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Abstract Let k be a perfect field, and X an irreducible smooth projective curve over k. We give a criterion
for a vector bundle over X to admit a logarithmic connection singular over a finite subset of X with given
residues, where residues are assumed to be rigid.
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1 Introduction and statements of the results

Let X be a compact Riemann surface. A famous theorem due to Atiyah [3] and Weil [11], which is known
together as the Atiyah-Weil criterion, says that a holomorphic vector bundle over a X admits a holomorphic
connection if and only if the degree of each indecomposable component of the holomorphic vector bundle is
zero (see [5] for an exposition of the Atiyah-Weil criterion). In [6] and [8], the Atiyah-Weil criterion has
been generalised for the smooth projective curve over infinite perfect field, and perfect field, respectively. In
[4], a criterion for the existence of a logarithmic connection with prescribed residues has been established,
and hence generalising the Atiyah-Weil criterion in logarithmic set up. More precisely, let S = {x;, ..., X, }
be a subset of X such that x; # x; for all i # j, and let E be a holomorphic vector bundle over X. Fix a rigid
endomorphism A(x) € End(E(x)) for every x € S, where E(x) denote the fibre of E over x € S. Then, we
have the following.

Theorem 1.1 [4, Theorem 1.3] The vector bundle E admits a logarithmic connection singular over S with
residues A(x) at every x € S if and only if for every direct summand F C E,

deg F+ > tr(A(x)[p(y) =0, (1.1)

xes

where F(x) denote the fibre of F over x € S.
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The proof in [4, Theorem 1.3] will work for vector bundles on a smooth projective curve defined over an
algebraically closed field of characteristic zero.

Motivated by the above discussion, we have problems related to existence of logarithmic connections
when the curve is over an algebraically closed field of characteristic p > 0, a prime number. Also, to
investigate the the suitable criterion when the base field is not an algebraically closed field.

In case k is an algebraically closed field of characteristic p > 0, and X is an irreducible smooth projective
curve over k, we prove the following (see Section 3 Theorem 3.1).

Theorem 1.2 Let E be an algebraic vector bundle on X defined over algebraically closed field k of
characteristic p > 0. Then E admits a logarithmic connection singular over S with residue A(x) for every
x € S if and only if every indecomposable component F of E satisfies the following condition

deg F + ) tr(A(x)|(y) = 0 (mod p), (12)

x€S
that is, the number deg F + > ¢ tr(A(x)|r()) € k is a multiple of p.
By the abuse of notation, we denote the image of deg E € Z under the morphism

7 — 7/pZ—k

by deg E itself, and this is used throughout the paper.
We also show the following result (see Section 4, Theorem 4.1), and this will generalise [4, Theo-
rem 1.1] in the logarithmic framework.

Theorem 1.3 Let k be a perfect field of characteristic p. Let E be a vector bundle on an irreducible smooth
projective curve X over k. Then, we have

(1) Assume that p > 0, and suppose that rank of each indecomposable components of E is not divisible by
p. Then E admits a logarithmic connection singular over S with residue A(x) for every x € S if and only
if for every indecomposable component F of E satisfies

deg F+ ) tr(A(x)| () = 0 (mod p), (1.3)

xeS

(2) If for every indecomposable component F of E satisfies

deg F+ > tr(A(x)[p() =0, (1.4)

xes

then E admits a logarithmic connection singular over S with residue A(x) for every x € S.

2 Logarithmic connection and residues over a field

Let k be a field. Let X be an irreducible smooth projective curve over k. Let
S:={x1,..yXn}

be a finite subset of closed points of X such that x; # x; for i # j, and let
Z:=x14+ - -+x,

denote the reduce effective divisor associated with S. Let Q; denote the cotangent bundle of X. Let E be a
vector bundle over X. A logarithmic connection [9] on E singular over § is a k-linear map

D:E—E®Q®0x(2) (2.1)

which satisfies the Leibniz identity
D(fs) =fD(s) + df ®s, (2.2)

where fis a local section of Ox and s is a local section of E.
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We shall give an equivalent definition of a logarithmic connection in terms of splitting of logarithmic
Atiyah exact sequence.

