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Abstract The main purpose of the present paper is to investigate some properties and combinatorial identities
of the degenerate Bernoulli and Euler-Genocchi polynomials by means of an algebraic determinantal approach.
Furthermore, others related combinatorial identities, involving the degenerate Fibonacci and Lucas numbers, are
established.
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1 Introduction

The Bernoulli, Euler and Genocchi polynomials are among the several families of special functions. It is well-
known that these three families play a fundamental role in various fields of mathematics and applied sciences.
Moreover, they appear in many unexpected fields such as number theory, theory of functions, theoretical physics,
and the like (see, for example, [10]). In the last decades, various interesting and useful generalizations of the
Bernoulli, Euler and Genocchi polynomials have been extensively investigated in the literature. These gen-
eralizations have important properties and combinatorial formulas (see, for example, [1,12,18,21] and refer-
ences therein). One of these generalization is based on the sequence of Appell polynomials {An(x)}n≥0, where

deg(An) = n, and which are characterized by
d An

dx
(x) = n An−1(x), for n = 1, 2, ... (see for example [1,15–

17]). It is shown in [17] that the preceding characterization is equivalent to the existence of a formal power series
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f (t) =
∑+∞

n=0
αn

tn

n! , with α0 �= 0, satisfying the equation,

f (t)ext =
∞∑

n=0

An(x)
tn

n! . (1.1)

In other words, there exists a sequence {αn}n≥0, whose exponential generating function f (t) =
+∞∑

n=0

αn
tn

n! is

related to the exponential generating function of the Appell polynomial sequence {An(x)}n≥0 via Equation (1.1).
It is also essential to point out that the family of Appell polynomials contains many important classes of special
polynomials (see, for example, [12,15,18,19,21]). Especially, we can show that when the invertible series of the
functions f (t) = ( t

et −1 )β , f (t) = ( 2
et +1 )β and f (t) = ( 2t

et +1 )β , where β ∈ C, are substituted in Expression

(1.1), we get the generalized Bernoulli polynomials B(β)
n (x), the generalized Euler polynomials E (β)

n (x) or the
generalized Genocchi polynomials G(β)

n (x), of order β and degree n in x (see, for example, [12]). For β = 1,
we obtain respectively, the usual Bernoulli polynomials Bn(x) (n ≥ 0), Euler polynomials En(x) (n ≥ 0) and
Genocchi polynomials Gn(x) (n ≥ 0).

Another generalization of the Bernoulli, Euler and Genocchi polynomials is due to Carlitz. That is, in
[5,6], Carlitz introduces the notion of Stirling, Bernoulli and Euler degenerate numbers. This concept has been
extended to degenerate polynomials of various kind such as the Bernoulli and Euler-Genocchi polynomial (see, for
example, [7–9,11]). The definition of the concept of degenerate Bernoulli and Euler numbers, and the degenerate
Bernoulli, Euler and Genocchi polynomials, is based on the replacement of the usual exponential function etx

in Expression (1.1) by the degenerate exponential function ex
λ(t) = (1 + λt)x/λ. As it was shown in [8], the

degenerate exponential function is expressed by,

⎧
⎪⎨

⎪⎩
ex
λ(t) = (1 + λt)x/λ =

∞∑

n=0

(x)n,λ

tn

n! , for λ �= 0,

ex
λ(t) = etx , for λ = 0,

(1.2)

where the falling factorial (x)n,λ of parameter λ �= 0 is defined as,

(x)n,λ :=
{

1, for n = 0,

x(x − λ)(x − 2λ) · · · (x − (n − 1)λ), for n ∈ N,
(1.3)

For reasons of clarity, we suppose in the sequel that (x)−n,λ = 0, for n ≥ 1. In this context, for the degenerate
Bernoulli, Euler and Genocchi polynomials, we adopt a similar process for generalizing the Bernoulli, Euler
and Genocchi polynomials, based on the general setting of Appell polynomials described above. To this aim, let
first define the degenerate Appell polynomials as follows. Let λ be a real or a complex number and consider a
parametrized sequence {αn(λ)}n≥0, such that α0(λ) �= 0. The associated exponential generating function is,

fλ(t) =
∞∑

n=0

αn(λ)
tn

n! .

Now, the degenerate sequence of Appell polynomials {An,λ(x)}n≥0, is defined using the degenerate exponential
generating function (1.2) as follows,

fλ(t)e
x
λ(t) =

∞∑

n=0

An,λ(x)
tn

n! .

