Indian J Pure Appl Math (2022) 53:273-293
https://doi.org/10.1007/s13226-021-00017-8

ORIGINAL RESEARCH

Torus quotients of Schubert varieties
in the Grassmannian G;,

S. Senthamarai Kannan - Arpita Nayek - Pinakinath Saha

Received: 1 March 2021/ Accepted: 18 March 2021 /Published online: 21 June 2021
© The Indian National Science Academy 2021

Abstract Let G = SL(n,C), and T be a maximal torus of G, where n is a positive even integer. In this
article, we study the GIT quotients of the Schubert varieties in the Grassmannian G,,. We prove that the
GIT quotients of the Richardson varieties in the minimal dimensional Schubert variety admitting
stable points in G, , are projective spaces (see Proposition 3.5 and Proposition 3.6). Further, we prove that
the GIT quotients of certain Richardson varieties in G, are projective toric varieties. Also, we prove that
the GIT quotients of the Schubert varieties in G, , have at most finite set of singular points. Further, we have
computed the exact number of singular points of the GIT quotient of G, .
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1 Introduction

Let G = SL(n, C). Let T be a maximal torus of G, and R be the set of roots with respect to 7. Let R be a set
of positive roots. Let B (respectively, B~) be the Borel subgroup of G containing T, corresponding to R™
(respectively, —R™). Let § = {uy, ..., o, 1} denote the set of simple roots in R". Let P* denote the maximal
parabolic subgroup of G corresponding to the set S\ {o,}, for 1 <r<n—1. Then G/P* is the Grass-
mannian parameterizing r-dimensional subspaces of C". We denote it by G, ,.

For the action of T on the Grassmannian G, ,, the GIT quotients have been studied extensively. In [13],
Hausmann and Knutson identified the GIT quotient of the Grassmannian G, , by T with the moduli space of
polygons in R*. Also, they showed that GIT quotient of G»,, by T can be realized as the GIT quotient of an
n-fold product of projective lines by the diagonal action of PSL(2, C). In the symplectic geometry literature,
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these spaces are known as polygon spaces as they parameterize the n-sides polygons in R with fixed edge
length up to rotation. More generally, GIT quotient of G,, by T can be identified with the GIT quotient of
(P™~1)" by the diagonal action of PSL(r,C) called the Gel’fand-Macpherson correspondence. In [22, 23],
Kapranov studied the Chow quotient of the Grassmannians and showed that Grothendieck-Knudsen moduli
space My, of stable n-pointed curves of genus zero arises as the Chow quotient of T action on the
Grassmannian G, ,.

For a parabolic subgroup Q of G, Howard [12] considered the problem of determining which line
bundles on G/Q descend to ample line bundles of the GIT quotient of G/Q by T. Howard showed that when
L(y) is a very ample line bundle on G/Q (so the character y of T extends to Q and to no larger subgroup of
G)and H°(G/Q, L())" is non-zero, the line bundle descends to the quotient [12]. He extended the results to
the case when the T-linearization of L(y) is twisted by ¥, a character of T. He proved that the line bundle
L(y) twisted by ¥ descends to the GIT quotient provided the /-weight space of H(G/Q, L(y)) is non-zero
and this is so when y — ¥ is in the root lattice and V/ is in the convex hull of the Weyl group orbit of y. This
was extended to any simple algebraic group by Kumar [25].

In [31], Skorobogatov gave a combinatorial description using Hilbert-Mumford criterion, when a point
in G, is semistable with respect to the 7-linearized line bundle £(w,). As a corollary he showed that when
rand n are coprime semistablity is the same as stablility. Independently, in [17] and [18], first named author
gave a description of parabolic subgroups Q of a simple algebraic group G for which there exists an ample
line bundle £ on G/Q such that (G/Q)y (L) is the same as (G/Q)7(L). In particular, in the case when
G = SL(n,C) and Q = P*, first named author showed that (G, )y (£) is the same as (G, ,)7(£) if and only
if » and n are co-prime.

In [21], first named author and Sardar studied torus quotient of Schubert varieties in G, ,. They showed
that G, , has a unique minimal dimensional Schubert variety X(w) admitting semistable points with respect
to the 7T-lineararized bundle £(w,), and gave a combinatorial characterization of the Weyl group element
w. In [20], first named author and Pattanayak extended the results to the case when G is of type B, C, or
D and when P is a maximal parabolic subgroup of G.

In [17], there was an attempt to study the projective normality of T\\(G,,,)7 (L(nw,)) (n is odd) with
respect to the descent of the line bundle £(,). There it was proved that the homogeneous coordinate ring of
T\\G,,, is a finite module over the subring generated by the degree one elements. In [14], Howard et al. showed
that T\\(G2,,)7 (L(§ 2)) is projectively normal with respect to the descent of the line bundle £ (4 w,) for n is
even, and T\ (G2,,)7 (L (nw,)) is projectively normal with respect to the descent of the line bundle £(nw,) for
nis odd. In [4], the authors use combinatorial method to show that T\\ (G,,,)7 (L (nw,)) is projectively normal
with respect to the descent of the line bundle L£(nw,) for n is odd. In [29], the authors use graph theoretic
technique to give a short proof of the projective normality of T\\(G2,)7 (£ (nw,)) for general n.

In [15], the authors studied the generators and relations for the GIT quotient of the Grassmannian G, ,, n
is even, with respect to the action of T using Gel’fand-Macpherson correspondence and they prove that the
relations between the generators are quadratic except n = 6. In this article, we study the GIT quotients of
Schubert varieties in G, , for n even. We study the generators and relations of the homogeneous coordinate
rings of the GIT quotients of the Schubert varieties in G, ¢, G2 8, G2,19 With respect to the action of 7. We use
different method to give the explicit relations between them.

Using Gel’fand-Macpherson correspondence, it is well-known that the GIT quotient of G, , with respect
to T has finite number of singular points when #n is even (see [27, Example 8.8, p.158-159]). In this article,
we study the singularities of the GIT quotients of the Schubert varieties in G, ,. We prove that they have at
most finite number of singular points. Furthermore, using different method we show that the GIT quotient of

G, , has precisely half of the number of elements in wi\y) singular points.

The layout of the paper is as follows. In Section 2, we recall some preliminaries on Algebraic groups,
Lie algebras, Standard Monomial Theory, and Geometric Invariant Theory. In Section 3, we prove that a
Schubert variety X(w) in G/P admits stable point if and only if w(ay) <0 where y is a dominant character of
P such that ay is in the root lattice (see Lemma 3.1). By using this crucial lemma we find out the minimal
dimensional Schubert variety admitting stable points in G,, for n even. Further, we prove that the GIT
quotient of the minimal dimensional Schubert variety admitting stable points in G, , is the projective space
P>~! (see Proposition 3.5). Furthermore, we prove that the GIT quotients of the Richardson varieties in the
minimal dimensional Schubert variety admitting stable point are projective spaces (see Proposition 3.6) and
the GIT quotients of certain Richardson varieties are toric varieties (see Corollary 3.12). In Section 4, we
study the structure of the GIT quotient of G 6. In Section 5, and Section 6, we study the structure of the GIT
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quotient of X(6, 8) in G, g and X(7, 10) in G, o respectively. In Section 7, we prove that the GIT quotient of
a Schubert variety X(w) in G, , has at most finite quotient singularities. Furthermore, we have shown that the

GIT quotient of G, has precisely half of the number of elements in wy) singular points (see
Corollary 7.10).

2 Notation and Preliminaries

In this section, we set up some notation and preliminaries. We refer to [9, 10, 16, 26-28] for preliminaries in
Algebraic groups, Lie algebras, Standard Monomial Theory, and Geometric Invariant Theory.

Let G,B,B~,R,R",S,T, and W be as in the introduction. The simple reflection in W corresponding to o;
is denoted by s;. For a subset / of S, we denote the parabolic subgroup of G generated by B and {n, : o € I'}
by P;, where n, is a representative of s, in Ng(T). We denote Py, by P! In particular, Py {4,y 1s denoted by
P* . Note that all the standard maximal parabolic subgroups of G are of the form P* for some 1 <r<n — 1.
Let Wp, be the subgroup of W generated by {s, : « € I'}. We note that Wp, is the Weyl group of P;. For
1 CS, Wi ={we W|w(x) € R, for all o € I} is the set of minimal coset representatives of elements of
W /Wp,. Further, there is a natural order W7, namely the restriction of the Bruhat order on W. Let I(r,n) =
{(a1,a2,...,a,) : 1<aj<ap<---<a,<n}. There is a natural order on I(r,n), given by
(ar1,az,...,a,) <(by,by,... b,) if and only if a; <b; for all 1<i<r. Then there is a natural order pre-
serving indentification of W’” with I(r, n) the correspondence is given by w € W’ mapping to
(w(1),w(2),...,w(r)).