Let Diff,l((E, E) be the vector bundle over X whose sections over any open subset U C X are the
differential operators on E|,, of order at most one. Let

o : Diff}(E, E) — TX ® End(E)

be the symbol operator, where 7X be the tangent bundle of X. The symbol operator o, is surjective. Consider
the symbol exact sequence

0 — End(E) — Diff\(E,E) 7){ ® End(E) — 0. (2.3)

Let Ox(—Z) C Ox be the line bundle associated to the divisor —Z. Then
Ox(—Z) ® TX @ End(E) C TX ® End(E).
Define a vector bundle on X as follows.
A(E)(—1logZ) := o7 (1 ® TX ® Ox(~Z)).

From the symbol exact sequence (2.3), we get a short exact sequence
0 — End(E) — At(E)(—log Z) LTHX(— logZ) — 0, (2.4)

called the logarithmic Atiyah exact sequence, where o; is the restriction of ¢; and
TX(—logZ) :=TX ® Ox(—Z).

Now, E admits a logarithmic connection singular over S if and only if the logarithmic Atiyah exact
sequence (2.4) splits algebraically, that is, there exists an Ox-linear homomorphism

o: TX(—logZ) — At(E)(—logZ) (2.5)
such that
gl oo = 1TX(7logZ)-

Next we will define residue of a logarithmic connection in E at x € S. Fix x € S, and let U be an open subset
of X such that U NS = {x}. Let s be an algebraic section of At(E)(—logZ) over U. Then o (s) will be a
section of TX(—logZ) over U. Now, evaluating a7 (s) at x, we get

a1(s)(x) = a1x(s(x)) = 0.
Since Ker(o7) = End(E), we get a k-linear map
Jx : At(E)(—log Z)(x) — End(E)(x) = End(E(x)). (2.6)
Note that for any x € S, the fiber Q)l( ® Ox(Z)(x) is canonically identified with k by sending a rational
1-form to its residue at x.

Given a logarithmic connection D on E singular over S, we get a unique algebraic splitting o of (2.4)
corresponding to D, and thus we define the residue of D at x € S by

Res(D, x) := ji(o,(1)) € End(E(x)), (2.7)

where 1 € k and the fiber 7X(—log Z)(x) is canonically identified with k as described above.
Next, we describe logarithmic connections with prescribed residues. For that first notice the following.

Lemma 2.1 For every x € S, the fibre At(E)(—log Z)(x) has the canonical decomposition
At(E)(—logZ)(x) = End(E(x)) ® k (2.8)
Proof See [4, Lemma 2.1]. O

Fix A(x) € End(E(x)) for every x € S. Consider the one dimensional vector space over k generated by the
vector (A(x), 1) in End(E(x)) @ k, that is,
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Iy :=k.(A(x),1) C End(E(x)) & k = At(E)(—log Z)(x). (2.9)
Let A(E) — X be the vector bundle that fits in the following short exact sequence
AU(E)(—log Z) (x)

0 — A(E) — At(E)(—logZ) — @D, L — 0. (2.10)

where [, is constructed above.
From logarithmic Atiyah exact sequence (2.4) we have the short exact sequence

0 — End(E) ® Ox(-Z) f(E) "—T‘>X(— logZ) — 0, (2.11)

where o is the restriction of a;.

Lemma 2.2 A logarithmic connection in E with given residues A(x) € End(E(x)), for every x € S is an
algebraic splitting of the short exact sequence (2.11), that is, there exists a morphism

h:TX(—logZ) — A(E)
such that @] 0 h = 17x(_ 10 2)-

We recall the notion of rigid endomorphism. Let x € X. An endomorphism f§ € End(E(x)) is said to be a
rigid if
Podx)=dx)op

for all ¢ € H’(X,End(E)) Now onwards we shall assume that the endomorphism A(x) is rigid for every
xes.

