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Abstract Let G ¼ SLðn;CÞ; and T be a maximal torus of G, where n is a positive even integer. In this
article, we study the GIT quotients of the Schubert varieties in the Grassmannian G2;n: We prove that the
GIT quotients of the Richardson varieties in the minimal dimensional Schubert variety admitting
stable points in G2;n are projective spaces (see Proposition 3.5 and Proposition 3.6). Further, we prove that
the GIT quotients of certain Richardson varieties in G2;n are projective toric varieties. Also, we prove that
the GIT quotients of the Schubert varieties in G2;n have at most finite set of singular points. Further, we have
computed the exact number of singular points of the GIT quotient of G2;n:
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1 Introduction

Let G ¼ SLðn;CÞ: Let T be a maximal torus of G, and R be the set of roots with respect to T. Let Rþ be a set
of positive roots. Let B (respectively, B�) be the Borel subgroup of G containing T, corresponding to Rþ

(respectively, �Rþ). Let S ¼ fa1; . . .; an�1g denote the set of simple roots in Rþ. Let Par denote the maximal
parabolic subgroup of G corresponding to the set S n farg; for 1� r� n� 1: Then G=Par is the Grass-
mannian parameterizing r-dimensional subspaces of Cn: We denote it by Gr;n:

For the action of T on the Grassmannian Gr;n; the GIT quotients have been studied extensively. In [13],
Hausmann and Knutson identified the GIT quotient of the Grassmannian G2;n by T with the moduli space of

polygons in R3: Also, they showed that GIT quotient of G2;n by T can be realized as the GIT quotient of an
n-fold product of projective lines by the diagonal action of PSLð2;CÞ: In the symplectic geometry literature,
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these spaces are known as polygon spaces as they parameterize the n-sides polygons in R3 with fixed edge
length up to rotation. More generally, GIT quotient of Gr;n by T can be identified with the GIT quotient of

ðPr�1Þn by the diagonal action of PSLðr;CÞ called the Gel’fand-Macpherson correspondence. In [22, 23],
Kapranov studied the Chow quotient of the Grassmannians and showed that Grothendieck-Knudsen moduli

space M0;n of stable n-pointed curves of genus zero arises as the Chow quotient of T action on the
Grassmannian G2;n:

For a parabolic subgroup Q of G, Howard [12] considered the problem of determining which line
bundles on G/Q descend to ample line bundles of the GIT quotient of G/Q by T. Howard showed that when
LðvÞ is a very ample line bundle on G/Q (so the character v of T extends to Q and to no larger subgroup of

G) and H0ðG=Q;LðvÞÞT is non-zero, the line bundle descends to the quotient [12]. He extended the results to
the case when the T-linearization of LðvÞ is twisted by w; a character of T. He proved that the line bundle

LðvÞ twisted by w descends to the GIT quotient provided the w-weight space of H0ðG=Q;LðvÞÞ is non-zero
and this is so when v� w is in the root lattice and w is in the convex hull of the Weyl group orbit of v: This
was extended to any simple algebraic group by Kumar [25].

In [31], Skorobogatov gave a combinatorial description using Hilbert-Mumford criterion, when a point
in Gr;n is semistable with respect to the T-linearized line bundle LðxrÞ: As a corollary he showed that when
r and n are coprime semistablity is the same as stablility. Independently, in [17] and [18], first named author
gave a description of parabolic subgroups Q of a simple algebraic group G for which there exists an ample
line bundle L on G/Q such that ðG=QÞss

T ðLÞ is the same as ðG=QÞsTðLÞ: In particular, in the case when

G ¼ SLðn;CÞ and Q ¼ Par ; first named author showed that ðGr;nÞss
T ðLÞ is the same as ðGr;nÞsTðLÞ if and only

if r and n are co-prime.
In [21], first named author and Sardar studied torus quotient of Schubert varieties in Gr;n: They showed

that Gr;n has a unique minimal dimensional Schubert variety X(w) admitting semistable points with respect
to the T-lineararized bundle LðxrÞ; and gave a combinatorial characterization of the Weyl group element
w. In [20], first named author and Pattanayak extended the results to the case when G is of type B, C, or
D and when P is a maximal parabolic subgroup of G.

In [17], there was an attempt to study the projective normality of TnnðG2;nÞss
T ðLðnx2ÞÞ (n is odd) with

respect to the descent of the line bundle Lðx2Þ: There it was proved that the homogeneous coordinate ring of
TnnG2;n is a finite module over the subring generated by the degree one elements. In [14], Howard et al. showed

that TnnðG2;nÞss
T ðLðn2 x2ÞÞ is projectively normal with respect to the descent of the line bundle Lðn

2
x2Þ for n is

even, and TnnðG2;nÞss
T ðLðnx2ÞÞ is projectively normal with respect to the descent of the line bundleLðnx2Þ for

n is odd. In [4], the authors use combinatorial method to show that TnnðG2;nÞss
T ðLðnx2ÞÞ is projectively normal

with respect to the descent of the line bundle Lðnx2Þ for n is odd. In [29], the authors use graph theoretic
technique to give a short proof of the projective normality of TnnðG2;nÞss

T ðLðnx2ÞÞ for general n.
In [15], the authors studied the generators and relations for the GIT quotient of the Grassmannian G2;n; n

is even, with respect to the action of T using Gel’fand-Macpherson correspondence and they prove that the
relations between the generators are quadratic except n ¼ 6. In this article, we study the GIT quotients of
Schubert varieties in G2;n for n even. We study the generators and relations of the homogeneous coordinate
rings of the GIT quotients of the Schubert varieties in G2;6;G2;8; G2;10 with respect to the action of T. We use
different method to give the explicit relations between them.

Using Gel’fand-Macpherson correspondence, it is well-known that the GIT quotient of G2;n with respect
to T has finite number of singular points when n is even (see [27, Example 8.8, p.158-159]). In this article,
we study the singularities of the GIT quotients of the Schubert varieties in G2;n: We prove that they have at
most finite number of singular points. Furthermore, using different method we show that the GIT quotient of

G2;n has precisely half of the number of elements in W
Snfan

2
g

singular points.
The layout of the paper is as follows. In Section 2, we recall some preliminaries on Algebraic groups,

Lie algebras, Standard Monomial Theory, and Geometric Invariant Theory. In Section 3, we prove that a
Schubert variety X(w) in G/P admits stable point if and only if wðavÞ\0 where v is a dominant character of
P such that av is in the root lattice (see Lemma 3.1). By using this crucial lemma we find out the minimal
dimensional Schubert variety admitting stable points in G2;n for n even. Further, we prove that the GIT
quotient of the minimal dimensional Schubert variety admitting stable points in G2;n is the projective space

P
n
2
�1 (see Proposition 3.5). Furthermore, we prove that the GIT quotients of the Richardson varieties in the

minimal dimensional Schubert variety admitting stable point are projective spaces (see Proposition 3.6) and
the GIT quotients of certain Richardson varieties are toric varieties (see Corollary 3.12). In Section 4, we
study the structure of the GIT quotient of G2;6. In Section 5, and Section 6, we study the structure of the GIT
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quotient of X(6, 8) in G2;8 and X(7, 10) in G2;10 respectively. In Section 7, we prove that the GIT quotient of
a Schubert variety X(w) in G2;n has at most finite quotient singularities. Furthermore, we have shown that the

GIT quotient of G2;n has precisely half of the number of elements in W
Snfan

2
g

singular points (see
Corollary 7.10).

2 Notation and Preliminaries

In this section, we set up some notation and preliminaries. We refer to [9, 10, 16, 26–28] for preliminaries in
Algebraic groups, Lie algebras, Standard Monomial Theory, and Geometric Invariant Theory.

Let G;B;B�;R;Rþ; S;T ; and W be as in the introduction. The simple reflection in W corresponding to ai

is denoted by si. For a subset I of S, we denote the parabolic subgroup of G generated by B and fna : a 2 Ig
by PI ; where na is a representative of sa in NGðTÞ: We denote PSnI by PI: In particular, PSnfarg is denoted by

Par : Note that all the standard maximal parabolic subgroups of G are of the form Par for some 1� r� n� 1:
Let WPI

be the subgroup of W generated by fsa : a 2 Ig: We note that WPI
is the Weyl group of PI : For

I � S; WPI ¼ fw 2 W jwðaÞ 2 Rþ; for all a 2 Ig is the set of minimal coset representatives of elements of

W=WPI
: Further, there is a natural order WPI ; namely the restriction of the Bruhat order on W. Let Iðr; nÞ ¼

fða1; a2; . . .; arÞ : 1� a1\a2\ � � �\ar � ng: There is a natural order on I(r, n), given by
ða1; a2; . . .; arÞ� ðb1; b2; . . .; brÞ if and only if ai� bi for all 1� i� r: Then there is a natural order pre-

serving indentification of WPar
with I(r, n) the correspondence is given by w 2 WPar

mapping to
ðwð1Þ;wð2Þ; . . .;wðrÞÞ:

Let V ¼ Cn: Let fe1; e2; . . .; eng be the standard basis of V. Let Vr be the subspace of V spanned by
fe1; e2; . . .; erg: Let Gr;n be the set of all r-dimensional subspaces of V. Then there is a natural projective
variety structure on Gr;n given by the Plücker embedding p : Gr;n �! Pð^rVÞ sending r-dimensional
subspace to its r-th exterior power. Furthermore, there is a G-equivariant isomorphism from G=Par to Gr;n;
sending gPar to gVr: For the natural action of T on G=Par ; the T-fixed points of G=Par are identified with

WPar
; sending w to wPar : For w 2 WPar

; the closure of the B-orbit passing through wPar in G=Par has a
natural structure of a projective variety called Schubert variety associated to w, denoted by X(w). Let
ei ¼ ei1 ^ ei2

^ � � � ^ eir ; for i ¼ ði1; i2; . . .; irÞ 2 Iðr; nÞ: Then fei : i 2 Iðr; nÞg forms a basis of ^rV : Let

fpi : i 2 Iðr; nÞg be the dual basis of the basis fei : i 2 Iðr; nÞg: Then pi’s are called the Plücker coordinates.