Therefore, under some adequate conditions on λ, t and x , the degenerate Bernoulli, Euler and Genocchi
polynomials are defined, respectively, by their associated exponential generating function, by taking fλ(t) =

t
(1+λt)1/λ−1

, fλ(t) = 2
(1+λt)1/λ+1

and fλ(t) = 2t
(1+λt)1/λ+1

(respectively) in the preceding expression, namely, we
have,
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Degenerate Bernoulli and Euler-Genocchi polynomials 427

t

(1 + λt)1/λ − 1
(1 + λt)x/λ =

∞∑

n=0

Bn,λ(x)
tn

n! , (1.4)

2

(1 + λt)1/λ + 1
(1 + λt)x/λ =

∞∑

n=0

En,λ(x)
tn

n! , (1.5)

2t

(1 + λt)1/λ + 1
(1 + λt)x/λ =

∞∑

n=0

Gn,λ(x)
tn

n! , (1.6)

(see [5,6,9,11]). When x = 0, Bn,λ = Bn,λ(0), En,λ = En,λ(0) and Gn,λ = Gn,λ(0) are called the degenerate
Bernoulli, Euler and Genocchi numbers respectively. Moreover, we can show that limλ�−→0 Bn,λ(x) = Bn(x),
limλ�−→0 En,λ(x) = En(x) and limλ�−→0 Gn,λ(x) = Gn(x), where Bn(x), En(x) and Gn(x) are the Bernoulli,
Euler and Genocchi polynomials (see [6]).

In the present paper we study some identities for a degenerate family of Bernoulli and Euler-Genocchi
polynomials and derive various properties of them. More precisely, using properties of the exponential generating
function and a determinantal approach, we investigate some additional formulas for the degenerate Appell,
Bernoulli and Euler-Genocchi polynomials and extend the Raabe-like formulas to the degenerate Euler-Genocchi
polynomials. Furthermore, we consider the degenerate Lucas and Fibonacci numbers, and exhibit some related
identities, connected to the degenerate Euler-Genocchi family of polynomials. Our results are established with
the aid of an algebraic computational process.

The content of our paper is organized as follows. Section 2 is devoted to some combinatorial identities of the
degenerate Appell polynomials. In Section 3, using the determinantal approach, we study some new combinatorial
properties of the degenerate Bernoulli and Euler-Genocchi polynomials. Section 4, is devoted to the degenerate
Euler-Genocchi polynomials, where we establish some combinatorial identities, such as an explicit addition
formula. In addition, we show that the degenerate Euler-Genocchi polynomials satisfy a Raabe-like formula,
and the power summation formulas is evaluated. In Section 5 we focus on the degenerate Lucas and Fibonacci
numbers, where we establish some related combinatorial identities involving the degenerate Lucas and Fibonacci
numbers, and the degenerate Euler-Genocchi polynomials. Finally, some concluding remarks and perspectives
are discussed.

2 Some formulas for the degenerate Appell polynomials

Let λ be a real or a complex number and consider a parameterized sequence {αn(λ)}n≥0, such that α0(λ) �= 0.
The associated exponential generating function is:

fλ(t) =
∞∑

n=0

αn(λ)
tn

n! .

Recall that the sequence of degenerate Appell polynomials {An,λ(x)}n≥0, are define using the degenerate
exponential generating function (1.2) as follows,

fλ(t)e
x
λ(t) =

∞∑

n=0

An,λ(x)
tn

n! . (2.1)

From the expressions ex
λ(t) = (1 + λt)x/λ =

∞∑

n=0

(x)n,λ

tn

n! and fλ(t) =
∞∑

n=0

αn(λ)
tn

n! , a Cauchy multiplication,

and the power series identity theorem, allow us to have,

fλ(t)e
x
λ(t) =

[ ∞∑

n=0

αn(λ)
tn

n!

][ ∞∑

n=0

(x)n,λ

tn

n!

]
(2.2)

=
∞∑

n=0

[
n∑

k=0

(
n

k

)
αn−k(λ)(x)k,λ

]
tn

n! , (2.3)
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hence, we obtain

An,λ(x) =
n∑

k=0

(
n

k

)
αn−k(λ)(x)k,λ.

Since (x)0,λ = 1, we show that for n = 0 we have A0,λ(x) = α0(λ)(x)0,λ = α0(λ), since (x)0,λ = 1. This

implies that
d

dx
A0,λ(x) = 0. Now, for n ≥ 1, what about

d

dx
An,λ(x)? We have,

d(x)n,λ

dx
=

n−1∑

j=0

n−1∏

i=0,i �= j

(x − iλ) = (x)n,λ

n−1∑

i=0

1

x − iλ
.