Let V. =C". Let {e},e2,...,e,} be the standard basis of V. Let V, be the subspace of V spanned by
{e1,ez,...,e,}. Let G,,, be the set of all r-dimensional subspaces of V. Then there is a natural projective
variety structure on G,, given by the Pliicker embedding = : G,, — P(A"V) sending r-dimensional
subspace to its r-th exterior power. Furthermore, there is a G-equivariant isomorphism from G/P* to G, ,,
sending gP* to gV,. For the natural action of 7 on G/P*, the T-fixed points of G/P* are identified with
WP sending w to wP*. For w € WF" | the closure of the B-orbit passing through wP* in G/P* has a
natural structure of a projective variety called Schubert variety associated to w, denoted by X(w). Let
e =ej Nej, N---Ne;, for i = (i1,iz,...,i,) € I(r,n). Then {e;:i € I(r,n)} forms a basis of A"V. Let
{pi : i € I(r,n)} be the dual basis of the basis {¢; : i € I(r,n)}. Then p;’s are called the Pliicker coordinates.
Note that pj|y,, # 0 if and only if i<w. The monomials p; p,...p:, € HO(X(w), L(w,)"™), where
T1,72y- .., Tm € I, are said to be standard monomial of degree m if 11 <7, < --- <1, <w. The standard
monomials of degree m on X(w) form a basis of H*(X(w), L(w,)*") (see [26, Theorem 4.5.0.5, p. 43]).

Let v,w € W' and let X* := B~ vP* /P* be the opposite Schubert variety in G/P* corresponding to v.
Then the intersection of X,, and X¥ in G/P* with a reduced variety structure is called a Richardson variety
in G/P* and it is denoted by X, . Richardson varieties are T-stable irreducible varieties. Further, X}, is non
empty if and only if v <w (see [2, Lemma 1, p.655]).

Let g be the Lie algebra of G. Let Iy C g be the Lie algebra of T and b be the Lie algebra of B. Let X(7)
(respectively, Y(7)) denote the group of all characters (respectively, one-parameter subgroups) of 7. Let
E,:=X(T)®R,E, :=Y(T)® R. Let (.,.) : E; X E; — R be the canonical non-degenerate bilinear form.
Let C:={l€Ey:(x,A)>0, forall « € R"}. Note that for each a € R, there is a homomorphism

¢, : SL(2,C) — G, we have d: G,, — G defined by d(r) = (i)a(((t) tE)l >) We also have s,(y) =

1 — (x,a)o for all @ € R and y € E;. Let {w; : i =1,2,...,n— 1} C E; be the fundamental weights; i.e.
(i, dj) = d; forall i,j = 1,2,...,n — 1. There is a natural partial order < on X(7) defined by ¥ < y if and
only if y —  is a non-negative integral linear combination of simple roots.

Let £ be a T-linealized ample line bundle on G/P. We also denote the restriction of the line bundle £ on
X(w) by L. A point p € X(w) is said to be a semistable with respect to the T-linearized line bundle £ if there
is a T-invariant section s € H°(X(w), L") for some positive integer m such that s(p) # 0. We denote the
set of all semistable points of X(w) with respect to £ by X(w)7(L). A point p in X(w)y (L) is said to be a
stable point if T-orbit of p is closed in X(w)7 (L) and stabilizer of p in T is finite. We denote the set of all
stable points of X(w) with respect to £ by X(w)y(L).

Now we recall the definition of projective normality of a projective variety. Let X be a projective variety
in P". We denote by X the affine cone of X. X is said to be projectively normal if X is normal. For a
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reference, see exercise 3.18, page. 23 of [11]. For the practicle purpose we need the following fact about
projective normality of a polarized variety.

A polarized variety (X, L) where £ is a very-ample line bundle is said to be projectively normal if its
homogeneous coordinate ring @k>0HO(X , L'®k) is integrally closed and is generated as a C-algebra by

HO(X, L) (see exercise 5.14, chapter II of [11]).

3 GIT quotient of the minimal dimensional Schubert variety admitting stable points

In this section, we prove a crucial lemma on the existence of stable points of a Schubert variety X(w) in G/P.

Lemma 3.1 Let G be a simple algebraic group of rank n. Let y be a non-trivial dominant character of T.
Let y =Y i mw;. Let I = {o; € S :m; > 1}. Let P = P'. Let a € N be such that ay is in root lattice. Let
w € WP, Then w(ay) = Y"1, ajo; with a; < — 1 for all 1 <i<n if and only if X(w)3(L(x)) # 0.

Proof Let Z be the union of the W-translates of X(v), v € W* with v£w. Since X(w) is irreducible, by
using the argument of [20, Lemma 2.1, p. 470] we have X(w) € Z. Let x € X(w)\Z. By construction for any
T € W, ©x € BvP/P implies v > w.

Now, let 4 be a nontrivial one parameter subgroup of 7. Choose t € W such that t(1) = >_7_; ¢;/; with
each ¢; >0 and there is an 1 <iy <n such that ¢;, > 1.

By the above discussion, tx € BvP/P for some v € WP? such that v>w.

Hence, by [30, Lemma 5.1, p.534]

n

WA (x, 1) =pF90 (1x, 1) = —(v(ay), Zc,%,-) > — (w(ay), Zc,-i,)
i=1

i=1

= — <i a;o;, i C,‘ii> (31)
i=1 i=1
= — Xn:aic[ 2 1.
i=1

Therefore, by Hilbert-Mumford criterion, we have x € X(w)7.(L(y)).

Conversely, suppose X(w)7(L(ay)) # 0.

Then X(w)y(L(ay)) NBwP/P # 0. Let x € X(w)7(L(ay)) NBwP/P. Let A be a non-trivial one
parameter subgroup of 7. Since x is stable point, by using Hilbert-Mumford criterion we have
w=@0 (x, 2) > 0. In particular, u*@) (x, ;) > 0 for all 1 <i<n. Since x € BwP/P and J;’s are fundamental
one parameter subgroups of T, by [30, Lemma 5.1, p.534] we have u“(% (x, J;) = —(w(ay), 4;) > 0. That is

—(>_ ajo, ;) > 0 for all 1 <i<n. Therefore, a; < — 1 for all 1 <i<n. O
i=1

We use Lemma 3.1 to find out the minimal dimensional Schubert variety admitting stable points in G, , for
n even, and study its GIT quotient. To proceed further, we recall the following theorem as it is in [14]. The
authors consider the space of weighted points on P". Let the i-th point be weighted by a;, and let a =
(ai,...,a,) € (Z*)" (the weight vector). The weights can be interpreted as parameterizing the very ample
line bundles of (P')". Let R, be the homogeneous coordinate ring of (P')"//PSL(2, C) given by the descent
of the very-ample line bundle corresponding to a.

Theorem 3.2 ([14], Theorem 2.3, p. 182) The lowest degree invariants generate the coordinate ring R,.

Corollary 3.3 The GIT quotient T\\(G2,,)7 (L(32)) is projectively normal with respect to the descent of
the line bundle L(5 ).

Proof By Gel’fand-MacPherson correspondence there is an isomorphism of
(PYHY"//PSL(2,C),L(1,1,...,1)) with (T\\G2,, L(52)) as a polarized variety. Therefore, by Theo-
rem 3.2, corollary follows. O
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Corollary 3.4 The GIT quotients of Richardson varieties in G, ,, by T are projectively normal with respect
to the descent of the line bundles L(5w,).

Proof Letv,w € WP? be such that v<w. By [2, Lemma 5, Proposition 1, p. 658] the restriction map
¢ H (G, L(2 @) —>HO(XVVV,£(gw2)®d)) is surjective. Further, since T is linearly reductive, the
restriction map (j) HY (G, L3 )*" — HO(X?, L5 w?d)T is surjective. So, by Corollary 3.3,
Pz oH (X, L @2)*)" is generated by HO(X!, L(2,))". Hence, T\\(X})} (L2 ) is projectively
normal. 0

3.1 Minimal dimensional Schubert variety admitting stable points

Let wi, = (sﬂ,l 51)(Sn—18p—2. . .82) = (5,n). Then wyy; i 1s a unique minimal element in WS\{*2} such that

Winin (5 @2) <O Therefore, by [20 Lemma 2.1, p. 470], X (w3, ) is the minimal dimensional Schubert variety
in G, admitting semistable points. Note that Hk:ka%k is the unique standard monomial in
H(X(w L5 @,))". Therefore, by Corollary 3.4, T\\(X(Wisi)7 (£(5 7)) is a point.

