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Abstract Let p be an odd prime, and let m be a positive integer satisfying p™ = 3(mod 4). Let F,» be the
finite field with p™ elements, and let R = Fyn[u]/(u?) be the finite commutative chain ring with unity. In this
paper, we determine all constacyclic codes of length 4p° over R and their dual codes, where s is a positive
integer. We also determine their sizes and list some isodual constacyclic codes of length 4p° over R.
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1 Introduction

Berlekamp [1] first introduced and studied constacyclic codes over finite fields as generalizations of cyclic
and negacyclic codes. These codes have rich algebraic structures and can be easily encoded and decoded
using linear shift registers, which justify their preferred role from engineering perspective. Recently, it has
been observed [3, 9, 11, 12, 14] that many important non-linear binary codes, such as Kerdock and Preparata
codes, are related to linear codes over the ring Z4 of integers modulo 4 with the help of a Gray map. Since
then, codes over finite chain rings have received a lot of attention. However, the algebraic structure of
constacyclic codes over finite chain rings is known only for some special lengths and over certain special
finite chain rings. Towards this, Dinh et al. [8] studied the algebraic structures of simple-root cyclic and
negacyclic codes over finite commutative chain rings and their dual codes. In the same work, they also
derived algebraic structures of negacyclic codes of length 2" over the ring Z» of integers modulo 2™ and
their dual codes, where > 1 and m >2 are integers. Below we provide a brief overview of some of the
recent results known on repeated-root constacyclic codes over finite chain rings.

To describe the recent work, let p be a prime, s, m be positive integers, and let [, be the finite field of
order p™. Let R = Fy[u]/(u*), which is a finite commutative chain ring with unity. Dinh [4] determined all
constacyclic codes of length p® over R and their Hamming distances. Later, Dinh et al. [7] determined
algebraic structures of all negacyclic codes of length 2p*® over R in terms of their generator polynomials,
where p is an odd prime. In a simultaneous work, Liu et al. [10] determined all cyclic and negacyclic codes
of length 2p° over R, where p is an odd prime. Chen et al. [2] determined all constacyclic codes of length
2p® over R and their dual codes, where p is an odd prime. Recently, Rani [13, Ch. 6] and Dinh et al. [5]
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simultaneously considered the case p” = 1(mod 4) and determined all constacyclic codes of length 4p* over
R by making the key observation that any non-zero polynomial of degree less than 4 over [, is a unit in the

ring < ﬂfx[)ﬂ 3 when 4 is not a square in R. It is also observed that this is no longer true for the case

p™ = 3(mod 4) (see [5, Example 6.1]).

In this paper, we consider the case p™ = 3(mod 4) and we establish algebraic structures of all consta-
cyclic codes of length 4p® over R and their dual codes. We also determine their sizes and list some isodual
constacyclic codes of length 4p® over R. This is a follow-up of our previous work [6] with Dinh et al., in
which we determined all cyclic and negacyclic codes of length 4p* over R and their dual codes, and listed
some self-dual cyclic and negacyclic codes of length 4p° over R.

This paper is structured as follows: In Section 2, we state some preliminaries. In Section 3, we consider
the case p™ = 3(mod 4), and we determine all (« + flu)-constacyclic codes of length 4p* over R for all
a(#0), p € Fyn with o not a square in [F,», by considering the following two cases separately: (i) f # 0
(Theorem 3.1) and (ii) f = 0 (Lemma 3.1 and Theorem 3.4). We also determine their dual codes (Theorems
3.3, 3.6 and Lemma 3.4) and list some isodual constacyclic codes of length 4p* over R (Corollaries 3.2 and
3.3).

2 Some preliminaries

Let R be a finite commutative ring with unity, and let n be a positive integer. An ideal I of R is called a
principal ideal if it can be generated by a single element. The ring R is called a (i) principal ideal ring if
every ideal of R is principal, (ii) local ring if it has a unique maximal ideal (consisting of all the non-units of
R) and (iii) a chain ring if all the ideals of R form a chain with respect to the inclusion relation. Now the
following result is well-known:

Proposition 2.1 [8] Let R be a finite commutative ring with unity. The following statements are equivalent:

(@) R is a local ring and the unique maximal ideal M of R is principal, i.e., M = (y) for some y € R.
() R is a local principal ideal ring. .
(¢) R is a chain ring whose ideals are given by (y'), 0 <i<e, where e is the nilpotency index of y.

Furthermore, if R is a finite chain ring with the unique maximal ideal as () and the nilpotency index of y is e,
then we have |(y')| = [R/ ()| for 0 < i< e. (Throughout this paper, \Al denotes the cardinality of the set A.)

Next let R" be the R-module consisting of all n-tuples over R. For a unit 4 € R, a A-constacyclic code C of
length n over R is defined as an R-submodule of R" satisfying the following property: (cg,c1, -+, cu—1) € C
implies that (Ac,—1,¢o,¢1,+ -+, cq—2) € C. The dual code of C, denoted by C*, is defined as C+ = {aeR":
a.c =0 for all ¢ € C}, where a.c = apco +ajc1 + -+ + ap_1¢,—1 for a = (ag, a1, ,a,—1) €R" and ¢ =
(co,c1,- -+ ,cn—1) € C. It is easy to observe that Ctisa Fl—constacyclic code of length n over R. The code C
is said to be isodual if the codes C and C' are R-linearly equivalent, i.e., if there exists a monomial
transformation T :C — C- defined as T(co,c1, -, cp 1) = (U0C(0), U1Ca(1)s "+ Un—1Cq(n—1)) fOr all
(co,c1, -+ ,cn1) € C, where ¢ is a permutation of {0,1,2,---,n— 1} and wug,uy, - --,u,_ are units in R.

