structure on M ¼ Q giving rise to ~g, so we cannot give
a counter-example to [6, Lemma 9.5.3(b)]. If one could find a B�-module M giving rise to a map such as ~g
above, this would lead to an example of a tame module that is not cobasically discrete. The fact that our ~g is
constructed using (implicitly) the axiom of choice creates obvious difficulties in achieving this.

4 The Bousfield sequence and Z½½x��

To obtain the Bousfield category, Clarke et al. set A to be the completion of the p-local polynomial ring
ZðpÞ½x�, with respect to a certain family of ideals, as in [8, Chapter 9]. Different families of ideals give

operation rings for different flavours of K-theory. If we take the family of ideals h1i, hx� 1i,
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hðx� 1Þðx� qÞi, etc. where q is any primitive modulo p2, then A is the ring of degree zero, stable operations
in connective p-local complex K-theory. If, instead, we take the family of ideals h1i, hx� 1i,
hðx� 1Þðx� qÞi, hðx� 1Þðx� qÞðx� q�1Þi, etc., then A is the ring of degree zero, stable operations for
periodic p-local complex K-theory, and the category of discrete A-modules (the full subcategory of the
category of A-modules) gives the Bousfield category for that theory, with the Wq action corresponding to the
action of the element x 2 A.

In this framework, the right adjoint U is given on objects by UM ¼ Homcts
ZðpÞ
ðA;MÞ for any ZðpÞ-module

M [4, §5], with A-action defined by a � f : s7!f ðasÞ, and on morphisms by Ug ¼ g 
 � for any g : M ! N.
For the Bousfield sequence we take M to be a discrete A-module and then, as noted in the introduction, UM
has two A-actions, the second arising from that on M, i.e., a � f ¼ ðs7!a � f ðsÞÞ. The ring A is commutative,
so we may think of the previous action as a right action, i.e., f � a ¼ ðs7!f ðasÞÞ, making UM an A-A-
bimodule. The second map in the sequence, b, is then the comparison f 7!f � x� x � f , for the generator x of
A. The kernel of b is the subset of maps f for which x � f ¼ f � x which, because x topologically generates all
of A, is precisely the set of A-morphisms A! M, which, in turn, can be identified with the image of the unit
of the adjunction M ! UM.

Remark 4.1 If M is injective as a ZðpÞ-module, then UM is injective, and the Bousfield sequence gives an
injective resolution. It is interesting to compare this with the resolution obtained from the adjunction pair
consisting of U and the forgetful functor from A-modules to ZðpÞ-modules. If O denotes that forgetful

functor, then the composite T ¼ UO forms a triple, or monad, on the category of A-modules. This then gives
rise to a resolution

M ! TM ! T2M ! � � �

The first map here is the unit of the adjunction, i.e., precisely the first map in the Bousfield sequence. The
second map has a very different co-domain to that in the Bousfield sequence, but again is fundamentally a
comparison map that establishes whether or not the input is an A-module morphism. To be precise, it is
aTM � TðaMÞ, where aN : N ! TN is the unit of the adjunction applied to the module N. In this setting, aTM

maps f 2 TM to r 7!ðs7!f ðs � rÞÞÞ, and TðaMÞ maps f to r 7!ðs7!s � f ðrÞÞ. The kernel consists of those f for
which f ðs � rÞ ¼ s � f ðrÞ for all r; s 2 A, i.e., the A-module morphisms.

The difference in the Bousfield sequence is that it makes use of the fact that A-module morphisms are
identifiable by their respect for the action of the element x: if f ðx � aÞ ¼ x � f ðaÞ for all a 2 A, then f is an A-
module morphism. So a single element (x) can be used to determine if f is an A-module morphism or not. For
more general rings there is no such element, and one must check this for all ring elements. This is what the
standard resolution does, but it requires a much larger codomain to accommodate this.

Consequently, from that second map onwards, the standard resolution deviates increasingly from the
Bousfield sequence and its analogues.