Let w! (Snsﬂ,l 51)(Sn—18p—2...52) = (54 1,n). Note that I(wi; ) S in

unique minimal element in wi\e} such that wy; (52) <0. Therefore, by Lemma 3.1, X(w}, ) is the
minimal dimensional Schubert variety in Gz » admitting stable points. Note that the standard monomials in

mln)

———2+n Then w'. 1is a

t—1

HO(X (W), Lay) " are X, = p“Hpk2+kak+1n+k, forall 2<r< 24 1.
k=t

Proposition 3.5  The GIT quotient T\\(X(WS;))7 (L(2w,)) is isomorphic to P!

Proof LetR = @dzoRd’ where Ry = H*(X(WS,i), L(2 )’ Then T\\ (X (w whin))7 (LB @) = Proj(R).
By Corollary 3.4, R is generated as a C-algebra by X,’s, where 2 <t < 5+ 1. On the other hand, since
X(wi,) admits stable points, we have dim(T\\X(w};,)) =5 — 1. Therefore, R is the polynomial algebra

min

generated by X,’s, where 2 <t < 5+ 1. Hence, Proj(R) = P!, O
3.2 Torus quotient of Richardson varieties

Next we generalize Proposition 3.5 to the Richardson varieties in X (w We prove the following

mm)
Proposition 3.6n Let vy = sgsp—1 -+ -8y for all 2<k <%. Then the GIT quotient T\\(Xf;)}“(ﬁ(nwz)) is
isomorphic to Pi*

Proof LetR,,, =@, Ra, where Ry = H'(X'% ,L(%,))". Then T\\ (X )F(L(Es)) = Proj(Ry,.)-

— min min %+1
Note that X,’s forms a basis of Ry where k + 1 <r < 5+ 1. Further, we observe that [] X;’s are standard
1=k+1

monomials for all non-negative integers a, where k + 1 <7< 5+ 1. By Corollary 3.4, R,, ,, is generated by
X,’s, where k + 1<t <7+ 1 as a C-algebra. Therefore, R, ,, is the polynomial algebra generated by X;’s,

where k + 1 <t < 5+ 1. Hence, Proj(R,,,,,) is isomorphic to Pk, [
Let w = (suy1---51)(Sp—1---52) and vy = sgSg—1. . .52 for all 2<k < § — 1. Then in the one line notation we
have w = 6§+2,n) and vy = (1,k+1) forall 2<k <5 —1.
i—1 j—1 5+2
Let ¥;; :PL,iPZJ(HPl.gH)( [I Pig+i- 1)( H Piati- o) forall k+ 1<i<j< 542
=3 I=i+1 I=j+

Let Ry, ., = @), . ,Ra where Ry = HO(X}¥, E(dz” »))" for all 2<k <% — 1. Then we have
Lemma 3.7 The standard monomials of R, are in the form of Y;; where k + 1 <i<j< %+ 2.

Proof Any standard Young tableau associated to standard monomials in Ry has 5 rows and 2 columns with
strictly increasing rows and non-decreasing columns. Let Row; denotes the i-th row of the tableau for all
1 <i< 5 and E;; be the (i, j)-th entry of the tableau. Since ROWn ( +2,n), we have E%‘yl < 5+ 2. Hence,
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all the integers between 2 7+ 3 and n appears in the second column. Hence, E;, = S+ for all 3<i< 5.
Further, since Row; > (1, k + 1), we have E|, >k + 1. Hence, all the integers between 1 and k appears in
the first column. Hence, E;; =i for all 1<i<k. Hence, k+1<Ejp<E;» <5+ 2. So, the standard
monomials in R; are of the form Y;;. [l

Next our goal is to study the structure of the GIT quotient of 7\\(X}*)} (L (3 @,)) for all 2 <k < % — 1. First
we consider T\\(X}})7 (L(5w,)) for k =% — 1. Then we have

Lemma 3.8 The GIT quotient T\\(X:V#l)”;(ﬁ(g @,)) is isomorphic to P*.
Proof By Lemma 3.7, the standard monomials of R, are of the form
5
@) Yerzo = [ pigss
I=1
1
() Yazo = pra([] pizc)Povin
=2
1
2
(i) Yzzi =prapazn (H Piz1)Pri2n.

We observe that Yi, Yn7g 2 Y,, £11242's are standard monomials for all non-negative integers a, b, and c. By
Vi

Corollary 3.4, the homogeneous coordinate ring of T\\(X,’ )7 (L(5®,)) is generated by Yau,y, Yas,» and

vy

Yii1242. Therefore, T\\(X/ )7 (L(4,)) is isomorphic to P?. O
Next we consider T\ (X}*)7 (L(5,)) for all 2<k < 5 —2.

Lemma 3.9 The following relations hold in R;.

(1) Yi.ij s — Y Yj 53
(11) Yi,mY/’,s - YlﬁsY/,m»
Jorallk+1<i<j<m<s<7+2.
Proof Proof of (i):

Recall that

i1 -1 242
Yij = prip2i(I1 pizv)C IT przvi)(CIT przvi2) and
=3 1Zit1 I=j+1
m—1 5+2
Yins :pl.mpz,s(n P/.§+l)( H Prai-1)( H Piz+i-2))-
I=m+1 I=s+1
Since z<]<m<s we wrlte
m 142
Yi pllsz(le"+l)( H Pz,gﬂ—l)( H Pl,ngz)( [1 pizyi2) and
i+ -j+ I=m+1
j—1 5+2
Y, plmPZr(thJrl)(le,erl)( H presi-1)( H Pizi-2)-
I=m+1 I=s+1

Note that since i <j<m<s, Y;;Y,,, is not standard. We apply the straightening law repeatedly on the
nonstandard factors of Y;;Y,, ; to express Y;;Y,, ; as linear combination of standard monomials. Further, since

m m—1
i<j<m<s, non comparable factors of Y;;¥,,s are p1mpaj, ( I prasi-2)(IT prai)-
=+l =j
By using straightening law we replace py ,up2; by p1jp2m — P1.2Djm- Since we are working with X}* where
2<k<%—2, wehave vy = (1,k+ 1) >(1,3). Therefore, we have p;, = 0 identically on X}*.

m m—1 m—1
On the other hand, we note that ( [] p1,§+1_2)( I1 pz,g+1) =1 Di1 241-1P1A+1-
1=+ 1= 1=

By using straightening law we replace piyizii—1pig+1 DY pravi-1pre1 s+ — Privipsri—1240 for all
Jj<I<m-—1.
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Since k+ 1 <i<j<m<s, and k> 2, we haveg+l7 1>22+j—-12> §+3 for all j <I<m — 1. Thus,
Pri+1Pz+i-15+ = 0 identically on X[¥.

Therefore, after replacing py ,p2; (respectively, pi 1 ay—1piay for all j<I<m — 1) in Y;;Y,, s by p1pam
(respectively, piaii—1pri1 s+ for all j<I<m —1) we get Y; ;Y5 = YinYs.

Proof of (ii):

Since i<j<m<s, Y;,, and Y;, can be written as

i—1 j—1 m—1 s—1 512
Yim = Pl,ipz,m(n Pl,g+1)( H Pl,§+[71)( H Pl,§+lfl)( H p1,§+[72)(n pl,§+172)~
=3 I=i+1 I=j I=m+1 I=s
i—1 j—1 m—1 s—1 542
Yis = prp2s(IT prao) (TT prgs ) CTT Pravi-0) (1T Pravi-0)C TT Pravi-2)-
=3 I=i I=j+1 I=m I=s+1
Then we observe that
i—1 m—1 s—1 5+2
prip2s(ITpig) (I prgsi-0)(I1 prgsi-)( I1 pigi—2) and
=3 I=it1 I=m I=s+1
j—1 m—1 542
pri2m(IT Pract)CTT pravi-)(C TT pravica)
=3 I=j¥1 I=m+1
are factors of Y;,Y;. Therefore, we have Y;,,Y;s = Yi Y} . O

Lemma 3.10 The ring R,, ,, is generated in degree 1.
Proof Proof follows from Corollary 3.3. ]

LetR = Clyi,| be the polynomial ring generated by y;;, where k + 1 <i<j < %+ 2. Then by Lemma 3.10
we have a surjective ring homomorphism ¢ : R — R,, ,, by sending y;; to ¥;;. Let I be the ideal generated
by the following relations in R.

() Yij¥ms = YimYjs;

(1) YiYms = YisYjm,

forall k + 1 <i<j<m<s<5+2.

Theorem 3.11 The map ¢ induces an isomorphism to q,’~) 'R/l — Ry, .

Proof We show that the diamond lemma of ring theory holds for this reduction system which implies is
that any monomial in the y;;’s reduces, after applying these reductions (in any order, when multiple
reduction rules apply) to a unique expression in the y;;’s, in which no term is divisible by a term appearing
in the left hand side of the above reduction system (see [1]).