Therefore, we get,

d

dx
An,λ(x) =

n∑

k=0

(
n

k

)
αn−k(λ)

d(x)k,λ

dx
.

Combining this formula with the preceding one, we obtain,

d

dx
An,λ(x) =

n∑

k=0

(
n

k

)
αn−k(λ)(x)k,λ × hk,λ(x),

where hk,λ(x) =
k−1∑

i=0

1

x − iλ
. Summarizing, we have the following proposition.

Proposition 2.1 Let λ be a real or a complex number and consider a parameterized sequence {αn(λ)}n≥0, such
that α0(λ) �= 0. Let {An,λ(x)}n≥0 be the associated sequence of degenerate Appell polynomials defined by (2.1).
Then, we have

An,λ(x) =
n∑

k=0

(
n

k

)
αn−k(λ)(x)k,λ, (2.4)

d

dx
An,λ(x) =

n∑

k=0

(
n

k

)
αn−k(λ)(x)k,λ × hk,λ(x), (2.5)

where hk,λ(x) =
k−1∑

i=0

1

x − iλ
.

For λ = 0 we have (x)k,0 = xk and An,0(x) =
n∑

k=0

(
n

k

)
αn−k(0)xk . Therefore, we derive,

d

dx
An,0(x) =

n∑

k=1

k

(
n

k

)
αn−k(0)xk−1 = n

n∑

k=1

(
n − 1

k − 1

)
α(n−1)−(k−1)(0)xk−1

= n
n−1∑

k=0

(
n − 1

k

)
α(n−1)−k(0)xk = n An−1,0(x).

On the other hand, since hk,0(x) = k

x
, a similar straightforward computation, using Expression (2.5), permits

us to get,

d

dx
An,0(x) =

n∑

k=0

(
n

k

)
αn−k(0)(x)k,0 × hk,0(x) = n An−1,0(x).
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Corollary 2.2 Under the preceding data, for λ = 0, the degenerate Appell polynomial {An,0(x)}n≥0 are nothing
else but the sequence of usual Appell polynomials, associated to the sequence {αn(0)}n≥0, such that α0(0) �= 0,
namely, we have An,0(x) = An(x), where d An

dx (x) = n An−1(x), for every n ≥ 1.

By considering the function H(x, y, t) = fλ(t)e
x+y
λ (t), we can observe that,

H(x, y, t) =
∞∑

n=0

An,λ(x + y)
tn

n! .

On the other hand, since ex+y
λ (t) = (1 + λt)(x+y)/λ = (1 + λt)x/λ(1 + λt)y/λ = ex

λ(t)ey
λ(t), a Cauchy multipli-

cation, and the power series identity theorem, allows us to have

H(x, y, t) = fλ(t)e
x
λ(t)ey

λ(t)

=
[+∞∑

n=0

An,λ(x)
tn

n!

][ ∞∑

n=0

(y)n,λ

tn

n!

]

=
+∞∑

n=0

[
n∑

k=0

(
n

k

)
An−k,λ(x)(y)k,λ

]
tn

n! .

Therefore, we have the following addition formula,

An,λ(x + y) =
n∑

k=0

(
n

k

)
An−k,λ(x)(y)k,λ.

More generally, a direct computation allows us to get the following addition formula for the degenerate Appell
polynomials,

Theorem 2.3 Let λ, x and y1, . . . , ys be real or complex numbers and consider {αn(λ)}n≥0 a parameterized
sequence, such that α0(λ) �= 0. Let {An,λ(x)}n≥0 be the associated sequence of degenerate Appell polynomials
defined by (2.1). Then, we have the following addition formula

An,λ(x + y1 + · · · + ys) =
n∑

k=0

(
n

k

)
An−k,λ(x)�k(y1, . . . , ys), (2.6)

where �k(y1, . . . , ys) =
∑

k1+···+ks=k

(
k

k1, . . . , ks

) s∏

p=1

(yp)kp,λ, or equivalently,

An,λ(x + y1 + · · · + ys) =
∑

d+k1+···+ks=n

(
n

d, k1, . . . , ks

)
Ad,λ(x)

s∏

p=1

(yp)kp,λ. (2.7)

