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Abstract In this paper, we prove the monotonicity property of the ratios of Mittag-Leffler functions. As applica-
tions, new functional inequalities (such as Turán type inequalities) for the Mittag-Leffler function are obtained.
Moreover, geometrical convexity and log-concavity properties for some classes of functions related to the Mittag-
Leffler function are researched. Furthermore, new formulas and inequalities for some integrals involving the
Mittag-Leffler functions are established.

Keywords Mittag-Leffler function · Monotonicity · convexity · functional inequality · Turán-type inequalities ·
Integral

Mathematics Subject Classifications 30C45 · 30D15 · 33C10

1 Introduction

It is well known that the Mittag-Leffler function is defined by the infinite series

Eα,β(z) =
∞∑

k=0

zk

�(αk + β)
, z, α, β ∈ C,�(α) > 0,�(β) > 0, (1.1)

with C being the set of complex numbers. The former was introduced by Mittag-Leffler (Mittag-Leffler,1903)
for α = 1, in connection with his method of summation of some divergent series. The function defined by
(1.1) first appeared in the work of Wiman (Wiman, 1905). First applications of the function (1.1) by G. Mittag-
Leffler and A. Wiman were in complex function theory (non–trivial examples of entire functions with fractional
growth characteristics such as order and generalized summation methods). Due to many useful applications it
was crowned by Gorenflo and Mainardi [11] as a “Queen function of Fractional Calculus”! Besides fractional
calculus the Mittag-Leffler function also plays an important role in various branches of applied mathematics
and engineering sciences, such as chemistry, biology, statistics, thermodynamics, mechanics, quantum physics,
informatics, signal processing and others.

The Mittag-Leffler function statisfies the Turán-type inequality

Eα,β(z)Eα,β+2(z) − β

β + 1
E2

α,β+1(z) ≥ 0, (1.2)
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Monotonicity criterion and integrals formulas... 393

for all α > 0, β > 0 and z > 0, which was proved first by Mehrez and Sitnik [6, Theorem 1] by the log-convexity
property of the function β �→ �(β)Eα,β(z). The q-analogue version of the inequality (1.2) was also derived
by the author in [7]. Now Turán-type inequalities are proved for different classes of special functions: Kummer
hypergeometric functions [3,8], Modified Bessel functions [1,2,13], Wright function [9], Fox-Wright function
[10,11], and some others.

The main purpose of this paper is to prove the monotonicity property of the function

z �→ Eα,β1(z)Eα,β2(z)

E2
α,(β1+β2)/2(z)

on (0,∞). As a direct consequence, it deduces some known results including Turán-type inequalities and log-
convexity or log-concavity of the function Eα,β(z) in β as well as it yields some new and interesting monotonicity
and convexity concerning the ratios of the Mittag-Leffler function. The remainders of the paper are organized as
follows. In Section 3, some new integral formulas and integral inequalities involving the Mittag-Leffler function
are established, for instance, it is shown that

∫ x

0

[
Eα,β−1(z)Eα,β+1(z)

E2
α,β(z)

+ (1 − α)Eα,β+1(z)

Eα,β(z)

]
dz = x

(
1 − α

Eα,β+1(x)

Eα,β(x)

)
, x > 0,

as applications some functional inequalities are established for integrals of the Mittag-Leffler functions.
Each of the following definitions will be used in our investigation.

Definition 1 A function f : [a, b] ⊆ R → (0,∞) is said to be log-convex if its natural logarithm log f is
convex, that is, for all x, y ∈ [a, b] and λ ∈ [0, 1] we have

f (αx + (1 − α)y) ≤ [ f (x)]α[ f (y)]1−α.

If the above inequality is reversed then f is called a log-concave function. It is also known that if g is differentiable,
then f is log-convex (log-concave) if and only if f ′/ f is increasing (decreasing).

Definition 2 A function g : [a, b] ⊆ R → (0,∞) is said to be geometrically (or multiplicatively) convex if g
is convex with respect to the geometric mean, i.e. if for all x, y ∈ [a, b] and λ ∈ [0, 1] we have

g
(

xλy1−λ
)

≤ [g(x)]λ [g(y)]1−λ .

We note that if g are differentiable then g is geometrically convex if and only if x �→ xg′(x)/g(x) is increasing
on [a, b].

Before proving our main results we need two preliminary lemmas. The first lemma is about the monotonicity
of two power series, see [12] for more details.

