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Abstract In this paper we give a Darboux transformation for a coupled system. As the applications of that
system, applying our Darboux transformation to some trivial seed solutions we construct some new solutions,
such as kink, soliton, kink-soliton and twins-soliton. The twins-soliton obtained in this paper is a travelling wave
solution and so its wave form does not change with the time. We also show that two such twins-solitons are
unaltered in shape and speed after the nonlinear interaction.
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1 Introduction

Darboux transformation, first proposed by the French mathematician Gaston Darboux, has been applied to
a large number of nonlinear evolution equations, such as Korteweg-de Vries, Kadomtsev-Petviashvili, sine-
Gordon and Camassa-Holm equations, to construct their multi-soliton solutions [1,2]. Recently much literature
is devoted to the construction of Darboux transformations for some coupled systems, such as the Satsuma-Hirota
coupled equation [3], the Jaulent-Miodek hierarchy [4], the Drinfeld-Sokolov-Satsuma-Hirota system [5], the
generalized Hirota-Satsuma coupled Korteweg-de Vries system [6], the coupled Fokas-Lenells system [7], and
the generalized TD equation [8]. Various solutions to these systems, such as solitons, breathers and rogue waves,
have been generated via Darboux transformation.

In this paper, we study Darboux transformation for the following coupled system{
ut = − 1

4wxx − 1
2 uxx − 1

2 (uw)x − 2uux ,

wt = 1
2wxx − 3

2wwx − 2(uw)x .
(1.1)

It is the first nonlinear member in a hierarchy recently given by Geng [9], which is associated with the following
spectral problem (see Section 4 for the details):

ϕx = Uϕ, ϕ =
(

ϕ1
ϕ2

)
, U =

(
λ + u λw

1 −λ − u

)
, (1.2)
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where u, w are two potentials, and λ is a constant spectral parameter. The time evolution of ϕ is governed by

ϕt = V ϕ, (1.3)

where

V =
⎛
⎝(λ + u)(λ − u − w

2 ) − ux
2 − wx

4 λ(λw − uw − w2−wx
2 )

λ − u − w
2 −(λ + u)(λ − u − w

2 ) + ux
2 + wx

4

⎞
⎠ . (1.4)

We give a Darboux transformation for the spectral problem (1.2–1.3) (see Theorem 1). As applications, by
applying our Darboux transformation to some trivial seed solutions of (1.1), we construct its new solutions,
including kink, soliton, kink-soliton and twins-soliton (see Examples 1 and 2). Interestingly, just like the single-
soliton, the twins-soliton constructed in this paper is a travelling wave solution and therefore its wave form does
not change with the time. We also show that two such twins-solitons remain unaltered in shape and speed after
the nonlinear interaction. To the best of our knowledge, the twins-soliton obtained in this paper has not been
reported in literature previously. Some new nonlinear-physics work relevant to this paper has been published
recently [10-18].

2 Darboux Transformation

In this section, we derive a Darboux transformation for the spectral problem (1.2–1.3). Let (u, w) be a known
solution of (1.1), and let

ϕ′ = T ϕ, T =
(

λa λb
c λd

)
(2.1)

be a gauge transformation which transforms the spectral problem (1.2) into another linear system of the same
type, where λ is the spectral parameter and a, b, c, d are functions to be determined. Then

ϕ′
x = U ′ϕ′, U ′ =

(
λ + u′ λw′

1 −λ − u′
)

(2.2)

and

Tx = U ′T − T U. (2.3)

Equating the coefficients of each power in λ on both sides of (2.3) yields

w′d − wa + 2b = 0, (2.4)

2c + d − a = 0, (2.5)

ax = w′c + u′a − ua − b, (2.6)

bx = u′b + ub, (2.7)

dx = b − u′d + ud − wc, (2.8)

cx = −u′c − uc. (2.9)

On the other hand, since the trace of U ′ equals zero, we can choose an appropriate spectral parameter λ1
such that the solution of the linear system (2.2) is zero [19]. Denote by ( f1, f2) the corresponding solution of
(1.2), that is, {

f1x = (λ1 + u) f1 + λ1w f2,

f2x = f1 − (λ1 + u) f2.
(2.10)