Note that pijXðwÞ 6¼ 0 if and only if i�w: The monomials ps1
ps2

. . .psm
2 H0ðXðwÞ;LðxrÞ�mÞ; where

s1; s2; . . .; sm 2 Ir;n are said to be standard monomial of degree m if s1� s2� � � � � sm�w: The standard

monomials of degree m on X(w) form a basis of H0ðXðwÞ;LðxrÞ�mÞ (see [26, Theorem 4.5.0.5, p. 43]).
Let v;w 2 WPar

and let Xv :¼ B�vPar=Par be the opposite Schubert variety in G=Par corresponding to v.
Then the intersection of Xw and Xv in G=Par with a reduced variety structure is called a Richardson variety
in G=Par and it is denoted by Xv

w: Richardson varieties are T-stable irreducible varieties. Further, Xv
w is non

empty if and only if v�w (see [2, Lemma 1, p.655]).
Let g be the Lie algebra of G. Let h � g be the Lie algebra of T and b be the Lie algebra of B. Let X(T)

(respectively, Y(T)) denote the group of all characters (respectively, one-parameter subgroups) of T. Let
E1 :¼ XðTÞ � R; E2 :¼ YðTÞ � R: Let h:; :i : E1 � E2 �! R be the canonical non-degenerate bilinear form.

Let �C :¼ fk 2 E2 : ha; ki	 0; for all a 2 Rþg: Note that for each a 2 R; there is a homomorphism

/a : SLð2;CÞ �! G, we have �a : Gm �! G defined by �aðtÞ ¼ /a

�
t 0

0 t�1

� ��
: We also have saðvÞ ¼

v� hv; �aia for all a 2 R and v 2 E1: Let fxi : i ¼ 1; 2; . . .; n� 1g � E1 be the fundamental weights; i.e.
hxi; �aji ¼ dij for all i; j ¼ 1; 2; . . .; n� 1: There is a natural partial order � on X(T) defined by w� v if and
only if v� w is a non-negative integral linear combination of simple roots.

Let L be a T-linealized ample line bundle on G/P. We also denote the restriction of the line bundle L on
X(w) by L: A point p 2 XðwÞ is said to be a semistable with respect to the T-linearized line bundle L if there

is a T-invariant section s 2 H0ðXðwÞ;L�mÞ for some positive integer m such that sðpÞ 6¼ 0: We denote the
set of all semistable points of X(w) with respect to L by XðwÞss

T ðLÞ: A point p in XðwÞss
T ðLÞ is said to be a

stable point if T-orbit of p is closed in XðwÞss
T ðLÞ and stabilizer of p in T is finite. We denote the set of all

stable points of X(w) with respect to L by XðwÞsTðLÞ:
Now we recall the definition of projective normality of a projective variety. Let X be a projective variety

in Pm: We denote by X̂ the affine cone of X. X is said to be projectively normal if X̂ is normal. For a
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reference, see exercise 3.18, page. 23 of [11]. For the practicle purpose we need the following fact about
projective normality of a polarized variety.

A polarized variety ðX;LÞ where L is a very-ample line bundle is said to be projectively normal if its

homogeneous coordinate ring ak	 0
H0ðX;L�kÞ is integrally closed and is generated as a C-algebra by

H0ðX;LÞ (see exercise 5.14, chapter II of [11]).

3 GIT quotient of the minimal dimensional Schubert variety admitting stable points

In this section, we prove a crucial lemma on the existence of stable points of a Schubert variety X(w) in G/P.

Lemma 3.1 Let G be a simple algebraic group of rank n. Let v be a non-trivial dominant character of T.
Let v ¼

Pn
i¼1 mixi. Let I ¼ fai 2 S : mi	 1g. Let P ¼ PI. Let a 2 N be such that av is in root lattice. Let

w 2 WP: Then wðavÞ ¼
Pn

i¼1 aiai with ai� � 1 for all 1� i� n if and only if XðwÞsTðLðvÞÞ 6¼ ;:
Proof Let Z be the union of the W-translates of X(v), v 2 WP with vlw. Since X(w) is irreducible, by
using the argument of [20, Lemma 2.1, p. 470] we have XðwÞ* Z. Let x 2 XðwÞnZ. By construction for any
s 2 W , sx 2 BvP=P implies v	w.

Now, let k be a nontrivial one parameter subgroup of T. Choose s 2 W such that sðkÞ ¼
Pn

i¼1 ciki with
each ci	 0 and there is an 1� i0� n such that ci0

	 1.
By the above discussion, sx 2 BvP=P for some v 2 WP such that v	w.
Hence, by [30, Lemma 5.1, p.534]

lLðavÞðx; kÞ ¼lLðavÞðsx; skÞ ¼ �hvðavÞ;
Xn

i¼1

cikii	 � hwðavÞ;
Xn

i¼1

cikii

¼ � h
Xn

i¼1

aiai;
Xn

i¼1

cikii

¼ �
Xn

i¼1

aici	 1:

ð3:1Þ

Therefore, by Hilbert-Mumford criterion, we have x 2 XðwÞsTðLðvÞÞ.
Conversely, suppose XðwÞsTðLðavÞÞ 6¼ ;:
Then XðwÞsTðLðavÞÞ \ BwP=P 6¼ ;: Let x 2 XðwÞsTðLðavÞÞ \ BwP=P: Let k be a non-trivial one

parameter subgroup of T. Since x is stable point, by using Hilbert-Mumford criterion we have

lLðavÞðx; kÞ[ 0: In particular, lLðavÞðx; kiÞ[ 0 for all 1� i� n: Since x 2 BwP=P and ki’s are fundamental

one parameter subgroups of T, by [30, Lemma 5.1, p.534] we have lLðavÞðx; kiÞ ¼ �hwðavÞ; kii[ 0: That is

�h
Pn
j¼1

ajaj; kii[ 0 for all 1� i� n: Therefore, ai� � 1 for all 1� i� n: h

We use Lemma 3.1 to find out the minimal dimensional Schubert variety admitting stable points in G2;n for
n even, and study its GIT quotient. To proceed further, we recall the following theorem as it is in [14]. The

authors consider the space of weighted points on Pn. Let the i-th point be weighted by ai, and let a ¼
ða1; . . .; anÞ 2 ðZþÞn (the weight vector). The weights can be interpreted as parameterizing the very ample

line bundles of ðP1Þn. Let Ra be the homogeneous coordinate ring of ðP1Þn==PSLð2;CÞ given by the descent

of the very-ample line bundle corresponding to a:

Theorem 3.2 ([14], Theorem 2.3, p. 182) The lowest degree invariants generate the coordinate ring Ra:

Corollary 3.3 The GIT quotient TnnðG2;nÞss
T ðLðn2 x2ÞÞ is projectively normal with respect to the descent of

the line bundle Lðn
2
x2Þ.

Proof By Gel’fand-MacPherson correspondence there is an isomorphism of

ððP1Þn==PSLð2;CÞ;Lð1; 1; . . .; 1ÞÞ with ðTnnG2;n;Lðn2 x2ÞÞ as a polarized variety. Therefore, by Theo-

rem 3.2, corollary follows. h
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Corollary 3.4 The GIT quotients of Richardson varieties in G2;n by T are projectively normal with respect
to the descent of the line bundles Lðn

2
x2Þ.

Proof Let v;w 2 WPa2 be such that v�w: By [2, Lemma 5, Proposition 1, p. 658] the restriction map

/ : H0ðG2;n;Lðn2 x2Þ�dÞ ! H0ðXv
w;Lðn2 x2Þ�dÞÞ is surjective. Further, since T is linearly reductive, the

restriction map / : H0ðG2;n;Lðn2 x2Þ�dÞT ! H0ðXv
w;Lðn2 x�d

2 Þ
T

is surjective. So, by Corollary 3.3,

ad	 0
H0ðXv

w;Lðn2 x2Þ�dÞT is generated by H0ðXv
w;Lðn2 x2ÞÞT . Hence, TnnðXv

wÞ
ss
T ðLðn2 x2ÞÞ is projectively

normal. h

3.1 Minimal dimensional Schubert variety admitting stable points

Let wss
min ¼ ðsn

2
�1. . .s1Þðsn�1sn�2. . .s2Þ ¼ ðn2 ; nÞ: Then wss

min is a unique minimal element in WSnfa2g such that
wss

minðn2 x2Þ� 0: Therefore, by [20, Lemma 2.1, p. 470], Xðwss
minÞ is the minimal dimensional Schubert variety

in G2;n admitting semistable points. Note that
Qn

2

k¼1 pk;n
2
þk is the unique standard monomial in

H0ðXðwss
minÞ;Lðn2 x2ÞÞT . Therefore, by Corollary 3.4, TnnðXðwss

minÞ
ss
T ðLðn2 x2ÞÞ is a point.

Let ws
min ¼ ðsn

2
sn

2
�1. . .s1Þðsn�1sn�2. . .s2Þ ¼ ðn2þ 1; nÞ. Note that lðws

minÞ ¼ n
2
� 2þ n: Then ws

min is a

unique minimal element in WSnfa2g such that ws
minðn2 x2Þ\0: Therefore, by Lemma 3.1, Xðws

minÞ is the

minimal dimensional Schubert variety in G2;n admitting stable points. Note that the standard monomials in

H0ðXðws
minÞ;Ln

2
x2
ÞT are Xt ¼ p1;t

Qt�1

k¼2

pk;n
2
þk

Qn2
k¼t

pkþ1;n
2
þk, for all 2� t� n

2
þ 1.