Lemma 1 Let (an)n≥0 and (bn)n≥0 be two sequences of real numbers, and let the power series f (x) =∑
k≥0 ak xk and g(x) = ∑

k≥0 bk xk be convergent for |x | < r. If bk > 0 for k ≥ 0 and if the sequence (ak/bk)k≥0
is (strictly) increasing (decreasing), then the function x �→ f (x)/g(x) is (strictly) increasing (decreasing) on
(0, r).

2 Monotonicity and convexity of the Mittag-Leffler Function and applications

2.1 Monotonicity and convexity of the ratios of the Mittag-Leffler Function and applications

This section is devoted to presenting the monotonicity and convexity of the ratios of the Mittag-Leffler function.
As a direct consequence, it deduces some new inequalities including Turán-type inequalities.

Our first main result reads as follows.
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394 K. Mehrez

Theorem 1 Let α > 0 and β1, β2 > 0 such that β2 > β1. Then the function

z �→ Eβ1,β2(α, z) = Eα,β1(z)Eα,β2(z)

E2
α,(β1+β2)/2(z)

is increasing on (0,∞). Consequently, the following sharp Turán type inequalities

μβ1,β2 E2
α,(β1+β2)/2(z) ≤ E2

α,(β1+β2)/2(z) − Eα,β1(z)Eα,β2(z) ≤ νβ1,β2 E2
α,(β1+β2)/2(z) (2.1)

hold true, with the best possible constants μβ1,β2 = 0 and νβ1,β2 = �(β1)�(β2)−�2((β1+β2)/2)
�(β1)�(β2)

.

Proof By using the Cauchy product, we have that

Eβ1,β2(α, z) =
∑∞

k=0 Ak zk

∑∞
k=0 Bk zk

, (2.2)

where

Ak =
k∑

j=0

1

�(α j + β1)�(α(k − j) + β2)
, and Bk =

k∑

j=0

1

�
(
α j + β1+β2

2

)
�
(
α(k − j) + β1+β2

2

) .

We define the sequence (Uk, j ) j≥0 by

Uk, j =
�
(
α j + β1+β2

2

)
�
(
α(k − j) + β1+β2

2

)

�(α j + β1)�(α(k − j) + β2)
.

Then

Uk, j+1

Uk, j
=

�(α j + β1)�(α(k − j) + β2)�
(
α j + β1+β2

2 + α
)

�
(
α(k − j) + β1+β2

2 − α
)

�(α j + β1 + α)�(α(k − j) + β2 − α)�
(
α j + β1+β2

2

)
�
(
α(k − j) + β1+β2

2

)

=
⎡

⎣
�(α j + β1)�

(
α j + β1+β2

2 + α
)

�(α j + β1 + α)�
(
α j + β1+β2

2

)

⎤

⎦ .

⎡

⎣
�(α(k − j) + β2)�

(
α(k − j) + β1+β2

2 − α
)

�(α(k − j) + β2 − α)�
(
α(k − j) + β1+β2

2

)

⎤

⎦ .

(2.3)

By using the fact that the function z �→ �(z) is log-convex on (0,∞), we deduce that the function z �→
�(z + a)/�(z), a > 0, is increasing on (0,∞) and consequently, the following inequality

�(z + a + b)�(z) ≥ �(z + a)�(z + b), (2.4)

is valid for all a, b > 0. Setting in the above inequality z = α(k − j) + β1+β2
2 − α, a = β2−β1

2 and b = α, we
thus get

�(α(k − j) + β2)�
(
α(k − j) + β1+β2

2 − α
)

�(α(k − j) + β2 − α)�
(
α(k − j) + β1+β2

2

) ≥ 1. (2.5)

On the other hand, letting z = α j + β1, a = β2−β1
2 and b = α, we obtain

�(α j + β1)�
(
α j + β1+β2

2 + α
)

�(α j + β1 + α)�
(
α j + β1+β2

2

) ≥ 1. (2.6)

Taking into account the relation (2.3) with the inequalities (2.5) and (2.6), we deduce that the sequence (Uk, j )k≥0
is increasing, and consequently (Ak/Bk)k≥0 is increasing. In virtue of Lemma 1, we deduce that the function
z �→ Eβ1,β2(α, z) is increasing on (0,∞). Moreover, we have

lim
x→0

Eβ1,β2(α, z) =
�2
(

β1+β2
2

)

�(β1)�(β1)
.
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In addition, we use the asymptotic relation [4, Theorem 1]

Eα,β(z) ∼ 1

α
z

1−β
α ez

1
α
, z → ∞, (2.7)

we obtain

lim
x→∞ Eβ1,β2(α, z) = 1.