From Bousfield’s work we know the cokernel of b is M �Q, and it is quite striking how the rationalization
of M arises in this p-local context. Although the approach of [3, 4] sheds a lot of light on b and its kernel, it
required a much more complicated argument to identify cokerb as the rationalization, leaving this part of the
sequence more mysterious.

In the remainder of the paper we consider analogous sequences for other rings which are similar to the
Clarke et al. ring in construction. We will see that the M �Q cokernel is quite unusual, arising from the
carefully crafted structure of the ring A, and that in general the cokernel can take much more varied forms.

We first consider the simplest completion of the polynomial ring Z½x�, namely the completion with
respect to the family of ideals hxni, this being the integer power series ring Z½½x��. Observe that Z½½x�� arises
as the dual algebra B� of the coalgebra B that is the free Z-module on basis fx0; x1; . . .g with comultipli-
cation given by DðxnÞ ¼

P
iþj¼n xi � xj. The identification of B� with the power series ring Z½½x�� is given by

x�i $ xi. Thus the filtration given by the ideals hxni is precisely the cobasic filtration associated with the
basis fx0; x1; . . .g for B. Hence Proposition 3.1 shows that the category of discrete modules for Z½½x�� with
this filtration can be identified with the category of B-comodules, and we have the following result about this
category.

Theorem 4.2 For the ring Z½½x�� with the cobasic filtration topology, there is a functor U from Z-modules
to cobasically discrete Z½½x��-modules, given on objects by UM ¼ Homcts

Z ðZ½½x��;MÞ with Z½½x��-action given
by a � f : s7!f ðasÞ and on morphisms by Ug ¼ g 
 � for any g : M ! N, which is right adjoint to the
forgetful functor. For any cobasically discrete Z½½x��-module M there is an exact sequence
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0! M�!a UM�!b UM ! 0; ð4:1Þ

natural in M, where UM denotes the discrete Z½½x��-module obtained by applying U to the Z-module
underlying M, a is adjoint to the identity on M, and b is given by bðf Þ ¼ f � x� x � f .

If M is divisible as an Abelian group, then UM is an injective cobasically discrete module, and (4.1) gives
an injective resolution of M.

Proof of Theorem 4.2 The maps a and b are essentially the same as in [4]. For each m 2 M, aðmÞ is the
Z½½x��-morphism Z½½x�� ! M given by 1 7!m. This lies in UM ¼ Homcts

Z ðZ½½x��;MÞ because M is CBD, and
the image of a is the set of Z½½x��-morphisms HomZ½½x��ðZ½½x��;MÞ. (Note: Every Z½½x��-morphism f :
Z½½x�� ! M is continuous since, as M is discrete, there is some n such that xn:f ð1Þ ¼ 0, hence f ðxnÞ ¼ 0 and

thus each preimage f�1fmg is open because each point y 2 f�1fmg has a neighbourhood yþ hxni contained

in f�1fmg.)
The map b compares the effect of the topological generator x by the two actions on the Z½½x��-module M.

This is zero when the two actions coincide, i.e., bðf Þ ¼ 0 if, and only if, f is a Z½½x��-morphism, i.e.,
f 2 Im a.

The proof is completed by demonstrating that b is onto. For convenience we write b as

bðf Þ ¼ f 
 c� d 
 f , where c : Z½½x�� ! Z½½x�� is defined by cð
P

aix
iÞ ¼ x �

P
aix

i ¼
P

ai�1xi and d : M !
M by dðmÞ ¼ x � m. Note that c has a left inverse ~c given by ~cð

P
aix

iÞ ¼
P

aiþ1xi, so that ~c 
 c ¼ 1.
Then for any f 2 UM we construct h 2 UM with bðhÞ ¼ f as follows.
For any i� 0 we have bðdi 
 f 
 ~ciþ1Þ ¼ di 
 f 
 ~ci � diþ1 
 f 
 ~ciþ1, hence

b
Xn

i¼0

di 
 f 
 ~ciþ1

 !