We prove that the diamond lemma holds for this reduction system by looking at y;;Vms¥p.g,
I1<i<j<m<s<p<g<j+2.
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Yi,jYm,sYp,q

Yi,mYj,sYp,q

/

Yi,sYjmYp,q

/

Yi,pYs,qYjm

/

Yi,qYs,pYjm

Yi,qYjpYm,s

Note that in the above diagram an edge between two vertices means one is obtained from other by applying
a reduction. We see that after applying the reductions the monomial y;;y, sy, 4 reduces to the unique

expression y; 4Vj,yms. Therefore, ¢ is an isomorphism. U
As a consequence of Theorem 3.11 we have the following
Corollary 3.12  The GIT quotient of T\\(X}*)7 (L(3w,) is a toric variety for 2 <k <% —2.

Proof 1t follows from Theorem 3.11 that the ideal / of R, ,, is a prime ideal and generated by differences
of two monomials. Thus, by [5, Proposition 1.1.11.,p.16], the affine variety Spec(R,, ,,) is a toric variety.
Therefore, by [5, Proposition 2.1.4.,p.56], T\\(X}*)7 (L(3®2) = Proj(R,,,) is a toric variety. O

4 Torus quotient of G, ¢

We recall that the Grassmannian G, , is a closed subvariety of PV~! where N = ; , given by the Pliicker
embedding. In this section, first we recall the Pliicker relations for G, which will be used later.

Theorem 4.1 The Grassmannian G,, consists of the zeroes in PN=1 of the following quadratic
polynomials:

PiiPjx — PixPj1 + PijPk|
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where 1 <i<j<k<lI<n (A relation obtained by equating an expression to 0 is usually referred to as a

Pliicker relation).
Proof See [26, Theorem 4.1.3.1,p.31].

In this section, we study the GIT quotient of Gy .

O

Let X = T\\(G26)7 (L(32)). Let R = @), . (Ra, where Ry = H(Ga, £%(3,))". We note that X =
Proj(R) and R;’s are finite dimensional vector space. Let X| = piapaspse, X2 = P1aP3s5Pas, X3 = P13P25D46,
X4 = p1ap3apse and Xs = pi3paapse¢. Then the set {Xl,X27X3,X47X5} forms a basis of R;. Let Y| =

D12D14D24P35P36D56 Y2 = p1aP13P23P45P46P56, Wi = X4Y> = php13p23paapaspacPie, W, =XoY) =

PhaP13P23P35PasPAsPs6, Wa = XsYa = proplapaspaapaspaspae-

In the following lemma we find out the relation among X;’s and Y;’s in R;.
Lemma 4.2 Let X;’s and Y;’s be as above. Then we have the followings:
() XiXy =Y — XoXs5 + XuX5s — X7 + XoXy.
2) X3X4 =XoX5— Y.
Proof Proof of (1) : Note that
X1X4 = p12P14P25P34P36P56DY USINgp2spss = p3spas — paspas)
= P12P14P36P56(P35P24 — Pasp23)
= P12P14P24P35P36P56 — P12(P14P23)P36P45P56
= P12P14P24P35P36P56 — P12(P13P24 — P12P34)P36P45P56
[by usingpiaprs = p13pas — prapsa]
= P12P14P24P35P36P56 — P12P13P24 (P36P45)P56 + P%2P34 (P36P45)P56
= P12P14P24P35P36P56 — P12P13P24(P35P46 — P3aPs6)Pse
+ P%2P34(P35P46 - P34P56)P56 [by usingpispas = P3sPas — P34P56]
= P12DP14D24P35P36P56 — P12P13P24D35P46P56 + P12P13P24P34P§6
+ P1aP3aD3sP46Ps6 — PiaP3al3
= Y) — XoXs5 + X4 X5 + Xo Xy — X;.
Proof of (2) : Note that
X3X4 = p12p13P2sp3apPacPse

= P12P13P24P35P46P56 — P12P13P23P45P46P56 [by usingprspas = pap3s — P23P45]
=X0X5 — Y>.

Lemma 4.3 Let X;’s and W;’s be as above. Then we have the followings:

(1) X3X; = XoXaXs — W,
(2) XiX3Xs = X1XoXs — XoX3Xs5 + X5X5 — Wa + XoX2 — W3 — XoXuXs + Wy
3) XXXy = X5Xs — W,
4)  XsXaXs = XoX2 — Ws

Proof Proof of (1): By using Lemma 4.2(2), X3X? = X,X;X5 — W,.
Proof of (2): By Lemma 4.2(2), X, X3X, = X, X2Xs — X1 Y>.
On the other hand, using the Pliicker relations
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X1Y2 = p1ap13(p1ap23)p2s(Paepas)pasPse

= p12p13(P13p24 — P12P34)P25(P35Pas — P34Ps6)Pa6Ps6
[by using p14p23 = pi3p2s — P12p34,
and p3epas = p3spas — P3aPs6]

= P12P%3P24P25P35P42;6[756 - P%QPB (P34P25 )P35P§6P56
- P12P%3P24 (P25P34)P46P§6 + P%2P13P34 (P3ap2s )P46P§6

=p 1217%3[’2417251735[’42161756 - P%zpw (D24p35 — DP23Pss )P35P4216P56
- P12P%3P24 (P24p35 — P23pas )P46P§6 + P%2P13P34(P24P35 — P23D4s )P46P§6
[by using paspss = paapss — paspas]

= P12P%3P24P25P35P42;6P56 - P%2P13P24P§5P42;6P56 + P%2P13P23P35P45P36P56
- P12P%3P§4P35P46P§6 + P12P%3P23P24P45P46P§6 + P%2P13P24P34P35P46P§6
- P%2P13p23p34p45174610§6

= XoX3Xs5 — X5Xs5 + Wy — X2Xo + W3 + XoX4Xs5 — Wy.

Therefore, X1 X3Xs = X1X2Xs5 — XoX3Xs + X3Xs — Wa + X2Xo — W3 — XoXuXs + W).
Proof of (4): By using Lemma 4.2(2), X, X3X4 = X%XS — Ws.
Proof of (5): By using Lemma 4.2(2), X3X4X5 = Xng — W;s. O

Recall that by Corollary 3.3, R is a graded C-algebra which is an integral domain and generated by R,

elements X1, Xz, X3, X4, X;s.
Let R = Clxy,x2, X3, X4, 5] be the polynomial ring in x;’s for 1 <i<5.

Lemma 4.4 There is no linear or quadratic relation among X;’s in R.

Proof Since {X; : 1 <i<5} are standard monomials of degree one, there is no linear relation among X;’s
in R.
We next prove that there is no quadratic relation among X;’s in R. Suppose there is a quadratic relation
1X12 —|— Z Ci_inXj = 0
1<i<j<5
Cin-z + Z C,-JX,'XJ' + C1’4X1X4 + C3’4X3X4 =0.
1 1<i<j<5

(i) # (1,4),(3,4)

By using Lemma 4.2 we get

ij

i=1

W

1

5
SeXP+ > ciiXiXj + c1.4(Y1 — XoXs + XuXs — X3 + XoX4) + c34(XoXs — Y2) =0
i=l 1<i<j<5

(i7j) # <l7 4)7 (3’ 4)
Since standard monomials of degree 2 are linearly independent, the coefficients of Y} and Y, are zero i.e.,

Cla = 0,C3_]4 =0.

Thus from the above

5
Z Cl'Xiz + Z Ci:/Xin =0.
i=1 1<i<j<5
_ (i) # (1,4),(3,4) . .
Since X;X;’s are standard monomials of degree 2 for (i,j) # (1,4),(3,4), ¢; =0 for 1 <i<j<5 and
cij =0 for all 1 <i<j<5 such that (i,j) # (1,4), (3,4). Therefore, there is no quadratic relation among
X;’s in R.
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Lemma 4.5 F(X;,X2,X3,X4,Xs)=0 in R, where F(x1,x,X3,X4,X5) = X3X] — X1X2X5 + X X34 —
XoX3X4 + X2X3X5 — X3X4X5 € R.

Proof Recall that by Lemma 4.3 we have the following:

X1X3Xy = X1 X2 X5 — XoXaXs + X5Xs — Wa + XoXZ — W3 — XoXuXs + Wy (2.8.1)

X2X; = XoX4 X5 — W.

XoX3X4 = X3X5 — Wa.

X3X4Xs = Xo X2 — Ws.

Substituting Wy, W,, and W3 in (2.8.1) we get

X1X3X4 = X1 XaXs — XoX3Xs + X3Xs + XoX3Xa — X5 X5 + XoX2 4+ X3XaXs — XoX2 — XoXuXs5 — X3 X3+
XX, Xs.