Under the standard R-module isomorphism ¢ : R" — R[x]/(x" — 1), defined as ¢(ag,ay,--,a,_1) =
ap+ajx+ -+ +a,_1x*! for each (ag,a;, - -,a, 1) € R", the code C can be identified as an ideal of the
ring R[x]/(x" — A). Thus the study of A-constacyclic codes of length n over R is equivalent to the study of

ideals of the ring R[x]/(x" — ). Further, the dual code C* of C is given by C* = {u(x) € Rlx]/{(x" — 27"} :
u(x)c*(x) = 0 in R[x]/{x" — 2~") for all c(x) € C}, where ¢*(x) = x%&®¢(x71) for all c(x) € C\ {0} and
c¢*(x) =0 if ¢(x) =0. The annihilator of C is defined as ann(C) = {f(x) € R[x]/{x" — ) : f(x)c(x) =
0 in R[x]/(x" — Z) for all ¢(x) € C}. It is easy to observe that ann(C) is an ideal of R[x]/(x" — 4). Further,
for any ideal I of R[x]/(x" — 1), we define I* = {f*(x) : f(x) € I}, where f*(x) = x%"®f(x~1) if f(x) # 0
and f*(x) = 0if f(x) = 0. It is easy to see that [* is an ideal of the ring R[x]/(x" — Vs ). Then the following
holds.

Lemma 2.1 [2] If C C R[x]/(x" — 1) is a A-constacyclic code of length n over R, then we have
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Ct =ann(C)".

The following two lemmas are quite useful in the determination of dual codes of /-constacyclic codes of
length n over R.

Lemma 2.2 [2] For f(x),g(x) € R[x]/{x" — A), define (f + g)(x) =f(x) + g(x) and (fg)(x) =f(x)g(x).
(@ Iff(x),gx),(f + g)(x) all are non-zero and deg f(x) > deg g(x), then we have

(7 +8)" () = (" (@) 42 0e2e0g 1) ).
(b) If fix), g(x), (fg)(x) all are non-zero, then {(fg)"(x)) = (f*(x)g* (x)).

Lemma 2.3 [2] Let I = (f(x),ug(x)) be an ideal of R[x]/{x" — A). We have
I ={h"(x) : h(x) € I} = (" (x), ug" (x))-

Throughout this paper, let Fyn be the finite field of order p™, where p is an odd prime and m is a positive
integer satisfying p™ = 3(mod 4). Let R = Fyn[u]/(u*) be the finite commutative chain ring with unity and
having the unique maximal ideal as (u). Note that each element A € R can be uniquely expressed as
A =0+ pu, where o, € Fpn.

Lemma 2.4 [2] Let 2 = o+ fu € R, where o, € F,n. Then the following hold.

(@) Ais a unit in R if and only if o # 0.
(b) s a square in R if and only if o is a square in [Fyn.
(c) There exists o9 € Fom satisfying ofy = .

For a code C of length n over R, the torsion and residue codes of C are codes of length n over F,» defined as
follows:

Tor(C) = {a € [, : ua € C}
and
Res(C) = {a € [, 1 a+ub € C for some b € [, }.
Lemma 2.5 [2] [fCis an (o + fu)-constacyclic code of length n over R, then both Tor(C) and Res(C) are
a-constacyclic codes of length n over Fn. Moreover, we have |C| = |Tor(C)|[Res(C)|.

From now onwards, we shall focus our attention on constacyclic codes of length 4p°® over the ring R =
Fpn[u]/(u?), where p is an odd prime and s, m are positive integers satisfying p™ = 3(mod 4).

3 Algebraic structures of constacyclic codes of length 4p° over R

In this section, we shall establish algebraic structures of all A-constacyclic codes of length 4p* over R,
where A is a unit in R and s is a positive integer.
If 2 is a square in R, say 1 = /l% for some Ay € R, then by Chinese Remainder Theorem, we have
R[] R[] R[]
(W =) T (= Jo) (W + o)

From this, it follows that every A-constacyclic code of length 4p* over R is a direct sum of a 4y-constacyclic
code of length 2p® over R and a (—4¢)-constacyclic code of length 2p® over R. Note that the algebraic
structures of all constacyclic codes of length 2p°® over R and their dual codes have been determined in [2]. In
view of this, henceforth, we assume that A is not a square in R. Let us write 4 = a + fu, where o, f € Fpn.
By Lemma 2.4(a) and (b), we note that & # 0 and « is not a square in F,». Now we shall distinguish the
following two cases: (i) § # 0 and (ii) f = 0.
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3.1 The case f #0

In this section, we shall determine algebraic structures of all (o 4+ fu)-constacyclic codes of length 4p°® over
R, where both o, f are non-zero elements of F,» and o is not a square in [,». For this, we recall that each

(o + Pu)-constacyclic code of length 4p° over R is an ideal of the quotient ring R,; =
R[x]/{x*" — (o + Pu)). By Lemma 2.4(c), we see that there exists oy € F,n satisfying off = o.. Then we
observe the following:

Proposition 3.1

(@) InR,p, we have <(x4 — o)’ > = (u). As a consequence, x* — ag is a nilpotent element of Rop and its
nilpotency index is 2p°.

(b) The equation x* 4 4ay = 0 has exactly two roots in Fpn. In fact, if y is a root of x* + 4oy = 0, then —y
is its other root. , , ,

(c) We have x* — oy = (x2 +yx+ %) (x2 —yx + ’7) . Furthermore, the polynomials x* 4+ yx + % and x* —

X+ *7 are coprime irreducible polynomials over R.

Proof Proof is trivial. O

Proposition 3.2 Let p(x) = ax® + bx* + cx + d be a non-zero polynomial in Fyn[x]. Then p(x) is a unit in

Rop if and only if
72 72
p(x) & <x2 + yx+5> U <x2 — px +E>’

where y € Fpn satisfies y* + 4oy = 0. As a consequence, we have

2 2
(x* — oc0>§<x2 +9x +%>and (x* — a0>§<x2 —px + %> in R,p.

Proof Whena =b = c =0, we have p(x) = d(# 0), which is trivially a unit in R, 3. Now we assume that

a, b, ¢ are not all zero, and we shall consider the following cases separately: (i) « = b = 0 and ¢ # 0, (ii)

a=c=0and b #0, (iili) a = d = 0 and both b, ¢ are non-zero, (iv)a#0andb=c=d=0,(v)a=0

and b, ¢, d all are non-zero, (vi) a # 0, d = 0 and b, c are not both zero (vii) both a, d are non-zero.