¼ f � dnþ1 
 f 
 ~cnþ1;

with d0 and ~c0 denoting the identity map.
Since f is continuous, we know that f ðhxmiÞ ¼ 0 for m sufficiently large. Hence

f 
 ~cnþ1ða0 þ a1xþ � � �Þ ¼ f ðanþ1 þ anþ2xþ � � � þ anþmxm�1Þ.
Since M is discrete, for each i there is some ji such that djiðf ðxiÞÞ ¼ 0. Let j ¼ maxfj0; . . .; jm�1g. Then

djðf ðanþ1 þ anþ2xþ � � � þ anþmxm�1ÞÞ ¼ anþ1d
jf ð1Þ þ � � � þ anþmdjf ðxm�1Þ ¼ 0.

Hence for n sufficiently large, dnþ1 
 f 
 ~cnþ1 ¼ 0. How large n needs to be depends on the choice of f, but
nevertheless, for each f 2 UM we can find such an n so that

b
Xn

i¼0

di 
 f 
 ~ciþ1

 !

¼ f :

Thus b is surjective, which completes the proof of Theorem 4.2.
Finally, if M is divisible, then it is injective in the category of Abelian groups, and hence UM is injective

as a CBD module, since U preserves injectives, being the right adjoint of an exact functor. Thus the
sequence is an injective resolution of M. h

5 The Bousfield sequence for other rings

We now consider completions of Z½x� with respect to other families of ideals. We establish that for each
such ring there is an analogue of the functor U and a natural exact sequence that generalizes the first part of
the Bousfield sequence, but we will see that the cokernel of b varies according to the choice of ring and
module.

Let c1; c2; c3; . . . be a sequence of integers, and define a sequence of polynomials in Z½x� by h0 ¼ 1,
hn ¼ ðx� cnÞhn�1 for n [ 0. If we form the completion of Z½x� with respect to the family of ideals hh1i,
hh2i, . . ., the resulting ring, denoted2 by R, consists of infinite sums

P
i� 0 aihi, with coefficientwise addition,

and multiplication determined in a natural way from the expressions for hn. For example,
h1h2 ¼ ðx� c1Þh2 ¼ ðx� c3 þ c3 � c1Þh2 ¼ h3 þ ðc3 � c1Þh2. In general, by this process hrhs can be
written as a linear combination

2 The ring depends on the choice of sequence, but for clarity we omit the sequence from the notation.
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hrhs ¼
X

j

ar;s;jhj; ð5:1Þ

for some ar;s;j 2 Z, where the summation runs from j ¼ maxðr; sÞ through to j ¼ r þ s, just as in [3].
This ring R arises as the Z-dual of the coalgebra C that is free as a Z-module on basis fu0;u1; . . .; g, with

coproduct defined by DðunÞ ¼
P

i;j ai;j;nui � uj. (The restrictions on the summation range in (5.1) ensure

that this is a finite sum for each n.) The cobasic topology on R is precisely the topology arising from the
filtration by the ideals hh1i � hh2i � � � �.

For a cobasically discrete R-module, M, we can define the module UM ¼ Homcts
Z ðR;MÞ as before, and

we observe that this is an R-R-bimodule, with right action obtained from the action by x on R. This can be
expressed as

x �
X

i� 0

aihi ¼
X

i� 0

aiðx � hiÞ ¼
X

i� 0

aiðx� ciþ1 þ ciþ1Þhi

¼
X

i� 0

aihiþ1 þ
X

i� 0

aiciþ1hi ¼
X

i� 0

ðai�1 þ aiciþ1Þhi

(with a�1 understood to be 0).
As above, the comparison map3 b : UM ! UM defined by bðf Þ ¼ f � x� x � f has kernel

Homcts
R ðR;MÞ ffi M. Thus we have

Theorem 5.1 For any ring R obtained by completing Z½x� with respect to a family of ideals fhhnig as
above, there is a functor U from Z-modules to cobasically discrete R-modules, given on objects by
UM ¼ Homcts

Z ðR;MÞ, with R-action a � f ¼ ðs7!f ðasÞÞ and on morphisms by Ug ¼ g 
 � for any
g : M ! N, which is right adjoint to the forgetful functor. For any cobasically discrete R-module M there is
an exact sequence

0 �! M�!a UM�!b UM; ð5:2Þ

natural in M, where UM denotes the cobasically discrete R-module obtained by applying U to the Z-module
underlying M, a is adjoint to the identity on M, and b is given by bðf Þ ¼ f � x� x � f .