Therefore, X3XZ — X1 X0X5 + X1 X3X4 — X0 X5X4 + X0 X5X5 — X3X4X5 = 0.

O

Corollary 4.6 F(xy,x2,x3,%4,X5) = x3xi — X1X2X5 + X1X3X4 — X2X3X4 + XoX3X5 — X3X4X5 is an irreducible
polynomial in R.

Proof Suppose F(x1,X2,X3,X4,Xs5) is not an irreducible element of R. Then there exist two non unit
elements  Fy(xy,x2,X3,X4,%s), Fa(xy,x2,X3,X4,Xs) in R such that  F(x|,X,x3,X4,X5) =
Fi(x1,X2,X3, %4, X5)Fa (X1, %2, X3, X4, X5).

By Lemma4.5, F(X,X;,X3,X4,Xs)=0. Since R is an integral domain and
Fi(X1,X0,X3,X4,X5)F2(X1,X5,X3,X4,Xs) =0, there is either a linear relation or a quadratic relation
among X;’s in R. This contradicts the Lemma 4.4. O

Let I = (x3x3 — X1XaXs + X1X3X4 — X2X3X4 + X2X3X5 — X3X4%s). Note that since / is generated by irreducible
element, and R is UFD, [ is prime ideal in R. Then R/I is an integral domain. Let 7 : R — R/I be the
natural surjective homomorphism of C-algebras. Let ¢ : R — R be the C-algebra homomorphism defined
by x;—X;. By Lemma 4.5, ¢ induces C-algebra homomorphism ¢ : RN/I — R.

Note that by Lemma 3.1, (G/Py,)7(L(3w,)) # 0. Therefore, Krull dimension of R is 4. On the other
hand, Krull dimension of R~/I is 4.

Lemma 4.7 ¢ : R~/I — R is an isomorphism of C-algebras.

Proof Tt is clear that ¢ is a surjective morphism of C-algebras. Since R is an integral domain, Ker(@) is a
prime ideal of R/I. Therefore, by [11, Theorem 1.8A.(b), p.6], we have dim((R/I)/Ker(®)) +
ht(Ker(¢)) = dim(R/I). On the other hand, we have dim((R/I)/Ker(p)) = dim(R) = dim(R/I). Hence,
ht(Ker(¢)) =0, i.e. Ker(®) = 0. Therefore, ¢ is an isomorphism of C-algebras. O
Corollary 4.8 ¢ : R/ — R is an isomorphism as graded C-algebras.

Corollary 4.9 X is a complete intersection variety.

5 Torus quotient of X(6, 8) in G, 3

In this section, our aim is to study the GIT quotient of X(6, 8) in G, .

We consider the Schubert variety X(6, 8) in the Grassmannian G,g. Let R = @ > oRds where R; =
H(X(6,8), L (4m,))". We note that X = Proj(R) and R,’s are finite dimensional vector space. Let
X1 = p12p3aPs1P6ss X2 = P1aP3sPaiPes, X3 = P13PasP41Pes, X4 = P13P24P51P68, X5 = P1aP25P37D68
X6 = p1ap26P31P58, X7 = p13P26P47Ps58, X8 = p1apaeparPss  and  Xo = pisprepszpag.  Then the  set
{X1,X2,X3,X4,Xs5, X6, X7,X3,Xo} forms a basis of R;. Let Y| =ppi3prapaspaipsiPig,
Y2 = p1op1apaup3sP3PsiPess Y = P1opiapaapieP3iPsiPssPess Ya = P1apiapasPasPaiPsiPssPess Ys = Piopis
P25P36P31P47P48P68

Lemma 5.1 We have the following relations in R,.

1) X1 X3 =XoX4 — Y.
Q) XiXs =Y, —XoX4 + X1 X0 + X1 X4 — X°.
Q) XiXe =Yz — X4Xg + X1 X3 + X1 X4 — X7.
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@) X, X5 = X4Xs — Y.

O XiXo = X5Xg — X3Xg + X1 Xg + Xo Xy — X1 X2 — V1.

6) XoXe = X5Xg — XuXz + X1 X5 + XoXu — X1 Xs.

(7 XoX7 =X3Xg — Y4+ Y1.

(8) XoXg = Y5 — X3Xs + Xo X5 + XoX3 — X3.

)

XuXo = X3X¢ — X3Xg + XuXg — Y;.

Proof Proof of (1):

X1 X3 = p1opi3(paspsa)parpsies
= P12P13(P24P35 — P23P4s )P47P57P§3

= P12P13P24P35P47P57P§3 - P12P13P23P45P47P57P§3
=XXy - Y.

Proof of (2),(3),(4),(5),(6),(7),(8),(9) are similar to (1). O

Lemma 5.2 We have the following relations in R,.

(1)
()
3)
4)
®)

XoXe — X5Xg + X4Xg — X1Xg — Xo X4 + X1X2 =0
X1X3 — XoX4 + X3Xe — X3Xg + X4Xg — X4Xo =0
X0 X7 — X1 X7 — X3Xe + X4Xo =0

X3Xe — X5X7 =0

X1 X5 — XoX4 + XoXe — X3Xg + XuXg — X1 X9 = 0.

Proof Proof of (1): Follows from Lemma 5.1(6).

Proof of (2): Follows from Lemma 5.1(1) and Lemma 5.1(9) eliminating Y.

Proof of (3): Follows from Lemma 5.1(4), Lemma 5.1(7), and Lemma 5.1(9) eliminating Y}, Y4.

Proof of (4): X3Xs — XsX7 = p13p25Pa1P6sP14P26P37P58 — P14P25P37P68P13P26P47P58 = 0.

Proof of (5): By Lemma 5.1(1), Lemma 5.1(5) eliminating Y;, we have X, X3 — XpXy — X1 Xo + X5Xg —
X3Xg + X1 Xg + XoX4 — X1 X, = 0. On the other hand, by Lemma 5.2(1), we have XsXs + X X3 + Xo X4 —
X]Xz = X2X6 +X4Xg. Therefore, X1X3 — X2X4 +X2X6 — X3X8 +X4Xg — X]Xg =0. O

We now use Macaulay 2 to see that the ideal / generated by the above relations is a prime ideal in the ring R
generated by X1, X2, X3, X4, X5, X6, X7, X3, Xo.
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il : RAQQ[x-1,x.2,x.3,x.4,x.5,x.6,x.7,x.8,x_9]

ol =R

ol : PolynomialRing

i2 ¢ I=ideal{x_-2#x.6—x_5xx_8+x_4*x_8—x_1*x_8—x_2*x_4+x_1xx-2 ,x_1xx_3
—X_2%X 44X _3%x_6—x_3*%X_8+x_4*xx_8—x_4%x_-9 , x_2%x_T—x_1%x_7T—x_3*%x_6+x_4%

x-9,x-3%x_6—x_5%x_7 ,x_1%x_3—x_2%x_44+x_2xx_6—x_3*x_8+x_4*x_8—x_1%x_9}

02 = ideal (x x — xx +xx — XX +XX —XX , XX — XX

02 : Ideal of R
i3 : isPrime I

03 = true

Now we see the dimension (Krull dimension) of the quotient ring A = R/I is 5.

i4 : A=R/I

04 = A

04 : QuotientRing
i5 : dim A

05 =5

We note that by Corollary 3.4, R is a graded C-algebra which is an integral domain and generated by R
elements X;, 1 <i<9.

Let A = Clxy,x;,x3, ..., X9] be the polynomial ring in x;’s for 1 <i<9.

Let I be the ideal of A generated by the above relations. Then / is a prime ideal of A. Therefore, A/l is an
integral domain. Let 7 : A — A/I be the natural surjective homomorphism of C-algebras. Let ¢ : A — R
be the C-algebra homomorphism defined by x;—X;. By Lemma 5.2, ¢ induces C-algebra homomorphism
¢:A/l — R.

Note that by Lemma 3.1, X(w)7(L(4w,)) # (. Therefore, Krull dimension of R is 5. On the other hand,
Krull dimension of A/ is 5.

Lemma 5.3 ¢ : A/l — R is an isomorphism of C-algebras.
Proof Proof is similar to the proof of Lemma 4.7. O
Corollary 5.4 ( : A/I — R is an isomorphism as graded C-algebras.

Corollary 5.5 X is not a complete intersection variety.
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6 Torus quotient of X(7, 10) in G, ;o

In this section, we study the GIT quotient of X(7, 10) in G jo.