In fact, Expressions (2.6)-(2.7) can take the following forms,

An,λ(y1 + · · · + ys) =
n∑

k=0

(
n

k

)
An−k,λ(y j )� j,k(y1, . . . , ŷi , . . . , ys), (2.8)

where � j,k(y1, . . . , ŷi , . . . , ys) =
∑

k1+···+k̂i +···+ks=k

(
k

k1, . . . , k̂i , . . . , ks

) s∏

p=1,p �=i

(yp)kp,λ,

and the symbol ẑi means that we omit zi , or equivalently,

An,λ(y1 + · · · + ys) =
∑

k1+···+ks=n

(
n

k1, . . . , ks

)
Ai,λ(yi )

s∏

p=1,p �=i

(yp)kp,λ. (2.9)

The Expressions (2.8)-(2.9) are a consequence of the fact that An,λ(y1 + · · ·+ ys) is a symmetric function in the
variables y1, . . . , ys .

As pointed before, the degenerate Bernoulli and Euler-Genocchi polynomials are special cases of the degen-
erate Appell polynomials. Therefore, the results of this section will be useful for the next sections.
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3 Determinantal approach of degenerate Bernoulli and Euler-Genocchi polynomials

Let H1(x, t, λ) = t

(1 + λt)1/λ − 1
(1 + λt)x/λ and H2(x, t, λ) = 2

(1 + λt)1/λ + 1
(1 + λt)x/λ, be the two

functions defining the degenerate Bernoulli and Euler polynomials. Consider the function,

T (x, t, λ) = H1(x, t, λ) × H2(x, t, λ) = 2t

(1 + λt)2/λ − 1
(1 + λt)2x/λ.

A straightforward computation shows that we have,

T (x, t, λ) = 2t

(1 + λt)2/λ − 1
(1 + λt)2x/λ = 2t

(
1 + λ

2 (2t)
)1/(λ/2) − 1

(
1 + λ

2
(2t)

)x/(λ/2)

,

and by taking t1 = 2t and λ1 = λ
2 in the formula (1.4) of the degenerate Bernoulli polynomials, we obtain,

T (x, t, λ) =
∞∑

n=0

Bn,λ/2(x)
(2t)n

n! =
∞∑

n=0

2n Bn,λ/2(x)
tn

n! .

This expression implies that,

T (x + 1, t, λ) =
∞∑

n=0

2n Bn,λ/2(x + 1)
tn

n! .

On the other hand, by considering the usual series expansion (1 + z)α = 1 + ∑+∞
n=1

(
α
n

)
zn , where

(
α
n

) =
α(α−1)...(α−n+1)

n! , we show that f (t) = t
(1+λt)1/λ−1

= 1
1+∑+∞

n=1 an,λtn . Once again, a series expansion of this

former expression can be written under the form f (t) = t
(1+λt)1/λ−1

= 1 +∑+∞
n=1 bn,λtn . Hence, since ex

λ(t) =
(1 +λt)x/λ = ∑∞

n=0(x)n,λ
tn

n! (for λ �= 0), the series product f (t)ex
λ(t) shows that B0,λ(x) = 1, for every x ∈ R.

Therefore, since B0,λ/2(x) = B0,λ/2(x + 1) = 1, we derive that,

T (x + 1, t, λ) − T (x, t, λ) =
∞∑

n=1

2n [Bn,λ/2(x + 1) − Bn,λ/2(x)
] tn

n! .

On the other hand, we have

T (x + 1, t, λ) − T (x, t, λ) = 2t (1 + λt)2x/λ

= 2t
∞∑

n=0

(2x)n,λ

tn

n! = 2
∞∑

n=0

n(2x)n−1,λ

tn

n! .

Because n(x)−1,λ = 0, we obtain,

T (x + 1, t, λ) − T (x, t, λ) = 2
∞∑

n=1

n(2x)n−1,λ

tn

n! .

Comparing the two expressions of T (x + 1, t, λ) − T (x, t, λ), we derive that,

2n(2x)n−1,λ = 2n [Bn,λ/2(x + 1) − Bn,λ/2(x)
]
, (3.1)

or equivalently,

(2x)n−1,λ = 2n−1

n

[
Bn,λ/2(x + 1) − Bn,λ/2(x)

]
.

Hence, we get the following fundamental lemma.
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Lemma 3.1 For every n ≥ 0, we have

(x)n,λ = 2n

n + 1

[
Bn+1,λ/2

( x

2
+ 1

)
− Bn+1,λ/2

( x

2

)]
. (3.2)

Moreover, Expression (3.1) implies that,

Bn+1,λ/2(x + 1) − Bn+1,λ/2(x) = n + 1

2n
(2x)n,λ.

