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Abstract In this paper, we prove the monotonicity property of the ratios of Mittag-Leffler functions. As applica-
tions, new functional inequalities (such as Turan type inequalities) for the Mittag-Leffler function are obtained.
Moreover, geometrical convexity and log-concavity properties for some classes of functions related to the Mittag-
Leffler function are researched. Furthermore, new formulas and inequalities for some integrals involving the
Mittag-Leffler functions are established.
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1 Introduction

It is well known that the Mittag-Leffler function is defined by the infinite series

Eap(@)=) t——Fm e k+ﬁ), zoo, B € C,9%(@) > 0,R(B) >0, (1.1)
k=0

with C being the set of complex numbers. The former was introduced by Mittag-Leffler (Mittag-Leffler,1903)
for « = 1, in connection with his method of summation of some divergent series. The function defined by
(1.1) first appeared in the work of Wiman (Wiman, 1905). First applications of the function (1.1) by G. Mittag-
Leffler and A. Wiman were in complex function theory (non—trivial examples of entire functions with fractional
growth characteristics such as order and generalized summation methods). Due to many useful applications it
was crowned by Gorenflo and Mainardi [11] as a “Queen function of Fractional Calculus”! Besides fractional
calculus the Mittag-Leffler function also plays an important role in various branches of applied mathematics
and engineering sciences, such as chemistry, biology, statistics, thermodynamics, mechanics, quantum physics,
informatics, signal processing and others.
The Mittag-Leffler function statisfies the Turdn-type inequality

Eq () Eqp42(2) — E}4i1(2) =0, (1.2)
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Monotonicity criterion and integrals formulas... 393

foralla > 0, B > 0 and z > 0, which was proved first by Mehrez and Sitnik [6, Theorem 1] by the log-convexity
property of the function 8 +— I'(B)Ey g(z). The g-analogue version of the inequality (1.2) was also derived
by the author in [7]. Now Turdn-type inequalities are proved for different classes of special functions: Kummer
hypergeometric functions [3,8], Modified Bessel functions [1,2,13], Wright function [9], Fox-Wright function
[10,11], and some others.

The main purpose of this paper is to prove the monotonicity property of the function

s Eop@Eap @)

2
Eq prapn/n@

on (0, 00). As a direct consequence, it deduces some known results including Turdn-type inequalities and log-
convexity or log-concavity of the function Ey g(z) in B as well as it yields some new and interesting monotonicity
and convexity concerning the ratios of the Mittag-Leffler function. The remainders of the paper are organized as
follows. In Section 3, some new integral formulas and integral inequalities involving the Mittag-Leffler function
are established, for instance, it is shown that

f" Ea,ﬂ—1(§)Ea,ﬁ+1(Z) N (1 —a)Eq p+1(2) dz = x <1 _aEa,ﬁH(X)) x>0
0 E, 5() Eq.p(2) Eqp(x)

as applications some functional inequalities are established for integrals of the Mittag-Leffler functions.
Each of the following definitions will be used in our investigation.

Definition 1 A function f : [a,b] € R — (0, 0c0) is said to be log-convex if its natural logarithm log f is
convex, that is, for all x, y € [a, b] and A € [0, 1] we have

flax 4+ (1 —a)y) < [fOI* [N

If the above inequality is reversed then f is called alog-concave function. Itis also known that if g is differentiable,
then f is log-convex (log-concave) if and only if f'/f is increasing (decreasing).

Definition 2 A function g : [a, b)] € R — (0, 00) is said to be geometrically (or multiplicatively) convex if g
is convex with respect to the geometric mean, i.e. if for all x, y € [a, b] and A € [0, 1] we have

g (¥17) = @ (80N

We note that if g are differentiable then g is geometrically convex if and only if x — xg’(x)/g(x) is increasing
on [a, b].

Before proving our main results we need two preliminary lemmas. The first lemma is about the monotonicity
of two power series, see [12] for more details.

Lemma 1 Let (a,)u>0 and (bp)n>0 be two sequences of real numbers, and let the power series f(x) =
Zkzo agx* and glx) = Zkzo brx* be convergent for |x| < r.Ifby > 0 fork > 0 and if the sequence (ay /b )k=0
is (strictly) increasing (decreasing), then the function x +— f(x)/g(x) is (strictly) increasing (decreasing) on
O, r).