We have seen from Theorem 4.2 that if R ¼ Z½½x�� then the cokernel of b is 0, and from [2, 4] we know that
for the Clarke et al. ring A, the cokernel is M �Q. We now identify the cokernel for some indicative
examples that interpolate between these two cases. For any CBD module M, the definition implies that every
element m 2 M generates a submodule that is a quotient of a module of the form R=hhni. With this in mind,
we focus on modules that are quotients R=hhni. Additively these are isomorphic to Zn, but the R-action is
more intricate.

If M is isomorphic to Z additively, then Homcts
Z ðR;MÞ can be identified with Z½y�, with yj 2 Z½y�

corresponding to the map
P

i� 0 aihi 7!aj. Similarly, if M ffi Zk, then Homcts
Z ðR;MÞ ¼ Homcts

Z ðR;ZkÞ ffi
a

k
Homcts

Z ðR;ZÞ can be identified with the direct sum Z½y1� 
 Z½y2� 
 � � � 
 Z½yk�, with ðyj1
1 ; y

j2

2 ; . . .; yjk
k Þ

corresponding to the morphism
P

i� 0 aihi 7!ðaj1 ; aj2 ; . . .; ajkÞ.
The R-action can be described as follows: yj � x corresponds to the map which takes

P
i� 0 aihi, multiplies

by x, and then picks out the hj coefficient, so this sends
P

i� 0 aihi to aj�1 þ ajcjþ1, which corresponds to the

polynomial yj�1 þ cjþ1yj in Z½y� (where both a�1 and y�1 are understood as 0). Similarly, in the M ffi Zk

case, the right action on UM ffi Z½y1� 
 � � � 
 Z½yk� is given by yji
i � x ¼ yji�1

i þ cjiþ1yji
i and linearity.

5.1 Rank one examples

If we take M ¼ R=hh1i, then additively M ffi Z, but with R-action given by

x � b ¼ xb ¼ bðx� c1Þ þ bc1 ¼ bh1 þ bc1 ¼ bc1. Thus on UM, the left action is x � yj ¼ c1yj.
Hence the comparison map is given, for j� 0, by

bðyjÞ ¼ yj � x� x � yj ¼ yj�1 þ cjþ1yj � c1yj ¼ yj�1 þ ðcjþ1 � c1Þyj

3 This map depends on the choice of module M and, implicitly, on the sequence ðc1; c2; . . .Þ defining R. Again, for clarity, we
omit both from the notation.
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(again with y�1 ¼ 0) and the cokernel is Z½y� modulo the relations yj�1 ¼ ðc1 � cjþ1Þyj for j� 0, i.e.,

y0 ¼ ðc1 � c2Þy1, y1 ¼ ðc1 � c3Þy2, etc.
If c1 ¼ c2 ¼ � � � ¼ 0 then, of course, we recover the cokerb ¼ 0 result of Theorem 4.2, and likewise for

any constant sequence c1 ¼ c2 ¼ � � �, since in this case the ring R is the power series ring Z½½z�� for
z ¼ x� c1.

If c1 6¼ c2 ¼ c3 ¼ � � �, say c1 � ci ¼ d for all i [ 1, then the relations combine to give 1 ¼ djyj, i.e.,

yj ¼ 1=dj, and hence the cokernel can be identified with Z½1=d�, as an Abelian group. The R-action on
cokerb is given by x � z ¼ dz since it comes from the action on UM which satisfies this equation. Thus
cokerb ffi M � Z½1=d� as R-modules, clearly echoing the pattern in Bousfield’s original sequence.