(i Let a =b =0 and ¢ # 0. Then we have p(x) = cx +d. As « is not a square in F,», we note that
o — (¢7'd)* # 0, which, by Lemma 2.4(a), implies that o + fu — (¢~'d)*" is a unit in R. Further, it
is easy to see that

p)c x+ ) T = A (o 4 2P (o4 Pu— (¢TTd)P) T =1 in Ry

From this, it follows that p(x) is a unit in R, g.
(ii) Leta=c=0andb # 0. Here p(x) = bx?> + d. If d = 0, then by case (i), we see that p(x) = bx* =
(bx)x is a unit in R, 5. When d is non-zero, we have p(x) = bx*> + d = b(x* + b~'d). Since o is not a
square in F,n, we see that o — (b~'d)*" # 0. Now by Lemma 2.4(a), we note that o — (b~'d)* + fu

is a unit in R. Further, it is easy to verify that
p()b (2 + b7y T (P — b ) {o— (b)) + Bu} T =1in Ry

This implies that p(x) is a unit in R, g.

(ili) Whena = d = 0 and both b, ¢ are non-zero, we have p(x) = bx> + cx = x(bx + ¢), which is a unit in
R.p by case (i).

(iv) Whena # 0 and b =c =d =0, we have p(x) = ax’, which is a unit in R, by case (i).

(v)  Suppose that @ = 0 and b, ¢, d all are non-zero. Here we have

p(x) =bx*+cex+d=b(x*+b 'ex+ b 'd) = b(x* + c1x + dy),

where ¢; = b~ 'c and d; = b~'d. First we observe that
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(vi)

(vii)

% + (¢} = 2¢1dy)x + (dyc? — dF)
is a unit in R, 4 if and only if
o4 Pu+ (3 —2¢1d))" & + (dic? — d3)
is a unit in R, g and
P (P Fex+d ) T (P —cix —dy + BV {o+ Put (6] = 2c1d, X+ (diE - )WY =1

in R, 5. This shows that oo + (c7 — 2¢1dy)x + (dic] — d}) is a unit in R,z if and only if p(x) is a
unit in R, g. Next we observe that ag + (c; — 2c¢1d)x + (dic] — d}) is a non-unit in R, 4 if and only

if ¢ € Fpm satisfies ¢} = —4ap and d; = % Now since u is nilpotent in R, 5 and ocﬁl = «, we see that
o+ Pu+ (3 —2¢1d))" ¥ + (dic? — d2) is a non-unit in R, p if and only if ¢} = —4og and d) =
;. This implies that x* 4+ c1x + d; is a non-unit in R,p if and only if ¢; € Fp» satisfies c‘l‘ = —4oy
and d| = % That is, p(x) = bx* + cx +d = b(x* + ¢;x + d,) is a non-unit in R,z if and only if
c‘l‘ = —4ogp and d; = é In view of Proposition 3.1(b), we see that p(x) is a non-unit in R, g if and

only if p(x) is either b(x* + yx + ’72) or b(x? — yx + ’2—2), where 7* + 4o = 0.
Suppose that a # 0, d = 0, and b, ¢ are not both zero. Here we have

p(x) = ax® + bx* + cx = x(ax® + bx + ¢),
which is a unit in R, if and only if
72 72
(ax*> +bx+c) & <x2—|—yx+5> U <x2 —yx—|—5>
by case (v). That is,
p(x) = ax® + bx® + cx

is a unit in R, if and only if
72 72
p(x) & <x2 + yx+3> U <x2 - yx+3>.

Suppose that both a, d are non-zero. Here we have
p(x) =a(®+a'b* +alex +a'd) = a(x® + b\ + x + d)),
where b} =a~'b, ¢| = a"'c and d| = a~'d. First we assert that
P1X) = (€] = B0+ (d) = By e+ oo — bl
is a non-zero polynomial over Fyn. For, if ¢} — b}* = d| — b\,¢| = ag — b,d|, = 0, then we get oy =

b’14. This is a contradiction, as o is a non-square in F,». Further, it is easy to observe that p;(x) is a
unit in R, g if and only if

(20 + (¢} = BY") + (d) — by} )x = b))
+ fu is a unit in R, g and
p()at () + b1 + cix+dy) T (e = b))
{(o00 + (¢} = By + (d} = be))x — Bid)” + pu} ' =1

in R, . Next we assert that p;(x)(# 0) is a non-unit in R, g if and only if
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2 2
p(x) € <x2+yx+%> U <x2 —yx—l—%>.

For this, we see that if ¢} —b,> =0, then p(x) = (d| — bc})x + op — b\d| is a non-zero
polynomial over F,», which is a unit in R, s by case (i). So we assume that ¢, — b}> # 0. If b} = 0,
then we have p;(x) = c’1x2 + d}x + o, which, by case (v), is a non-unit in R, if and only if
dic, ™" = ey and apc, ! = %, where y* = —4aq and € € {1, —1}. This holds if and only if d| = €)c],

oy = 7'22011 and y* = —4ap, which implies that y* + 2y?c} = 0. This gives ¢} = —% and d| = —%
From this, it follows that p;(x) is a non-unit in R, s if and only if
2 3 2
po) =2 b d = =T D= (P e D) - e

which lies in <x2 +epx + §> Finally, let | # 0 and ¢, — b,> # 0. Then p; (x) is a non-unit in R,
if and only if

. . . . o d—b¢
is a non-unit in R, g, which holds if and only if - b‘,cz‘ =
: g

e € {l1,—1} and y* = —4«y. This holds if and only 1f '

/g
w—byd; _

g2 T
¢ b}

€y and g by case (v), where
200 — (¢} = bY?)

d, = bc} +ep(c —b}%) and d} = ,
2b,

which gives
200 + by *y% + 20
= Oto-i; N e W) and d|
2b\° + 2b\ey + 92
_ 200D} + 200¢p + b2
26,2 + 2 ey + 2

From this and using the fact that y* = —40, we see that p;(x) is a non-unit in R, if and only if

200 + 0% + 2b’13ey>x <2a0b’1 + 2006y + b’f«ﬂ)

3 /.2 / U 3 ’r.2
pPX) =X +bx +C)C+d =X —l—bx—l—
(x) ! ! ! ! 2b’12—|—2b’16y—|—y2 2b’12+2b’16V+V2

2
_<x2+eyx+/2>(x+b/l —€y).

This shows that p(x) is a non-unit in R, g if and only if

) 2
p(x) € <x2 + px + %> U <x2 —yx + %>, which completes the proof.