Let w = (565554535251)(8958575655545352). In one line notation w = (7, 10). We consider the Schubert
variety X(w) in the Grassmannian Gy 0. Let R = P, . ,Ra, where Ry = H*(X(w), L% (5,))". We note
that X = Proj(R) and R,’s are finite dimensional vector space. Let X; = piopsapssPeopri0, X» =

D12P35P48PeoP710s X3 = P12P36P48P59P710,  Xa = P12D37P48P59P6105 X5 = P13D26P48P59P710, X6 = P13P25
D4sPeoP710, X7 = P13P24P58P60P710; X8 = P13P27P48P59P610, X9 = P1aP26P38P59P7105 X10 = P14DP25P38P69P7105
X11 = P1aP21P38P59P610, X12 = P15P26P38P49P710, X13 = P15P27P38P49P610, and Xi4 = pieparpagpPaopsio- Let
Y1 = PioP13P23P41P4sP58P59P69P610P710s Y2 = P12P13P23P46P4sP58P50P60P3 10 Y3 = P12P13P23P4sP4sPssPgolT10-

Lemma 6.1 Let X;’s and Y;’s are as above. Then we have the following relations:
(D) Y1 =X4X7 — X1 Xg
2) Y2 =X3X7 — X1 X5
3) Y3 =XoX7 — X1 Xe.
Proof Proof of (1):

X1Xg = p12p13(P271P34 ) PasPs8P59P69P610P710

= P12P13P24P37P48P58P59P69P610P710 — P12P13P23P47P48P58P59P69P610P710
[by usingpy7pss = prap3r — P23p47)

=XyX7 — 1.
Proof of (2):
X1 X5 = pup13 (P26P34)P48p58p59]769p%10
= p12P13P24P36P48P58P59P69P% 10— P12P13p23p46P48p58P59P69P%10
[by usingpaspss = paap3s — P23pas]
=X3X7 — Y».
Proof of (3):

X1 X6 = p12p13(P25p34)PasPssPeoP 10
= P12P13P24P35P48P58P§9P%10 - P12P13P23P45P48P58P§9P%10

[by usingpiepas = p24Pie — P23P46]
=X,X; — V3.

Lemma 6.2 In R,, the following relations among X;’s hold :

() XoXo — X3Xi10 + X3X7 — X1 X3 — X0 X7 + X1 X, =0
2) XX —XuXi0 +Xu X7 — X1 X4 — X0 X7+ X1 X, =0
3) X3Xg — Xu4Xs — X1 Xsg + XuX7 — X3X7 + X1X5 =0
@ X3X13 — XuX12 + XaXe — Xo X4 — X3X6 + XoX3 =0
O) XsXii — XuXo + XuX7 — X1 X4 — X3X7 + X1 X3 =0
(6) Xi10X14 — XoX13 + X4Xo — X4 X0 + X3X7 — X1 X3 — XoX7 + X1 X, =0
(N X5X10 — XeXo =0
@) XX —XsX13=0
9 XsX11 —XgXo =0

(10)  XeX11 — XgX10 =0

(1) XoX13 — X1 X2 =0

(12)  XoXg — X4Xe — XoX7 + XuX7 — X1 X3 + X1 X6 =0
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13)
(14)
15)
16)
an
(18)
19
(20)
2

Proof

XoXs5 — X3X6 + X3X7 — X1 X5 + X1 Xg — XoX7 =0

X1 X4 — XuXo + XuXs — X1 X4 + X1 X5 — X1 X5=0

X1 X13 — X4Xi10 + XaXe — X1 X4 — X1 Xe + X1 X, =0

X1X12 — X3X10 + X3Xe — X1 X3 — X1 X6 + X1 X2 =0

X7X14 — XsXo + Xy X5 — Xu4X7 + X3X7 — X1 X5 =0

XeX14 — Xg X1 + XuXs — X4Xe + X3X7 — X1 X5 + X1 X — X2 X7 =0

XoX14 — XuX12 + Xy X5 — X0X4 — X3Xe + X0 X3 + X3X7 — X1 X5 + X1 X — X0X7 =0
X7X12 — X5X10 + X3Xe — X3X7 + X2X7 — X1Xe =0

X7X13 — XgX10 + XaXe — X4 X7 + X0 X7 — X1 X6 = 0.

Proof of (1):
X2X9 = p1opia (P26p35)p38p481759[’69p%10

= p12p14(P25P36 — P23Ps6)P3sP4sP59P6oP710[DY USINgPa6P3s = Paspis — Paspss]

= P12P14P25P36P38P48P59P69P%1o — P12 (p14P23)P56P38P48P59P69P%10

= P12P14P25P36P38P48P59P69P% 10— Plz(p13pz4 - p12p34)P56p38p48p59P69P% 10
[by usingpiap23 = p13p24 — P12p34]

= P12P14P25P36P38P48P59P69P%10 — P12P13P24 (P56P38)P48P59P69P% 10
+ 1234 (Ps6P3s )PasPsoPeol 71

= P12P14[725173617381?4819591969]?%10 — p12p13p24(P36Pss
— P35P68 )P48P59P69P% 10+ P%2P34 (P36P58
- P35P68)P48P59P69P%1()[by usingpsgpss = p3sPss — P3sPes]

= p12p14p25P36P38P48P59P69P%]0 - p12P13P24P36P48P58P59P69P% 10
+ P12P13P24D35P48 (P68P59)P69P%10
+ P%ZP34P36P48P58P59P69P$ 10 — P%2P34P35P48 (P68P59)P69P%10
= P12P14P25P36P38P48P59P69P%10 - pl2P13P24P36P48P58P59P69P% 10
+ P12P13P24P35P s (P58 Peo
— Ps6P89)PeoP 710 + P1aP34P36P4sPssPsoPsol 710
- p%2p3417351’48 (P58P69 — P56P89 )P69P$10
[by usingpsopes = pssPeo — Ps6Ps9)
= p12191417251736]7381?481?591?691?% 10— Pl2P13P24p361?481?5817591?69173 10
+ p12p13p24p35p48P58P29P% 10
+ p%2p34p361743P58P59P69P%10 - P%2P34P35P48P53P§9P$10[SinCG Psol X(7,10) = 0]
= X3X10 — X3X7 + Xo X7 + X1 X5 — X1 Xa.

Proof of (2),(3),...,(21) are similar to (1).

O

We now use Macaulay 2 to see that the ideal I generated by the above relations is a prime ideal in the ring R
generated by Xy, X>, X3, X4, X5, X6, X7, X3, X9, X10, X11, X12, X13, X14.
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il @ R=QQ[x-1,x-2,x-3,x-4,x.5,x.6,x_7,x-8,x.9,x.10,x-11,x-12,x-13 ,x_-14]
ol =R
ol : PolynomialRing

i2 : I=ideal {X,2 #X_9—x_3xx_104x_3%x_T—x_1%x_3—x_2%x_T4+x_1%x_2 ,x_2%xx_11—x_4%x_104+x
X Akx T—x_1%x_4—x_2%x_TH+x_1%x_2 , x_3*%x_8—xX_4*x_5—x_1*x_8+x_4%x_T—x_3*x_T+x_1%xx_5,x
X-3%x_13—x_4%x_124x_4*%x_ 6—x_2%x_4—x_3%x_64+x_2%x_3 ,x_3%x_11—-x_4%x_94+x_4+x_T—x_1%xx_
4—x_3xx_T4+x_-1%x-3 ,x-10%x_14—x_9%x_134+x_4%x_9—x_4%x_104+x_-3*x_7T—x_1%x_3—x_2%x_T+x_
lxx 2, x 5#x_10—x_6%x_-9 , x_8xx_12—x_5*x_-13 ,x_5%xx_11—-x_8%x_9 ,x_6*%x_11—-x_8xx_10,x_9%
#X_13—x_11%x_12 ,x_1%x 6—x_4%Xx 6—xX_2%x_7T+x_4*x_7T—x_1%x_84+x_2%x_8 ,x_2%x_5—x_3*%xx_64x
X_3kXx_T—x_1#x 54x_1%x 6—x_2%x_7 ,x_1xx_14—x_4*x_94+x_4+x 5—x_1xx_44+x_1xx_3—x_1%xx_5,
yx-1laxx 13—x_4%x_104+x_4%x 6—x_1%xx_ 4—x_1%xx _64+x_1%x_2,x_1%x_12—x_3%x_10+x_3*x_6—x_1%
#X_3—X_1xx_64x_1%x_2  x_7Txx_14—x_8+x_94x_4xx 5—x_4%xx_T4+x_3%x_7T—x_1%x_5,x_6*x_14—x_
8 x_ 124X 4%xx 5—x_4%xx_64+x_3%xx_T—x_1*%x_54+x_1%x_6—x_2xx_7 ,x_2%xx_14—x_4*x_124x_4%x_5
5—x_2%X_ 4—xX_3%X_64+X_2%x_34+xX_3*%x_T—x_1+x_54+x_1%x_6—x_2%x_7 , x_7T*xx_12—x_5+x_104+x_3%x
X 6—x_3%xx_T4+x_2%x_7T—x_1%x_6 ,x_T*x_13—x_8%x_10+x_4+x_6—x_4xx_TH+x_2xx_T—x_1 *x,ﬁ}