On the other hand, we could choose c1 ¼ 0, c2 ¼ 2, c3 ¼ 2� 3, c4 ¼ 2� 3� 5, etc, so that y ¼ 1=2,

y2 ¼ 1=6, etc, and, additively, cokerb ¼ Q ffi M �Q, exactly as in the Bousfield sequence. The x-action on
M is multiplication by c1 and, hence, so is the action on UM and on cokerb, so this is in fact an isomorphism
of R-modules.

From these simple examples it would appear that a careful choice of sequence ðc1; c2; . . .Þ, arranged so
the ci provide sufficiently broad coverage of primes, will lead to the rationalization occurring as the
cokernel. This tallies with the construction used in [3, 4] where the sequence was chosen very carefully to
topologically generate all the units of ZðpÞ. This suggests a natural progression from Z½½x�� to the Clarke et al

ring, where simpler coefficient sequences lead to simpler (or even trivial) cokernels, and more complex
sequences lead to more complex cokernels, culminating in the rationalization observed in the original case.
However, the cases considered in the next section suggest that this is just a misleading artefact of the
relatively trivial structure of the module M.

5.2 Rank two examples

Now we take M ¼ R=hh2i, so that, additively, M ffi Z2, with the pair ðm; nÞ 2 Z2 corresponding to the class
of mþ nh1 in M. Hence the R-action on M can be calculated from the fact that

x mþ nh1ð Þ ¼ m x� c1ð Þ þ mc1 þ n x� c2ð Þh1 þ nc2h1

¼ mh1 þ c1mþ nh2 þ c2nh1 � c1mþ mþ c2nð Þh1 mod h2;

so that x � ðm; nÞ ¼ c1m;mþ c2nð Þ for all m; nð Þ 2 Z2:

Thus, in UM, if we take the map
P

i� 0 aihi 7!ðaj; akÞ corresponding to ðyj
1; y

k
2Þ, and act on the result by x, we

get ðc1aj; aj þ c2akÞ. This is the effect of applying the map corresponding to ðc1yj
1; y

j
2 þ c2yk

2Þ. Hence

x � ðyj
1; y

k
2Þ ¼ ðc1yj

1; y
j
2 þ c2yk

2Þ for all j; k� 0.
It will be useful to break this further into its component parts, for which we note that

x � y j
1; 0

� �
¼ c1y j

1; y
j
2

� �
and x � 0; yk

2

� �
¼ 0; c2yk

2

� �
for all j; k� 0: ð5:3Þ

The comparison map is thus given by

b y j
1; 0

� �
¼ y j

1; 0
� �

� x� x � y j
1; 0

� �
¼ yj�1

1 þ cjþ1y j
1; 0

� �
� c1y j

1; y
j
2

� �

¼ yj�1
1 � c1 � cjþ1

� �
y j

1;�y j
2

� �

and

b 0; yk
2

� �
¼ 0; yk

2

� �
� x� x � 0; yk

2

� �
¼ 0; yk�1

2 þ ckþ1yk
2

� �
� 0; c2yk

2

� �

¼ 0; yk�1
2 � c2 � ckþ1ð Þyk

2

� �

(with, again, the convention that negative powers are 0, e.g., y�1
1 ¼ 0). In cokerb, then,

ðyj�1
1 � ðc1 � cjþ1Þyj

1;�yj
2Þ ¼ 0, so we can identify each power of y2 in terms of y1, by

yj
2 ¼ yj�1

1 � ðc1 � cjþ1Þyj
1 for all j� 0: ð5:4Þ

Then the cokernel is the quotient of Z½y1� modulo the relations implied by bð0; yk
2Þ ¼ 0, i.e.,

yk�1
2 ¼ ðc2 � ckþ1Þyk

2, which, in terms of y1, are
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yk�2
1 � ðc1 � ck þ c2 � ckþ1Þyk�1