2 Monotonicity and convexity of the Mittag-Leffler Function and applications
2.1 Monotonicity and convexity of the ratios of the Mittag-Leffler Function and applications
This section is devoted to presenting the monotonicity and convexity of the ratios of the Mittag-Leffler function.

As a direct consequence, it deduces some new inequalities including Turdn-type inequalities.
Our first main result reads as follows.
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394 K. Mehrez

Theorem 1 Let o > 0 and By, B2 > 0 such that B > B1. Then the function
Ea,ﬁl (Z)Ea,ﬁz (2)

= Eﬂl»ﬂz (o, 2) = P
a.(pr+p2)/2(2)

is increasing on (0, 00). Consequently, the following sharp Turdn type inequalities
2 2 2
118 Eq g1 +2/2(D) = Eg (p146)/2(@) — Eapi (D Eapy(2) = V81,8 Eg (g 45,)/2(2) 2.1
CBOTB) -T2 (B1+62)/2)

hold true, with the best possible constants g, g, = 0 and vg, g, =

F(Br(B2)
Proof By using the Cauchy product, we have that
Yieo Azt
E a,7) = ="——, 2.2
Br.p2 (@ 2) thio By 2k (2.2)
where
d 1 L 1
Ap=) — . ,and By =Y )
= C(aj + BT (a(k — j) + B2) prdy (oej + #) r (O!(k — i+ M)
We define the sequence (Uy, ;) j>0 by
T (O[] + ﬂr;ﬂz) T (Ot(k o ]) + ,31‘5,32>
Uk,j = - -
’ L(ej + BT @k — j) + 2)
Then
Uijor D@+ BT @k = )+ pT (0 + 252 4 a) T (ath - j) + 242 —a)
Ukj  T(aj+Bi + )T (ak — j) + B2 — a)T (aj n %) r (a(k — i+ W)
(2.3)

P(@j + BT (ozj + Btb +a) T(a(k — )+ B)T (a(k )+ bkt a)

P@j+ i+l (o) + E32) || Tt = j)+ 2 - T (atk — j) + 252)

By using the fact that the function z — [I'(z) is log-convex on (0, c0), we deduce that the function z
I'(z+a)/T'(z),a > 0, is increasing on (0, co) and consequently, the following inequality

IF'z+a+b)I'(zx) =T (z+a)'(z+ D), 2.4)
is valid for all a, b > 0. Setting in the above inequality z = a(k — j) + 242 — o, a = 22PL and b = a, we
thus get

Pk = )+ BT (ate - j) + 252 — o)
> 1. (2.5)
Pk = )+ B2 = T (e — j) + 252
On the other hand, letting z = «j + B1,a = ﬁz;ﬂ’ and b = o, we obtain
P(@j + BT (o) + 252 + o)
> 1. (2.6)

L(ej + B + )T (aj + —ﬁ‘?‘b)

Taking into account the relation (2.3) with the inequalities (2.5) and (2.6), we deduce that the sequence (Ux, j ) x>0
is increasing, and consequently (Ag/By);>¢ is increasing. In virtue of Lemma 1, we deduce that the function
z = g, ,(a, ) is increasing on (0, c0). Moreover, we have

2 (BitB
" ()

INCIDINC:IDN

lim ]E,gl’ﬁz(a, Z) =
x—0
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In addition, we use the asymptotic relation [4, Theorem 1]

1 1= 1
Eq g(2) ~ ;zTeZ , T — 00, 2.7)
we obtain
Jim B, g, (. 2) = 1.
The proof of Theorem 1 is complete. O

Remark 1 Upon setting B = B > 0, and B, = B + 2, we get the following Turdn type inequalities

1
0= Eé,ﬂ+l (2) — Ea,ﬂ(Z)Ea,;‘H—Z(Z) = _/3 T lEé‘ﬁ+] (2) 2.8)

We noted that the right hand side of the above inequalities was proved by Mehrez and Sitnik in [6].
In virtue of Theorem 1, we can deduce some new and interesting further consequences.

Theorem 2 For fixed x > 0, > 0 and B > 0. Then the following assertions are true:

(1) The function z +— %, is increasing on (0, 0o) for each« > 1 and B > 0.
(2) The function z +— %, is increasing on (0, 00) for each o > 0 and B > 0.