02 = ideal (x x —xx —xx +xx +XX —XX , XX —XX — XX + XX

4+ X X 4+ XX — XX — X X 4+ x X , — X X + X X , X X — X X , — X X
37 49 4 10 9 13 10 14 6 9 5 10 8 12 5 13 8 9
+xx , — XX +xx , - X X +xx , XX — XX —XX +XX — XX
5 11 8 10 6 11 11 12 9 13 16 4 6 27 47 18
+ X x — X X 4+ X X 4+ x — XX — XX +xx , X — — X X 4+ XX — XX
28 15 25 16 3 6 27 37 13 14 15 45 49
+ x x X X — XX — XX 4+ XX — XX +xx , XX — XX — XX + XX

02 : Ideal of R

i3 : isPrime I
03 = true

i4 @ A=R/I

o4 = A

04 : QuotientRing

i5 : dim A
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We note that by Corollary 3.4, R is a graded C-algebra which is an integral domain and generated by R,
elements X;, 1 <i<14.

Let A = C[xy, X2, X3, ..., X14] be the polynomial ring in x;’s for 1 <i<14.

Let I be the ideal of A generated by the above relations. Then / is a prime ideal of A. Therefore, A/l is an
integral domain. Let 7 : A — A/I be the natural surjective homomorphism of C-algebras. Let ¢ : A — R
be the C-algebra homomorphism defined by x;—X;. By Lemma 6.2, ¢ induces C-algebra homomorphism
¢:A/l — R.

Note that by Lemma 3.1, X(w)7(L(5,)) # 0. Therefore, Krull dimension of R is 6. On the other hand,
Krull dimension of A/l is 6.

Lemma 6.3 ¢ : A/l — R is an isomorphism of C-algebras.
Proof Proof is similar to the proof of Lemma 4.7. O
Corollary 6.4 ¢ : A/l — R is an isomorphism as graded C-algebras.

Corollary 6.5 X is not a complete intersection variety.

7 singularities

In this section, we study the singularity of the torus quotients of Schubert varieties in G,,. To proceed
further, we recall the following proposition on the smooth locus of Schubert varieties in minuscule
Grassmannian due to M. Brion and P. Polo (see [3, Proposition 3.3(a), p.314]). We introduce some notation
to state the proposition. Let H be a simple algebraic group over algebraically closed field k. Let Q be a
minuscule parabolic subgroup of H. Let W (respectively, Wy) be the Weyl group of H (respectively, Q). Let
W€ be the minimal coset representative of W/Wy. For w € W€, let X(w) be the Schubert variety in H/Q
corresponding to w. Let X(w)_, be the smooth locus of X(w). Then we have

Proposition 7.1 (See [3, Proposition 3.3(a), p.314]): Let w € W2, Let P,, be the stabilizer of X(w) in G.
Then X(w),,, = PywP/P C X(w).

sm

We use Proposition 7.1 when H = SL(n,C), and Q = P*. Let w € W¥ be such that i, <w in W¥. Let
w = (84, ~~-s%--~s1)(s,,_] ---57). Then we have w = (a; + 1,n) in one line notation, and a; > 5. We
observe that P, is a parabolic subgroup of G generated by B, and {s;:i+# a; + 1}. Therefore, by
Proposition 7.1, we have X(w),, = P,wQ/Q. On the other hand, by [20, Lemma 2.1, p.470],

Xw)7(LGBw))= U (BuQ/Q)7(L(3m2)). Note that for wi <u<w, u is of the form

min —
SS y
Wi, SU<w

(8q+- . “o81)(Sp—1---52) for some 5—1<a<a;. Therefore, by Proposition 7.1, we have
X(w)7 (LG 2)) € X(W),,-

Let X =T\\X(w)7(L(}w,)). Let ¢ : X(w)7(L(3w;)) — X be the GIT quotient map. Let ¥ =
T\X5(L(5w2)). Since X(w)7 (LB @2)) \ X(W)7(L(5@2)) is a T-invariant closed subset of X (w)7' (L(52)),
X\ Y is a closed subset of X. Hence, Y is an open subset of X. Then we have
Proposition 7.2 All the points of Y are smooth points of X.

Proof We also denote the restriction of the GIT map ¢ to X(w)3(L(3w,)) by ¢. Then we have the
following commutative diagram:

Y
lz
X

We note that ¢ : X(w);(L(3w2)) — Y, is a geometric quotient of X(w);(L(3w,)) by T. Moreover, for
each point x € X(w)7(L(4,)), stabilizer T, of x in T'is finite. Suppose x is a stable point of X (w)7.(L(4w2))
such that x € BvQ/Q for some v<w € W2. Let R"(v~!) denote the set of all positive roots made negative

X (w)5(L(Bwa)) ——

|

wa
X (w)5 (L(Bws)) ——
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by v=!. Choose a subset {f;, ..., B, } of R*(v™") such that x = ug (t1) - - - ug, (tn)vQ/Q with ug (1;) in the
root subgroup Uy, t; # 0 for j = 1, ...,m. The stabilizer T of x is N~ ker(B;)-

Since the stabilizer subgroup 7y is finite, the kernel of the homomorphism v : T — (C*)™ defined by
W(t) = (B,(1), B(2), ..., B,,(1)) is finite. Let " = ¢(T). Then y induces an injective homomorphism ) :
X(T") — X(T). of character groups such that y(X(7’)) has a finite index in X(T). Hence, the subset
{By,- -+ B} of RT(v™!) generates the Q-vector space spanned by S. Therefore, by [19, Lemma 3.2], S is in

m

the lattice Z: Z;. Hence, we have T, = (i, ker(f;) = N ker(o;) = Z(G).

i=1

Let n: G — PSL(n,C) be the natural homomorphism. Let T,; = n(T). Then L(5w) is also Ty
linearized. Therefore, X(w)7(L(5w2)) = X(w)7 (L5 w2)).

Hence, working with G,4, we may assume T, = {e}. Thus ¢ : X(w)7.(L(5w,)) — Y, is a principal T-
bundle. Therefore, Y is smooth as X(w)3(L(4,)) is smooth. Since Y is an open subset of X, Y is contained
in the smooth locus of X. 0
Proposition 7.3 Let e X(w,)7(LGw)) CXW)F(L(Ew)). Let  K={veWF’:vie

U BuQ/0}, and L = {vp(&): e K}. Then the set of all singular points of X is a subset of L.

WS <u<w
min

Proof Let Xg;ne be the set of all singular points of X. Then by Proposition 7.2, Xgj,e is a subset of X \Y.

We observe that for v € WPi’z”’ v(Bwy, Q/0)7 (L(52)) = (Bwy;,Q/ Q)7 (L(5m2)). Therefore, by [20,

Lemma 2.1, p470], X(W)3 (LG ®2)) \ X(W)p(LGBw2)) = U v(BWS,0/0)7 (L(Bw,)). Since ¢ €
vek

X(wi.)7 (L(3w,)) and there is a unique 7-invariant standard monomial in degree one whose restriction

min
to Bwiy,, 0/Q is non-zero, we have ¢((Bws,Q/0Q)7(L(5®2))) = ¢(&). Further, we note that ¢(v) =
vp(&). Therefore, we have Xgins € X \ Y = L. O

Corollary 7.4 Xy, is finite.
Proof follows from Proposition 7.3. O

We have already observed that X is smooth when w = w; . (see Proposition 3.5). Thus, we are interested in
studying the singularity of X, when w},, <w.

Letw = (sp---sz---51)(sy-1---52). Then in one line notation we have w = (b + 1,n). Note that b > % +
1, as wi,, <w. Let &, @ be as defined above and K, L be as defined in Proposition 7.3. By Corollary 7.4,
Xsing 1s finite and Xg;,; € L. Next we prove that L = X;,,. Note that to prove L = Xg;,,, it is enough to show
that ¢(¢) is a singular point of X.

To proceed further we first introduce some definition and notation following the article by Jean-Marc
Drézet (see [6, p. 28-29]).

Let H be a reductive group acting on an algebraic variety Z. Given a character y of H, we define the H-
line bundle £(y) associated to y as follows: The underlying line bundle is Oz = Z x C and the action of H is

HxZxC—ZxC
(h,z,t) — (hz, z(h)1).