Proposition 3.5 The GIT quotient TnnðXðws
minÞÞ

ss
T ðLðn2 x2ÞÞ is isomorphic to P

n
2
�1:

Proof Let R ¼ad	 0
Rd; where Rd ¼ H0ðXðws

minÞ;Lðdn
2

x2ÞÞT : Then TnnðXðws
minÞÞ

ss
T ðLðn2 x2ÞÞ ¼ ProjðRÞ:

By Corollary 3.4, R is generated as a C-algebra by Xt’s, where 2� t� n
2
þ 1: On the other hand, since

Xðws
minÞ admits stable points, we have dimðTnnXðws

minÞÞ ¼ n
2
� 1: Therefore, R is the polynomial algebra

generated by Xt’s, where 2� t� n
2
þ 1. Hence, ProjðRÞ ffi P

n
2
�1. h

3.2 Torus quotient of Richardson varieties

Next we generalize Proposition 3.5 to the Richardson varieties in Xðws
minÞ: We prove the following

Proposition 3.6 Let vk ¼ sksk�1 � � � s2 for all 2� k� n
2
: Then the GIT quotient TnnðXvk

ws
min
Þss

T ðLðnx2ÞÞ is

isomorphic to P
n
2
�k:

Proof Let Rvk ;w ¼ad	 0
Rd; where Rd ¼ H0ðXvk

ws
min
;Lðdn

2
x2ÞÞT : Then TnnðXvk

ws
min
Þss

T ðLðn2 x2ÞÞ ¼ ProjðRvk ;wÞ:

Note that Xt’s forms a basis of R1 where k þ 1� t� n
2
þ 1: Further, we observe that

Qn2þ1

t¼kþ1

Xat
t ’s are standard

monomials for all non-negative integers at where k þ 1� t� n
2
þ 1: By Corollary 3.4, Rvk ;w is generated by

Xt’s, where k þ 1� t� n
2
þ 1 as a C-algebra. Therefore, Rvk ;w is the polynomial algebra generated by Xt’s,

where k þ 1� t� n
2
þ 1. Hence, ProjðRvk ;wÞ is isomorphic to P

n
2
�k: h

Let w ¼ ðsn
2
þ1 � � � s1Þðsn�1 � � � s2Þ and vk ¼ sksk�1. . .s2 for all 2� k� n

2
� 1: Then in the one line notation we

have w ¼ ðn
2
þ 2; nÞ and vk ¼ ð1; k þ 1Þ for all 2� k� n

2
� 1:

Let Yi;j ¼ p1;ip2;jð
Qi�1

l¼3

pl;n
2
þlÞð

Qj�1

l¼iþ1

pl;n
2
þl�1Þð

Qn2þ2

l¼jþ1

pl;n
2
þl�2Þ for all k þ 1� i\j� n

2
þ 2:

Let Rvk ;w ¼a
d	 0

Rd where Rd ¼ H0ðXvk
w ;Lðdn

2
x2ÞÞT for all 2� k� n

2
� 1: Then we have

Lemma 3.7 The standard monomials of R1 are in the form of Yi;j where k þ 1� i\j� n
2
þ 2:

Proof Any standard Young tableau associated to standard monomials in R1 has n
2

rows and 2 columns with
strictly increasing rows and non-decreasing columns. Let Rowi denotes the i-th row of the tableau for all
1� i� n

2
and Ei;j be the (i, j)-th entry of the tableau. Since Rown

2
�ðn

2
þ 2; nÞ; we have En

2
;1� n

2
þ 2: Hence,
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all the integers between n
2
þ 3 and n appears in the second column. Hence, Ei;2 ¼ n

2
þ i for all 3� i� n

2
:

Further, since Row1	ð1; k þ 1Þ; we have E1;2	 k þ 1: Hence, all the integers between 1 and k appears in
the first column. Hence, Ei;1 ¼ i for all 1� i� k: Hence, k þ 1�E1;2\E2;2� n

2
þ 2: So, the standard

monomials in R1 are of the form Yi;j: h

Next our goal is to study the structure of the GIT quotient of TnnðXvk
w Þ

ss
T ðLðn2 x2ÞÞ for all 2� k� n

2
� 1: First

we consider TnnðXvk
w Þ

ss
T ðLðn2 x2ÞÞ for k ¼ n

2
� 1: Then we have

Lemma 3.8 The GIT quotient TnnðX
vn

2
�1

w Þss
T ðLðn2 x2ÞÞ is isomorphic to P2:

Proof By Lemma 3.7, the standard monomials of R1 are of the form

(i) Yn
2
þ1;n

2
þ2 ¼

Qn2
l¼1

pl;n
2
þl;

(ii) Yn
2
;n
2
þ2 ¼ p1;n

2
ð
Qn2�1

l¼2

pl;n
2
þlÞpn

2
þ1;n;

(iii) Yn
2
;n
2
þ1 ¼ p1;n

2
p2;n

2
þ1ð
Qn2�1

l¼3

pl;n
2
þlÞpn

2
þ2;n:

We observe that Ya
n
2
;n
2
þ1Yb

n
2
;n
2
þ2Yc

n
2
þ1;n

2
þ2’s are standard monomials for all non-negative integers a, b, and c. By

Corollary 3.4, the homogeneous coordinate ring of TnnðX
vn

2
�1

w Þss
T ðLðn2 x2ÞÞ is generated by Yn

2;
n
2þ1; Yn

2;
n
2þ2 and

Yn
2
þ1;n

2
þ2: Therefore, TnnðX

vn
2
�1

w Þss
T ðLðn2 x2ÞÞ is isomorphic to P2: h

Next we consider TnnðXvk
w Þ

ss
T ðLðn2 x2ÞÞ for all 2� k� n

2
� 2:

Lemma 3.9 The following relations hold in R2:

(i) Yi;jYm;s ¼ Yi;mYj;s;
(ii) Yi;mYj;s ¼ Yi;sYj;m;

for all k þ 1� i\j\m\s� n
2
þ 2:

Proof Proof of (i):
Recall that

Yi;j ¼ p1;ip2;jð
Qi�1

l¼3

pl;n
2
þlÞð

Qj�1

l¼iþ1

pl;n
2
þl�1Þð

Qn2þ2

l¼jþ1

pl;n
2
þl�2Þ and

Ym;s ¼ p1;mp2;sð
Qm�1

l¼3

pl;n
2
þlÞð

Qs�1

l¼mþ1

pl;n
2
þl�1Þð

Qn2þ2

l¼sþ1

pl;n
2
þl�2ÞÞ:

Since i\j\m\s; we write

Yi;j ¼ p1;ip2;jð
Qi�1

l¼3

pl;n
2
þlÞð

Qj�1

l¼iþ1

pl;n
2
þl�1Þð

Qm
l¼jþ1

pl;n
2
þl�2Þð

Qn2þ2

l¼mþ1

pl;n
2
þl�2Þ and

Ym;s ¼ p1;mp2;sð
Qj�1

l¼3

pl;n
2
þlÞð

Qm�1

l¼j

pl;n
2
þlÞð

Qs�1

l¼mþ1

pl;n
2
þl�1Þð

Qn2þ2

l¼sþ1

pl;n
2
þl�2Þ:

Note that since i\j\m\s; Yi;jYm;s is not standard. We apply the straightening law repeatedly on the
nonstandard factors of Yi;jYm;s to express Yi;jYm;s as linear combination of standard monomials. Further, since

i\j\m\s; non comparable factors of Yi;jYm;s are p1;mp2;j; ð
Qm

l¼jþ1

pl;n
2
þl�2Þð

Qm�1

l¼j

pl;n
2
þlÞ:

By using straightening law we replace p1;mp2;j by p1;jp2;m � p1;2pj;m: Since we are working with Xvk
w where

2� k� n
2
� 2; we have vk ¼ ð1; k þ 1Þ	 ð1; 3Þ: Therefore, we have p12 ¼ 0 identically on Xvk

w :

On the other hand, we note that ð
Qm

l¼jþ1

pl;n
2
þl�2Þð

Qm�1

l¼j

pl;n
2
þlÞ ¼

Qm�1

l¼j

plþ1;n
2
þl�1pl;n

2
þl:

By using straightening law we replace plþ1;n
2
þl�1pl;n

2
þl by pl;n

2
þl�1plþ1;n

2
þl � pl;lþ1pn

2
þl�1;n

2
þl for all

j� l�m� 1:
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Since k þ 1� i\j\m\s; and k	 2; we have n
2
þ l� 1	 n

2
þ j� 1	 n

2
þ 3 for all j� l�m� 1: Thus,

pl;lþ1pn
2
þl�1;n

2
þl ¼ 0 identically on Xvk

w :

Therefore, after replacing p1;mp2;j (respectively, plþ1;n
2
þl�1pl;n

2
þl for all j� l�m� 1) in Yi;jYm;s by p1;jp2;m

(respectively, pl;n
2
þl�1plþ1;n

2
þl for all j� l�m� 1) we get Yi;jYm;s ¼ Yi;mYj;s:

Proof of (ii):
Since i\j\m\s; Yi;m and Yj;s can be written as

Yi;m ¼ p1;ip2;mð
Qi�1

l¼3

pl;n
2
þlÞð

Qj�1

l¼iþ1

pl;n
2
þl�1Þð

Qm�1

l¼j

pl;n
2
þl�1Þð

Qs�1

l¼mþ1

pl;n
2
þl�2Þð

Qn2þ2

l¼s

pl;n
2
þl�2Þ:

Yj;s ¼ p1;jp2;sð
Qi�1

l¼3

pl;n
2
þlÞð

Qj�1

l¼i

pl;n
2
þlÞð

Qm�1

l¼jþ1

pl;n
2
þl�1Þð

Qs�1

l¼m

pl;n
2
þl�1Þð

Qn2þ2

l¼sþ1

pl;n
2
þl�2Þ:

Then we observe that

p1;ip2;sð
Qi�1

l¼3

pl;n
2
þlÞð

Qm�1

l¼iþ1

pl;n
2
þl�1Þð

Qs�1

l¼m

pl;n
2
þl�1Þð

Qn2þ2

l¼sþ1

pl;n
2
þl�2Þ and

p1;jp2;mð
Qj�1

l¼3

pl;n
2
þlÞð

Qm�1

l¼jþ1

pl;n
2
þl�1Þð

Qn2þ2

l¼mþ1

pl;n
2
þl�2Þ

are factors of Yi;mYj;s: Therefore, we have Yi;mYj;s ¼ Yi;sYj;m: h

Lemma 3.10 The ring Rvk;w is generated in degree 1.