The proof of Theorem 1 is complete. �

Remark 1 Upon setting β1 = β > 0, and β2 = β + 2, we get the following Turán type inequalities

0 ≤ E2
α,β+1(z) − Eα,β(z)Eα,β+2(z) ≤ 1

β + 1
E2

α,β+1(z) (2.8)

We noted that the right hand side of the above inequalities was proved by Mehrez and Sitnik in [6].

In virtue of Theorem 1, we can deduce some new and interesting further consequences.

Theorem 2 For fixed x > 0, α > 0 and β > 0. Then the following assertions are true:

(1) The function z �→ zEα,β+2(z)
Eα,β+1(z)

, is increasing on (0,∞) for each α ≥ 1 and β > 0.

(2) The function z �→ zEα,β+2(zα)

Eα,β+1(zα)
, is increasing on (0,∞) for each α > 0 and β > 0.

Furthermore, the following inequality

Eα,β+1(z)

Eα,β(z)
≤ 1

z
1
α

, (2.9)

holds true for all z > 0, α > 0 and β > 0.

Proof 1. Considering the relation [5, Eqt. (4.2.4)]

Eα,β(z) = βEα,β+1(z) + αz
d

dz
Eα,β+1(z), (2.10)

we thus get

(
zEα,β+1(z)

Eα,β(z)

)′
=
[

Eα,β+1(z) + zE ′
α,β+1(z)

]
Eα,β(z) − zEα,β+1(z)E ′

α,β(z)

E2
α,β(z)

=
Eα,β+1(z)Eα,β(z) + 1

α

[
E2

α,β(z) − Eα,β+1(z)Eα,β−1(z) − Eα,β(z)Eα,β+1(z)
]

E2
α,β(z)

=
(
1 − 1

α

)
Eα,β+1(z)Eα,β(z) + 1

α

[
E2

α,β(z) − Eα,β+1(z)Eα,β−1(z)
]

E2
α,β(z)

.

(2.11)

So (2.8) and (2.11) becomes

(
zEα,β+1(z)

Eα,β(z)

)′
≥ 0,

for all x > 0, α ≥ 1 and β > 0, it follows the desired result.
2. By using the differentiation formula [5, Eqt. (4.3.1)]

d

dz

(
zβ Eα,β+1(z

α)
) = zβ−1 Eα,β(zα), (2.12)
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396 K. Mehrez

and the Turán type (2.8) we have

d

dz

(
zEα,β+1(zα)

Eα,β(zα)

)
= d

dz

(
zβ Eα,β+1(zα)

zβ−1 Eα,β(zα)

)

= E2
α,β(zα) − Eα,β+1(zα)Eα,β−1(zα)

E2
α,β+1(z

α)
≥ 0.

This in turn implies that the function z �→ zEα,β+1(zα)

Eα,β (zα)
, is increasing on (0,∞) for all α > 0 and β > 0.

This implies that the function z �→ z
1
α Eα,β+1(z)

Eα,β (z) , is increasing on (0,∞), as the composition of two increasing
functions. Thanks to the asymptotic expansion (2.7), we get

lim
z→∞

z
1
α Eα,β+1(z)

Eα,β(z)
= 1,

that is, the inequality (2.9) holds. This completes the proof of Theorem 2. �

With the aid of the previous Theorem and Theorem 1, we can prove new Turán type inequality for the

Mittag-Leffler function.

Theorem 3 Let α > 0 and β > 0, then the Turán type inequality

E2
α,β(z) − Eα,β+1(z)Eα,β−1(z) ≤ α + 1

αz
1
α

E2
α,β(z) (2.13)

is valid for all x > 0.

Proof Mehrez and Sitnik [6, Theorem 4] showed that the function

z �→ Eα,β(z)

Eα,β+1(z)
,

is increasing on (0,∞) for each α > 0 and β > 0, which implies that the function

z �→ zEα,β(z)

Eα,β+1(z)
,

is increasing on (0,∞) for each α > 0 and β > 0, as a product of two positive and increasing functions, which
reveal that

(
zEα,β(z)

Eα,β+1(z)

)′
≥ 0, (2.14)

for all α > 0, β > 0 and z > 0. Then working similarly as in the proof of Theorem 2, we obtain

E2
α,β+1(z)

(
zEα,β(z)

Eα,β+1(z)