Recall that a vector bundle E over X is said to be decomposable if there are vector bundles F and F’ such
that rk(F) > 0, tk(F)' > 0 and

E~FO®F.

A vector bundle is called indecomposable if it is not decomposable.
From [2, p.315, Theorem 2], any vector bundle E over X is isomorphic to a unique, up to reordering,
direct sum of indecomposable vector bundles, and we call it Krull-Remak—Schmidt decomposition of E. Let

E= @?:1Ei
be the Krull-Remak-Schmidt decomposition of E. Since A(x) € End(E(x)) is rigid for every x € S,
A(x)(E'(x)) C E'(x).

The restriction of A(x) on E'(x) is denoted by A’(x) for every x € S and for every i = 1,...,n. We use the
notations as above for the following.

Lemma 2.3 E admits a logarithmic connection singular over S with residues A(x) at every x € S if and
only if each indecomposable component E' admits a logarithmic connection D' with residue A'(x) at every
xes.

Proof Let1:E' — E be the inclusion map, and ¢' : E — E' the quotient map. Let
D:E— E®QlogZ)
be a logarithmic connection singular over S with residue A(x) at every x € S. Consider the composition
(¢ ® IQ)I((logZ)> oDo1:E — E'®Q}(logZ),
which satisfies the Leibniz rule and singular over S with residue A’(x) at every x € S. Conversely, given

logarithmic connection D' on E' for every 1 <i < n, singular over S with residue A’(x) at every x € S. Then
@LIDi gives a logarithmic connection on E singular over S with residue A(x) at every x € S. O
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3 Criterion over an algebraically closed field of characteristic p > 0
In this section, we assume that k is an algebraically closed filed of characteristic p > 0, and X an irreducible
smooth projective curve over k.

Theorem 3.1 Let E be an algebraic vector bundle on X defined over the algebraically closed field k of
characteristic p > 0. Then E admits a logarithmic connection singular over S with residue A(x) for every
x € S if and only if every indecomposable component F of E satisfies the following condition

deg F + Ztr(A(x)lF(x)) = 0 (mod p), (3.1)

xes
that is, the number deg F + > ¢ tr(A(x)|r()) € k is a multiple of p.

Proof In view of Lemma 2.3, it is enough to prove the theorem for indecomposable vector bundles.
Without loss of generality assume that £ is an indecomposable vector bundle. Consider the short exact
sequence (2.11) associated with E and its extension class (called logarithmic Atiyah class)

¢4 € H'(X,End(E) ® QL). (3.2)
By Serre duality, the logarithmic Atiyah class qf)g corresponds to an element
¢ € HO(X, End(E))". (3.3)
Now, we shall construct a k-linear morphism
S¢ : End(E(x)) — H'(X,End(E) ® Qy) (3.4)

of vector spaces for every x € S. In fact, this morphism J, can be constructed for any x € X. Consider the
short exact sequence

Res,

0 — End(E) ® Q; — Ox(x) ® End(E) ® Qy — End(E(x)) — 0, (3.5)

where the last map is given by sending logarithmic 1-form with values in End(E) to its residue at x with
values in End(E(x)). The morphism J, in (3.4) is the coboundary operator in the long exact sequence of
cohomology groups induced from the short exact sequence (3.5). From Serre duality, and from 6,, we get an
induced morphism

S, : End(E(x)) — H(X, End(E))*, (3.6)
such that
O¢(B)(7) = tr(oy(x)).
Now, consider the Atiyah exact sequence (see [3] and [7, Proposition 4.2] for the proof)
1 (]
0 — End(E) — A#(E) e 0, (3.7)

and let at E € H'(X,End(E) ® Q)l() denote the extension class, known as Atiyah class. Again using Serre
duality, we have atE € H’(X,End(E))". We claim that

b = atE + 3 6, (A)) (3.8)

xes

Since k is an algebraically closed field and E is indecomposable, any element 6 € H(X, End(E)) is of the
form