Proof Proof follows from Corollary 3.3. h

Let ~R ¼ C½yi;j� be the polynomial ring generated by yi;j; where k þ 1� i\j� n
2
þ 2: Then by Lemma 3.10

we have a surjective ring homomorphism / : ~R �! Rvk ;w by sending yi;j to Yi;j: Let I be the ideal generated

by the following relations in ~R:

(i) yi;jym;s ¼ yi;myj;s;
(ii) yi;jym;s ¼ yi;syj;m;

for all k þ 1� i\j\m\s� n
2
þ 2:

Theorem 3.11 The map / induces an isomorphism to ~/ : ~R=I �! Rvk;w:

Proof We show that the diamond lemma of ring theory holds for this reduction system which implies is
that any monomial in the yi;j’s reduces, after applying these reductions (in any order, when multiple
reduction rules apply) to a unique expression in the yi;j’s, in which no term is divisible by a term appearing
in the left hand side of the above reduction system (see [1]).

We prove that the diamond lemma holds for this reduction system by looking at yi;jym;syp;q;
1� i\j\m\s\p\q� n

2
þ 2:
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Note that in the above diagram an edge between two vertices means one is obtained from other by applying
a reduction. We see that after applying the reductions the monomial yi;jym;syp;q reduces to the unique

expression yi;qyj;pym;s: Therefore, ~/ is an isomorphism. h

As a consequence of Theorem 3.11 we have the following

Corollary 3.12 The GIT quotient of TnnðXvk
w Þ

ss
T ðLðn2 x2Þ is a toric variety for 2� k� n

2
� 2.

Proof It follows from Theorem 3.11 that the ideal I of Rvk ;w is a prime ideal and generated by differences
of two monomials. Thus, by [5, Proposition 1.1.11.,p.16], the affine variety SpecðRvk ;wÞ is a toric variety.

Therefore, by [5, Proposition 2.1.4.,p.56], TnnðXvk
w Þ

ss
T ðLðn2 x2Þ ¼ ProjðRvk ;wÞ is a toric variety. h

4 Torus quotient of G2;6

We recall that the Grassmannian G2;n is a closed subvariety of PN�1 where N ¼ n
2

� �
; given by the Plücker

embedding. In this section, first we recall the Plücker relations for G2;n which will be used later.

Theorem 4.1 The Grassmannian G2;n consists of the zeroes in PN�1 of the following quadratic
polynomials:

pi;lpj;k � pi;kpj;l þ pi;jpk;l
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where 1� i\j\k\l� n (A relation obtained by equating an expression to 0 is usually referred to as a
Plücker relation).

Proof See [26, Theorem 4.1.3.1,p.31]. h

In this section, we study the GIT quotient of G2;6:
Let X ¼ TnnðG2;6Þss

T ðLð3x2ÞÞ: Let R ¼ad	 0
Rd; where Rd ¼ H0ðG2;6;L�dð3x2ÞÞT : We note that X ¼

ProjðRÞ and Rd’s are finite dimensional vector space. Let X1 ¼ p14p25p36; X2 ¼ p12p35p46; X3 ¼ p13p25p46;
X4 ¼ p12p34p56 and X5 ¼ p13p24p56: Then the set fX1;X2;X3;X4;X5g forms a basis of R1: Let Y1 ¼
p12p14p24p35p36p56 Y2 ¼ p12p13p23p45p46p56; W1 ¼ X4Y2 ¼ p2

12p13p23p34p45p46p2
56; W2 ¼ X2Y2 ¼

p2
12p13p23p35p45p2

46p56; W3 ¼ X5Y2 ¼ p12p2
13p23p24p45p46p2

56:

In the following lemma we find out the relation among Xi’s and Yi’s in R2.

Lemma 4.2 Let Xi’s and Yi’s be as above. Then we have the followings:

(1) X1X4 ¼ Y1 � X2X5 þ X4X5 � X2
4 þ X2X4.

(2) X3X4 ¼ X2X5 � Y2.

Proof Proof of (1) : Note that

X1X4 ¼ p12p14p25p34p36p56½by usingp25p34 ¼ p35p24 � p45p23�

¼ p12p14p36p56ðp35p24 � p45p23Þ

¼ p12p14p24p35p36p56 � p12ðp14p23Þp36p45p56

¼ p12p14p24p35p36p56 � p12ðp13p24 � p12p34Þp36p45p56;

½by usingp14p23 ¼ p13p24 � p12p34�

¼ p12p14p24p35p36p56 � p12p13p24ðp36p45Þp56 þ p2
12p34ðp36p45Þp56

¼ p12p14p24p35p36p56 � p12p13p24ðp35p46 � p34p56Þp56

þ p2
12p34ðp35p46 � p34p56Þp56½by usingp36p45 ¼ p35p46 � p34p56�

¼ p12p14p24p35p36p56 � p12p13p24p35p46p56 þ p12p13p24p34p2
56

þ p2
12p34p35p46p56 � p2

12p2
34p2

56

¼ Y1 � X2X5 þ X4X5 þ X2X4 � X2
4 :

Proof of (2) : Note that

X3X4 ¼ p12p13p25p34p46p56

¼ p12p13p24p35p46p56 � p12p13p23p45p46p56½by usingp25p34 ¼ p24p35 � p23p45�

¼ X2X5 � Y2:

h

Lemma 4.3 Let Xi’s and Wi’s be as above. Then we have the followings:

(1) X2
4X3 ¼ X2X4X5 �W1

(2) X1X3X4 ¼ X1X2X5 � X2X3X5 þ X2
2X5 �W2 þ X2X2

5 �W3 � X2X4X5 þW1

(3) X2X3X4 ¼ X2
2X5 �W2

(4) X3X4X5 ¼ X2X2
5 �W3

Proof Proof of (1): By using Lemma 4.2(2), X3X2
4 ¼ X2X4X5 �W1.

Proof of (2): By Lemma 4.2(2), X1X3X4 ¼ X1X2X5 � X1Y2.
On the other hand, using the Plücker relations
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X1Y2 ¼ p12p13ðp14p23Þp25ðp36p45Þp46p56

¼ p12p13ðp13p24 � p12p34Þp25ðp35p46 � p34p56Þp46p56

½by using p14p23 ¼ p13p24 � p12p34;

and p36p45 ¼ p35p46 � p34p56�

¼ p12p2
13p24p25p35p2

46p56 � p2
12p13ðp34p25Þp35p2

46p56

� p12p2
13p24ðp25p34Þp46p2

56 þ p2
12p13p34ðp34p25Þp46p2

56

¼ p12p2
13p24p25p35p2

46p56 � p2
12p13ðp24p35 � p23p45Þp35p2

46p56

� p12p2
13p24ðp24p35 � p23p45Þp46p2

56 þ p2
12p13p34ðp24p35 � p23p45Þp46p2

56

½by using p25p34 ¼ p24p35 � p23p45�

¼ p12p2
13p24p25p35p2

46p56 � p2
12p13p24p2

35p2
46p56 þ p2

12p13p23p35p45p2
46p56

� p12p2
13p2

24p35p46p2
56 þ p12p2

13p23p24p45p46p2
56 þ p2

12p13p24p34p35p46p2
56

� p2
12p13p23p34p45p46p2

56

¼ X2X3X5 � X2
2X5 þW2 � X2

5X2 þW3 þ X2X4X5 �W1:

Therefore, X1X3X4 ¼ X1X2X5 � X2X3X5 þ X2
2X5 �W2 þ X2

5X2 �W3 � X2X4X5 þW1:
Proof of (4): By using Lemma 4.2(2), X2X3X4 ¼ X2

2X5 �W2:
Proof of (5): By using Lemma 4.2(2), X3X4X5 ¼ X2X2

5 �W3: h

Recall that by Corollary 3.3, R is a graded C-algebra which is an integral domain and generated by R1

elements X1;X2;X3;X4;X5:
Let ~R ¼ C½x1; x2; x3; x4; x5� be the polynomial ring in xi’s for 1� i� 5:

Lemma 4.4 There is no linear or quadratic relation among Xi’s in R.

Proof Since fXi : 1� i� 5g are standard monomials of degree one, there is no linear relation among Xi’s
in R.