-y 0 -
x2'2_x 0
g 0 B
Letx= | 1 i1, | €Bw,,;,0/0 be such that ([] xi2)( [[ xin) #0.
0 xa i=1 =111
0 Xn—1n
L O I
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n

2
Since [] piay; is the unique monomial (up to a non zero scalar) of H®(X(w; ),C(%a)z))T such that

% i min

]_[lpig+z( x) # 0, x € X(wyy, )7 (L(52)). Since ¢((Bw;,0/Q)") = ¢(¢), we have x € ¢~ '(p(¢)). The

stabilizer T, of x in T is () ker(e;), that is T = /s, where Ay = diag(#,---,#:,¢72,- -, 1), Furthermore,
i

since Tx is a minimal dimensional orbit in @~ !(¢p(¢)), Tx is closed in ¢~ !'(p(¢)). Then we prove the
following

Proposition 7.5  ¢(&) is a singular point of X.
Proof Recall that X(w)" C X(w),,. Further, X(w)" \ X(w)" = |J v(Bw,,0/Q)". Thus the co-dimension

vek
of X(w)"\X(w)" in X(w)” is b+ 1 —% which is at least 2, as b> %+ 1. Further ¢y, : X(w)" —
@(X(w)") is a geometric quotient and T acts freely on X(w)’.
By the above discussion x € ¢~ (¢(&)), and Tx is a close orbit in ¢! (¢(¢)) with T, = As. Take y = az.
Then y is non trivial character on /1%, ie., x(i%) # 1. Therefore, by [6, Theorem 8.3, p.44], Ox 4 () is not a
unique factorization domain. Hence, ¢(&) is a singular point of X. O

Corollary 7.6 L is precisely the set of singular points of X.
Proof Follows from Proposition 7.3 and Proposition 7.5. O
Next we compute the number elements in L for T\\(G2,,)7 (L£(5®2)).

Lemma 7.7 Let x1,x2,y1,y2 be positive integers such that x| # xp, y1 # y2. If x1 <yy and x, <y, then
(x1,x2) T <(1,32) 1.

Proof 1t is enough to prove that min{x;,x,} < min{yy,y,} and max{x;,x;} < max{y;,y.}.

Let min{x;,x} = x1. Then x| <x,. We have x; <y; and x; <x; <y,. So, x; <y; and x| <y,. Hence, x| <
min{yy,y,}. Similarly, if min{x;,x,} = x, then x, < min{y;,y,}. Hence, min{x;,x;} < min{y;,y,}.

Let max{y;,y2} = y1- Then y, <y;. We have x; <y; and x, <y, <yj. So, x; <y; and x, <y;. Hence,
max{x;,x;} <y;.Similarly, if max{y;,y,} = y» then max{x;,x,} <y,. Hence, max{x;,x,} <max{y;,y2}.

Therefore, (x1,x2) T <(v1,¥2) T

Let R, = HO(Gzn,[,( wz))T and dim(R;)=d. Let {X;: 1 <i<d} be the standard monomial basis of R,

where X; = Hpi%+i.
ie

{ou}

Lemma 7.8 Let & be as above. Then given w € W\ such that w #id, and w # WO " there exists an
i # 1 such that X;(w&) # 0.

S\{on

Proof Assume that w € w5\ %) be such that w # id and w # WO\{x ) Note that w(1) <w(2) < --- <w(})
s

and w3+ 1)<w(}+2)<--- <w(n). Further, since w # id, WO\{GC }, we have (w(3),w(n)) 1# (5,n).

S\ {om
Indeed, if (w(5),w(n)) T= (5,n), then either w(5) = Jor w(5) = n. Now, w = id orw = WO\{ 2" according as

w(E) =5orw}) =n.

Let M = puw(1) wa+1)1Pw@)w@+2)1 *** P wn)1- BY using Lemma 7.7, we see that M is a standard
monomial. Then M = X; where 1 # 1.
Now we prove that M(w¢) # 0. Note that w(1)-th row of w(&) = 1-st row of £ and w(5 + 1)-th row of
) =

w(¢) =%+ 1-throw of . Hence, pu(1) (1)) (WE) = £p1241(E). Similarly, pi (i) wieri (W pinyi(E).
Therefore, M(wé) = £]];_, pizi(&) # 0 O
Note that (wg\{“m}) s\{“"/’} and w, \{l"“}é € Bw®. 0/Q. Thus, ¢(w, S\ "/2}5) ¢(&). On the other

hand, we have the followmg
Lemma 7.9 Let &, ¢ be as defined above. If o(ué) = @(v&) for some u,v € W\M*2} | then v =u or
S\{%,/z}

V=uw,

Proof Assume that ¢(ué) = @(v¢). Since ¢ is W-equivariant, we have @(u~'v&) = ¢(&). Let u™lv = uyv;
where u; € W5\ and v, € W\ (5} Since vi € Wy p4,1, Vi€ € Bwyy;, Q/Q. Thus, we have ¢(u;&) = ¢(&).
2 2
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S\{, S\{etu/2}
0 0

Then, by Lemma 7.8, we have u; = id or u; = w, "/2}. Thus, we have v = u modWS\{M} or v= uw
2

modWS\{a%}. Further, note that —wo(S\ {oz}) = S\ {oz}. Hence, uwS\2} (o) s a positive root for j # 2,
which implies uwg\{a"/ e W\ Therefore, proof follows. O
Corollary 7.10 Let L be as defined above. Let Card (WS\{“%}) =A. Then Card (L)=%, ie.,
T\\G%,(3w,) has % singular points.

Proof Letc: w1 be map defined by c(u) = @(ué) for u € Wi\, Clearly, c is surjective. On
S\{om
the other hand, by Lemma 7.9, ¢~ (¢(u¢)) = {u, uwo\{xz}} for ¢(ué) € L. Therefore, Card(L)=5 . O

Example 7.11  T\\(G26)7 (L£(3w2)) is not smooth: Let X = T\\(Gz)7 (L(3w,)). Recall that X is a cubic
hypersurface in the projective space P* = Proj(C[X|, X2, X3, X4, Xs]), given by F(X;,Xs,X3, X4, Xs5) =
X3Xi — X1 X0 X5 + X1 X3Xy — X0 X3X4 + X0 X3X5 — X3X4X5. Let &€ (BW‘;‘;inPaz /P“Z)}Y(E(Swz)) Then we
have @((Bws, P™/P?)y (L(3w,))) = (&) =p where p=[1:0:0:0:0]. Let p = (1,0,0,0,0) be a lift
of p in the affine cone of X.

Then we have aaTFl = X3X4 — Xsz;aaTFz = X3X5 — X1X5 — X3X4; 8671:3 = XZ + X1X4 — X2X4 + X2X5 — X4X5;
Se = 2XaX4 + X1 X3 — XoXs — XaXs5; 5 = — X1 Xa + XoX3 — X3X,.

Thus ($-(P) & (P) & (P) & (P) & (P)) = (00000). Hence, p is a singular point of the affine cone of
X. Therefore, p is a singular point of X.

Example 7.12 T\\(X(6,8))7 (L(4®,)) is not smooth: Let X = T\\(X(6,8))7 (L(4m2)).

Recall that X is a projective subvariety of the projective space

P® = Proj(C[Xy, X2, X3, X4, X5, Xs, X7, X3, Xo]), given by the following system of quadratic homogeneous
polynomials:

F1 = XoXs — X5Xg + X4Xg — X1 X3 — X0 X4 + X1 X5

Fr = X1 X3 — XoX4 + X3Xe — X3X3 + XaXg — X4Xo

F3 =XX7 — X1 X7 — X3X6 + X4Xo

Fy = X3Xg — XsX7

Fs = X1 X3 — XoX4 + X0 Xe — X3X5 + XuXg — X1 Xo.

Note that ¢((Bw, P*/P*)7(L(4m;))) = ¢(&) =p where p=[0:0:0:0:0:0:0:0:1]. Let p =
(0,0,0,0,0,0,0,0, 1) be a lift of p in the affine cone of X.

Xo—Xg Xo—Xo+Xi 0 Xs—Xo —Xg Xo 0 Xi-Xs—X, 0
X; X, X+ Xe—-Xg Xs—-Xo—Xo 0 X 0 Xi—Xs X,
(g%) - -x X, X, Xo 0 —-X3 Xo—X 0 X,
0 0 Xs 0 “X: X3 —X; 0 0
Xs—Xo  Xe—X X, — X Xs — X, 0o X 0 Xi—-X;  —-X

Thus we have

0 00 0 0O0O0O0OO
0 00 -1 00 0 O0O
(%)=]0 00 1 00000
0 00 0 O0O0O0O0O0OO
(-1 00 0 0 0 0 0 0]
Hence, p is a singular point of the affine cone of X, as the rank of (2% () ) <9 — 5 = 4. Therefore, pis a

singular point of X.
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