As a consequence of the above two propositions, we have the following:

Corollary 3.1

(a) There are exactly two maximal ideals of 'R, g, namely <x2 + yx + ’;> and <x2 — X+ é>
(b) All the nilpotent elements of R, p are given by <x4 — oc0>.
(c) All the non-units of R p are given by
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2 2
<x2+yx+y2>u<x2—yx+y2>.

Proof 1t follows immediately from Propositions 3.1 and 3.2. ]

Working as in Propositions 3.1 and 3.2, we also observe the following:

Proposition 3.3

(a) There are exactl)zi two maximal ideals of the quotient ring [Fn[x]/ <x4”s — oc>, namely <x2 + x4+ §>
and <x2 —px + /7>

(b) All the ideals of Fpu[x]/{(x*" — &) are given by

yz i yzj
(2 emef) (2 omil) )

I
where 0<i j<p*. Furthermore, each ideal <(x2 + yx + é) (x2 —yx + §>j> contains p™4’ —2=%)
elements.

(¢) All the nilpotent elements of Fyn[x]/(x*" — o) are given by (x* —ug).

(d)  All the non-units of Fyn[x]/(x*" — «) are given by

2 2
<x2+yx+%>u<x2—yx+%>.

Proof Working in a similar manner as in Propositions 3.1 and 3.2, the desired result follows. ]

In the following theorem, we determine all (o + fu)-constacyclic codes of length 4p* over R, i.e., ideals of
the ring R, 5.

Theorem 3.1 Ler p" = 3(mod 4) and f # 0. All (o + Pu)-constacyclic codes of length 4p* over R are

given by the principal ideals
M2\ ¢ AN
<(x2+yx+/2> <x2 — yx+/2> >,

Proof Let C be an (o + fu)-constacyclic code of length 4p* over R, i.e., an ideal of R, 3. Then by Lemma
2.5, we see that Res(C) is an a-constacyclic code of length 4p* over [, i.e., Res(C) is an ideal of the ring

Fpnx]/(x*" — «). By Proposition 3.3(b), we have

N\ @ o\ b
Res(C)—<<x2+yx+%) <x2—yx+%> >,

where 0 <a, b <p°. Further, each codeword c¢(x) € C can be expressed as

where 0 <i,j <2p°.

2\ @ 2\ b
c(x) = <x2 + yx—l—%) (x2 — yx—l—%) Ac(x) + uB.(x),

2\ P 2\P . .
where A.(x),B.(x) € Ry p. Now as (x2 + yx+ /7) (x2 —px+ g) = Pu in R, p, we can further rewrite

2 2

ac . b,
c(x) = (xz + yx + %) <x2 —yx+ %) D.(x),

where a. >a, b. > b and D.(x) & <x2 +x + V—22> U <x2 —x+ V—22> By Proposition 3.2, we see that D,(x) is
a unit in R, g. Furthermore, we see, by Proposition 3.1(c), that for € € {1, —1}, the polynomials X2+

¢
€)X —i—% and x> — epx +§ are coprime in R, g, which implies that the polynomials (x2 + eyx + ’—22) and

2\ o . :
(x2 —epx + g) are also coprime in R, for each integer £>0. Hence there exist L(x),M(x) € R,
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S

¢ N 2
satisfying <x2 + eyx + ;) L(x) + <x2 —eyx + ’7) g M (x) = 1. This, by Proposition 3.1(a) and (c), implies

5 2 +2p° 2 2\
that (x +epx + 7) Lx)=<1- (x —epx + 3)

2

2 A\ _ (2 2A\7
Mx) o (X +epx+5) = (X +ex+5 in

2

+2p* 22N . . .
R..p- From this, we get <<x2 + eyx + ’7) > = <<x2 + eyx + ’2—2) > in R, p. In view of this, we can

assume that both a. and b, are less than or equal to 2p°.
Now let i = max{a, : c¢(x) € C} and j = max{b. : c¢(x) € C}. We note that 0 <i,j<2p* and that C C

2\ ¢ 2\ 7 . o . . .
<(x2 + px + g) <x2 —x + g) > Further, there exists g(x) € C satisfying a, = i and b, = j. That is, we
2\ 2\ 7
have g(x) = <x2 + yx + %) <x2 —yx+ é) Dg(x), where D,y(x) is a unit in R, . This implies that
2\ ¢ 2\ _ . .
(x2 + x4+ *7) <x2 —yx+ g) = g(x)D,(x) 'ec, from which it follows that C=
2\ ¢ 2\ J L
<(x2+yx+'7) (xzfyx+’7) >,whereO§z,]§2px. O
In the following theorem, we determine cardinalities of all (o + fu)-constacyclic codes of length 4p°® over R.
2\ ¢ 2\ J
Theorem 3.2 Let C = g(sxz +yx + %7) <x2 —px+ g) > be an (o + Pu)-constacyclic code of length 4p*

over R, where 0<i,j<2p°. Then we have

|C| — pm(Sp“?2i72j) ]

Proof By Lemma 2.5, we see that |C| = [Res(C)||Tor(C)|.

(i)  When i=j=2p*, we see that Res(C) = Tor(C) = {0}, which implies that |C| = 1.

(i)  When i =j =0, we see that Res(C) = Tor(C) = Fn[x]/(x*" — «). By Proposition 3.3(b), we see
that the ring Fyn[x]/(x*#" — o) has p*"" elements, which gives |C| = p®7".

(iii) When p* <i,j <2p* and (i,j) # (2p°,2p°), we see that

2\ 2\
Res(C) = {0} and Tor(C) = < <x2 +9x + 3) (x2 —x+ E) >

By Proposition 3.3(b), we see that [Res(C)| =1 and |Tor(C)| = p"®”~2-%)  which gives
IC| = pri8r=2i-2),
(iv)  When 0<i,j<p®and (i,j) # (0,0), we see that

Res(C) = < <x2 b4 V;)i(xz B %2>1> and Tor(C) = %

By Proposition 3.3(b), we see that [Res(C)| = p"*'~%-%) and |Tor(C)| = p**', which gives
| = pr®r-2i-2), ‘
(v)  Wheni=j=p*, we see that Res(C) = {0} and Tor(C) = Fn[x]/(x*" — «). By Proposition 3.3(b),
we see that |C| = |Tor(C)| = p*™". NP
(vi) Let 0<i<p®’ and p*<j<2p*. By Proposition 3.1(c), we see that (x2 + px + %) and

2\
(xz -+ g) are coprime in R, g, so there exist A(x), B(x) € R, such that

72 pi 72 j=r
<x2 + yx—i—E) A(x) + (x2 - yx+5) B(x) =1

in R, . This implies that
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s

. 2\ P
<x +yx+/2> < —yx+/2> +ufA(x)

yz i y2 J
= (x2+yx+§> (x2+yx+3) B(x) €C.