Furthermore, the following inequality

EO!,,B-’r] (2) < L

, 2.9
Eqy5(2) z @ &2

holds true for all 7 > 0, > O and > 0.
Proof 1. Considering the relation [5, Eqt. (4.2.4)]

d
Eqp(2) = BEwp+1(2) + aZEEa,ﬁH(Z), (2.10)

we thus get

Eapi1 @ |Eebt1@ + 2Bl 51| Eap(D) = 2Eapir QE, 42)
( Ea,ﬂ(Z) > o Eiﬁ(z)
Eap+1(D)Eqp(2) + 1 [Eﬁ,,s(z) — Eupt+1(2)Eq,p-1(2) — Ed,ﬂ(Z)Ea,ﬁ+1(Z):| o1
) E; 4(2)
(1~ &) Bup1 @Fap@ + 5 [Eiﬂ(z) - Ea,ﬁH(Z)Ea,ﬂfl(Z)]
Eé,ﬁ(z) ’

(ZEa,ﬁJrl(Z))/ >0
Ea,ﬂ (Z)
forall x > 0, > 1and B > 0, it follows the desired result.

2. By using the differentiation formula [5, Eqt. (4.3.1)]

So (2.8) and (2.11) becomes

d
e (P Eapr1(z) = 2P Ea p(2%), (2.12)
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396 K. Mehrez

and the Turdn type (2.8) we have

d (zEa,ﬂ+1(Z“)> d (ZﬁEa,ﬂH(ZQ))

dz \ Eqp@*) ) dz \zP'E,p(z%)
_ Eilg(za) — Eq pr1(z*)Eq,p-1(2%) ~0
Ef 512 B
This in turn implies that the function z +— %, is increasing on (0, co) for all « > 0 and 8 > O.
Z%Ea‘ﬁ+l(2)

This implies that the function z > — G is increasing on (0, 00), as the composition of two increasing
functions. Thanks to the asymptotic expansion (2.7), we get

1
ze Ey g11(2)
im ———— =
=00 Ea,ﬂ(z)

)

that is, the inequality (2.9) holds. This completes the proof of Theorem 2. O

With the aid of the previous Theorem and Theorem 1, we can prove new Turdn type inequality for the
Mittag-Leffler function.

Theorem 3 Let o > 0 and B > 0, then the Turdn type inequality

a+1
—E 4(2) (2.13)

E; 4(2) — Eapr1(@)Eap-1(2) < —
oZ«

is valid for all x > 0.

Proof Mehrez and Sitnik [6, Theorem 4] showed that the function

Eq5(2)
Eqp41(2)

is increasing on (0, co) for each ¢ > 0 and B > 0, which implies that the function

zEq p(2)
Eqp+1(2)’

is increasing on (0, co) for each @ > 0 and # > 0, as a product of two positive and increasing functions, which

reveal that

E !/

(M) >0, (2.14)
Eo p+1(2)

foralla > 0, 8 > 0 and z > 0. Then working similarly as in the proof of Theorem 2, we obtain

2
7Eqy (2) >/ ( 1) Eo p+1(2) Eq,p—1(2) — E, ﬁ(Z)

E2 o @222 = (14 = ) Eap)E 2+ P2 >0, (215

. pt1( )<Ea,g+1(z) " a,p(2)Eq,p+1(2) o > (2.15)
foralla > 0, 8 > 0 and z > 0, from which follows that

1
Eé’ﬁ(z) —Eypr1(D)Eq-1(2) < <1 + &) Ey () Eq p1+1(2) (2.16)
which together with (2.9) implies that the inequality (2.13) holds. O
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Theorem 4 (/). Each of the functions
E&,ﬁ(Z)’ .y Eap1()
Eop(2) Eop(2)

are convex on (0, 00) for each @ > 0 and z > 0.
(2). For any fixed € > 0, each of the functions

Eqpic@) _ E, 4(2) = Egpte-1(2)  Eop-1(2)
Eopre()  Eap@)’ Eqy pte(2) Eqyp(2)

are increasing on (0, 00) for each a, z > 0.

B —

B

Eap(y)
Eq p(x)

Proof (1). From Theorem 1, the function z +— logEg, g, (a, z) is increasing on (0, oo) for each ¢ > 0 and
B > 0. Thus we get

(3). Forany 0 < x <y and o > 0, the function 8 is log-convex on (0, 00).