Let m ≥ 0 be an integer and d ∈ N such that 0 ≤ d ≤ m. It is easy to show that,

Bn+1,λ/2(x + d + 1) − Bn+1,λ/2(x + d) = n + 1

2n
(2(x + d))n,λ.

Therefore, we have the following generalization of the addition formula (3.2),

Bn+1,λ/2(x + m + 1) − Bn+1,λ/2(x) = n + 1

2n

m∑

d=0

(2(x + d))n,λ,

or equivalently, we can formulate the above equation by the next proposition.

Proposition 3.2 For any integer m ≥ 0, we have the following addition formula,

Bn+1,λ/2

( x

2
+ m + 1

)
− Bn+1,λ/2

( x

2

)
= n + 1

2n

m∑

d=0

(x + 2d)n,λ.

Consider the function,

Uλ(x, y, t) = 2

(1 + λt)1/λ + 1
(1 + λt)x/λ × t

(1 + λt)1/λ − 1
(1 + λt)y/λ.

We show easily that

Uλ(x, y, t) = 2t

(1 + λt)2/λ − 1
(1 + λt)(x+y)/λ = 2t

(1 + λ
2 (2t))1/ λ

2 − 1

(
1 + λ

2
(2t)

) x+y
2 / λ

2

.

Using the definition of the degenerate Bernoulli polynomials (1.4), with t ′ = 2t , λ1 = λ
2 and z = x+y

2 , we derive

Uλ(x, y, t) =
∞∑

n=0

2n Bn,λ/2

(
x + y

2

)
tn

n! .

On the other hand, using Expressions (1.4), (1.5), we have,

Uλ(x, y, t) =
[ ∞∑

n=0

En,λ(x)
tn

n!

][ ∞∑

n=0

Bn,λ(y)
tn

n!

]
=

∞∑

n=0

[
n∑

k=0

(
n

k

)
Ek,λ(x)Bn−k,λ(y)

]
tn

n! . (3.3)

Comparing the two expressions of Uλ(x, y, t) we derive the following addition formula,

Bn,λ/2

(
x + y

2

)
= 1

2n

n∑

k=0

(
n

k

)
Ek,λ(x)Bn−k,λ(y). (3.4)

Since Uλ(x + 1, y + 1, t) =
∞∑

n=0

[
n∑

k=0

(
n

k

)
Ek,λ(x + 1)Bn−k,λ(y + 1)

]
tn

n! we get

Uλ(x + 1, y + 1, t) − Uλ(x, y, t) =
∞∑

n=0

[
n∑

k=0

(
n

k

) ∣∣∣∣
Bn−k,λ(y + 1) Ek,λ(x)

Bn−k,λ(y) Ek,λ(x + 1)

∣∣∣∣

]
tn

n! ,
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and by Expression (3.4) we obtain,

Bn,λ/2

(
x + y

2
+ 1

)
= 1

2n

n∑

k=0

(
n

k

)
Ek,λ(x + 1)Bn−k,λ(y + 1).

Taking into account Expression (3.3) we derive,

Uλ(x + 1, y + 1, t) − Uλ(x, y, t) =
∞∑

n=0

2n
[

Bn,λ/2

(
x + y

2
+ 1

)
− Bn,λ/2

(
x + y

2

)]
tn

n! .

Comparing the two expressions of Uλ(x + 1, y + 1, t) − Uλ(x, y, t) we obtain,

Bn,λ/2

(
x + y

2
+ 1

)
− Bn,λ/2

(
x + y

2

)
= 1

2n

n∑

k=0

(
n

k

) ∣∣∣∣
Bn−k,λ(y + 1) Ek,λ(x)

Bn−k,λ(y) Ek,λ(x + 1)

∣∣∣∣ ,

for every n ≥ 1.
From Lemma 3.1 (see Expression (3.2)) we have,

Bn+1,λ/2

( x

2
+ 1

)
− Bn+1,λ/2

( x

2

)
= n + 1

2n
(x)n,λ.