We next prove that there is no quadratic relation among Xi’s in R. Suppose there is a quadratic relationP5
i¼1

ciX
2
i þ

P
1� i\j� 5

ci;jXiXj ¼ 0:

P5
i¼1

ciX
2
i þ

P
1� i\j� 5

ði; jÞ 6¼ ð1; 4Þ; ð3; 4Þ

ci;jXiXj þ c1;4X1X4 þ c3;4X3X4 ¼ 0:

By using Lemma 4.2 we get

P5
i¼1

ciX
2
i þ

P
1� i\j� 5

ði; jÞ 6¼ ð1; 4Þ; ð3; 4Þ

ci;jXiXj þ c1;4ðY1 � X2X5 þ X4X5 � X2
4 þ X2X4Þ þ c3;4ðX2X5 � Y2Þ ¼ 0

Since standard monomials of degree 2 are linearly independent, the coefficients of Y1 and Y2 are zero i.e.,
c1;4 ¼ 0; c3;4 ¼ 0:

Thus from the aboveP5
i¼1

ciX
2
i þ

P
1� i\j� 5

ði; jÞ 6¼ ð1; 4Þ; ð3; 4Þ

ci;jXiXj ¼ 0:

Since XiXj’s are standard monomials of degree 2 for ði; jÞ 6¼ ð1; 4Þ; ð3; 4Þ; ci ¼ 0 for 1� i\j� 5 and
ci;j ¼ 0 for all 1� i\j� 5 such that ði; jÞ 6¼ ð1; 4Þ; ð3; 4Þ: Therefore, there is no quadratic relation among
Xi’s in R.

h
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Lemma 4.5 FðX1;X2;X3;X4;X5Þ ¼ 0 in R, where Fðx1; x2; x3; x4; x5Þ ¼ x3x2
4 � x1x2x5 þ x1x3x4�

x2x3x4 þ x2x3x5 � x3x4x5 2 ~R:

Proof Recall that by Lemma 4.3 we have the following:
X1X3X4 ¼ X1X2X5 � X2X3X5 þ X2

2X5 �W2 þ X2X2
5 �W3 � X2X4X5 þW1: ð2:8:1Þ

X2
4X3 ¼ X2X4X5 �W1:

X2X3X4 ¼ X2
2X5 �W2:

X3X4X5 ¼ X2X2
5 �W3:

Substituting W1;W2; and W3 in (2.8.1) we get
X1X3X4 ¼ X1X2X5 � X2X3X5 þ X2

2X5 þ X2X3X4 � X2
2X5 þ X2X2

5 þ X3X4X5 � X2X2
5 � X2X4X5 � X2

4X3þ
X2X4X5:
Therefore, X3X2

4 � X1X2X5 þ X1X3X4 � X2X3X4 þ X2X3X5 � X3X4X5 ¼ 0:
h

Corollary 4.6 Fðx1; x2; x3; x4; x5Þ ¼ x3x2
4 � x1x2x5 þ x1x3x4 � x2x3x4 þ x2x3x5 � x3x4x5 is an irreducible

polynomial in ~R:

Proof Suppose Fðx1; x2; x3; x4; x5Þ is not an irreducible element of ~R: Then there exist two non unit

elements F1ðx1; x2; x3; x4; x5Þ;F2ðx1; x2; x3; x4; x5Þ in ~R such that Fðx1; x2; x3; x4; x5Þ ¼
F1ðx1; x2; x3; x4; x5ÞF2ðx1; x2; x3; x4; x5Þ:

By Lemma 4.5, FðX1;X2;X3;X4;X5Þ ¼ 0: Since R is an integral domain and
F1ðX1;X2;X3;X4;X5ÞF2ðX1;X2;X3;X4;X5Þ ¼ 0, there is either a linear relation or a quadratic relation
among Xi’s in R. This contradicts the Lemma 4.4. h

Let I ¼ ðx3x2
4 � x1x2x5 þ x1x3x4 � x2x3x4 þ x2x3x5 � x3x4x5Þ: Note that since I is generated by irreducible

element, and ~R is UFD, I is prime ideal in ~R: Then ~R=I is an integral domain. Let p : ~R �! ~R=I be the

natural surjective homomorphism of C-algebras. Let u : ~R �! R be the C-algebra homomorphism defined

by xi 7!Xi: By Lemma 4.5, u induces C-algebra homomorphism ~u : ~R=I �! R:
Note that by Lemma 3.1, ðG=Pâ2

ÞsTðLð3x2ÞÞ 6¼ ;. Therefore, Krull dimension of R is 4. On the other

hand, Krull dimension of ~R=I is 4.

Lemma 4.7 ~u : ~R=I �! R is an isomorphism of C-algebras.

Proof It is clear that ~u is a surjective morphism of C-algebras. Since R is an integral domain, Kerð ~uÞ is a

prime ideal of ~R=I: Therefore, by [11, Theorem 1.8A.(b), p.6], we have dimðð ~R=IÞ=Kerð ~uÞÞ ?

htðKerð ~uÞÞ ¼ dimð ~R=IÞ: On the other hand, we have dimðð ~R=IÞ=Kerð ~uÞÞ ¼ dimðRÞ ¼ dimð ~R=IÞ: Hence,
htðKerð ~uÞÞ ¼ 0; i.e. Kerð ~uÞ ¼ 0: Therefore, ~u is an isomorphism of C-algebras. h

Corollary 4.8 ~u : ~R=I �! R is an isomorphism as graded C-algebras.

Corollary 4.9 X is a complete intersection variety.

5 Torus quotient of X(6, 8) in G2;8

In this section, our aim is to study the GIT quotient of X(6, 8) in G2;8:
We consider the Schubert variety X(6, 8) in the Grassmannian G2;8. Let R ¼ad	 0

Rd; where Rd ¼
H0ðXð6; 8Þ;L�dð4x2ÞÞT : We note that X ¼ ProjðRÞ and Rd’s are finite dimensional vector space. Let
X1 ¼ p12p34p57p68; X2 ¼ p12p35p47p68; X3 ¼ p13p25p47p68; X4 ¼ p13p24p57p68, X5 ¼ p14p25p37p68,
X6 ¼ p14p26p37p58, X7 ¼ p13p26p47p58, X8 ¼ p12p36p47p58 and X9 ¼ p15p26p37p48. Then the set

fX1;X2;X3;X4;X5;X6;X7;X8;X9g forms a basis of R1: Let Y1 ¼ p12p13p23p45p47p57p2
68,

Y2 ¼ p12p14p24p35p37p57p2
68, Y3 ¼ p12p14p24p36p37p57p58p68, Y4 ¼ p12p13p23p46p47p57p58p68, Y5 ¼ p12p15

p25p36p37p47p48p68.

Lemma 5.1 We have the following relations in R2:

(1) X1X3 ¼ X2X4 � Y1:
(2) X1X5 ¼ Y2 � X2X4 þ X1X2 þ X1X4 � X2

1 :
(3) X1X6 ¼ Y3 � X4X8 þ X1X8 þ X1X4 � X2

1 :
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(4) X1X7 ¼ X4X8 � Y4:
(5) X1X9 ¼ X5X8 � X3X8 þ X1X8 þ X2X4 � X1X2 � Y1:
(6) X2X6 ¼ X5X8 � X4X8 þ X1X8 þ X2X4 � X1X2:
(7) X2X7 ¼ X3X8 � Y4 þ Y1:
(8) X2X9 ¼ Y5 � X3X8 þ X2X8 þ X2X3 � X2

2 :
(9) X4X9 ¼ X3X6 � X3X8 þ X4X8 � Y1:

Proof Proof of (1):

X1X3 ¼ p12p13ðp25p34Þp47p57p2
68

¼ p12p13ðp24p35 � p23p45Þp47p57p2
68

¼ p12p13p24p35p47p57p2
68 � p12p13p23p45p47p57p2

68

¼ X2X4 � Y1:

Proof of (2),(3),(4),(5),(6),(7),(8),(9) are similar to (1). h

Lemma 5.2 We have the following relations in R2:

(1) X2X6 � X5X8 þ X4X8 � X1X8 � X2X4 þ X1X2 ¼ 0
(2) X1X3 � X2X4 þ X3X6 � X3X8 þ X4X8 � X4X9 ¼ 0
(3) X2X7 � X1X7 � X3X6 þ X4X9 ¼ 0
(4) X3X6 � X5X7 ¼ 0
(5) X1X3 � X2X4 þ X2X6 � X3X8 þ X4X8 � X1X9 ¼ 0.

Proof Proof of (1): Follows from Lemma 5.1(6).
Proof of (2): Follows from Lemma 5.1(1) and Lemma 5.1(9) eliminating Y1:
Proof of (3): Follows from Lemma 5.1(4), Lemma 5.1(7), and Lemma 5.1(9) eliminating Y1; Y4:
Proof of (4): X3X6 � X5X7 ¼ p13p25p47p68p14p26p37p58 � p14p25p37p68p13p26p47p58 ¼ 0:
Proof of (5): By Lemma 5.1(1), Lemma 5.1(5) eliminating Y1; we have X1X3 � X2X4 � X1X9 þ X5X8 �

X3X8 þ X1X8 þ X2X4 � X1X2 ¼ 0: On the other hand, by Lemma 5.2(1), we have X5X8 þ X1X8 þ X2X4 �
X1X2 ¼ X2X6 þ X4X8: Therefore, X1X3 � X2X4 þ X2X6 � X3X8 þ X4X8 � X1X9 ¼ 0: h

We now use Macaulay 2 to see that the ideal I generated by the above relations is a prime ideal in the ring R
generated by X1;X2;X3;X4;X5;X6;X7;X8;X9.
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Now we see the dimension (Krull dimension) of the quotient ring A ¼ R=I is 5.