Then f = f1/ f2 satisfies the following Riccati equation

fx = λ1w + 2(λ1 + u) f − f 2. (2.11)
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From (2.1) we have

λ1a f1 + λ1b f2 = 0, (2.12)

c f1 + λ1d f2 = 0. (2.13)

From (2.13), we have

d = − f

λ1
c. (2.14)

Substituting (2.14) into (2.5) yields

a = 2c − f

λ1
c. (2.15)

Substituting (2.15) into (2.12) yields

b = −2 f c + f 2

λ1
c. (2.16)

Substituting (2.14–2.16) into (2.4) yields

w′ = 1

f
( f − 2λ1)(2 f + w). (2.17)

Substituting (2.11), (2.14), (2.16) and (2.17) into (2.6) and using (2.9), we get

u′ = −u f 2 + (λ1 − f ) (λ1w + 2λ1 f − f 2)

f (2λ1 − f )
. (2.18)

From (2.9), (2.11), (2.14), (2.16) and (2.18), we see that (2.7) and (2.8) become identities.
From (2.11) and (2.18), we have

− u′ − u = −1

2

( f (2λ1 − f ))x

f (2λ1 − f )
, (2.19)

and then from (2.9), we may choose the function c to be:

c = − λ1√| f (2λ1 − f ) | . (2.20)

Finally, substituting (2.20) into (2.14–2.16) we determine the functions d, a and b.

Remark 1 Symbolic computation shows that (1.3) is also form-invariant under the gauge transformation (2.1),
which has been determined by (2.14-2.18) and (2.20).

Therefore we have the following main result.

Theorem 1 Let (u, w) be a known solution of (1.1), and for a given non-zero spectral parameter λ1, let ( f1, f2)

be the corresponding solution of (1.2–1.3) and f = f1/ f2. Let

u′ = −u f 2 + (λ1 − f ) (λ1w + 2λ1 f − f 2)

f (2λ1 − f )
, (2.21)

w′ = ( f − 2λ1)(2 f + w)

f
, (2.22)

and

a = ( f − 2λ1)�, (2.23)

b = f (2λ1 − f )�, (2.24)

c = −λ1�, (2.25)

d = f �, (2.26)
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where

� = 1√| f (2λ1 − f ) | . (2.27)

Then we have the following Darboux transformation for the spectral problem (1.2–1.3):(
ϕ1
ϕ2

)
�→

(
ϕ′

1
ϕ′

2

)
=

(
λa λb
c λd

)(
ϕ1
ϕ2

)
, (2.28)(

u
w

)
�→

(
u′
w′

)
. (2.29)

Remark 2 From the seed solution (u, w) of (1.1), the above Darboux transformation allows one to generate new
solution (u′, w′) of (1.1), which depends on the spectral parameter λ1. For another non-zero spectral parameter
λ2( �= λ1), let

f ′ = ϕ′
1

ϕ′
2

∣∣∣∣
λ=λ2

= λ2( f (λ1) − 2λ1)( f (λ2) − f (λ1))

λ2 f (λ1) − λ1 f (λ2)
, (2.30)

where f (λ1) = f and f (λ2) = f (λ1 �→ λ2). Then applying the above Darboux transformation once more
to (u′, w′) and using (2.30) one can get another new solution (u′′, w′′) of (1.1). Moreover, this process may be
repeated an arbitrary number of times. In the next section, we will use this method to construct new solutions of
(1.1).

3 Applications

Starting from a seed solution (u, w) of (1.1) for which (1.2–1.3) can be explicitly solved, one can use the Darboux
transformation obtained in the last section to generate new solutions of (1.1). In this section, by taking the trivial
solutions (u, w) = (0, 0) and (u, w) = (0, 2) as seed solutions, we construct some new solutions of (1.1).