1 þ ðc2 � ckþ1Þðc1 � ckþ1Þyk
1 ¼ 0 for k� 2: ð5:5Þ

5.2.1 Sequence ðd; 0; 0; . . .Þ

If the sequence ðc1; c2; . . .Þ is of the form ðd; 0; 0; . . .Þ, with d 6¼ 0, i.e., ci ¼ 0 for i [ 1 and c1 ¼ d, then the

relations (5.5) above show that cokerb is Z½y1� subject to y0
1 ¼ dy1, y1 ¼ dy2

1, etc. Writing 1 for y0
1 we have

y1 ¼ 1=d, y2 ¼ 1=d2, etc. and we see that cokerb ¼ Z½1=d�. In particular, if d ¼ 1, then cokerb ¼ Z.
The R-action on M in this case is given by (5.3): x � yj

1 ¼ ðdyj
1; y

j
2Þ. Using (5.4), this can be written as

x � yj
1 ¼

dy0
1 if j ¼ 0;

dyj
1 þ yj�1

1 � dyj
1 ¼ yj�1

1 if j [ 0:

(

Since y1 ¼ 1=d, the second case means that x � 1=dj ¼ 1=dj�1, i.e., x acts as multiplication by d, exactly as in
the first case. Hence on all elements of UM x acts as multiplication by d.

From looking at the additive structure alone we can see that cokerb is not a tensor product Z2 � G for
any group G, so we cannot have cokerb ffi M � G, and the module structure reinforces this point.

5.2.2 Sequence ðd; e; 0; . . .Þ

If the sequence ðc1; c2; . . .Þ is of the form ðd; e; 0; . . .Þ, with d; e 6¼ 0 and d 6¼ e, i.e., ci ¼ 0 for i [ 2 and

c1 ¼ d, c2 ¼ e, then the relations (5.5) above show that cokerb is Z½y1� subject to y0
1 ¼ dy1 þ dey2

1,

y1 ¼ ðd þ eÞy2
1 þ dey3

1, y2
1 ¼ ðd þ eÞy2

1 þ dey4
1, etc. We can use the first equation to re-write y0

1 in terms of

higher powers of y1. Thus cokerb ¼ y1Z½y1�=ðy1 ¼ ðd þ eÞy2
1 þ dey3

1; y
2
1 ¼ ðd þ eÞy2

1 þ dey4
1; etc:Þ, which by

re-indexing the powers of y1 we can write as Z½y1�=h1� ððd þ eÞy1 þ dey2
1i, the quotient of the ring by the

ideal generated by ð1� dy1Þð1� ey1Þ.
This ring has zero-divisors 1� dy1, 1� ey1, so cannot be identified with a subring of Q. However, there

is a ring monomorphism into the ring Q
Q given by y1 7!ð1=d ; 1=eÞ. (This is injective because the kernel
consists of those polynomials f with f ð1=dÞ ¼ f ð1=eÞ ¼ 0, i.e., f is a multiple of y1 � 1=d and f is a multiple
of y1 � 1=e. Since these are coprime when d 6¼ e, f must then be a multiple of both, i.e., in the ideal
hð1� dy1Þð1� ey1Þi.) Hence cokerb is isomorphic to (the Abelian group underlying) the subring of Q
Q
generated by ð1=d ; 1=eÞ.

The R-action can be found as above, using (5.3) to see that x � yj
1 ¼ ðdyj

1; y
j
2Þ and (5.4) to simplify this as

x � yj
1 ¼

dy0
1 if j ¼ 0;

dy1 þ y0
1 � ðd � eÞy1 ¼ y0

1 þ ey1 if j ¼ 1;

yj�1
1 if j [ 1:

8
><

>:

Hence, in the subring of Q
Q generated by ð1=d ; 1=eÞ, we have x � ð1; 1Þ ¼ dð1; 1Þ,
x � ð1=d ; 1=eÞ ¼ ð1; 1Þ þ eð1=d ; 1=eÞ, x � ð1=dj ; 1=ejÞ ¼ ð1=dj�1 ; 1=ej�1Þ for j [ 1.

Again we see that cokerb cannot arise as a tensor product M � G for any group G.
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