From this, one can show that

Res(C) = <<x +yx+y2> <x —yx+§>px>.

\'

Further, as <x2 + px + g) (x — x4+ 1 ) =uf (x + px + 1 ) € C, one can observe that

Tor(C) = < <x2 — yx + %)j_p >

Now by Proposition 3.3(b), we note that |[Res(C)| = p"®'~2) and |Tor(C)| = p"%'~%), which gives
|C| _ pm(SpS—Zi—Zj).
(vii)  When p* <i <2p°® and 0 <j <p*, working in a similar manner as in case (vi), we see that

Res(C) = <<x + yx + ;)p <x2 yx+§>j> and Tor(C) = <(x +yx + ;)l_p >

Now by Proposition 3.3(b), we see that |Res(C)| = p”*"~%) and |Tor(C)| = p™%'~%) which gives
|C| m (8p°—2i— 2]) O

In the following theorem, we determine dual codes of all (a + flu)-constacyclic codes of length 4p* over R.

Theorem 3.3 Let C = g(fxz + yx + V;)l <x2 —yx+ ’22)1> be an (o + Pu)-constacyclic code of length 4p*

over R, where 0<i,j<2p°. We have
2 2p°—i 2 2p°—j
ct= (x2 + 2y I+ ) <x2 -2y x+ —2> .
7? Y
Proof To prove this, we first observe that
“/ 2pt—i yz 2p°—j
ann(C) = { (x> +px+ 5 K —x .
2 2
From this and using Lemma 2.3, we get
) 2p°—i o) 2p'—j
ct = <<x2+2y_1x+y2) ( 2—2y_1x+y2) >

In the following corollary, we determine all isodual (o + flu)-constacyclic codes of length 4p* over R.

s

S

Corollary 3.2 All isodual (o + fu)-constacyclic codes of length 4p* over R are given by
72 i 72 2p—i
<x2+yx+5> <x2yx+§> 3

Proof To prove this, let C be an (o + flu)-constacyclic code of length 4p® over R. By Theorem 3.1, we see
2\ 2\ / .
that C = <<x2 + px + é) (x2 —yx + é) >, where 0 <i,j <2p*. Further, by Theorems 3.2 and 3.3, we get

where 0 <i<2p°.

S__; S

m(8p—2i-2j) oL _ 2 o NP T o 2\ ®
IC| = ,C X +2y x4 X =2y x4

j> and |C*| = p"?*+2%). Now for the
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code C to be isodual, we must have |C| = |CL| which gives i +j = 2p°. On the other hand, it is easy to see
2p*—i
that for 0 <i <2p°®, the code <<x2 + px + ’7) (x —yx+ L ) > is isodual. From this, the desired result

follows immediately. U
3.2 The case f =0

In this section, we shall determine all o-constacyclic codes of length 4p* over R, where o € F,» \ {0} is not
a square in [,». For this, we see that all o-constacyclic codes of length 4p* over R are ideals of the quotient

ring R, = R[x]/(x*" — «). By Lemma 2.4(c), there exists o € F» such that &} = o. Further, by Propo-
sition 3.1(b), the equation x* + 4ay = 0 has exactly two roots in . In fact, if y is a root of X+ 49y =0in

Fpm, then —y is its other root. We further observe that =y = (x2 + px + /2—2) <x2 — X +§), which

s 2\ P 2\ P . .
implies that x*" — o = <x2 + yx + *7) (x2 —yx + ’7) . Furthermore, one can easily observe that the ideals

() -]
2 2

have

S

> are coprime in R[x]. So by Chinese Remainder Theorem, we

R . AW

((erars)) ((e-m+3)")

where R, = Lﬁj and R_, = % Now the following result is well-known:
< Rt > < x5 >

R, =

=R, &R,

Lemma 3.1

(a) Let I be an a-constacyclic code of length 4p° over R, i.e., an ideal of the ring R,. Then I =1} & I,
where I is an ideal of R, and I, is an ideal of R_,

(b) If I is an ideal of R, and I, is an ideal of R_,, then I =1, ® I, is an ideal of R, (i.e., I is an o-
constacyclic code of length 4p° over R). Moreover, we have |I| = |I1||L1].

Proof The proof is trivial. O

In view of the above lemma, we see that to determine all a-constacyclic codes of length 4p* over R, it is
enough to determine all ideals of the rings R, and R_,. For this, we first prove the following lemmas:

Lemma 3.2 Let € € Fyn be either 1 or —1. Then the following hold.

(a) Any non-zero polynomlal p(x ) = ax + b is a unit in R, where a,b € Fn

) In Rew the element x> + €)x + % is nilpotent and its nilpotency mdex is p .

(¢c) The ring R, is a finite commutatlve local ring with the maximal ideal as <x2 + eyx —|—%,u>. As a
consequence, Rev is not a chain ring.

Proof (a) When a = 0, we have p(x) = b € F,» \ {0}, which is trivially a unit in R,,. So we assume that a
is non-zero and we write p(x) = (ax + b) = a(x + a~'b) = a(x + by), where b; = a~'b. Here we see that

bt — ebyy + % is a non-zero element of F,» for any by € F,n. Further, we observe that
0 s ’)}2 4
—p(X)a (x+ b)) x4 ey —by) {b% —eb1y + 2} =1inR,,.

This shows that p(x) is a unit in R, »
(b) It follows from the fact that (x> + epx + =01in R,,.
(c) To prove this, we see that any element f ( € R, can be uniquely expressed as

p-l ") p-1 2

Z (aiox + bip) (x —I—eyx—l—/ ’+uz(ai1x—|—bi1)(x2+eyx+y—)’,
i=0 2 i=0 2
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where a;;, bj; € Fpn for each i and j. Now by parts (a) and (b), we see that f{x) is a unit in R, if and only if

aooX + bgo 1s non-zero. From this, it follows that the ideal <x2 + eyx + ; , u> consists of all the non-units in
Re,. This implies that R, is a local ring with the maximal ideal as <x2 + eyx+§,u>, which is not a
principal ideal. Therefore by Proposition 2.1, R, is not a chain ring.