)′
=
(

1 + 1

α

)
Eα,β(z)Eα,β+1(z) + Eα,β+1(z)Eα,β−1(z) − E2

α,β(z)

α
≥ 0, (2.15)

for all α > 0, β > 0 and z > 0, from which follows that

E2
α,β(z) − Eα,β+1(z)Eα,β−1(z) ≤

(
1 + 1

α

)
Eα,β(z)Eα,β+1(z) (2.16)

which together with (2.9) implies that the inequality (2.13) holds. �
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Theorem 4 (1). Each of the functions

β �→ E ′
α,β(z)

Eα,β(z)
, β �→ Eα,β−1(z)

Eα,β(z)

are convex on (0,∞) for each α > 0 and z > 0.

(2). For any fixed ε > 0, each of the functions

β �→ E ′
α,β+ε(z)

Eα,β+ε(z)
− E ′

α,β(z)

Eα,β(z)
, β �→ Eα,β+ε−1(z)

Eα,β+ε(z)
− Eα,β−1(z)

Eα,β(z)

are increasing on (0,∞) for each α, z > 0.

(3). For any 0 < x < y and α > 0, the function β �→ Eα,β (y)

Eα,β (x)
is log-convex on (0,∞).

Proof (1). From Theorem 1, the function z �→ log Eβ1,β2(α, z) is increasing on (0,∞) for each α > 0 and
β > 0. Thus we get

(
Eβ1,β2(α, z)

)′ = E ′
α,β1

(z)

Eα,β1(z)
+ E ′

α,β2
(z)

Eα,β2(z)
− 2

E ′
α,(β1+β2)/2(z)

Eα,(β1+β2)/2(z)
≥ 0, (2.17)

which implies that the function β �→ E ′
α,β1

(z)

Eα,β1 (z) is convex on (0,∞). From the relation (2.10) we get

αzE ′
α,β(z)

Eα,β(z)
+ β − 1 = Eα,β−1(z)

Eα,β(z)
, (2.18)

which implies that the function β �→ Eα,β−1(z)
Eα,β (z) is convex on (0,∞).

(2). The increasing property of the above two functions easily follows from the property of convex functions.
(3). It follows from Theorem 1 that the inequality Eβ1,β2(α, y) ≥ Eβ1,β2(α, x) for α, β > 0 and 0 < x < y,

which is equivalent to

Eα,β1(y)

Eα,β1(x)
.
Eα,β2(y)

Eα,β2(x)
≥ Eα,(β1+β2)/2(y)

Eα,(β1+β2)/2(x)
,

where 0 < x < y. This shows that β �→ Eα,β1 (y)

Eα,β1 (x)
is log-convex on (0,∞). �


Now, it is straightforward to prove the following:

Theorem 5 Let α, β, p, q be a positive real numbers such that p + q = 1. Then the function

χβ1,β2(α, x) : x �→
[
Eα,β1(x)

]p [
Eα,β2(x)

]q

Eα,pβ1+qβ2(x)
,

is increasing on (0,∞). Consequently, the double inequality

�(pβ1 + qβ2)

[�(β1)]p [�(β2)]q ≤
[
Eα,β1(x)

]p [
Eα,β2(x)

]q

Eα,pβ1+qβ2(x)
≤ 1, (2.19)

holds for all x ∈ (0,∞).

Proof Thanks to Theorem 4 we see that the function β �→ E ′
α,β(x)/Eα,β(x) is convex on (0,∞). Hence, by the

property of convex functions, we get for β1, β2, p, q > 0 such that p + q = 1, there holds

d

dx

(
log χβ1,β2(α, x)

) = p
E ′

α,β1
(x)

Eα,β1(x)
+ q

E ′
α,β2

(x)

Eα,β2(x)
− E ′

α,pβ1+qβ2
(x)

Eα,pβ1+qβ2(x)
,

which indicates that the function x �→ χβ1,β2(α, x) is increasing on (0,∞) for p + q = 1. Finally, considering
the asymptotic expansion (2.7), we get

lim
x→∞ χβ1,β2(α, x) = 1,

and the inequalities (2.19 are proved. �
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398 K. Mehrez

Again, considering Theorem 4 we can prove the following results:

Theorem 6 Let α, β1, β2 and ε be a positive real numbers such that β1 > β2. Then the function

φ
α,ε
β1,β2

(x) : x �→ Eα,β1+ε(x)

Eα,β1(x)
.