We note that by Corollary 3.4, R is a graded C-algebra which is an integral domain and generated by R1

elements Xi; 1� i� 9:
Let A ¼ C½x1; x2; x3; :::; x9� be the polynomial ring in xi’s for 1� i� 9:
Let I be the ideal of A generated by the above relations. Then I is a prime ideal of A. Therefore, A/I is an

integral domain. Let p : A �! A=I be the natural surjective homomorphism of C-algebras. Let u : A �! R
be the C-algebra homomorphism defined by xi 7!Xi: By Lemma 5.2, u induces C-algebra homomorphism
~u : A=I �! R:

Note that by Lemma 3.1, XðwÞsTðLð4x2ÞÞ 6¼ ;. Therefore, Krull dimension of R is 5. On the other hand,
Krull dimension of A/I is 5.

Lemma 5.3 ~u : A=I �! R is an isomorphism of C-algebras.

Proof Proof is similar to the proof of Lemma 4.7. h

Corollary 5.4 ~u : A=I �! R is an isomorphism as graded C-algebras.

Corollary 5.5 X is not a complete intersection variety.

123

Torus quotients of Schubert varieties in the Grassmannian G2;n 285



6 Torus quotient of X(7, 10) in G2;10

In this section, we study the GIT quotient of X(7, 10) in G2;10:
Let w ¼ ðs6s5s4s3s2s1Þðs9s8s7s6s5s4s3s2Þ: In one line notation w ¼ ð7; 10Þ: We consider the Schubert

variety X(w) in the Grassmannian G2;10: Let R ¼a
d	 0

Rd; where Rd ¼ H0ðXðwÞ;L�dð5x2ÞÞT : We note

that X ¼ ProjðRÞ and Rd’s are finite dimensional vector space. Let X1 ¼ p12p34p58p69p710; X2 ¼
p12p35p48p69p710; X3 ¼ p12p36p48p59p710; X4 ¼ p12p37p48p59p610; X5 ¼ p13p26p48p59p710; X6 ¼ p13p25

p48p69p710; X7 ¼ p13p24p58p69p710; X8 ¼ p13p27p48p59p610; X9 ¼ p14p26p38p59p710; X10 ¼ p14p25p38p69p710;
X11 ¼ p14p27p38p59p610; X12 ¼ p15p26p38p49p710; X13 ¼ p15p27p38p49p610; and X14 ¼ p16p27p38p49p510: Let

Y1 ¼ p12p13p23p47p48p58p59p69p610p710, Y2 ¼ p12p13p23p46p48p58p59p69p2
710, Y3 ¼ p12p13p23p45p48p58p2

69p2
710.

Lemma 6.1 Let Xi’s and Yi’s are as above. Then we have the following relations:

(1) Y1 ¼ X4X7 � X1X8

(2) Y2 ¼ X3X7 � X1X5

(3) Y3 ¼ X2X7 � X1X6:

Proof Proof of (1):

X1X8 ¼ p12p13ðp27p34Þp48p58p59p69p610p710

¼ p12p13p24p37p48p58p59p69p610p710 � p12p13p23p47p48p58p59p69p610p710

½by usingp27p34 ¼ p24p37 � p23p47�

¼ X4X7 � Y1:

Proof of (2):

X1X5 ¼ p12p13ðp26p34Þp48p58p59p69p2
710

¼ p12p13p24p36p48p58p59p69p2
710 � p12p13p23p46p48p58p59p69p2

710

½by usingp26p34 ¼ p24p36 � p23p46�

¼ X3X7 � Y2:

Proof of (3):

X1X6 ¼ p12p13ðp25p34Þp48p58p2
69p2

710

¼ p12p13p24p35p48p58p2
69p2

710 � p12p13p23p45p48p58p2
69p2

710

½by usingp26p34 ¼ p24p36 � p23p46�

¼ X2X7 � Y3:

h

Lemma 6.2 In R2; the following relations among Xi’s hold :

(1) X2X9 � X3X10 þ X3X7 � X1X3 � X2X7 þ X1X2 ¼ 0
(2) X2X11 � X4X10 þ X4X7 � X1X4 � X2X7 þ X1X2 ¼ 0
(3) X3X8 � X4X5 � X1X8 þ X4X7 � X3X7 þ X1X5 ¼ 0
(4) X3X13 � X4X12 þ X4X6 � X2X4 � X3X6 þ X2X3 ¼ 0
(5) X3X11 � X4X9 þ X4X7 � X1X4 � X3X7 þ X1X3 ¼ 0
(6) X10X14 � X9X13 þ X4X9 � X4X10 þ X3X7 � X1X3 � X2X7 þ X1X2 ¼ 0
(7) X5X10 � X6X9 ¼ 0
(8) X8X12 � X5X13 ¼ 0
(9) X5X11 � X8X9 ¼ 0

(10) X6X11 � X8X10 ¼ 0
(11) X9X13 � X11X12 ¼ 0
(12) X2X8 � X4X6 � X2X7 þ X4X7 � X1X8 þ X1X6 ¼ 0
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(13) X2X5 � X3X6 þ X3X7 � X1X5 þ X1X6 � X2X7 ¼ 0
(14) X1X14 � X4X9 þ X4X5 � X1X4 þ X1X3 � X1X5 ¼ 0
(15) X1X13 � X4X10 þ X4X6 � X1X4 � X1X6 þ X1X2 ¼ 0
(16) X1X12 � X3X10 þ X3X6 � X1X3 � X1X6 þ X1X2 ¼ 0
(17) X7X14 � X8X9 þ X4X5 � X4X7 þ X3X7 � X1X5 ¼ 0
(18) X6X14 � X8X12 þ X4X5 � X4X6 þ X3X7 � X1X5 þ X1X6 � X2X7 ¼ 0
(19) X2X14 � X4X12 þ X4X5 � X2X4 � X3X6 þ X2X3 þ X3X7 � X1X5 þ X1X6 � X2X7 ¼ 0
(20) X7X12 � X5X10 þ X3X6 � X3X7 þ X2X7 � X1X6 ¼ 0
(21) X7X13 � X8X10 þ X4X6 � X4X7 þ X2X7 � X1X6 ¼ 0:

Proof Proof of (1):

X2X9 ¼ p12p14ðp26p35Þp38p48p59p69p2
710

¼ p12p14ðp25p36 � p23p56Þp38p48p59p69p2
710½by usingp26p35 ¼ p25p36 � p23p56�

¼ p12p14p25p36p38p48p59p69p2
710 � p12ðp14p23Þp56p38p48p59p69p2

710

¼ p12p14p25p36p38p48p59p69p2
710 � p12ðp13p24 � p12p34Þp56p38p48p59p69p2

710

½by usingp14p23 ¼ p13p24 � p12p34�

¼ p12p14p25p36p38p48p59p69p2
710 � p12p13p24ðp56p38Þp48p59p69p2

710

þ p2
12p34ðp56p38Þp48p59p69p2

710

¼ p12p14p25p36p38p48p59p69p2
710 � p12p13p24ðp36p58

� p35p68Þp48p59p69p2
710 þ p2

12p34ðp36p58

� p35p68Þp48p59p69p2
710½by usingp38p56 ¼ p36p58 � p35p68�

¼ p12p14p25p36p38p48p59p69p2
710 � p12p13p24p36p48p58p59p69p2

710

þ p12p13p24p35p48ðp68p59Þp69p2
710

þ p2
12p34p36p48p58p59p69p2

710 � p2
12p34p35p48ðp68p59Þp69p2

710

¼ p12p14p25p36p38p48p59p69p2
710 � p12p13p24p36p48p58p59p69p2

710

þ p12p13p24p35p48ðp58p69

� p56p89Þp69p2
710 þ p2

12p34p36p48p58p59p69p2
710

� p2
12p34p35p48ðp58p69 � p56p89Þp69p2

710

½by usingp59p68 ¼ p58p69 � p56p89�

¼ p12p14p25p36p38p48p59p69p2
710 � p12p13p24p36p48p58p59p69p2

710

þ p12p13p24p35p48p58p2
69p2

710

þ p2
12p34p36p48p58p59p69p2

710 � p2
12p34p35p48p58p2

69p2
710½since p89jXð7;10Þ ¼ 0�

¼ X3X10 � X3X7 þ X2X7 þ X1X3 � X1X2:

Proof of (2),(3),...,(21) are similar to (1). h

We now use Macaulay 2 to see that the ideal I generated by the above relations is a prime ideal in the ring R
generated by X1;X2;X3;X4;X5;X6;X7;X8;X9;X10;X11;X12;X13;X14.
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We note that by Corollary 3.4, R is a graded C-algebra which is an integral domain and generated by R1

elements Xi; 1� i� 14:
Let A ¼ C½x1; x2; x3; :::; x14� be the polynomial ring in xi’s for 1� i� 14:
Let I be the ideal of A generated by the above relations. Then I is a prime ideal of A. Therefore, A/I is an

integral domain. Let p : A �! A=I be the natural surjective homomorphism of C-algebras. Let u : A �! R
be the C-algebra homomorphism defined by xi 7!Xi: By Lemma 6.2, u induces C-algebra homomorphism
~u : A=I �! R:

Note that by Lemma 3.1, XðwÞsTðLð5x2ÞÞ 6¼ ;. Therefore, Krull dimension of R is 6. On the other hand,
Krull dimension of A/I is 6.

Lemma 6.3 ~u : A=I �! R is an isomorphism of C-algebras.

Proof Proof is similar to the proof of Lemma 4.7. h

Corollary 6.4 ~u : A=I �! R is an isomorphism as graded C-algebras.

Corollary 6.5 X is not a complete intersection variety.

