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Abstract We prove that if A is an ordinary and advertibly complete l.m.c.a. each element of which has a
convex spectrum, then A modulo its Jacobson radical is isomorphic to C. We obtain the same conclusion for
l.A.c.a and L.u.A-c.a. A purely algebraic version is also given. In the involutive case, the same conclusion,
for an involutive ordinary Arens-Michael algebra, is obtained only under the convexity hypothesis on the
spectrum of each normal element. Finally, if the algebra is additionally hermitian, it suffices to assume that
the spectrum of each unitary element is convex.
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1 Preliminaries and introduction

A locally convex algebra (I.c.a. in short) is a locally convex vector space which is an algebra with separately
continuous product. A l.c.a. is said to be locally m-convex algebra (I.m.c.a. in short) ([7]) if its topology can
be given by a family (p;),., of seminorms such that:

pi(xy) <pi(x)pi(y), Vx,y € AVL € A.

A complete l.m.c.a. is called Arens-Michael algebra. A l.c.a. is said to be locally A-convex algebra (l.A.c.a.
in short) ([3]) if for every x € A and every A € A, there exists M(A,x) > 0 such that:

max (p; (xy), pi(yx)) <M(4, x)p;i(y),¥y € A.

If M(2,x) can be chosen independently of 4 ([4]), then the [.A.c.a. is said to be uniformly A-convex algebra
(l.u.A-c.a. in short). Let A be a unitary /.c.a. with unit e. It is said to be a Q-algebra if the group G(A) of
invertible elements is open. A net (x;), in A is called advertible with respect to x € A if x;x — ¢ and
xx;, — e. Observe that if (x;) ; 1s convergent, then x; — x~!. The algebra A is called advertibly complete
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if every Cauchy advertible net in A converge in A. This last notion was introduced by S. Warner ([10]) in the
class of m-convex algebras. Then A. Mallios ([6]) has extended this notion to arbitrary topological algebras.
The spectral radius will be denoted by p, that is, for every a € A,

pala) = sup{le| : z € Spa(a)},

where Sp4(a) denotes the spectrum of a. A linear functional f : A — C is called quasimultiplicative if
fle) =1 and f(a) € Spa(a), for all a € A. The algebra A is called ordinary if every quasimultiplicative
functional on A is multiplicative. We say that the algebra A is spectrally bounded if, for each a € A, Spa(a)
is bounded. An algebra A is said to be spectrally convex algebra if, for each a € A, Sps(a) is a convex set.
The Jacobson radical of A will be denoted by Rad(A), that is

Rad(A) ={a € A: p,(ab) =0, for every b € A}.

For an algebra A, M(A) will be denoted the set of all non zero continuous characters of A. For a detailed
account of the basic properties of m-convex and Q-algebras, we refer the reader to [7].

In the case where the algebra is endowed with an algebra involution x —— x*, an element x € A is said to
be hermitian (resp., normal) if x = x* (resp., xx* = x*x). We designate by H(A) (resp., N(A)) the set of
hermitian (resp., normal) elements of A. The algebra A is said to be hermitian if the spectrum of every
h € H(A) is real. An element x of A is said to be unitary if xx* = x*x = e. The set of all unitary elements of
A is denoted by U(A) . An algebra A is called spectral algebra if it can be endowed with an algebra
seminorm p such that p, (x) <p(x), for every x € A. If moreover, p(x) = p(x*), for every x € A, we say that
algebra is x-spectral algebra. Let A be an involutive algebra, the Ptak function denoted by p4, in the case
where it is defined, is given by:

palx) = pA(x*x)l/z, for every x € A.

For a recent account of the theory of involutive locally convex algebras, we refer the reader to [5].
Throughout the paper, all considered algebras are complex and unital.

In [1], Bhatt showed that if (A, ||.||) is a spectrally convex Banach algebra, then A/Rad(A) is isomorphic
to C. He obtained the same conclusion for involutive Banach algebras under the convexity hypothesis only
on the spectrum of every normal element. Moreover, in the hermitian case, he showed that it suffices to
assume that the spectrum of each unitary element is convex.