Fap@  Eap@  Eagipyp®

(Eﬂl»ﬂz (a, Z))/ = =
Eop(2)  Eup,(2) Eo.(81+8:)/2(2)

0, 2.17)

’

L. . . E, g (2) . .
which implies that the function g +— % is convex on (0, co). From the relation (2.10) we get
o, 1 .

azE! ,(2) Ey 5

CPap) gy Eept @) 2.18)
Ea,ﬁ(z) Ea,ﬂ(z)

Eq p-1(2)

which implies that the function 8 +—

Erp ) is convex on (0, 00).
(2). The increasing property of the above two functions easily follows from the property of convex functions.
(3). It follows from Theorem 1 that the inequality Eg, g, (a, y) > Eg, g, (ar, x) fora, > 0and 0 < x < y,
which is equivalent to

Eap (V) Eapy(¥) _ Eapripn2()
Eop(x) Eqpy(X) ~ Eq (p1+22(x)

. Eq .
where 0 < x < y. This shows that 8 — ’/’Zl g; is log-convex on (0, 00). |
a, B

Now, it is straightforward to prove the following:
Theorem 5 Let o, B, p, g be a positive real numbers such that p + q = 1. Then the function

[Eapi )] [Ea,p, (0]
Eq ppi+qp, (X)

Xg1 . (a, X) 1 X >

)

is increasing on (0, 00). Consequently, the double inequality

Cppr+ap)  _ [Eap O] [Eap @] _
TEOIICEN = Eapprign

(2.19)

holds for all x € (0, 00).

Proof Thanks to Theorem 4 we see that the function § +— E (; P (x)/Eq pg(x) is convex on (0, 00). Hence, by the
property of convex functions, we get for 81, B2, p, ¢ > 0 such that p + g = 1, there holds

Eup O B g () Eg ppigp (0
Eqp (x) " Eqp,(x)  Eqpgi+gp(x)’

d
dx (log XB1.p2 (@, x)) =p

which indicates that the function x — xg, s, (e, x) is increasing on (0, co) for p + g = 1. Finally, considering
the asymptotic expansion (2.7), we get

xll)H;O Xﬂ],ﬂz(av x) =1,

and the inequalities (2.19 are proved. O

N
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398 K. Mehrez

Again, considering Theorem 4 we can prove the following results:

Theorem 6 Let «, B1, B2 and € be a positive real numbers such that 1 > B. Then the function

Ea,ﬂ1+e(x) Eoc,,Bz(x)
Ea,ﬂl(x) Eoc,ﬁz-i-e(x)

¢gfﬂ2(x) P

is increasing on (0, 00). Moreover, then

PEILB2+) _ Eapee® Eup) o 220,
PEITBI+6) ~ Eap @) Eappre® ~ ‘

Proof In fact, from the part (2) of Theorem 4, we get

Eppree®  Eop @ (Egpi®  ELp)
Eopire(x)  Eqp (x) Eoqpyre(x)  Eoqp(x) ]~

(102655 ) =

which readily implies that the function x qbg]’fﬁz (x) is increasing on (0, 0o). Furthermore, we have

F(BOT (B2 +€)
LT (B1+€)

which completes the proof. o

By (0) = and  lim_ ¢ (x) = 1,
Corollary 1 Let «, 1, B2 > 0. Then the functions

L., dlogEep (x) dlog Ea,ﬁz(x)’ nd x s 3% log E(,Zt,m (x),
91 B2 p;

are increasing on (0, 00).

Proof Thanks to Theorem 6, we can easily see that the function

lim [1 log <Ea,ﬂ1+e(x) Eq ,(x) >] _ log Eqp(x)  dlog Eq g, (x)
e—0 € . Ea’ﬁl (_x) .Ea’ﬂ2+€ (x) 8ﬁ1 aﬁz ]

is increasing on (0, 0o0). Moreover, we see that

3”2 log Eqp (x) lim l dlog Eypy+e(x)  0log Eq p (x)
ot eole 9B 9pi ’

3% 1og Eq.p (x)

which shows that the function x — 28
1

, is increasing on (0, 00). |

2.2 Log-concavity and geometrical convexity properties of some class of functions related to the Mittag-Leffler
Function and its consequences

Theorem 7 The following assertions are true:

(a) The function z +— nga,,g_H(z) is log-concave on (0, 00), for each a, B > 0.