7 singularities

In this section, we study the singularity of the torus quotients of Schubert varieties in G2;n: To proceed
further, we recall the following proposition on the smooth locus of Schubert varieties in minuscule
Grassmannian due to M. Brion and P. Polo (see [3, Proposition 3.3(a), p.314]). We introduce some notation
to state the proposition. Let H be a simple algebraic group over algebraically closed field k. Let Q be a
minuscule parabolic subgroup of H. Let W (respectively, WQ) be the Weyl group of H (respectively, Q). Let

WQ be the minimal coset representative of W=WQ: For w 2 WQ; let X(w) be the Schubert variety in H/Q
corresponding to w. Let XðwÞsm be the smooth locus of X(w). Then we have

Proposition 7.1 (See [3, Proposition 3.3(a), p.314]): Let w 2 WQ: Let Pw be the stabilizer of X(w) in G.
Then XðwÞsm ¼ PwwP=P � XðwÞ:

We use Proposition 7.1 when H ¼ SLðn;CÞ; and Q ¼ Pa2 : Let w 2 WQ be such that ws
min�w in WQ: Let

w ¼ ðsa1
� � � sn

2
� � � s1Þðsn�1 � � � s2Þ: Then we have w ¼ ða1 þ 1; nÞ in one line notation, and a1	 n

2
: We

observe that Pw is a parabolic subgroup of G generated by B, and fsi : i 6¼ a1 þ 1g: Therefore, by
Proposition 7.1, we have XðwÞsm ¼ PwwQ=Q: On the other hand, by [20, Lemma 2.1, p.470],

XðwÞss
T ðLðn2 x2ÞÞ ¼

S
wss

min � u�w

ðBuQ=QÞss
T ðLðn2 x2ÞÞ: Note that for wss

min� u�w; u is of the form

ðsa � � � sn
2
�1 � � � s1Þðsn�1 � � � s2Þ for some n

2
� 1� a� a1: Therefore, by Proposition 7.1, we have

XðwÞss
T ðLðn2 x2ÞÞ � XðwÞsm:

Let X ¼ TnnXðwÞss
T ðLðn2 x2ÞÞ: Let u : XðwÞss

T ðLðn2 x2ÞÞ �! X be the GIT quotient map. Let Y ¼
TnXs

TðLðn2 x2ÞÞ: Since XðwÞss
T ðLðn2 x2ÞÞ n XðwÞsTðLðn2 x2ÞÞ is a T-invariant closed subset of XðwÞss

T ðLðn2 x2ÞÞ;
X n Y is a closed subset of X. Hence, Y is an open subset of X. Then we have

Proposition 7.2 All the points of Y are smooth points of X.

Proof We also denote the restriction of the GIT map u to XðwÞsTðLðn2 x2ÞÞ by u: Then we have the
following commutative diagram:

X(w)s
T (L(n

2 ω2)) Y

X(w)ss
T (L(n

2 ω2)) X

ϕ

ı ı

ϕ

We note that u : XðwÞsTðLðn2 x2ÞÞ �! Y ; is a geometric quotient of XðwÞsTðLðn2 x2ÞÞ by T. Moreover, for
each point x 2 XðwÞsTðLðn2 x2ÞÞ; stabilizer Tx of x in T is finite. Suppose x is a stable point of XðwÞsTðLðn2 x2ÞÞ
such that x 2 BvQ=Q for some v�w 2 WQ: Let Rþðv�1Þ denote the set of all positive roots made negative
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by v�1: Choose a subset fb1; . . .;bmg of Rþðv�1Þ such that x ¼ ub1
ðt1Þ � � � ubm

ðtmÞvQ=Q with ubj
ðtjÞ in the

root subgroup Ubj
; tj 6¼ 0 for j ¼ 1; :::;m: The stabilizer Tx of x is \m

i¼1kerðbjÞ:
Since the stabilizer subgroup Tx is finite, the kernel of the homomorphism w : T �! ðC�Þm defined by

wðtÞ ¼ ðb1ðtÞ; b2ðtÞ; . . .;bmðtÞÞ is finite. Let T 0 ¼ /ðTÞ: Then w induces an injective homomorphism ~w :

XðT 0Þ �! XðTÞ: of character groups such that ~wðXðT 0ÞÞ has a finite index in X(T). Hence, the subset

fb1; . . .; bmg of Rþðv�1Þ generates the Q-vector space spanned by S. Therefore, by [19, Lemma 3.2], S is in

the lattice
Pm
i¼1

Zbi: Hence, we have Tx ¼
Tm

i¼1 kerðbjÞ ¼
Tn�1

i¼1 kerðaiÞ ¼ ZðGÞ:

Let p : G �! PSLðn;CÞ be the natural homomorphism. Let Tad ¼ pðTÞ: Then Lðn
2
x2Þ is also Tad

linearized. Therefore, XðwÞsTðLðn2 x2ÞÞ ¼ XðwÞsTad
ðLðn

2
x2ÞÞ:

Hence, working with Gad; we may assume Tx ¼ feg: Thus u : XðwÞsTðLðn2 x2ÞÞ �! Y ; is a principal T-
bundle. Therefore, Y is smooth as XðwÞsTðLðn2 x2ÞÞ is smooth. Since Y is an open subset of X, Y is contained

in the smooth locus of X. h

Proposition 7.3 Let n 2 Xðwss
minÞ

ss
T ðLðn2 x2ÞÞ � XðwÞss

T ðLðn2 x2ÞÞ: Let K ¼ fv 2 WP
an

2 : vn 2S
wss

min � u�w

BuQ=Qg; and L ¼ fvuðnÞ : v 2 Kg: Then the set of all singular points of X is a subset of L.

Proof Let XSing be the set of all singular points of X. Then by Proposition 7.2, XSing is a subset of X n Y:
We observe that for v 2 W

P
an

2
; vðBwss

minQ=QÞss
T ðLðn2 x2ÞÞ ¼ ðBwss

minQ=QÞss
T ðLðn2 x2ÞÞ: Therefore, by [20,

Lemma 2.1, p.470], XðwÞss
T ðLðn2 x2ÞÞ n XðwÞsTðLðn2 x2ÞÞ ¼

S
v2K

vðBwss
minQ=QÞss

T ðLðn2 x2ÞÞ: Since n 2

Xðwss
minÞ

ss
T ðLðn2 x2ÞÞ and there is a unique T-invariant standard monomial in degree one whose restriction

to Bwss
minQ=Q is non-zero, we have uððBwss

minQ=QÞss
T ðLðn2 x2ÞÞÞ ¼ uðnÞ: Further, we note that uðvnÞ ¼

vuðnÞ: Therefore, we have XSing � X n Y ¼ L: h

Corollary 7.4 XSing is finite.

Proof follows from Proposition 7.3. h

We have already observed that X is smooth when w ¼ ws
min (see Proposition 3.5). Thus, we are interested in

studying the singularity of X, when ws
min\w:

Let w ¼ ðsb � � � sn
2
� � � s1Þðsn�1 � � � s2Þ: Then in one line notation we have w ¼ ðbþ 1; nÞ: Note that b	 n

2
þ

1; as ws
min\w: Let n;u be as defined above and K, L be as defined in Proposition 7.3. By Corollary 7.4,

XSing is finite and XSing � L: Next we prove that L ¼ XSing: Note that to prove L ¼ XSing; it is enough to show
that uðnÞ is a singular point of X.

To proceed further we first introduce some definition and notation following the article by Jean-Marc
Drézet (see [6, p. 28–29]).

Let H be a reductive group acting on an algebraic variety Z. Given a character v of H, we define the H-
line bundle LðvÞ associated to v as follows: The underlying line bundle isOZ ¼ Z � C and the action of H is

H � Z � C �! Z � C

ðh; z; tÞ �! ðhz; vðhÞtÞ:

Let x ¼

x1n
2

0

x2n
2

0

..

. ..
.

xn
2
�1n

2
0

1 xn
2
þ1n

0 xn
2
þ2n

..

. ..
.

0 xn�1n

0 1

2
666666666666664

3
777777777777775

2 Bwss
minQ=Q be such that ð

Qn2�1

i¼1

xi;n
2
Þð
Qn�1

i¼n
2
þ1

xi;nÞ 6¼ 0:
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Since
Qn2
i¼1

pin
2
þi is the unique monomial (up to a non zero scalar) of H0ðXðwss

minÞ;Lðn2 x2ÞÞT such that

Qn2
i¼1

pin
2
þiðxÞ 6¼ 0; x 2 Xðwss

minÞ
ss
T ðLðn2 x2ÞÞ: Since uððBwss

minQ=QÞssÞ ¼ uðnÞ; we have x 2 u�1ðuðnÞÞ: The

stabilizer Tx of x in T is
T
i6¼n

2

kerðaiÞ; that is Tx ¼ kn
2
; where kn

2
¼ diagðtn

2; � � � ; tn
2; t�

n
2; � � � ; t�n

2Þ: Furthermore,

since Tx is a minimal dimensional orbit in u�1ðuðnÞÞ; Tx is closed in u�1ðuðnÞÞ: Then we prove the
following

Proposition 7.5 uðnÞ is a singular point of X.

Proof Recall that XðwÞss � XðwÞsm: Further, XðwÞss n XðwÞs ¼
S

v2K

vðBwss
minQ=QÞss: Thus the co-dimension

of XðwÞssnXðwÞs in XðwÞss
is bþ 1� n

2
which is at least 2, as b	 n

2
þ 1: Further ujXðwÞs : XðwÞs �!

uðXðwÞsÞ is a geometric quotient and T acts freely on XðwÞs:
By the above discussion x 2 u�1ðuðnÞÞ; and Tx is a close orbit in u�1ðuðnÞÞ with Tx ¼ kn

2
: Take v ¼ an

2
:

Then v is non trivial character on kn
2
; i.e., vðkn

2
Þ 6¼ 1: Therefore, by [6, Theorem 8.3, p.44], OX;/ðnÞ is not a

unique factorization domain. Hence, uðnÞ is a singular point of X. h

Corollary 7.6 L is precisely the set of singular points of X.