9:V1E+N,

where v € k and N is a nilpotent endomorphism of E. To prove (3.8), it is enough to verify the formula (3.8)
for 1z and N separately. From [3, Proposition 18(ii)], it is know that ;EE(N ) = 0. Next, since N € End(E) is
nilpotent, N, € End(E(x)) is nilpotent. Since A(x) is a rigid endomorphism, N(x) commutes with N(x) and
hence A(x) o N(x) is nilpotent. Thus,
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Let E, be a flag
O0=EyCE C---CE=E
of subbundles of E such that
AX)(Ei(x)) C Ei(x),

for every x € § and for every 1<i<l/[. Let End(E)0 be the Ox-submodule of End(E) consisting of
endomorphisms which preserves the flag E,. Then End(E)" is a subbundle of End(E). The inclusion
morphism 1 : End(E)’—End(E), induces a morphism

* - H'(X,End(E)’ ® QL) — H'(X,End(E) ® Q).

It can be shown that the logarithmic Atiyah class (1)2 is in the image of 1"
Moreover, for a nilpotent endomorphism N, the subbundles Ker(N) of E for j > 1, form a flag of E such
that

A(x)(Ker(N) (x)) C Ker(V)(x),

because A(x) o N(x) = N/(x) o A(x) for every j>1. We take End(E)’ to be associated with the flag
Ker(N/), j > 1. Then, from above observation q{)g (N) = 0. Thus, (3.8) satisfies for N.
Consider the following composition of morphisms
H°(X, End(E)) ® H'(X, End(E) ® Q}) — H' (X, End(E) ® End(E) ® QL)
trace

2 H'(X,End(E) ® Qb)) =S H'(X, QL) =k,

and denote it by ¥, where the first morphism is the cup product, second morphism m* is induced from
m : End(E) ® End(E) — End(E)

which is composition of endomorphisms of E.
Under this composition ‘P, the image of 1z ® ¢ coincides with deg E + >, _¢tr(A(x)) € k, that is,

d/)vg(lE) =deg E + Ztr(A(x)).

xes

Also, under the same morphism P, the image of at E coincides with deg E (see [6, Proposition 3.1]), and
hence

atE(1;) = deg E.

As observed above, &(A(x))(lg) = tr(A(x)olg) = tr(A(x)). Thus, (3.8) verifies for 1g, and hence com-
pletes the proof of the claim.
Thus, E admits a logarithmic connection singular over S with given residue A(x) for every x € S if and

only if the obstruction class ¢ vanishes which is equivalent to ¢ (1z) = 0, that is, deg E + > _¢tr(A(x))
vanishes in k, which is nothing but

deg E + Z tr(A(x)) = 0 (mod p).

xeS

This completes the proof of the theorem. O

Remark 3.2 In the proof of the Theorem 3.1, we observed that qﬁé(lE) € k corresponds to
deg E+ > str(A(x)) € k. In fact, this is true for every field k. Therefore, if a vector bundle E on an
irreducible smooth projective curve X defined over any field k admits a logarithmic connection singular over
S with residue A(x) for every x € S, then the number
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deg E + Z tr(A(x))

xeS

is a multiple of the characteristic of k.

4 Criterion over a perfect field

In this section, we prove an analogous result, when the base field k is not an algebraically closed. In this
section, we will assume that k is a perfect field of arbitrary characteristic, and X is an irreducible smooth
projective curve defined over k.