Therefore, we obtain

(x + y)n,λ = 1

2(n + 1)

n+1∑

k=0

(
n + 1

k

) ∣∣∣∣
Bn+1−k,λ(y + 1) Ek,λ(x)

Bn+1−k,λ(y) Ek,λ(x + 1)

∣∣∣∣ (n ≥ 0),

for every n ≥ 1.
Similarly, by considering the function,

Wλ(x, y, t) = 2t

(1 + λt)1/λ + 1
(1 + λt)x/λ × t

(1 + λt)1/λ − 1
(1 + λt)y/λ,

a similar straightforward computation permits us to show that,

(x + y)n,λ = 1

2(n + 1)(n + 2)

n+2∑

k=0

(
n + 1

k

) ∣∣∣∣
Bn+2−k,λ(y + 1) Gk,λ(x)

Bn+2−k,λ(y) Gk,λ(x + 1)

∣∣∣∣ ,

for every n ≥ 1. Summarizing, we have the following result.

Theorem 3.3 Let x, y be complex numbers and n ≥ 0 be an integer. Then, the following combinatorial identities
are verified,

(x + y)n,λ = 1

2(n + 1)

n+1∑

k=0

(
n + 1

k

) ∣∣∣∣
Bn+1−k,λ(y + 1) Ek,λ(x)

Bn+1−k,λ(y) Ek,λ(x + 1)

∣∣∣∣ , (3.5)

(x + y)n,λ = 1

2(n + 1)(n + 2)

n+2∑

k=0

(
n + 1

k

) ∣∣∣∣
Bn+2−k,λ(y + 1) Gk,λ(x)

Bn+2−k,λ(y) Gk,λ(x + 1)

∣∣∣∣ . (3.6)

For x = y, a change of variable allows us to reach the following corollary.

Corollary 3.4 Let x be a real number and an integer n ≥ 0. Then, the following combinatorial identities are
verified,

(x)n,λ = 1

2(n + 1)

n+1∑

m=0

(
n + 1

m

) ∣∣∣∣
Bn+1−m,λ(

x
2 + 1) Em,λ(

x
2 )

Bn+1−m,λ(
x
2 ) Em,λ(

x
2 + 1)

∣∣∣∣ , (3.7)

(x)n,λ = 1

2(n + 1)(n + 2)

n+2∑

m=0

(
n + 2

m

) ∣∣∣∣
Bn+2−m,λ(

x
2 + 1) Gm,λ(

x
2 )

Bn+2−m,λ(
x
2 ) Gm,λ(

x
2 + 1)

∣∣∣∣ . (3.8)

By Theorem 3.3 and Corollary 3.4 the combinatorial Expressions (3.5)-(3.6) and (3.7)-(3.8), of (x + y)n,λ and
(x)n,λ are expressed by mixed degenerate Bernoulli and Euler-Genocchi polynomials.

123



Degenerate Bernoulli and Euler-Genocchi polynomials 433

4 Degenerate Euler-Genocchi polynomials and associated Raabe-like formula

In this section, we study the degenerate Euler-Genocchi polynomials, which generalizes the degenerate Euler
En(x) and Genocchi Gn(x) polynomials. Some important results (for this class) are established, by considering
the determinantal aspect studied in Sect. 2.

4.1 The degenerate Euler-Genocchi polynomials

Let p be an odd prime number, we denote by Cp the completion of algebraic closure of Qp such as Qp is the
field of p-adic rational numbers. Let |.|p be the p-adic norm with |p|p = 1/p (for more details, see [8,9]). Let

{A(r)
n,λ(x)}n≥0, where r ≥ 0 is an integer and λ, t ∈ Cp with |λt |p < p− 1

p−1 , be the class of polynomials defined
by the following generating function:

2tr

(1 + λt)1/λ + 1
(1 + λt)x/λ =

∞∑

n=0

A(r)
n,λ(x)

tn

n! . (4.1)

We denote by A(r)
n,λ := A(r)

n,λ(0), the degenerate Euler-Genocchi numbers of order r . It is obvious that the

degenerate Euler and Genocchi polynomials are given En,λ(x) = A(0)
n,λ(x) and Gn,λ(x) = A(1)

n,λ(x).

It is easy to show that limλ�−→0 A(r)
n,λ(x) = A(r)

n (x) are the Euler-Genocchi polynomials given by the following
generating function:

2tr

et + 1
ext =

∞∑

n=0

A(r)
n (x)

tn

n! (|t | < π), (4.2)

which was introduced by Belbachir et al. [4].