Lemma 3.3 Let € € F,n be either 1 or —1. The quotient ring [ [x}/<(x2 +epx + %)ps> is a finite com-
mutative local ring with unity and having the maximal ideal as <x2 —|—eyx+%>. As a consequence,
Fpm [)c]/<(x2 + epx + g)pj> is a chain ring and all its ideals are given by <(x2 +epx + %)i>, where
0<i<p®. Furthermore, |<()c2 + eyx + ’;)’>| = p? =) for 0<i<p’.

Proof To prove this, we see that any element f(x) € F,n[x]/ <(x2 + epx + g)” :> can be uniquely expressed
Pl J2n i )2
as f(x) = Y (ajx + bjo) (x> + eypx + 5, where ajo,bjo € Fpr for 0<j<p*—1. As x>+ epx+5% is a

=0
nilpotent element of [F,»[x]/ <(x2 + epx + é)p x>, we observe that f(x) is a unit in F»[x]/ <(x2 + epx + %)”> if
and only if agox + bgo is a unit in F,» [x]/ <(x2 +epx + ;)” :>. Working in a similar manner as in Lemma 3.2,
we see that agox + bgo is a unit in F,» [x]/ <(x2 + epx + g)” S> if and only if agox + bgo is non-zero. From this,
it follows that the ideal <x2 +epx + ’72> consists of all the non-units in Fpn[x]/ <(x2 +epx + é)" ' > Therefore
Fom[x]/ <(x2 + epx + g)” > is a local ring with the maximal ideal as <x2 + eyx + §> Now using Proposition
2.1, the desired result follows. O
Theorem 3.4 Let € € F,n be either 1 or —1. All the ideals of R, are as listed below:
Type I (Trivial ideals)
{0}, R

Type II: (Principal ideals with non-monic polynomial generators)

2 .
<u(x2 +eyx+%)l>,where 0<i<p’—1.

Type III: (Principal ideals with monic polynomial generators)
2 2
<(x2 + epx + %)' + u(x* 4 epx + %)th(x)>,

where 1 <i<p®—1,0<t<i and either h(x) is 0 or h(x) is a unit in R, that can be represented as

h(x) = > (ajox + bjo)(x* + epx + g)’ with each ajy, bjo € F,» and agox + boo # 0.
j=0
Type IV: (Non-principal ideals)

) P ) P ) P ow
(O +epx+ 5"+l + epx + ) 'hlx), ul@ + ex +3)" ),

where 1 <i<p*—1,0<t<w, either h(x) is 0 or h(x) is a unit in R, that can be represented as h(x) =
w—t—1 X

> (ajox + bjo)()c2 + epx + é)] with each ajy, bjo € Fpm, agox + boo # 0 and w<U with U as the smallest
j=0

integer such that u(x* + eyx + %)U € <(x2 +epx + ;)' +u(x® 4 epx + é)th(x)>

Proof Working in a similar manner as in Theorem 3.9 of Chen et al. [2], the desired result follows. [

In the following proposition, we determine the integer U as defined in Theorem 3.4.
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Proposition 3.4 Let € € F,» be either 1 or —1. The smallest integer U satisfying u(x* + eyx+§)u €
<(x2 +epx + ’2—2)’ +u(x® 4 epx + é)th(x)> is given by
i if h(x) = 0;
U= PV . . .
min{i,p* —i+t} if h(x)isaunitinR,,.
Proof Working in a similar manner as in Proposition 3.10 of Chen et al. [2], the result follows. O

In the following theorem, we determine cardinalities of all ideals of the ring R,, where € € [, is either 1 or
—1.

Theorem 3.5 Let ¢ € Fyn be either 1 or —1. Let T be an ideal of the ring Re,. Then following the same
notations as in Theorem 3.4, we have the following:

(a) IfT ={0}, then |I| =1.
(b) IfT =R, then |Z| = p*™".

© IfT= <u(x2 +oepx+ 77)> with 0<i<p® — 1, then |Z| = p?"'=.
@ rrz= <(x2 +epx + é)’ +u(x® + epx + %)’h(x)> is of the Type III, then
7| {p“’"(f’x") if either h(x) = Oorh(x)is aunit in R,and1 <i< 2}

ey
p2mp* =1 if h(x)is a unit in R, and ’% <i<p'—1.

e IfI= <(x2 + eyx + ’2—2)’ +u(x® 4 epx + %)th(x), u(x* + eyx + é)w> is of the Type IV, then
|I| _ p21n(2p5—i—w).

Proof To prove this, working as in Lemma 2.5, we observe that |Z| = [Res(Z)||Tor(Z)].
(a) When Z = {0}, then Res(Z) = Tor(Z) = {0}, which implies that |Z| = 1.

(b) When Z =R, we have Res(Z) = Tor(Z) = Fn [x]/< <x2 +epx + g)p >, which, by Lemma 3.3,
implies that |Z| = p*™".

(c) When T = <u(x2 + eyx+§)i>, we have Res(Z) = {0} and Tor(Z) = <(x2 + eyx+§)i>. This, by

Lemma 3.3, implies that |Z| = p?"(”"~1),

(d) WhenZ = <(x2 + epx + ;)l +u(x® + epx + %)’h(x)>, we have Res(Z) = <(x2 + €epx + g)’> and

<(x2 + epx + g)'> if either A(x) = 0 or h(x) is a unit in R, and 1 <i < ”x;’;

TOI‘(I) = 2 95 7 S
<(x2 + epx + 5 7’+t> if h(x) is a unit in R, and 57 <i<p* — 1.

From this and by applying Lemma 3.3, part (d) follows.

(¢) When T = <(x2 + epx + Lzz)l +u(x® + epx + %)th(x), u(x* + eyx + é)w>, we have
2 2
Res(Z) = <(x2 + epx + %)’> and Tor(Z) = <()c2 + epx + %)W>.

