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Abstract In this paper, we prove a more general result concerning the location of the eigenvalues of a matrix
polynomial in an annulus from which we deduce an interesting result due to Higham and Tisseur [11]. Several
other known results have been extended to matrix polynomials, which in particular include extension and gen-
eralization of a classical result of Cauchy [4]. We also present two examples of matrix polynomials to show that
the bounds obtained are close to the actual bounds.
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1 Introduction
The study of properties of a scalar polynomial and especially the location of zeros is an ongoing subject, as it
finds important application in many areas of applied mathematics. In particular, many results giving the bound
for some and all the zeros of a scalar polynomial in terms of its coefficients may be found in [15,18,20].

Gauss may have been the first to study the location of zeros of a scalar polynomial who showed that a scalar
polynomial

P(@) = amZ"™ + am_12" "+ .. 4 a1z + ao,

with all gy real, has no zeros outside the circle |z| = R, where

R = max (mv2|ax|)"/*.
1<k<m

The above result of Gauss was improved by Cauchy [4] as follows.
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Theorem 1 Let p(z) = > ;- ax 2%, ay # 0 be a scalar polynomial with complex coefficients. Then all the zeros
of p(2) lie in the disc

{z:lzl <n}Clz:lzl <1+ M},
where

. |tm—r|

= m s
O<k<m—1 |ay,|

and 1 is the unique positive real root of the real-coefficient equation

-2
"2~ |z~ laol =0,

—1
lam|Z" = lam—-112""" = lam—2|z
when p(z) is not a monomial, and as zero otherwise.

By applying the above theorem to the polynomial ¢(z) := z p(1/z) and combining it with the above theorem,
one can easily get

Theorem 2 (Cauchy) All the zeros of the scalar polynomial p(z) = > ' arz, am # 0 lie in the annulus
r1 < |z| < rp, where ry is the unique positive real root of the equation

Jam |2" + lam 112"~ + - + lar|z = |ao| = 0, )
and ry is the unique positive real root of the equation

Jam |2" — lam 112"~ = - = lai|z — lao| = 0, 2)
when p(z) is not a monomial, and as zero otherwise.

Both the above results of Cauchy has been generalized and sharpened by many mathematicians (for example,
see Joyal et al. [12], Datt and Govil [7], Affane-Aji et al. [1], and Sun and Hsieh [21]).

The following result provides an annulus, which involves Fibonacci numbers and binomial coefficients,
containing all the zeros of a scalar polynomial is due to Diaz-Barrero [8].

Theorem 3 Let p(z) = > arz’, (ax # 0,1 < k < m) be a non-constant scalar polynomial with complex
coefficients. Then all its zeros lie in the annulus € = {z : r1 < |z| < rp}, where

3 . [2"FC(m, k) |ao|)V/*
ri=— mi _— | = ,
2 1<k<m Fa ar
and
2 Fym am—k 1k
rp = — max .
3 1<k=m | 2" F,C(m, k) | a;

Here C(m, k) is the binomial coefficient and Fy is the k'™ Fibonacci number:

There are many results, including the above Theorem 3, available in this direction (for example, see [3,5,9,
13]).
Aziz and Qayoom [2] (see also [5]) proved the following theorem which generalizes all the above results.

Theorem 4 Let B, Ba., . .., B be any set of m non-zero real or complex numbers such that y ;- |Bx| < 1, and
let p(z) = ZZI:O akzk, (ar # 0,1 <k < m) be a non-constant scalar polynomial with complex coefficients.
Then all the zeros of p(z) lie in the annulus € = {z : r| < |z| < rp}, where

. ap |'7*
ry = min |Br— ,
1<k<m ag
and
1y |5
rp = max |—
I<k<m | Brx am
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Let C"*"* denote the set of all n x n matrices whose entries in C. A matrix polynomial (A-matrix) is the matrix-
valued function of a complex variable of the form

P():=AnZ" 4+ -+ A1z + Ao,

where A; € C"" foralli = 0,1,...,m. P(z) is called a matrix polynomial of degree m, provided A,, # 0
and if A, = I, it is called monic. A matrix polynomial is an extension of a scalar polynomial with complex
coefficients.