In this paper, we will see that an ordinary (in particular, spectrally bounded) and advertibly complete
l.m.c.a. constitute the natural framework of these result. Our proof makes no appeal to the spectral states of
the algebra as it is the case of Banach algebras. We show (Theorem 2.2) that if (A, 1) is ordinary and
advertible complete l.m.c.a. (in particular complete Q-l.m.c.a.) and if (A,1) is spectrally convex, then
A/Rad(A) ~ C. In the involutive case, we obtain (Theorem 3.1) the same conclusion for an involutive
ordinary Arens-Michael algebra under the convexity hypothesis on the spectrum of each normal element
only. Finally, in the hermitian case, it suffices to assume that the spectrum of each unitary element is convex
(Theorem 3.6) as in the Banach case ([1], Theorem 6, p. 729).

2 Spectrally convex ordinary algebras

The following lemma will be useful later

Lemma 2.1. Let A be an algebra. If Spa(x) is a singleton, for all x € A, then Rad(A)=
{x€A:p,(x) =0} and A/Rad(A) is isomorphic to C.

Proof. Let’s first show that Rad(A) = {x € A : p,(x) = 0}. It remains to show that every quasi-nilpotent
element g of A belongs to Rad(A). So we have to show that aq is quasi-nilpotent for every a in A. For that,
we shall distinguish two cases depending on whether a is regular or not. If a is regular, then, aq is the
product of a regular and a singular element, and so aq is singular. So p,(ag) = 0. Next, if a is singular, then
Spa(a) = {0}. This implies that Sps (ag) = {0}. In fact, if Spa(aq) # {0}, then O & Spa(aq). It follows that
aq is invertible in A and so a has a right inverse. Also, since
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Spa(ag)\{0} = Spa(qa)\{0},

and 0 & Spa(qa), the element a has a left inverse. Hence a is invertible contradicting the fact that
Spa(a) = {0}. Now let’s show that B = A/Rad(A) is isomorphic to C. Since, for every x € A,

Spa(x) = Spps(x) = {o},

where s is the canonical surjection of A onto B, it follows that x — a,e € Rad(A). Whence s(x) = a,e. This
completes the proof. U

Theorem 2.2. Let (A,t) be an ordinary and advertibly complete l.m.c.a. If (A,t) is spectrally convex,
then A/Rad(A) ~ C.

Proof.  We divide the proof into two parts (i) and (ii). In (i) we suppose that the algebra A is commutative
and semi-simple. We consider the general case in part (ii).

(i) Suppose that the algebra A is commutative and semi-simple. Let us first show that the spectrum of
every element of A is reduced to a singleton. Let x € A. As (A, 1) is advertibly complete Lm.c.a, one has:

Spa(x) = {x(x) : x € M(A)}.

Suppose Spa(x) has at least two elements. Let 4; # A, be two elements of Spa(x). Then, there exist y,
% € M(A) such that 4; = y;(x) and 4, = y,(x). Since Spa(x) is convex, for every 0 <o <1, we have:

o1 (x) + (1 = 2)xa(x) € Spa(x).
Put f = o, + (1 — &) y,. Then fis a linear form on A such that
f(a) € Spa(a), for every a € A.

As the algebra A is ordinary, it follows that f € M(A), which is not the case. We conclude with lemma 2.1.

(ii) In the general case, we also claim that for each x € A, Sp4(x) is a singleton. For, given x € A, let C,
be a maximal commutative sub-algebra of A containing x and e. Then C, is advertibly complete l.m.c.a. such
that:

Spa(y) = Spc,(y), for every y € C,.

This last equality makes C, and hence C,/Rad(C,) spectrally convex. By the first part C,/Rad(C,) ~ C.
Therefore, for every y € Cy, Spc,(y) is a singleton too. In particular, Sp4(x) is a singleton, for each x € A.
We conclude with lemma 2.1. O

As any spectrally bounded algebra is ordinary ([9], proposition 10, p. 123), one has:

Corollary 2.3. Let (A, 1) be a spectrally bounded and advertibly complete l.m.c.a. If (A, 1) is spectrally
convex, then A/Rad(A) ~ C.

Remark 2.4. There are several equivalent formulations of the concept of “spectrally bounded” ([9],
proposition 10, p. 123) namely:

(1)  Spa(x) is closed, for every x € A and Sp,(x)&C.
(2) Spa(x) is compact, for every x € A.

For other versions see [9].

Corollary 2.5. Let (A, 1) be an ordinary and advertibly complete l.m.c.a. If there exists a neighbourhood
V of 0 such that for every x € V, Spa(x) is convex, then A/Rad(A) ~ C.