Eα,β2(x)

Eα,β2+ε(x)

is increasing on (0,∞). Moreover, then

�(β1)�(β2 + ε)

�(β2)�(β1 + ε)
≤ Eα,β1+ε(x)

Eα,β1(x)
.

Eα,β2(x)

Eα,β2+ε(x)
≤ 1, x > 0. (2.20)

Proof In fact, from the part (2) of Theorem 4, we get

(
log φ

α,ε
β1,β2

(x)
)′ = E ′

α,β1+ε(x)

Eα,β1+ε(x)
− E ′

α,β1
(x)

Eα,β1(x)
−
(

E ′
α,β2+ε(x)

Eα,β2+ε(x)
− E ′

α,β2
(x)

Eα,β2(x)

)
≥ 0,

which readily implies that the function x �→ φ
α,ε
β1,β2

(x) is increasing on (0,∞). Furthermore, we have

φ
α,ε
β1,β2

(0) = �(β1)�(β2 + ε)

�(β2)�(β1 + ε)
, and lim

x→∞ φ
α,ε
β1,β2

(x) = 1,

which completes the proof. �

Corollary 1 Let α, β1, β2 > 0. Then the functions

x �→ ∂ log Eα,β1(x)

∂β1
− ∂ log Eα,β2(x)

∂β2
, and x �→ ∂2 log Eα,β1(x)

∂β2
1

,

are increasing on (0,∞).

Proof Thanks to Theorem 6, we can easily see that the function

lim
ε→0

[
1

ε
. log

(
Eα,β1+ε(x)

Eα,β1(x)
.

Eα,β2(x)

Eα,β2+ε(x)

)]
= ∂ log Eα,β1(x)

∂β1
− ∂ log Eα,β2(x)

∂β2
,

is increasing on (0,∞). Moreover, we see that

∂2 log Eα,β1(x)

∂β2
1

= lim
ε→0

[
1

ε
.

(
∂ log Eα,β1+ε(x)

∂β1
− ∂ log Eα,β1(x)

∂β1

)]
,

which shows that the function x �→ ∂2 log Eα,β1 (x)

∂β2
1

, is increasing on (0,∞). �


2.2 Log-concavity and geometrical convexity properties of some class of functions related to the Mittag-Leffler
Function and its consequences

Theorem 7 The following assertions are true:

(a) The function z �→ z
β
α Eα,β+1(z) is log-concave on (0,∞), for each α, β > 0.

(b) The function z �→ Eα,β+1(z) is geometrically convex on (0,∞), for each α, β > 0.

(c) For all z1, z2, α > 0 and β > 0, the following chain of inequalities holds:

Eα,β+1(
√

z1z2) ≤
√

Eα,β+1(z1)Eα,β+1(z2) ≤
(

z1 + z2

2
√

z1z2

) β
α

Eα,β+1

(
z1 + z2

2

)
. (2.21)
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Monotonicity criterion and integrals formulas... 399

Proof (a). Consider the function fα,β defined by

fα,β(z) = z
β
α Eα,β+1(z),

which in view of the recurrence relation (2.10), we get

(
log fα,β(z)

)′ = Eα,β(z)

αzEα,β+1(z)
.

It is known that the function z �→ Eα,β (z)
αzEα,β+1(z)

is decreasing on (0,∞) for each α, β > 0, by means of part (1) of
Theorem 2, and hence the required result follows.

(b). We just need to show that the function z �→ zE ′
α,β+1(z)

Eα,β+1(z)
is increasing on (0,∞) for all α, β > 0. To do this,

using another time the equation (2.10) we have

zE ′
α,β+1(z)

Eα,β+1(z)
= Eα,β(z)

αEα,β+1(z)
− β.

Since the function z �→ Eα,β(z)/αEα,β+1(z) is increasing on (0,∞) for all α, β > 0, (see [6, Theorem 4]) and
consequently the function z �→ zE ′

α,β+1(z)/Eα,β+1(z) is also increasing on (0,∞) for all α, β > 0.

(c). Now, let us focus on the chain of inequalities (2.21). The first inequality in (2.21) actually means the
geometrical convexity of the function z �→ Eα,β+1(z) on (0,∞), for all α > 0 and β > 0, and the second

inequality in (2.21) is an immediate consequence of the fact that the function z �→ z
β
α Eα,β+1(z) is log-concave

on (0,∞), for each α > 0 and β > 0. Thus we complete the proof. �


3 Integral formulas and Integral inequalities for the Mittag-Leffler Function

3.1 Some Integral formulas for a ratio of the Mittag-Leffler Function and applications

In this section, we present a number of integral formulas for the Mittag-Leffler function. As applications, new
inequalities are established for some integrals involving this function.