From this and by applying by Lemma 3.3, part (e) follows. O

Next we see that if I C R, is an a-constacyclic code of length 4p* over R, then its dual code I+ is an ideal of

. 5 . _ p.\
the ring R,. As a=of and —do=7*, we can write x¥ —ol= (x4 + %) =
7

242y 2\ (2 et 2) . 2 1, 2\
y x+y2 2y x+y2 . Further, we see that the ideals X~ 42y x—i—yz and

s

<<x2 -2y x+ %)pi

> are coprime in R,-1. Therefore by Chinese Remainder Theorem, we have
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Rl . Rl

r’ P
<(x2+2y1x+y%) > <<x2—2y1x+v%) >

In the following lemma, we relate dual codes of a-constacyclic codes of length 4p° over R with the
orthogonal complements of ideals of the rings R, and R_,.

R, = = Rzy—l D R,zy—l.

Lemma 3.4 Let I be an o-constacyclic code of length 4p* over R, i.e., an ideal of the ring R,. If
I =1, &L, with I, an ideal of R, and I, an ideal of R_,, then the dual code It of Lis givenby It =T} I,
where I} is the orthogonal complement of Iy and 13- is the orthogonal complement of 1. Furthermore, I is
an ideal of Ry, and Iy is an ideal of R_p1.

Proof The proof is straightforward. ]

In view of the above lemma, we see that to determine dual codes of all a-constacyclic codes of length 4p°
over R, it is enough to determine orthogonal complements of all ideals of the rings R, and R_,. Towards
this, we make the following observation:

Lemma 3.5 Let € € Fyn be either 1 or —1. Let I be an ideal of the ring R, with the orthogonal
complement as T+. Then the following hold.

(a) T+ is an ideal of R 1.
(b) T+ = ann(7)".
(©) If T = (f(x),ug(x)), then T+ = (f*(x 7u(g)r*()c))

(d) For f(x),8(x) € Re, we have ((f(x)g(x))") = (f*(x)g" (x)).
(e) For non-zero f(x),g(x) € Rey wnhf( ) + g(x) # 0 and degf (x) > degg(x), we have
() + g(0))7) = (" (x) + 2/ s g (x) ).
Proof The proof is similar to that of Lemmas 2.1 and 2.3. O

In the following theorem, we determine orthogonal complements of all ideals of the ring R, where € € F,»
is either 1 or —1.

Theorem 3.6 Let € € Fyn be either 1 or —1. Let T be an ideal of the ring Re,. Then following the same
notations as in Theorem 3.4, we have the following:

(@) If T = {0}, then T+ = Ry
(b) If T = R,,, then T+ = {0}.
© IfT = <u(x + eyx—|—7) > with 0<i<p* — 1, then T+ = <(x2 + 26y_1x+y%)pj_i,u>.

@DIfT = <(x2 +epx + %)' +u(x® + eyx + g)'h(x)> is of the Type III, then

<(x2 + 2y lx + %)ps_i>if h(x) = 0;
<(x2 +2¢y x4+ N/%)pui — yy?i—2—degh(x) (V%)H(x2 +2eyIx + }%)P’\fzmh* (x)> if h(x)
It = isaunitinRWandlgz’g%;

<(§)i—l(x2 + 26?_1x+y%)i_t _ uxZi—Zt—degh(x)h*(x)’M(XZ + 2€y—1x+%)ps_i> if h(x)

is a unit in R,, and "TH <i<p'—1.

@ IfI = <(x2 + epx + g)l +u(x* + epx + g)th(x), u(x® + eyx + %)w> is of the Type 1V, then
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<(x2 + 2y x + y%)phw, u(x* + 2y~ 1x + }%)”Li>if h(x) = 0;
It = <(x2 +2ep7 x4+ %)px_w — py?i=2t—degh(x) (y%)i_l(x2 +2ep7 x4+ y%)px_i_WHh* (x),

u(x® +2ep~'x + yz)p;i>ifh(x)isa unitin R,

Proof Proofs of parts (a) and (b) are trivial.
(¢)Let T = <u(x2 + eyx —|—§)’> for some i,0 <i<p*— 1. Then it is easy to see that

ann(Z) = <(x +eyx+y2) ,u>.
Now using Lemma 3.5, we get
2
T+ =amn(Z)" = <()c2 + 26y71x+yf2)" ’,u>.

(d) Let I:<(x2+eyx—|—§)i+u(x2+eyx+§)’h(x)>, where 1<i<p'—1,0<t<i and h(x)=
i—t—1

Z Ai(x) (% + epx + %)’ (each A;(x) € Fpn[x] is either O or deg A;(x) <1) as either O or a unit in R,,.
FlI‘St let A(x) = 0. Then we have 7 = <(x2 + epx + §)1> Here we observe that

2 .
ann(Z) = <(x2 + epx + %)”">,
which, by Lemma 3.5, implies that
* — 2 J_i
I+ =amn(Z)" = <(x2 + 2ey ]x+y—2)p >

Next suppose that 4(x) is a unit in R,,. In order to determine 7 1 we see that ann(Z) is an ideal of Re,. So by
Theorem 3.4, we can write

2 2 2
ann(Z) = <<x2 e+ D) ule + e+ D)g00.ule + e+ %>C>,

where g(x) is either 0 or a unit in R.,, ¢ is the smallest integer satisfying
i i i
u(x* —l—eyx—i—E)c € <(x + epx + 2) 4 u(x® + epx + 2) g(x )>
and a, b are integers satisfying 1 <a <p® — 1 and 0 <b <c. This implies that

2 2 2
u(x® + eyx + 7)2 )+ =0and (x* + epx + 5 Lyati u{(x2 + epx + %)”“h(x) (2 + epx + )’*b (x)} =0.

(1)

First suppose that 1 <i< ”TH In this case, we see that (1) holds for a = ¢ = p* — i, g(x) = —h(x) and
b = p’® +t — 2i. This implies that

" 2 ) 2.
ann(Z) = <(x2 e+ T —u( + e+ S ), u( + g+ Y >

We note that

2 2
u(x? —i—eyx—i—y—)p o {(x +6yx+/

2 .
’ P ul et Ty h()}

which gives
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2 2 o .
ann(Z) = <(x2 +epx+ %)p‘\ﬂ —u(x* 4 epx + %)p +’2’h()c)>.