Theorem 4.1 Let k be a perfect field of characteristic p. Let E be a vector bundle on an irreducible smooth
projective curve X over k. Then, we have

(1) Assume that p > 0, and suppose that rank of each indecomposable components of E is not divisible by
p. Then E admits a logarithmic connection singular over S with residue A(x) for every x € S if and only
if for every indecomposable component F of E satisfies

deg F+ ) tr(A(x) () = 0 (mod p), (4.1)

xeS

(2) If for every indecomposable component F of E satisfies

deg F+ Y tr(A(x)| () =0, (4.2)

xes
then E admits a logarithmic connection singular over S with residue A(x) for every x € S.

In view of the Remark 3.2, in the first part 1 of the above Theorem 4.1, one direction is obvious, that is, if £
admits a logarithmic connection singular over S with residue A(x) for every x € S, then

deg F + Z tr(A(x)|p() = 0 (mod p).

xeS

The hard part is to prove the converse of it. Also, notice that the converse of the second part 2 of the
Theorem 4.1 is not true. In order to prove above Theorem 4.1, we need the notion of absolutely inde-
composable vector bundles over X and some key properties of finite extensions of perfect fields.

Let K be a finite extension of k. Let

Xk = X Xgpec(k) spec(K)
be the curve obtained from base change and let
n:Xg — X (4.3)
be the natural projection. Consider the subset S = {xj,...,x,} of X as above. Then
S=m () = {n (1), ....w " (o)}

will be a subset consists of distinct closed points of Xg. For simplicity we set y; = n~!(x;) for every
1<j<m. Let

Z::yl+"'+ym

be the reduced effective divisor associated with S.
Let F be a vector bundle over Xk, and let

F:=nF (4.4)
be the direct image of the vector bundle F under n. Then F is a vector bundle over X. Let
d:=degn=IK:Kk]

denote the degree of the extension K|k. Then
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deg F =d -deg F, (4.5)
and we get a relation between their ranks

tk(F) =d - tk(F). (4.6)
Under above notations we have

Lemma 4.2 [f the vector bundle F over Xx admits a logarithmic connection singular over S, then the
vector bundle F (defined in (4.4) over X admits a logarithmic connection singular over S.

Proof Let
D:F—FeQ ®0x(-Z)=F @ (logZ)

be a logarithmic connection on F singular over S. _
Let U C X be an open subset, and s € F(n~' (U)). Then D(s) be a local section of F & Q)lfk(log Z) over

7~ '(U). This implies that D(s) is a local section of 7. (F ® Q)I(K (log Z)) over U. Since
(@ (log Z)) = Oy, (log Z),
from the projection formula, we get
T (F ® Q;(K(log Z~)) =1 (F ® n*(Q}K(logZ))

= 1.(F) ® Qy(log Z)

=F®Qy(logZ).
Thus, D(s) gives a local section of F ® Q}(logZ) over U.

We define an operator
V:F — F®Q(logZ)
by
V(s) := D(s),

where § € F(U), a section given by s € (n*]:P(U) = F(U), for every open subset U C X.

For any f € Ox(U), d(f on) = n"df € Qx (log Z)(U), where d: Ox — Qi (logZ) is the universal
derivation. The operator V satisfies the following property (Leibniz rule).

V(f-8) =D((fon)-s)
=(fonm)D(s)+d(fon)®s
=fV() +df ®5.

Thus, V is a logarithmic connection on F singular over S. ]

Remark 4.3 1In the above Lemma 4.2, we can choose residue B(y) for every y € S, for the logarithmic

connection D on F singular over S, such that it maps to the given residue A(x) for every x € S, for the
induced logarithmic connection V on F singular over S, under 7.

Let Y be a geometrically irreducible projective curve defined over a field /. For the following definition of
absolutely indecomposable vector bundle, see [1].

A vector bundle £ over Y is called absolutely indecomposable if there is an algebraic closure / of / such
that the corresponding vector bundle £ ®; [ over Y x; [ is indecomposable.

In fact, the condition that a vector bundle over Y is absolutely indecomposable does not depend on the
choice of the algebraic closure /.