The polynomial eigenvalue problem is to find an eigenvalue A and a corresponding non-zero eigenvector x €
C" such that P(A)x = 0. The eigenvalues of P(z) are the zeros of the characteristic polynomial det (P (z)) = 0.
The case m = 1 is known as the generalized eigenvalue problem Ax = ABx, and if B = I, we have the standard
eigenvalue problem. The case m = 2 is known as the quadratic eigenvalue problem.

Polynomial eigenvalue problems play an important role in applications to science and engineering (see for
example [10,14,23]). Higham and Tisseur [11], and more recently Noferini et al. [19], Melman [16,17] and Du
Thi-Hoa-Binh et al. [22] have derived some bounds containing all the eigenvalues of a matrix polynomial by
extending some of the existing results on the location of zeros of scalar polynomials.

If A, is singular, then P(z) has infinity as an eigenvalue, and if Ag is singular, then O is an eigenvalue of
P (z). Therefore throughout this paper, we always assume A,, and Ag to be non-singular in order to find upper
and lower bounds for the magnitude of eigenvalues and also || - || denotes a subordinate matrix norm.

Higham and Tisseur [11] extended Theorem 2 due to Cauchy [4] to the matrix polynomial.

Theorem 5 If A,, and Ao are nonsingular, then all the eigenvalues ). of matrix polynomial P (z) lie in the annulus
r1 < |z| < ry, where ry is the unique positive real root of the equation

WAl + 2" Aot + - 4 zll AL — 1A 1T =0, 3)
and ry is the unique positive real root of the equation
WA = 2" N Aol — - - — zI A1l — | Aoll = O. 4)

Recently, Du Thi-Hoa-Binh et al. [22] proved the following extension of Theorem 1 due to Cauchy [4] to the
matrix polynomial.

Theorem 6 If A,, is nonsingular, then all the eigenvalues A of a matrix polynomial P(z) lie in the disc
{A )zl < 1+ M}, where

M = HA_IH max Am—rll .
m 05k§m—1” m k”

The main aim of this paper is to prove the following more general results (Theorems 7, 8) based on the norm
of their coefficient matrices, which not only extends Theorem 4 to the matrix polynomial but also improves it.
Besides that theorem like Theorem 3 and other similar to this, extended to matrix polynomial and shown as
corollaries in the Table 1. Lastly, we prove a result, which significantly improves Theorem 6.

Although, in general, we cannot compare the bounds obtained by these corollaries and Theorem 8 of Section
2, however by MATLAB, we construct some examples of matrix polynomials, for which the bounds obtained
by our corollaries and Theorem 8 can be made close to the actual bounds. This has been done in Section 4.

2 Main Results

Theorem 7 Let B, Ba., ..., B be any set of m non-zero real or complex numbers such that y ;' |Bx| < 1, and
let P(z) = ka=0 Arzk, (Ax # 0, 1 <k < m) be a non-constant matrix polynomial. If A,,, Ao are nonsingular,
then all the eigenvalues ). of P(2) lie in the annulus € = {1 : r1 < |z| < r2}, where

1/k
ri = min —'1'3k| ®)
tsksm | |agt| nac
and
_ 1/k
1A | A m =
rp = max {21 "0 ) (6)
I<k=m | B |

@ Springer



408 S. Hans, S. Raouafi

Table 1 Corollaries

1Bel Existing Results
1. 223 ACmb 3kFi ilc('"'k), F} is the k™" Fibonacci number Theorem 3 of [8]
2. ng,,m;'i) , C(m, k) are the Binomial coefficients Theorem 2 of [13]
W Theorem 2 of [9]
4. Lmié —. Ly is the k" Lucas number Corollary 2.1 of [5]
5. C"%ﬁ”’" Cy is the k" Catalan number Corollary 2.2 of 5]

Remark 1 Let A, be nonsingular and r be the positive root of the equation
AL = " Al = - = 2zl Adll = Aol = 0. (7

Therefore, we have

_ 1 1
1AM {IIAollr—m + 1ALl +- IIAmlll;} =1 ®)

rm—l
If we take
1 1
Bk = IlA,, ||||Am—k||r_ks k=1,2,...,m,

the equality (8) yields to

DBl =1.
k=1

Theorem 7 implies that

rp = max
1<k<m

4z han-el ' _
| Bl

Hence, it follows that all the eigenvalues of a matrix polynomial P (z) liein |z| < r, where r is the positive root of
the equation (7). This is Theorem 5 due to Higham and Tisseur [11], which is fairly deduced by our Theorem 7.
The lower bound can be obtained similarly.