Since the degenerate polynomials A(r)
n,λ(x) defined by (4.1), represent a special case of the degenerate Appell

polynomial (2.1), Expressions (2.6)-(2.7), or equivalently (2.8)-(2.9), show that we have,

A(r)
n,λ(y1 + · · · + ys) =

n∑

k=0

(
n

k

)
A(r)

n−k,λ(y j )� j,k(y1, . . . , ŷi , . . . , ys), (4.3)

where � j,k(y1, . . . , ŷi , . . . , ys) =
∑

k1+···+k̂i +···+ks=k

(
k

k1, . . . , k̂i , . . . , ks

) s∏

p=1,p �=i

(yp)kp,λ, and the symbol ẑi

means that we omit zi , or equivalently,

A(r)
n,λ(y1 + · · · + ys) =

∑

k1+···+ks=n

(
n

k1, . . . , ks

)
A(r)

i,λ(yi )

s∏

p=1,p �=i

(yp)kp,λ. (4.4)

For the case y1 = x and y2 = y, the two formulas (4.3)-(4.4), are reduced to the following single expression,

A(r)
n,λ(x + y) =

n∑

m=0

(
n

m

)
A(r)

m,λ(x)(y)n−m,λ. (4.5)

In particular, for y = 1 the above relation (4.5) becomes

A(r)
n,λ(x + 1) =

n∑

m=0

(
n

m

)
A(r)

m,λ(x)(1)n−m,λ. (4.6)
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Moreover, a straightforward computation, allows us to obtain,

∞∑

n=0

(
A(r)

n,λ(x + 1) + A(r)
n,λ(x)

) tn

n! = 2tr

(1 + λt)1/λ + 1
(1 + λt)x+1/λ

+ 2tr

(1 + λt)1/λ + 1
(1 + λt)x/λ

= 2tr (1 + λt)x/λ

=
∞∑

n=0

2(x)n,λ

tn+r

n!

=
∞∑

n=0

2(n)r,1(x)n−r,λ
tn

n! .

Equating the two series and using (4.6), we obtain the following theorem.

Theorem 4.1 Let n and r be two non-negative integers. Then, the following formula holds,

(x)n,λ = 1

2(n + r)r,1

[
A(r)

n+r,λ(x) +
n+r∑

m=0

(
n + r

m

)
A(r)

m,λ(x)(1)n+r−m,λ

]
.

Especially for r = 0 and r = 1, we obtain the two following formulas for degenerate Euler and Genocchi
polynomials,

(x)n,λ = 1

2

[
En,λ(x) +

n∑

m=0

(
n

m

)
Em,λ(x)(1)n−m,λ

]
,

(x)n,λ = 1

2(n + 1)

[
Gn+1,λ(x) +

n+1∑

m=0

(
n + 1

m

)
Gm,λ(x)(1)n+1−m,λ

]
,

for every non-negative integer n.

Moreover, when λ �−→ 0, we get xn in terms of the Euler-Genocchi polynomials as follows:

Corollary 4.2 Let n and r be two non-negative integers. Then, the following formula holds

xn = 1

2(n + r)r,1

[
A(r)

n+r (x) +
n+r∑

m=0

(
n + r

m

)
A(r)

m (x)

]
.

In particular, for r = 0 and r = 1, we have

xn = 1

2

[
En(x) +

n∑

m=0

(
n

m

)
Em(x)

]
, (4.7)

xn = 1

2(n + 1)

[
Gn+1(x) +

n+1∑

m=0

(
n + 1

m

)
Gm(x)

]
. (4.8)

Formulas (4.7) and (4.8) has been proved by Pintér and Srivastava [12,20]. The next result concerns determinantal
combinatorial identity which generalizes Proposition 3.1 of [4].

Theorem 4.3 For every integer n ≥ r (r ≥ 0), the following formula holds

(x)n,λ = 1

2(n + 1)r+2,−1

n+r+1∑

m=0

(
n + r + 1

m

) ∣∣∣∣∣
Bn−(m−r−1),λ(

x
2 + 1) A(r)

m,λ(
x
2 )

Bn−(m−r−1),λ(
x
2 ) A(r)

m,λ(
x
2 + 1)

∣∣∣∣∣ , (4.9)

where (n + 1)r+2,−1 =
r+1∏

i=1

(n + i).
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Proof The proof is based on the similar process of that of Theorem 3.3. Indeed, set T (x, t, λ) = 2tr

(1+λt)1/λ+1
(1+

λt)x/λ t
(1+λt)1/λ−1

(1 +λt)x/λ, then taking into account the series product, a straightforward computation implies
that

T (x + 1, t, λ) − T (x, t, λ) =
∞∑

n=0

n∑

m=0

(
n

m

) ∣∣∣∣∣
Bn−m,λ(x + 1) A(r)

m,λ(x)

Bn−m,λ(x) A(r)
m,λ(x + 1)

∣∣∣∣∣
tn

n! .