(b) The function z — E4 g11(2) is geometrically convex on (0, 00), for each a, B > 0.
(c) Forall z1,z2,a > 0 and B > 0, the following chain of inequalities holds:

8
Z1+z22\* 21+ 22
Egpr1(Vz122) < \/Ea,ﬁ+l(zl)Ea,,3+l(ZZ) < <2m) Eq gr1 ( 5 ) (2.21)
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Proof (a). Consider the function f, g defined by

B
Ja.p(2) =z Eq p+1(2),
which in view of the recurrence relation (2.10), we get

Ea,ﬁ(z)
azEq p41(2)

(log fo.p(2) =

Eq p(2)
azEq p11(2)
Theorem 2, and hence the required result follows.

ZE(;.ﬁ+l (2)
Eop+1(2)

It is known that the function z +—> is decreasing on (0, co) for each «, 8 > 0, by means of part (1) of

(b). We just need to show that the function z +— is increasing on (0, co) for all o, 8 > 0. To do this,

using another time the equation (2.10) we have

2Bopi1@  Eap)
Eypi1(z)  aEqypi1(2)

Since the function z — Ey g(z)/aEq g+1(2) is increasing on (0, co) for all o, B > 0, (see [6, Theorem 4]) and
consequently the function z — zE(;’ﬁ_H (2)/Ea,p+1(z) is also increasing on (0, co) for all o, > 0.

(c). Now, let us focus on the chain of inequalities (2.21). The first inequality in (2.21) actually means the
geometrical convexity of the function z — Eg4 g+1(z) on (0, 00), for all « > 0 and 8 > 0, and the second

inequality in (2.21) is an immediate consequence of the fact that the function z — zg Eq g+1(2) is log-concave
on (0, 00), for each @ > 0 and g > 0. Thus we complete the proof. O
3 Integral formulas and Integral inequalities for the Mittag-Leffler Function

3.1 Some Integral formulas for a ratio of the Mittag-Leffler Function and applications

In this section, we present a number of integral formulas for the Mittag-Leffler function. As applications, new
inequalities are established for some integrals involving this function.

Theorem 8 Let o > 0, and B > 0, there holds

Y| Egp-10)E 1—a)E E
/ o 1(;) wpr1@) A =DEapni@) |, <1 Y ot,,B+1(x)> >0, 3.1)
0 E; 4(2) Eqp(z) Eqp(x)
Furthermore, the following representation
/x El,ﬂfl(x)El,ﬂJrl(x)dZ _. <1 B El,ﬁ+](x)> (32)
0 Elz’ﬁ(x) Eqp(x) .

holds true for all x > 0 and B > 0.

Proof Let us denote

T Eqp-1(2)Eqpr1(2) Y Egp+1(2)
Fy p(x) =/ : . dz, Ggp(x) =/ ——dz. 3.3)
“ 0 E; 4(2) “ 0 Eup2)
‘We consider the function
Eo p+1(2)
Jaop(@) = ———, a, > 0. (3.4)
“f Eup(@)

Now, considering the relation (2.10) we obtain the following equations:

/ 1 fa,ﬂ(Z) )
=—1|1-fy -, 3.5
Ja.p(@) e ( Jap(2) Fap @ (3.5)
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400 K. Mehrez

and
/ 1 S B (2)
2fa.p(2) =—<(a—1) p@D+1————). (3.6)
(2fap ) « Jes fa.p-1(2)
Integrating both sides of the above equation over (0, x) and rearranging gives the formula (3.1). Applying the
equation (3.1) with « = 1 we get the representation (3.2). |

Corollary 2 The following representations

1 [*[cosh,/z(cosh/z—1) 1—cosh./z cosh/z — 1
- — +— dz=1-2"2N"_ 3.7)
x Jo sinh” \/z V/zsinh {/Z J/zsinh \/Z
1 [fef(et—z—1) e —x—1
- ——dz=1— —— 3.8
x /0 e —12 ¢ X(e* —1) (3-8)

holds true for x > 0.
Proof Taking in account the known relations [5, Formulas (4.2.1), (4.2.2)]:

. et —1
E11(z) =e*, E12(2) = (3.9)
sinh /7
E21(2) = cosh V. Eza(e) = SBNE (3.10)
Vz
combined with the following relation [5, Formula (4.2.3)]
1
E =~ +zE , 3.11
a,ﬂ(z) T'(B) + 2E4 +a (2) ( )
we get
et —z—1 cosh/z —1
E13(2) = —Q E>3(z) = + (3.12)

Upon setting « = 2 and o = 1 with the formula listed in (3.1) it yields to the formulas (3.7) and (3.8), and the
proof is complete. O

We report here the following formula [5, Formulas (4.12.9.3),(4.12.9.5)]

1 rf
vz +Vzeterf(V2), Ei3p(2) = s V2 (3.13)

Ei112(2) =

and (3.11) becomes

cerf(Va) L}

1
Ei150(z) = z [e NG N

where erf(z) is the error function defined by

2 L
erf(z) = ﬁ e "dt, 7>0.
0

The claim follows immediately by combining the second formula (3.2) in Theorem 8 with the above relations.