Example 1 Let the spectral parameter λ1 = k1
2( �= 0). Substituting the trivial seed solution (u, w) = (0, 0) of

(1.1) into (1.2-1.3) yields that f1, f2 satisfy{
f1x = k1

2 f1,

f2x = f1 − k1
2 f2,

{
f1t = k1

4 f1,

f2t = k1
2 f1 − k1

4 f2.
(3.1)

Therefore

f1 = A1eα1 , f2 = A1eα1

2k1
2 + B1e−α1 , α1 = k1

2(x + k1
2t), (3.2)

where A1, B1 are arbitrary non-zero constants. Then

f (λ1) = f1

f2
= 2k1

2 A1eα1

A1eα1 + 2k1
2 B1e−α1

. (3.3)

Applying once the Darboux transformation in Theorem 1 to the seed solution (u, w) = (0, 0) we get the following
new solution of (1.1):

u[1] = k1
2 − f (λ1), (3.4)

w[1] = 2( f (λ1) − 2k1
2). (3.5)

When A1 B1 > 0, the solutions (3.4) and (3.5) are kinks (see Fig. 1 for their profiles).
Let λ2 = k2

2(k2 �= k1) be another non-zero spectral parameter. Then

f (λ2) = 2k2
2 A2eα2

A2eα2 + 2k2
2 B2e−α2

, α2 = k2
2(x + k2

2t), (3.6)
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Fig. 1 Profiles of kinks (3.4) and (3.5)

and

f [1] = λ2( f (λ1) − 2λ1)( f (λ2) − f (λ1))

λ2 f (λ1) − λ1 f (λ2)
, (3.7)

where A2, B2 are arbitrary non-zero constants. Applying twice the Darboux transformation to the seed solution
(u, w) = (0, 0) we obtain the following new solution of (1.1) :

u[2] = −u[1] f 2[1] + (λ2 − f [1]) (λ2w[1] + 2λ2 f [1] − f 2[1])
f [1] (2λ2 − f [1]) , (3.8)

w[2] = ( f [1] − 2λ2)(2 f [1] + w[1])
f [1] , (3.9)

where f [1] is given by (3.7).

When λ1 = 1, A1 = 1, B1 = 1, λ2 = 2, A2 = −1, B2 = 1, the solutions (3.8) and (3.9) are kink-solitons.
The wave forms of (3.8) at t = −4,−3,−2 (first row), at t = −1, 0, 1 (second row), and at t = 2, 3, 4 (third
row) are shown in Fig. 2; while Fig. 3 consists of the wave forms of (3.9) at t = −1,−0.7,−0.5 (first row), at
t = −0.3, 0, 1 (second row) and at t = 2, 3, 4 (third row).

Remark 3 Applying repeatedly the Darboux transformation to the seed solution (u, w) = (0, 0) one can generate
multi-kink-soliton solutions. Here we omit the details.

Example 2 Substituting the trivial solution (u, w) = (0, 2) of (1.1) into (1.2–1.3) yields that f1, f2 satisfy{
f1x = λ1 f1 + 2λ1 f2,

f2x = f1 − λ1 f2,

{
f1t = λ1(λ1 − 1) f1 + 2λ1(λ1 − 1) f2,

f2t = (λ1 − 1) f1 − λ1(λ1 − 1) f2.
(3.10)

Therefore for a spectral parameter λ1 satisfying λ1 < −2 or λ1 > 0, we have

f1 = A1eβ1 + B1e−β1 , f2 = C1eβ1 + D1e−β1 , β1 =
√

λ1
2 + 2λ1 (x + (λ1 − 1)t) , (3.11)

where A1, B1(A1
2 + B1

2 �= 0) are arbitrary constants and

C1 =
√

λ1
2 + 2λ1 − λ1

2λ1
A1, D1 = −

√
λ1

2 + 2λ1 + λ1

2λ1
B1. (3.12)

Then

f (λ1) = f1

f2
= A1eβ1 + B1e−β1

C1eβ1 + D1e−β1
, (3.13)
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Fig. 4 Profiles of twins-soliton (3.14) and single-soliton (3.15)

and

u[1] = (λ1 − f (λ1)) (2λ1 + 2λ1 f (λ1) − f 2(λ1))

f (λ1) (2λ1 − f (λ1))
, (3.14)

w[1] = 2( f (λ1) − 2λ1)( f (λ1) + 1)

f (λ1)
(3.15)

is a new solution of (1.1).
When λ1 = −3, A1 = 1, B1 = 1, the solution (3.14) is a twins-soliton while (3.15) is a single-soliton (see

Figure 4 for the profiles). We would like to point out that the twins-soliton shown in Figure 4 is different from
the usual 2-soliton. It is a travelling wave solution and therefore its wave form does not change with t .