Theorem 8 Let α > 0, and β > 0, there holds

∫ x

0

[
Eα,β−1(z)Eα,β+1(z)

E2
α,β(z)

+ (1 − α)Eα,β+1(z)

Eα,β(z)

]
dz = x

(
1 − α

Eα,β+1(x)

Eα,β(x)

)
, x > 0. (3.1)

Furthermore, the following representation
∫ x

0

E1,β−1(x)E1,β+1(x)

E2
1,β(x)

dz = x

(
1 − E1,β+1(x)

E1,β(x)

)
(3.2)

holds true for all x > 0 and β > 0.

Proof Let us denote

Fα,β(x) =
∫ x

0

Eα,β−1(z)Eα,β+1(z)

E2
α,β(z)

dz, Gα,β(x) =
∫ x

0

Eα,β+1(z)

Eα,β(z)
dz. (3.3)

We consider the function

fα,β(z) = Eα,β+1(z)

Eα,β(z)
, α, β > 0. (3.4)

Now, considering the relation (2.10) we obtain the following equations:

f ′
α,β(z) = 1

αz

(
1 − fα,β(z) − fα,β(z)

fα,β−1(z)

)
, (3.5)
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and

(
z fα,β(z)

)′ = 1

α

(
(α − 1) fα,β(z) + 1 − fα,β(z)

fα,β−1(z)

)
. (3.6)

Integrating both sides of the above equation over (0, x) and rearranging gives the formula (3.1). Applying the
equation (3.1) with α = 1 we get the representation (3.2). �

Corollary 2 The following representations

1

x

∫ x

0

[
cosh

√
z(cosh

√
z − 1)

sinh2 √
z

+ 1 − cosh
√

z√
z sinh

√
z

]
dz = 1 − 2

cosh
√

z − 1√
z sinh

√
z

, (3.7)

1

x

∫ x

0

ez(ez − z − 1)

(ez − 1)2 dz = 1 − ex − x − 1

x(ex − 1)
(3.8)

holds true for x > 0.

Proof Taking in account the known relations [5, Formulas (4.2.1), (4.2.2)]:

E1,1(z) = ez, E1,2(z) = ez − 1

z
(3.9)

E2,1(z) = cosh
√

z, E2,2(z) = sinh
√

z√
z

, (3.10)

combined with the following relation [5, Formula (4.2.3)]

Eα,β(z) = 1

�(β)
+ zEα,β+α(z), (3.11)

we get

E1,3(z) = ez − z − 1

z2 , E2,3(z) = cosh
√

z − 1

z
. (3.12)

Upon setting α = 2 and α = 1 with the formula listed in (3.1) it yields to the formulas (3.7) and (3.8), and the
proof is complete. �


We report here the following formula [5, Formulas (4.12.9.3),(4.12.9.5)]

E1,1/2(z) = 1√
z

+ √
zez erf(

√
z), E1,3/2(z) = ez erf

√
z√

z
, (3.13)

and (3.11) becomes

E1,5/2(z) = 1

z

[
ez erf(

√
z)√

z
− 2√

π

]
,

where erf(z) is the error function defined by

erf(z) = 2√
π

∫ z

0
e−t2

dt, z > 0.

The claim follows immediately by combining the second formula (3.2) in Theorem 8 with the above relations.

Corollary 3 For x > 0, there holds the following formula:

1

x

∫ x

0

[(
e−z

z
3
2 erf(

√
z)

+ 1

)(
ez erf(

√
z)√

z
− 2√

π

)]
dz = 1 − 1

x
+ 2e−x

√
πx erf(

√
x)

. (3.14)

Furthermore, we have

lim
x→∞

{
1

x

∫ x

0

[(
e−z

z
3
2 erf(

√
z)

+ 1

)(
ez erf(

√
z)√

z
− 2√

π

)]
dz

}
= 1. (3.15)
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In the next Corollary we present new inequalities for some integrals involving a ratio for the Mittag-Leffler
function.