Corollary 3 For x > 0, there holds the following formula:

1 [ e * erf(y/2) 2 ) 1 2e %
— —_+1 < ——)|ldz=1—-—+4+ ———. 3.14
S aam ) 22 et o
Furthermore, we have
lim {l/x [(# + 1) (ﬁerf(ﬁ) = i)] dz} = 1. (3.15)
x—>00 | X Jo Z‘jerf(ﬁ) ﬁ ﬁ
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In the next Corollary we present new inequalities for some integrals involving a ratio for the Mittag-Leffler
function.

Corollary 4 Let x > 0 and > 0. The the following inequalities

ax Eqpii(x)  x - /"‘ Ey p+1(2) Lo Eoz,ﬂ+1(x)’ (3.16)
a—1 Equg(x) Bla—1) 0o Eap@ a—1 Eyup(x)
holds for « > 1. Moreover, if 0 < o < 1, we get
ax Eqpr1(x) _ /X Eq p11(2) e ax Eqpi1(x) (3.17)
a—1 Eqp(x) 0o Eap@) Bl —a) a—1 E4p(x)
Proof The inequalities (2.8) can be written as
—1 E,p_ E
F1 _ Eup 1(? @t 1@ 0 g, (3.18)
p Ea’ﬁ(Z)
Now considering (3.1) we have
E E
cFapri®) x < (@ 1)Gap(x) < ax a,ﬂ+1(x)’ (3.19)
Eqp(x) B Eq g(x)

where G4 g(x) as defined in (3.3). Therefore, the inequalities (3.16) and (3.17) follows from the inequalities
(3.19) for @ > 1, and the Corollary 4 is proved. O

3.2 Inequalities for integrals of the Mittag-Leffler function

In this section, some inequalities are established for some integrals involving the Mittag-Leffler function.
Theorem 9 The following assertions are true:

(1) Let o > 0 and B > 1. The following inequalities

X ﬂ+1E o
B Eg pra(6) < / P B p e < T L) (3.20)
0 B+1
are valid for all x > 0. If 0 < B < 1 then the right hand side of inequalities (3.20) is reversed.
(2) Let 0 < x < 1,a > 0and B > 1. We define the functions
X
Ia,ﬂ,O(x) = xﬂEoz,,B(xa)» Ioz,,B,n(x) = / Iot,ﬁ,n—l(t)dtv neN.
0
The following inequalities hold true:
I (x) < ! I (x), n e N (3.21)
a,Bn+1X) = B+1 a,Bn X)), N 0, .
X 3 (ﬂ+ 1)e—ax
My pnu)dt < ——-"——1 , neNy,0< 1 3.22
| e hapatrar < EEE i), e Mo 0 <a < (3.22)
(3) Assume that a, B, x > 0 andn > 0. Then
* B—1 B+ ”)xﬂ
| ez < E By (6. @ > <15 0 (3.23)
0
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(4) Letx > 0,0 > 0,8 > 1,n € Ng and m € N. We define the functions

X
Ja,ﬂ,n(x) = xﬁilEa,ﬁ—&-n(xa)v and Ja,ﬂ—i—m,n(x) = / Ja,ﬁ—m,n(t)dt7 m € N.
0

Then, the following inequality holds true:

m
BH+n+k—1 _
Jo,ptmn(x) < (E m xPrm lEa,ﬁ+n+m(xa). (3.24)
Proof (1). Again, by using the fact that the function z — EE";i EZ()Z) is increasing on (0, co), for all > 0 and
o > 0 (see [6, Theorem 4]), we get
Eqp(z
Eqp41(2) < L(), 72> 0. (3.25)

Therefore, by the above formula and the differentiation formula (2.12) we find that