Proof of Theorem 4.1 In view of Lemma 2.3, it is enough to show the theorem for indecomposable vector
bundles. To prove the first part 1, let k be a perfect field of characteristic p > 0, and E be an indecomposable
vector bundle over X such that
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deg E+ ) _tr(A(x)) = 0 (mod p), (4.7)

xeS

where A(x) is given rigid endomorphism on E(x), for every x € S.

Since k is a perfect field, from [1, Theorem 1.8, 4] there is a finite field extension K of k with the
following property.

There is an absolutely indecomposable vector bundle £ over

Xg =X x; K
such that
m.E2E, (4.8)
where 7 : Xx — X is the natural projection. The above result is due to A. Tillmann [10] as mentioned in [1].
In view of (4.6), for every y € S, choose endomorphism B(y) € £(y) =2 K™(€) such that
d - w(B(y)) = w(A(x)), (4.9)
where 7(y) = x, and d the degree of extension K |k.
Note that tr(B(y)) € K and tr(A(x)) € k, so we consider K as a vector space over k, and we take trace of

tr(B(x)) € K to get (4.9).
From (4.7), and (4.5), we have

d-deg &+ Zd -tr(B(y)) = 0 (mod p).

(4.10)
yeS
Since rk(E) is not divisible by p, from (4.6), d is coprime to p, and hence (4.10) becomes,
deg € + Ztr(B(y)) =0 (mod p). (4.11)

yeS
Since £ is an absolutely indecomposable vector bundle over Xk, by above definition
gf =& Rk K

is indecomposable vector bundle over Xz := Xg X K, where K is an algebraic closure of K.
Let T : Xz — Xk be the natural projection. Choose a subset

S={M, Y} C Xz

such that 7(y;) = y; for every j = 1,...,m. Notice that deg & = deg £. From above observation, for every
y € §, choose endomorphisms B(y) on Ex(¥) such that tr(B(y)) = tr(B(y)). Thus, the equation (4.11)
becomes

deg &z + Ztr(B(y)) =0 (mod p), (4.12)
yeSs
and from Theorem 3.1, £ admits a logarithmic connection singular over S with residue B@ for every
yeSs.
Consider the short exact sequence (2.11) for the vector bundle £ over Xk and for the given endomorphism
B(y) € End(E(y)) for every y € S, that is,
0 — End(&) ® Ox, (—Z) —J’4>(5) ”—T‘>XK(— log Z) — 0. (4.13)

Let ¢% € H'(Xx, End(€) ® Q)l(K)_be the extension class of (4.13).
Changing the base from K to K, and using the base change formula, we get a short exact sequence
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~

0 — End(€) ® Ox, (—Z) @k f—;»(g) @k K "_TxxK(f logZ) @k K — 0 (4.14)

of vector bundles over Xz. Let qb? be the extension class of (4.14), and note that
H'(Xz,End(€) ® Qy, ® K) = H'(Xk,End(€) ® Q) © K,
and
PE=olol (#.15)

Next, the short exact sequence (4.14) coincides with the short exact sequence (2.11) associated with the
vector bundle £% over Xz with endomorphism B()?) on Ex(y), for every y € S, that is,

~
A~

0 — End(£g) ® Ox_(—2) _’>(5E) G—T'>Xf(— log Z) — 0.
Therefore, the extension class ‘f’g Y coincides with gbg .
Since £% admits a logarithmic ‘connection singular over S with residue B( v) for every y € S, we have

0= = gf.
Thus, from (4.15),
pe®1=0,

and hence q{)g = 0. In view of Lemma 4.2, and Remark 4.3, proof of 1 is complete.
To prove the second part 2, let E be an indecomposable vector bundle over X which satisfies (4.2). Using
the same technique as above, the vector bundle £ over X in (4.8), satisfies (4.2). Now, repeating the above

argument, we conclude that £ admits a logarithmic connection singular over S with residue B(y), for every
y € S. Again, from Lemma 4.2, and Remark 4.3, proof of the second part 2 of the theorem is complete. []
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