Further, since h(x) = > Aj(x) (x2 +epx + i)] by Lemma 3.5, we get

2 i—t—1 2
7t = (y )P ’(x +2¢p I + T —u Z A Zi’zj’z”degAj(") (V—)”Lz”j”(x2 +2e¢y x4+ E)‘”inﬂ“ .
2 2
Next we assume that ‘% <i<p*— 1. In this case, (1) holds fora =i—¢t, b =0, c=p° —i and g(x) =
—h(x). This implies that ann(Z) = <(x2 + epx + %)H — uh(x), u(x* + eyx + ;)p L">. Further, since h(x) =

i—t—1

S A X)) (¥ + epx + %)’ and 7+ = ann(Z)", by Lemma 3.5, we get 7+ = <(§)H(x2 +2ep Ix + y%)i_' —u
=0

i—t—1

X A4 PN ) ()] (02 4 26y~ w4 2) w20 x4 B
(e) First let A(x) = 0 so that Z = <(x + epx + é)i, u(x? + eyx + g)w> Here

2 2
Ly wa+aw+%fﬂ>

ann(Z) = <()c2 +epx + 2)
which, by Lemma 3.5, implies that
* — 2 S —w — 2 S —i
7t =ann(7)" = <(x2—|—26y 1x+y—2)p ,u(x? 4 2ey l)c—l—y—z)’7 >
Next we suppose that A(x) is a unit in R.,. By Proposition 3.4, we see that U = min{i,p’ — i+ t}. Asw<U,
we have w<i and w<p* — i+ t. In order to determine Z=, we see that ann(Z) is an ideal of R,,. So by
Theorem 3.4, we can write
¥ ] ¥
ann(Z) = <(x2 + eyx + E)“ + u(x* 4 epx + ?) g(x), u(x* 4 epx + ?)C>7
where g(x) is either 0 or a unit in R, c is the smallest non-negative integer satisfying
2

2 b
u(xz—l—eyx—l—%)c € <(x2+€“/x-|-y2) + u(x’ +€“/X+/2) gx )>

and a, b are integers satisfying 1 <a <p® — 1 and 0 <b <c. This implies that

2 2
u(x® + eyx + %)HC = u(x® + epx + %)‘HW =0 and (2)
2
(% 4 epx + = 2 a+’—|—u{ (x" + epx
- . ®)
+3)“+’h(x) + (x* +epx + 3)'+bg(x)} =0.

It is easy to see that (2) and(3) hold fora =p* —w,b=p* —w+t—i>0,c=p° —i and g(x) = —h(x).
This implies that
2 B 2 o . 1 2 o
an(Z) = (2 epx+ 57 e+ e Db, gt DY)
w—t—1

Further, since h(x) = Y A;(x)(x* + epx + ;)’ ~' using Lemma 3.5, we get
j=0
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N
'7
|
o
=
=
~~
)
Il

P
<(2)p (P 26y x
2 P —w A 2i—2j—21—degA;(x) Vz p—i—wtj+t
L2 S &)
2 ) o1 2 P’ —i—wHj+t
(x4 2ey x+y—2) ,

2 5 i
u(x* +2ep~ x4 y_z)p _’>.

This completes the proof of the theorem. O
In the following corollary, we determine some isodual a-constacyclic codes of length 4p* over R.
Corollary 3.3

(@) The ideal (u) C R, is an isodual o-constacyclic code of length 4p* over R.
() For 1 <i,j<p* — 1, the ideal
2

1 oo 2 .
(24 Dyt 3 Dy o (0 = e+ Dyt = Dy ) e,

is an isodual o-constacyclic code of length 4p° over R.

Proof Let C be an a-constacyclic code of length 4p® over R. By Lemma 3.1, we have C = C; & C,, where
C1,C, are respectively the ideals of rings R,, R_, and as determined in Theorem 3.4. For a code C to be

isodual, we must have |C| = |C*|.

(a) To prove this, let us take C; = <u x4+ yx+3 > and C, = <u — X + é)J> for some integers i and j,
where 0 <i,j <p® — 1. Now by Theorems 3 5 and 3.6, we see that

— 2 S —i — N m(p*—i m(p*—j
Ci = <(x2+2y 1x+;)” ,M>v €y = <(x2 —2y 1x+y—2)" J7”>, C1| = P70 |Co| = ),
|CL| _ 2m(p+i) and |CL| _ Zm(p +/)
From this and using Lemmas 3.1 and 3.4, we see that the code C is isodual if |C| = |C1]|C2| = |CT||Cy| =
|C’l|7 which implies that 2p* —i — j = 2p® + i 4. This holds only when i 4 j = 0, which gives i =j = 0.
On the other hand, when i = j = 0, we have C; = (u), C, = (), C; = (u) and C; = (u). This implies that

C = (u) C R, and C* = (u) C R, 1, which are trivially R-linearly equivalent.
(b) To prove this, in view of Theorem 3.4, let us take

(e LRI it
Ci=((x —i—yx—i—z),u(x +/x+2) and

P '
C, = <(x —x + 2) u(x* — yx + 2) >
where 1 <i,j<p*—1,0<w<iand 0<d<j. By Theorems 3.5 and 3.6, we have
. 2 2 .
|Cl| _ 2m(2p*—i—w) |CL| p2m(1+w), cll _ <<x2 +2y—]x+_2)l7 —W, u(x2 +2V—1x+_2)17 —1>’
Y Y
o ) 2 s 2 i

ol =,k = ana €5 = (2 =27k -2t 2y ),

Now by Lemmas 3.1 and 3.4, we see that the code C is isodual only if |C| = |C,||C| = |C1||C5| = |C*,

which implies that i + w +j 4+ d = 2p*. On the other hand, if i +w = p°® and j +d = p* (so that i +w +
Jj+d = 2p° holds), we see that
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2 2

2 2 . W2
C= <(x2+yx+))2)’,u(x2+yx+y2)p '> fe>) <(x2—yx+yz)1,u(x2—yx+’)2)p J> and

_ 2 N 2 _ 2. _ 2
CL—<(x2—|—2y ]x+y—2),u(x2+2y ]x+y—2)p > @<(x2—2y lx—i—ﬁ)’,u(xz—%/ ]x—é—y—z)p J>,
which are trivially R-linearly equivalent. This completes the proof. ]
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