Corollary 4 Let x > 0 and β > 0. The the following inequalities

αx

α − 1

Eα,β+1(x)

Eα,β(x)
− x

β(α − 1)
≤
∫ x

0

Eα,β+1(z)

Eα,β(z)
dz ≤ αx

α − 1

Eα,β+1(x)

Eα,β(x)
, (3.16)

holds for α > 1. Moreover, if 0 < α < 1, we get

αx

α − 1

Eα,β+1(x)

Eα,β(x)
≤
∫ x

0

Eα,β+1(z)

Eα,β(z)
dz ≤ x

β(1 − α)
+ αx

α − 1

Eα,β+1(x)

Eα,β(x)
(3.17)

Proof The inequalities (2.8) can be written as

β − 1

β
≤ Eα,β−1(z)Eα,β+1(z)

E2
α,β(z)

≤ 1, z > 0, β > 1. (3.18)

Now considering (3.1) we have

αx
Eα,β+1(x)

Eα,β(x)
− x

β
≤ (α − 1)Gα,β(x) ≤ αx

Eα,β+1(x)

Eα,β(x)
, (3.19)

where Gα,β(x) as defined in (3.3). Therefore, the inequalities (3.16) and (3.17) follows from the inequalities
(3.19) for α ≥ 1, and the Corollary 4 is proved. �


3.2 Inequalities for integrals of the Mittag-Leffler function

In this section, some inequalities are established for some integrals involving the Mittag-Leffler function.

Theorem 9 The following assertions are true:

(1) Let α > 0 and β > 1. The following inequalities

βxβ+1 Eα,β+2(xα) ≤
∫ x

0
zβ Eα,β(zα)dz ≤ xβ+1 Eα,β(xα)

β + 1
(3.20)

are valid for all x > 0. If 0 < β < 1 then the right hand side of inequalities (3.20) is reversed.
(2) Let 0 < x ≤ 1, α > 0 and β > 1. We define the functions

Iα,β,0(x) = xβ Eα,β(xα), Iα,β,n(x) =
∫ x

0
Iα,β,n−1(t)dt, n ∈ N.

The following inequalities hold true:

Iα,β,n+1(x) ≤ 1

β + 1
Iα,β,n(x), n ∈ N0, (3.21)

∫ x

0
e−at Iα,β,n(t)dt ≤ (β + 1)e−ax

β + 1 − a
Iα,β,n+1(x), n ∈ N0, 0 ≤ a < 1 (3.22)

(3) Assume that α, β, x > 0 and n ≥ 0. Then

∫ x

0
zβ−1 Eα,β+n(zα)dz ≤ (β + n)xβ

β
Eα,β+n+1(xα), α > −1, β > 0. (3.23)
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(4) Let x > 0, α > 0, β > 1, n ∈ N0 and m ∈ N. We define the functions

Jα,β,n(x) = xβ−1 Eα,β+n(xα), and Jα,β+m,n(x) =
∫ x

0
Jα,β−m,n(t)dt, m ∈ N.

Then, the following inequality holds true:

Jα,β+m,n(x) ≤
(

m∏

k=1

β + n + k − 1

β + k − 2

)
xβ+m−1 Eα,β+n+m(xα). (3.24)

Proof (1). Again, by using the fact that the function z �→ Eα,β (z)
Eα,β+1(z)

is increasing on (0,∞), for all β > 0 and
α > 0 (see [6, Theorem 4]), we get

Eα,β+1(z) ≤ Eα,β(z)

β
, z > 0. (3.25)

Therefore, by the above formula and the differentiation formula (2.12) we find that
∫ x

0
zβ Eα,β(zα)dz ≤ 1

β − 1

∫ x

0
zβ Eα,β−1(z

α)dz

= 1

β − 1

∫ x

0
z2
[
zβ−2 Eα,β−1(z

α)
]

dz

= 1

β − 1

[[
zβ+1 Eα,β(zα)

]x

0
− 2

∫ x

0
zβ Eα,β(zα)dz

]

= xβ+1 Eα,β(xα)

β − 1
− 2

β − 1

∫ x

0
zβ Eα,β(zα)dz,

(3.26)

we arrive at

β + 1

β − 1

∫ x

0
zβ Eα,β(zα)dz ≤ xβ+1 Eα,β(xα)

β − 1
. (3.27)

which shows that the right hand side of inequalities (3.20) holds true for all β > 0 and reversed if 0 < β < 1.