/ P Ey p(z*)dz —/ P Eq p-1(z%)dz
0 B
/3_/ ﬁ—2Ea,ﬁ_1(z°‘)] dz
x (3.26)
[ ﬂ+1E ﬂ(z“)] —2/ zﬂEa,ﬁ(z“)dz]
0
B xﬂ+l a,ﬁ(xa) 2 p o
= 5 —ﬂ_]/ozEa,ﬂ(Z)dZ,
we arrive at
B+1 [* w xPHE, p(x%)
ﬁ,/(‘) ZﬁEa,ﬁ(Z )dz < ﬂ——fi (3.27)

which shows that the right hand side of inequalities (3.20) holds true for all 8 > 0 and reversed if 0 < 8 < 1.
From (3.25) and the following formula [5, Eqt. (4.4.4)]

X
/ PV By p ()2 = ¥ Eq g1 (6%), B > O, (3.28)
0
we have that
X X
[ zﬁEa,ﬁ(z“)dz > ,3/ zﬁEa,ﬂJrl(z"‘)dz
0 0

= BxPTUE, o (x),

which indicates that the inequalities (3.20) hold true.
(2). By using the inequality (3.27), we have

(3.29)

X xﬁ-HEaﬁ(xot)
1 X) = PE,p("dz < ——2L =2
a,p,1(X) /0 a.p(2%) 1

_ xﬁEa,lg(x“) _

- B+l B+1

Integrating both sides of the above inequality display n times with respect to x yields the desired inequality
(3.21). Now let us focus to the inequality (3.22), integration by parts gives

Ia,ﬁ,O(x)-

X

X
/ e g pon (Dt = ¢y g (¥) +a / e Iy g1 (D
0 0

a X
< e g () + ﬁ/o eIy pa(dr. (by (3:21)).
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and consequently the inequality (3.22) holds.
(3). From (2.12) we have

d
= [z7".P T Eq pins1(2))]

=P Ey pin (@) — 2P T Eg pins1(2%)

d
— (P Eapint1(2) =

dz (3.30)

In view of (3.30) and (2.10) we get

d
— (P Ea pans1(z) =

_ an+1) . d
e 2f ‘Ea,ﬁ+n<z“)+—.<zﬂ+“ ‘—Ea,ﬁ+n+1<z°‘>). (3.31)

B+n B+n dz

Integrating both sides over (0, x), we obtain

X a(n +1) d
XPEg pini1(x¥) = ﬁ"ﬁ PEy pin(2)dz + ——— f Prro= ld—Ea B+nt1(2")dz
B

(3.32)

PVEy pin(2)dz + —— Iy p(x), (say.)

no
B+n
Since the function /, g(x) > 0, we have

B T g
B+n P VEy pin(2)dz < XPEg pini1 (x%),
0

which is equivalent to (3.23).
(4). Form =1, we get

X
Jupatn(x) = fo Jupn(D)dt

X
_ / B g g () (3.33)
0

_Btn
-

XP Eq pins1(x), (by (3.23).)
For m = 2, by (3.33), we have
X
Jupion(x) = /0 T piin(0dt

+n [*
b / 18 B s (1)1 (3.34)

B —
1
= f; II (ﬁ +[Z + [H_ E, ﬁ+n+2(xa)> .

By iteration, we deduce that the inequality (3.24) holds true. O

IA

A

Corollary 5 Let o > 0 and B > 1, the double inequality

B Eqpr1(x¥) _ Eqpr1(x*)  Eqp2(x%) - 1
B+1 Eup(x*) — E4pg(x%) Eqp(x®) — B+1°

(3.35)

holds true for all x > 0.

Proof On using integration by parts and the differentiation formula (2.12), we obtain

X X
/ PEqp(z*)dz = / z. (zﬂflEa,,s(Za)> dz
0 0

X
=P Eq g1 (x®) — / P Eq pi1(z*)dz
0

= P Ey g1 (%) — xPTVE, o (x®).

(3.36)
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In view of (3.27) and (3.36) we get the right hand side of inequalities (3.35). now, let us focus for the left hand
side of inequalities (3.35). From (3.25), we have

Eoqpr1(x%)  Egpia(x¥) _ Egpr1(x®) (Ea,ﬂ+2(xo‘)> (Ea,ﬂ+l(xa)>

Eap(x®)  Eqp(x®)  Eqp(x%) Egp1(x%) Eqp(x%)

o o
- Egpt1(x*) 1 (Ea,ﬁ+1(x )) (3.37)
Eqp(x*) B+ 1\ Eqp(x%)
B Eap1(x%)
B+1 Egp(x®) ’
and consequently the left hand side of inequalities (3.35) holds true. O
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