Let λ2( �= λ1) be another spectral parameter satisfying λ2 < −2 or λ2 > 0, and let

f (λ2) = A2eβ2 + B2e−β2

C2eβ2 + D2e−β2
, β2 =

√
λ2

2 + 2λ2 (x + (λ2 − 1)t) , (3.16)

where A2, B2(A2
2 + B2

2 �= 0) are arbitrary constants and

C2 =
√

λ2
2 + 2λ2 − λ2

2λ2
A2, D2 = −

√
λ2

2 + 2λ2 + λ2

2λ2
B2. (3.17)

Then

f [1] = λ2( f (λ1) − 2λ1)( f (λ2) − f (λ1))

λ2 f (λ1) − λ1 f (λ2)
. (3.18)

Applying once more the Darboux transformation to (3.14) and (3.15) we obtain the following new solution of
(1.1):

u[2] = −u[1] f 2[1] + (λ2 − f [1]) (λ2w[1] + 2λ2 f [1] − f 2[1])
f [1] (2λ2 − f [1]) , (3.19)

w[2] = ( f [1] − 2λ2)(2 f [1] + w[1])
f [1] , (3.20)

where f [1] is given by (3.18).

When λ1 = −3, A1 = 1, B1 = 1, λ2 = −4, A2 = 1, B2 = −1, the solution (3.19) is a 2-twins-soliton
while (3.20) is a 2-soliton. Figures 5 and 6 illustrate, respectively, the wave forms of (3.19) and (3.20) at
t = −4,−3,−2 (first row), at t = −1, 0, 1 (second row), and at t = 2, 3, 4 (third row). Figure 5 shows that two
twins-solitons are unaltered in shape and speed after the nonlinear interaction. This property is the same as that
of two single-solitons, as illustrated in Figure 6.
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Remark 4 Applying n times the Darboux transformation to the seed solution (u, w) = (0, 2) one can generate
n-twins-soliton and n-soliton solutions. Here we omit the details.

To end this section, we would like to point out that if the spectral parameters λi (i = 1, · · · , n) satisfy
−2 ≤ λi < 0, then applying repeatedly the Darboux transformation to the seed solution (u, w) = (0, 2) can
yield periodic and rational solutions. But all these solutions are not continuous.

4 Discussion

The hierarchy related to the spectral problem (1.2) is described as follows [9].
Let S0 = (b0, c0)

t = (w, 1)t and for j ≥ 1, S j = (
b j , c j

)t be defined recursively by

J S0 = 0, K S0 = J S1, K Sj = J S j+1,

where recursive operators J, K are given by

J =
(−1 w − ∂

2 −2w

)
, K =

(
0 1

2∂2 + ∂u
∂ − 2u w∂ + 2uw

)
.

Then the time evolution of ϕ obeys

ϕtn = V (n)ϕ, V (n) =
(

A(n) λB(n)

C (n) −A(n)

)
, (4.1)

where

B(n) =
n∑

j=0

b jλ
n− j , C (n) =

n∑
j=0

c jλ
n− j , A(n) = (λ + u)C (n) + 1

2
C (n)

x . (4.2)

The hierarchy of nonlinear evolution equations associated with (1.2–4.1) is{
utn = ( 1

2∂2 + ∂u)cn,

wtn = (∂ − 2u)bn + (w∂ + 2uw)cn,
(4.3)

with (1.1) as its first nonlinear member.
It is shown in [9] that (1.2–4.1) can be nonlinearized to the completely integrable Bargmann system and

a completely integrable Neumann system. More recently, from the hierarchy (4.3), Geng and Dai [20] and
Chen [21] derived new (2+1)-dimensional coupled modified Kadomtsev-Petviashvili equations and studied their
algebro-geometric solutions. But to our knowledge, until now no Darboux transformation for the hierarchy (4.3)
has been reported in literature. It seems that the Darboux transformation for (1.1) given in Theorem 1 can be
generalized to each member in the hierarchy (4.3). We will discuss this problem in future publications.
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