As Q-l.m.c.a. are particular spectrally bounded and advertibly complete /.m.c.a., we have the following:
Corollary 2.5. Let (A, 1) be a Q-Lm.c.a. If (A, 1) is spectrally convex, then A/Rad(A) ~ C.

The first result of Bhatt ([1], Theorem 1, p. 726) remains true in Q -normed algebras as shown in the
following result:

Corollary 2.7. Let (A,||.]|) be a spectrally convex Q-normed (in particular Banach) algebra. Then Al
Rad(A) is isomorphic to C.
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Remark 2.8. In Corollary 2.8, the Q-property is not superfluous as shown the algebra of all complex
polynomials on the interval [0, 1] provided with the pointwise operations and the sup-norm algebra. The
latter is not of course a Q-algebra for the spectrum of any non constant function is equal to C. Let us note
that, in the non necessarily unitary case, Corollary 2.8 does not remain true in the Banach case, even if the
algebra is commtative, as any arbitrary radical commutative algebra shows.

Proposition 2.9. Ler (A, 1) be an ordinary and advertibly complete l.A.c.a. If (A,7T) is spectrally convex,
then A/Rad(A) ~ C.

Proof. Let (p;), be a family of seminorms defining 7. There exists on A an m-convex topology M(t) finer
than 7 ([8]). It is given by the seminorms (g, ), defined by:

qi(x) = sup{p.(xy) : pa(y) < 1}.

It remains to be shown that (A, (g,),) is advertibly complete. Then we conclude with Theorem 2.2. Let (x;),
be a Cauchy advertible net in (A, (¢g;),). Let x € A such that x,x — ¢ and xx, — e in (A, (¢;),). As the
topology defined by (g, ), is finer than 7, one has x;x — e and xx; — e in (A, 7). So (x;), converges in
(A, 1) to an element y of A. Using the fact that the product is separately continuous in (A, ), we see that x is
invertible in A and x~! = y. Now, as x,x — e and xx;, — e in (A, (¢;),), the fact that x is invertible shows
that (x;), converges to y in (A, (¢;),)- O

As a consequence, one has:

Corollary 2.10. Let (A, 1) be a spectrally bounded and advertibly complete l.A.c.a. If (A, 1) is spectrally
convex, then A/Rad(A) ~ C.

Remark 2.11. 1f (A, 1) is l.u.A-c.a. the topology of which is given by the family (p;), of seminorms such
that, for every x € A, there exists M(x) > 0O:

max (p;(xy), p(yx)) <M(x)pi(y),
for every y € A and A € A, then there exists on A an algebra norm ||.|| finer than 7 ([3]) given by:

|x]| = sup sup p;(xy).
A piy) <1

As in the previous proposition, if (A4, 7) is advertibly complete, it is the same for (4, ||.||). So (4, ||.||) is a Q-
normed algebra. It follows that A/Rad(A) ~ C in the case where (A,t) is an ordinary (in particular
spectrally bounded) and advertibly complete [.u.A-c.a. which is spectrally convex.

We say that a unitary algebra A verifies “M” if, for each x € A, there exists a maximal sub-algebra C, of A
containing x and e satisfying the following conditions: M,(Cx) # ¢ and

Spc,(y) = {y(y) Ly € /\/l’(Cx)}7 for every y € C,,

where M,(Cx) denotes the set of all non zero characters of C,. With this algebraic notion, without any
topological consideration, we have the following result:

Proposition 2.12. Let A be complex unital ordinary algebra which verifies “M?”. If A is spectrally convex
algebra, then A/Rad(A) is isomorphic to C.

Proof. We claim that for each x € A, Sps(x) is a singleton. By hypothesis, for a given x € A, there exists a
maximal commutative sub-algebra C, of A containing x and e such that:

Spc,(y) = {x(y) iy € M’(Cx)}, for every y € C,.
Furthermore:

Spa(y) = Spc,(y), for every y € C.

Since A verifies property “AM”, one can prove, as in Theorem 2.2, that Sp4(x) is a singleton, for every
x € A. Finally, by lemma 2.1, A/Rad(A) is isomorphic to C. O
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Corollary 2.13. Let A be complex unital spectrally bounded algebra which verifies “M”. If A is spectrally
convex algebra, then A/Rad(A) is isomorphic to C.