Table 1 represents corollaries using some of the existing identities. The left column of the table contains the
identities used in place of | Bx| in Theorem 7 and the right column shows the extension of corresponding existing
results to the matrix polynomial. So many other results can be obtained using different identities.

Remark 2 By Theorem 5, one can see that the best possible result in this direction comes when D, =1 —
45" | Sy nawl k= 0and Dy, = 1= ALY T I Al J = 0. But, this result is implicit in the

sense that in order to find the annulus containing all the eigenvalues of a matrix polynomial, we need to compute
the zeros of another associated scalar polynomials (3) and (4). Our Theorem 7 provides a family of annuli that
contains all the eigenvalues of a matrix polynomial based only on the polynomial coefficient matrices.

Our next result improves upon any bound ry, r, for the eigenvalues obtainable from any above mentioned
results if D,; > 0 and D,, > 0.

Theorem 8 Let 81, B2, ..., B be any set of m non-zero real or complex numbers such that Zle |Br| < 1, and
let P(2) =) 1y ArzF, (Ax # 0,1 < k < m) be a non-constant matrix polynomial. If A,,, Ao are nonsingular
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and ry, ry are any positive numbers such that D, > 0 and D,, > 0, then all the eigenvalues A of P (z) lie in the
annulus € = {A crp <zl < ré} where

1/k

D
ri= min 34— Pl : ©)

s |0 agt |
and
—1/k

D

ry= max {r,*+ ry 1Bl (10)

1<k<m

|4+

A —ll

Remark 3 Theorem 8 can be applied again and again in order to obtain better and better bound, by making
suitable changes in ry, r2, D, and D,, respectively and this has been shown in Sect 4.

If we take n = 1 in Theorem 8, we get the following corollary, which in particular gives a result due to Dalal
and Govil [6].
Corollary 1 Let By, B2, ..., B be any set of m non-zero real or complex numbers such that 221:1 1Brl <1,
and let p(z) = Y 1 arz*, (ax # 0, 1 < k < m) be a non-constant scalar polynomial. If r1, rp are any positive
numbers such that D, > 0 and D,, > 0, then all the zeros of p(z) lie in the annulus € = {z : ri <lz] < ré},

where
1/k
Y = min {r{‘+Dr1 ﬂk“—o} , an
1<k<m ag
and
. “ —1/k
) = Y+ D - . 12
O R 1

Lastly, we use Theorem 7 to prove the following interesting refinement of Theorem 6.
Theorem 9 If A, is nonsingular, then all the eigenvalues X of a matrix polynomial P (z) lie in the disc |z| <
(14 M)™ — DV™ where

M= HA;‘ H max || Ap_sll. (13)

0<k<m-—1

Remark 4 As it is easy to see that ((1 + M)™ — DYm < 14+ Mforallm =1,2,...,m, therefore Theorem 9
always gives a better bound than Theorem 6. For n = 1, Theorem 9 reduces to a result due to Aziz and Qayoom

[2].

3 Proof of the Theorem

Proof of Theorem 7 Proof of Theorem 7 follows on the same lines of Theorem 8, therefore we omit the
details. O

Proof of Theorem 8 Let A € C be an eigenvalue of P(z) and x € C" a unit eigenvector associated to A. Assume
|z| < r}. Then we have

m
Z Akxzk

k=1

I1P(2)x]l = [Aox|l —

m
1=
> 1A =) Az
k=1
m
> 1A T =) Akl ep*
k=1

= Ayt (1 — |45 i 1Al (4)"). (14)
k=1
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Now, from equation (9), we get
|45 | 1Ak @D < A" | 1w+ D Il for k=12, m. as)

Substituting (15) in (14), we obtain

m m
IP@xl > 14" 1! (1 — |ag!| X nawirt =3 oy, |,3k|)
k=1 k=1

m
= llag'™! (Dn — Dy Yy |ﬁk|)

k=1
_a-ly-1 _ -
= 1A' Dy (1= D18 ) = 0,
k=1

as )y Bkl < 1, and consequently P(z) does not have any eigenvalue in |z| < r].
To prove the second part of the theorem, we shall use the first part. Consider the matrix polynomial