From (3.25) and the following formula [5, Eqt. (4.4.4)]
∫ x

0
zβ−1 Eα,β(zα)dz = xβ Eα,β+1(xα), β > 0, (3.28)

we have that
∫ x

0
zβ Eα,β(zα)dz ≥ β

∫ x

0
zβ Eα,β+1(z

α)dz

= βxβ+1 Eα,β+2(xα),

(3.29)

which indicates that the inequalities (3.20) hold true.
(2). By using the inequality (3.27), we have

Iα,β,1(x) =
∫ x

0
zβ Eα,β(zα)dz ≤ xβ+1 Eα,β(xα)

β + 1

≤ xβ Eα,β(xα)

β + 1
= 1

β + 1
Iα,β,0(x).

Integrating both sides of the above inequality display n times with respect to x yields the desired inequality
(3.21). Now let us focus to the inequality (3.22), integration by parts gives

∫ x

0
e−at Iα,β,n(t)dt = e−ax Iα,β,n+1(x) + a

∫ x

0
e−at Iα,β,n+1(t)dt

≤ e−ax Iα,β,n+1(x) + a

β + 1

∫ x

0
e−at Iα,β,n(t)dt, (by (3.21)),
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and consequently the inequality (3.22) holds.
(3). From (2.12) we have

d

dz

(
zβ Eα,β+n+1(z

α)
) = d

dz

[
z−n .(zβ+n Eα,β+n+1(z

α))
]

= zβ−1 Eα,β+n(zα) − nzβ−1 Eα,β+n+1(z
α)

(3.30)

In view of (3.30) and (2.10) we get

d

dz

(
zβ Eα,β+n+1(z

α)
) = β

β + n
zβ−1 Eα,β+n(zα) + α(n + 1)

β + n
.

(
zβ+α−1 d

dz
Eα,β+n+1(z

α)

)
. (3.31)

Integrating both sides over (0, x), we obtain

xβ Eα,β+n+1(xα) = β

β + n

∫ x

0
zβ−1 Eα,β+n(zα)dz + α(n + 1)

β + n

∫ x

0
zβ+α−1 d

dz
Eα,β+n+1(z

α)dz

= β

β + n

∫ x

0
zβ−1 Eα,β+n(zα)dz + nα

β + n
Iα,β(x), (say.)

(3.32)

Since the function Iα,β(x) > 0, we have

β

β + n

∫ x

0
zβ−1 Eα,β+n(zα)dz < xβ Eα,β+n+1(xα),

which is equivalent to (3.23).
(4). For m = 1, we get

Jα,β+1,n(x) =
∫ x

0
Jα,β,n(t)dt

=
∫ x

0
tβ−1 Eα,β+n(tα)dt

≤ β + n

β − 1
xβ Eα,β+n+1(xα), (by (3.23).)

(3.33)

For m = 2, by (3.33), we have

Jα,β+2,n(x) =
∫ x

0
Jα,β+1,n(t)dt

≤ β + n

β − 1

∫ x

0
tβ Eα,β+n+1(t

α)dt

≤ β + n

β − 1

(
β + n + 1

β
xβ+1 Eα,β+n+2(xα)

)
.

(3.34)

By iteration, we deduce that the inequality (3.24) holds true. �

Corollary 5 Let α > 0 and β > 1, the double inequality

β

β + 1
.
Eα,β+1(xα)

Eα,β(xα)
≤ Eα,β+1(xα)

Eα,β(xα)
− Eα,β+2(xα)

Eα,β(xα)
≤ 1

β + 1
, (3.35)

holds true for all x > 0.

Proof On using integration by parts and the differentiation formula (2.12), we obtain
∫ x

0
zβ Eα,β(zα)dz =

∫ x

0
z.
(

zβ−1 Eα,β(zα)
)

dz

= xβ+1 Eα,β+1(xα) −
∫ x

0
zβ Eα,β+1(z

α)dz

= xβ+1 Eα,β+1(xα) − xβ+1 Eα,β+2(xα).

(3.36)
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In view of (3.27) and (3.36) we get the right hand side of inequalities (3.35). now, let us focus for the left hand
side of inequalities (3.35). From (3.25), we have

Eα,β+1(xα)

Eα,β(xα)
− Eα,β+2(xα)

Eα,β(xα)
= Eα,β+1(xα)

Eα,β(xα)
−
(

Eα,β+2(xα)

Eα,β+1(xα)

)
.

(
Eα,β+1(xα)

Eα,β(xα)

)

≥ Eα,β+1(xα)

Eα,β(xα)
− 1

β + 1

(
Eα,β+1(xα)

Eα,β(xα)

)

= β

β + 1

Eα,β+1(xα)

Eα,β(xα)
,

(3.37)

and consequently the left hand side of inequalities (3.35) holds true. �
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