Remark 2.14. Of course every advertibly complete l.m.c.a. verifies “M”. More generally, the last
property is satisfied in every topological algebra whose underlying topological space is completely
metrizable locally convex space (By-algebra in short) which is a Q-algebra.

3 Involutive case

In this section, we will study the previous results in the framework of *-spectral Arens -Michael algebras. In
([1], Theorem 4, p. 728), Bhatt has shown that if each normal element of a Banach star algebra A has a
convex spectrum, then A modulo the radical of A is isomorphic to C. In fact, this result remains true in
involutive ordinary Arens-Michael algebra (in particular, in *-spectral Arens-Michael algebras) as the
following result shows.

Theorem 3.1. Let (A, 1) be an involutive ordinary Arens-Michael algebra. If each normal element of A
has a convex spectrum, then A/Rad(A) ~ C.

Proof. Let x € A be a normal element of A. Then x is contained in a closed maximal commutative *-
subalgebra M, of A and

Spum, () = Spa(y), for every y € M,.

Since each element of M, is obviously normal, it follows from the hypothesis of the theorem that M, is
spectrally convex. Hence, by Theorem 2.2, M,/Rad(M,) ~ C. It follows that Sp,(x) is a singleton, for
every normal element x of A. In particular, Spah is a singleton, for every 4 € H(A). This implies that A is
hermitian algebra. Now consider the semi-simple Arens-Michael algebra B = A/Rad(A) provided with the
canonical involution resulting from that of A. Since A is hermitian, B is also hermitian. Moreover
Peiu) < + oc. It follows from ([5], Theorem 22.1. p. 281) that py = pp and ker(pg) = {0}. Now given
h € H(B) and consider M;, a closed maximal commutative *-subalgebra of B generated by e and /. One has
Spu, (x) is a singleton, for every x € M},. Furthermore, it follows from ([5], Corollary 22.15. p. 291), that the
restriction of pg to M}, is a C*-norm. In particular, M}, is semi-simple, for every h € H(B). By Lemma 2.1,
M, is isomorphic to C. Whence B = A/Rad(A) is also isomorphic to C. This completes the proof. (A, 1)

As an application one has:

Corollary 3.2. Let (A,1) be a x-spectral Arens-Michael algebra. If each normal element of A has a
convex spectrum, then A/Rad(A) ~ C.

As a consequence, we have

Corollary 3.3. ([1], Theorem 4, p.728) Let (A, ||.||) be an involutive spectral normed algebra. If each
normal element of A has a convex spectrum, then A/Rad(A) ~ C.

Remark 3.4. As in corollary 2.8, the reader will notice that the second result of Bhatt ([1], Theorem 4,
p-728) remains true in Q-*-normed algebras.

Using Theorem 5.4. p. 65 of [5], the following result may be proved in much the same way as Proposition 14
of Bonsall and Duncan ([2], p. 66):

Lemma 3.5. Let (A, 1) be an involutive Arens-Michael algebra.Let h € H(A) and p,(h)<1. Then there
exists u € U(A) such that h = (u+ u*) /2. In particular, A is a linear span of U(A).

In the hermitian case, it suffices to assume that the spectrum of each unitary element is convex, as in the
Banach case ([1], Theorem 6, p. 729), so that the algebra modulo its radical is isomorphic to C.

Theorem 3.6. Let (A, 1) be an ordinary hermitain Arens-Michael algebra. If each unitary element of A
has a convex spectrum, then A/Rad(A) ~ C.

Proof. Letu € U(A). Using ([5], Theorem 22.1 p. 281), one has p, () < pa(u) = 1, for (A, t) is hermitian.
This implies that |4| <1, for every . € Spa(u). Moreover,
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Spa(u) = Spa(u’) = Spa(u™") = {27" : 2 € Spa(u) },

this yields |4| = 1, for every A € Spa(u). Whence the spectrum of a unitary element of A is contained in the
unit circle. It follows, from the convexity hypothesis on the spectrum of each unitary element, that Sp4 (u) is
a singleton, for every u € U(A). Now, by lemma 3.5, the spectrum of each hermitian element of A is a
singleton. The rest of the proof runs as in theorem 3.1. U

Corollary 3.7. Let (A, 1) be a *-spectral hermitian Arens-Michael algebra. If each unitary element of
A has a convex spectrum, then A/Rad(A) ~ C.
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