Proof Follows from Proposition 7.3 and Proposition 7.5. h

Next we compute the number elements in L for TnnðG2;nÞss
T ðLðn2 x2ÞÞ:

Lemma 7.7 Let x1; x2; y1; y2 be positive integers such that x1 6¼ x2; y1 6¼ y2: If x1\y1 and x2\y2; then
ðx1; x2Þ "\ðy1; y2Þ ".
Proof It is enough to prove that minfx1; x2g\ minfy1; y2g and maxfx1; x2g\ maxfy1; y2g.

Let minfx1; x2g ¼ x1. Then x1\x2. We have x1\y1 and x1\x2\y2. So, x1\y1 and x1\y2. Hence, x1\
minfy1; y2g. Similarly, if minfx1; x2g ¼ x2 then x2\ minfy1; y2g. Hence, minfx1; x2g\ minfy1; y2g.

Let maxfy1; y2g ¼ y1. Then y2\y1. We have x1\y1 and x2\y2\y1. So, x1\y1 and x2\y1. Hence,
maxfx1; x2g\y1. Similarly, if maxfy1; y2g ¼ y2 then maxfx1; x2g\y2. Hence, maxfx1; x2g\maxfy1; y2g.

Therefore, ðx1; x2Þ "\ðy1; y2Þ ". h

Let R1 ¼ H0ðG2;n;Lðn2 x2ÞÞT and dim(R1)=d. Let fXi : 1� i� dg be the standard monomial basis of R1

where X1 ¼
Qn2
i¼1

pin
2
þi:

Lemma 7.8 Let n be as above. Then given w 2 W
Snfan

2
g

such that w 6¼ id, and w 6¼ w
Snfan

2
g

0 there exists an
i 6¼ 1 such that XiðwnÞ 6¼ 0:

Proof Assume that w 2 W
Snfan

2
g

be such that w 6¼ id and w 6¼ w
Snfan

2
g

0 : Note that wð1Þ\wð2Þ\ � � �\wðn
2
Þ

and wðn
2
þ 1Þ\wðn

2
þ 2Þ\ � � �\wðnÞ: Further, since w 6¼ id;w

Snfan
2
g

0 ; we have ðwðn
2
Þ;wðnÞÞ "6¼ ðn

2
; nÞ:

Indeed, if ðwðn
2
Þ;wðnÞÞ "¼ ðn

2
; nÞ; then either wðn

2
Þ ¼ n

2
or wðn

2
Þ ¼ n: Now, w ¼ id or w ¼ w

Snfan
2
g

0 according as

wðn
2
Þ ¼ n

2
or wðn

2
Þ ¼ n:

Let M ¼ pðwð1Þ;wðn
2
þ1ÞÞ"pðwð2Þ;wðn

2
þ2ÞÞ" � � � pðwðn

2
Þ;wðnÞÞ": By using Lemma 7.7, we see that M is a standard

monomial. Then M ¼ Xi where i 6¼ 1:
Now we prove that MðwnÞ 6¼ 0. Note that w(1)-th row of wðnÞ ¼ 1-st row of n and wðn

2
þ 1Þ-th row of

wðnÞ ¼ n
2
þ 1-th row of n. Hence, pðwð1Þ;wðn

2
þ1ÞÞ"ðwnÞ ¼ �p1;n

2
þ1ðnÞ. Similarly, pðwðiÞ;wðn

2
þiÞÞ"ðwnÞ ¼ �pi;n

2
þiðnÞ.

Therefore, MðwnÞ ¼ �
Qn

2

i¼1 pi;n
2
þiðnÞ 6¼ 0 h

Note that ðwSnfan=2g
0 Þ�1 ¼ w

Snfan=2g
0 and w

Snfan=2g
0 n 2 Bwss

minQ=Q: Thus, uðwSnfan=2g
0 nÞ ¼ uðnÞ: On the other

hand, we have the following

Lemma 7.9 Let n; u be as defined above. If uðunÞ ¼ uðvnÞ for some u; v 2 WSnfan=2g; then v ¼ u or

v ¼ uw
Snfan=2g
0 :

Proof Assume that uðunÞ ¼ uðvnÞ: Since u is W-equivariant, we have uðu�1vnÞ ¼ uðnÞ: Let u�1v ¼ u1v1

where u1 2 W
Snfan

2
g

and v1 2 WSnfan
2
g: Since v1 2 WSnfan

2
g; v1n 2 Bwss

minQ=Q: Thus, we have uðu1nÞ ¼ uðnÞ:
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Then, by Lemma 7.8, we have u1 ¼ id or u1 ¼ w
Snfan=2g
0 : Thus, we have v ¼ u modWSnfan

2
g or v ¼ uw

Snfan=2g
0

modWSnfan
2
g: Further, note that �w0ðS n fan

2
gÞ ¼ S n fan

2
g: Hence, uwSnfan=2gðajÞ is a positive root for j 6¼ n

2
;

which implies uw
Snfan=2g
0 2 W

Snfan
2
g
: Therefore, proof follows. h

Corollary 7.10 Let L be as defined above. Let Card ðWSnfan
2
gÞ ¼ A: Then Card ðLÞ ¼ A

2
; i.e.,

TnnGss
2;nðn2 x2Þ has A

2
singular points.

Proof Let c : W
Snfan

2
g �! L be map defined by cðuÞ ¼ uðunÞ for u 2 W

Snfan
2
g
: Clearly, c is surjective. On

the other hand, by Lemma 7.9, c�1ðuðunÞÞ ¼ fu; uw
Snfan

2
g

0 g for uðunÞ 2 L: Therefore, Card(L)=A
2
: h

Example 7.11 TnnðG2;6Þss
T ðLð3x2ÞÞ is not smooth: Let X ¼ TnnðG2;6Þss

T ðLð3x2ÞÞ: Recall that X is a cubic

hypersurface in the projective space P4 ¼ ProjðC½X1;X2;X3;X4;X5�Þ; given by FðX1;X2;X3;X4;X5Þ ¼
X3X2

4 � X1X2X5 þ X1X3X4 � X2X3X4 þ X2X3X5 � X3X4X5: Let n 2 ðBwss
minPa2=Pa2Þss

T ðLð3x2ÞÞ: Then we

have uððBwss
minPa2=Pa2Þss

T ðLð3x2ÞÞÞ ¼ uðnÞ ¼ p where p ¼ ½1 : 0 : 0 : 0 : 0�: Let ~p ¼ ð1; 0; 0; 0; 0Þ be a lift
of p in the affine cone of X.

Then we have oF
oX1
¼ X3X4 � X2X5; oF

oX2
¼ X3X5 � X1X5 � X3X4; oF

oX3
¼ X2

4 þ X1X4 � X2X4 þ X2X5 � X4X5;
oF
oX4
¼ 2X3X4 þ X1X3 � X2X3 � X3X5; oF

oX5
¼ �X1X2 þ X2X3 � X3X4:

Thus ð oF
oX1
ð~pÞ oF

oX2
ð~pÞ oF

oX3
ð~pÞ oF

oX4
ð~pÞ oF

oX5
ð~pÞÞ ¼ ð00000Þ: Hence, ~p is a singular point of the affine cone of

X. Therefore, p is a singular point of X.

Example 7.12 TnnðXð6; 8ÞÞss
T ðLð4x2ÞÞ is not smooth: Let X ¼ TnnðXð6; 8ÞÞss

T ðLð4x2ÞÞ:
Recall that X is a projective subvariety of the projective space
P8 ¼ ProjðC½X1;X2;X3;X4;X5;X6;X7;X8;X9�Þ; given by the following system of quadratic homogeneous

polynomials:
F1 ¼ X2X6 � X5X8 þ X4X8 � X1X8 � X2X4 þ X1X2

F2 ¼ X1X3 � X2X4 þ X3X6 � X3X8 þ X4X8 � X4X9

F3 ¼ X2X7 � X1X7 � X3X6 þ X4X9

F4 ¼ X3X6 � X5X7

F5 ¼ X1X3 � X2X4 þ X2X6 � X3X8 þ X4X8 � X1X9.
Note that uððBwss

minPa2=Pa2Þss
T ðLð4x2ÞÞÞ ¼ uðnÞ ¼ p where p ¼ ½0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 1�: Let ~p ¼

ð0; 0; 0; 0; 0; 0; 0; 0; 1Þ be a lift of p in the affine cone of X.

oFi

oXj

� �
¼

X2 � X8 X6 � X4 þ X1 0 X8 � X2 � X8 X2 0 X4 � X5 � X1 0

X3 � X4 X1 þ X6 � X8 X8 � X2 � X9 0 X3 0 X4 � X3 � X4

�X7 X7 � X6 X9 0 � X3 X2 � X1 0 X4

0 0 X6 0 � X7 X3 � X5 0 0

X3 � X9 X6 � X4 X1 � X8 X8 � X2 0 X2 0 X4 � X3 � X1

2
6666664

3
7777775

Thus we have

oFi

oXj

� �
¼

0 0 0 0 0 0 0 0 0

0 0 0 � 1 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0

�1 0 0 0 0 0 0 0 0

2
6666664

3
7777775

Hence, ~p is a singular point of the affine cone of X, as the rank of
oFi

oXj
ð~pÞ

� �
\9� 5 ¼ 4: Therefore, p is a

singular point of X.
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