1
Q(Z) = ZmP <Z> - A()zm + Alzm_l +eeet Am—lZ + Am-

By the first part of the theorem, all the eigenvalues of the matrix polynomial Q(z) lie in

1/k
. 1 D
|Z| > min = r |,3k|
sk |y gt 1w
. 1
= min
1<k<m Dy 1Byl —1/k
ERRE e
|45 [ An—cll
1 1
- —1/k — E
_ Dy, | Bk
1max r2k+ lrz il
sksm |47 | 1An-c

Replacing z by % and observing that P(z) = 7" Q (%), we conclude that all the eigenvalues of P(z) lie in

—~1/k
_ Dy, Bk
lz| <r)= max r2k~|——r2 [l
| Akl

1<k<m HA—1 ’
m

and (10) is thus established. O
Proof of Theorem 9 Fork =1,2,...,m, let

o a+my 1A Il Am—|
ﬂk_<(1+M)m—l>< (1+ M)¥ ) (16)

Then using (13), one can easily get

m
dolal <1
k=1
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Table 2 Comparison of Annuli

Result r ) Area of annulus
Theorem 7 0.5823 1.3953 5.0511
Theorem 8 0.6351 1.3079 4.1068
Theorem 8* 0.6572 1.2557 3.5967
Actual bound 0.7731 1.0206 1.3946

Theorem 8 applied to P(z) using the bounds 1 = 0.6351 and o = 1.3079

Table 3 Comparison of Annuli

Result ri r Area of annulus
Theorem 7 0.00032 7.5692 179.9906
Theorem 8 0.0020 3.0808 29.8177
Theorem 8* 0.0022 3.0425 29.0813

Actual bound 0.5862 2.6905 21.6614

Theorem 8 applied to P(z) using the bounds ri = 0.0020 and r, = 3.0808

Now applying Theorem 7 with B as defined in (16), it follows that all the eigenvalues of P(z) lie in the disc

_ 1/k
ALV 1A ,— 1 1/k
|z]| <rp = max w ={1+M) max {1 — ———
I<k<m | B | I<k<m (14 M)m
and this proofs Theorem 9. O

4 Numerical Experiment

In this section, we construct two examples of matrix polynomials in order to obtained bounds of our results,
Theorems 7 and 8. The experiment was performed using MATLAB R2011a, the usual operator norm on matrices,
and random matrices from the normal (0, 1) distribution.

Example 1 Let P(z) = 123 + Azz2 + A1z + Ao, where the coefficient matrices A;, 0 < i < 2, are of the form
Ag =rand(3), A; =0.1rand(3), A, =0.1rand(3), and rand(3) denotes a 3 x 3 random matrix.

In Table 2, we first apply Theorems 7 and 8 to P(z) using the sequence 1 = 0.4, o = 0.2 and 3 = 0.4
obtained by Catalan numbers, see Table 1. We see that Theorem 8 gives bound sharper than the bound given by
Theorem 7. Applying again Theorem 8 to P (z) using the same sequence of numbers and the radii r; = 0.6351
and rp = 1.3079, we obtain the bound r{ = 0.6572 and ré = 1.2557 which are close to the actual radii of the
annulus that contains all the eigenvalues of P (z).

Example 2 Let P(z) = 14+ A3z3 + A2+ Az + Ag, where the coefficient matrices A;, 0 < i < 3, are of
the form Ag = rand(100), A; = 0.1rand(100), A, = 0.01rand(100), A3 = 0.01 rand(100), and rand(100)
denotes a 100 x 100 random matrix.

In Table 3, we applied Theorems 7 and 8 to P (z) using the same sequence g1 = 1/15, B = 1/5, B3 = 4/15
and B4 = 7/15 obtained by Lucas numbers, see Table 1. We first applied Theorem 7 and then we applied 8
using the radii r; = 0.0018 and r, = 3.2. These radii are obtained by applying 8 to radii obtained by Theorem 7
two times. We see that Theorem 8 gives bound sharper than the bound given by Theorem 7. Applying again
Theorem 8 using the radii »; = 0.0020 and r, = 3.0808, we obtain the bound ri = 0.0022 and ré = 3.0425
which are close to the actual radii of the annulus that contains all the eigenvalues of P (z).
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