On the other hand, we have

T (x + 1, t, λ) − T (x, t, λ) = 2tr+1(1 + λt)2x/λ

=
+∞∑

n=0

2(2x)n,λ

tn+r+1

n!

=
+∞∑

n=0

2(2x)n−r−1,λ

tn

(n − r − 1)! .

By equalising the two preceding power series, we get easily the result. 
�
Formula (4.9) shows that we have mixed degenerate Bernoulli and Euler-Genocchi polynomials, for expressing
a new formula for (x)n,λ.
Combining Equations (4.5) and (4.9), more precisely by replacing (y)m,λ expressed by the formula (4.9) in
Expression (4.5), we derive a new addition formula related to degenerate Euler-Genocchi polynomials.

Theorem 4.4 Let {A(r)
n,λ(x)}n≥0 be the degenerate Euler-Genocchi polynomials. Then, for every n ≥ r , the

following formula holds:

A(r)
n,λ(x + y) =

n∑

m=0

(
n

m

)
A(r)

n−m,λ(y)

m+r+1∑

j=0

� j,m,n × �
(r)
m−( j−r−1), j,λ

( x

2

)
,

where

� j,m,n = 1

2
∏r+1

i=1 (m + i)

(
m + r + 1

j

)
and �

(r)
n,k,λ(x) =

∣∣∣∣∣
Bn,λ(x + 1) A(r)

k,λ(x)

Bn,λ(x) A(r)
k,λ(x + 1)

∣∣∣∣∣ .

Moreover, we have the following new combinatorial identities,

Theorem 4.5 Let {A(r)
n,λ(x)}n≥0 be the degenerate Euler-Genocchi polynomials. Then, for every n ≥ r and

λ �= 0, the following formula holds:

a+r+1∑

m=0

(
a + r + 1

m

)
�

(r)
a+r+1−m,m,λ(λa)

= 1

2

a∑

n=0

λaa!
(λnn!)2

r+1∏

i=1

(a + i)

(n + i)2

[
n+r+1∑

m=0

(
n + r + 1

m

)
�

(r)
n+r+1−m,m,λ (λa/2)

]2

.

For elaborating the proof of the Theorem 4.5, we need the following lemma.

Lemma 4.6 Let a, n be two non-negative integers and λ �= 0, it holds that:

(2λa)a,λ =
a∑

n=0

λaa!
(λnn!)2 (λa)2

n,λ .

Proof In fact, for λ �= 0, we have

(x)n,λ = x(x − λ)(x − 2λ) · · · (x − (n − 1)λ)

= λn x

λ

( x

λ
− 1

) ( x

λ
− 2

)
· · ·
( x

λ
− (n − 1)

)

= λn
( x

λ

)

n,1
.
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It follows that (λx)n,λ = λn (x)n,1. And by dividing both sides by n! and obtain,

(
x

n

)
= 1

λnn! (λx)n,λ. (4.10)

We consider the summation formula of binomial coefficient which appears in Gould-Quaintance [13, Eq(4.8)]

n∑

k=0

(
n

k

)2

=
(

2n

n

)
. (4.11)

Combining Formulas (4.10) and (4.11), we get the result. 
�
Proof of Theorem 4.5 Applying Theorem 4.3 for x = 2λa and n = a, we have

(2λa)a,λ = 1

2
∏r+1

i=1 (a + i)

a+r+1∑

m=0

(
a + r + 1

m

) ∣∣∣∣∣
Ba+r+1−m,λ(λa + 1)A(r)

m,λ(λa)

Ba+r+1−m,λ(λa) A(r)
m,λ(λa + 1)

∣∣∣∣∣ .

On the other hand, we have

(λa)2
n,λ = 1

4
∏r+1

i=1 (n + i)2

[
n+r+1∑

m=0

(
n + r + 1

m

) ∣∣∣∣∣
Bn+r+1−m,λ(

λa
2 + 1)A(r)

m,λ(
λa
2 )

Bn+r+1−m,λ(
λa
2 ) A(r)

m,λ(
λa
2 + 1)

∣∣∣∣∣

]2

.

The application of Lemma 4.6 completes the proof.

4.2 Raabe-like formula for the degenerate Bernoulli and Euler-Genocchi polynomials

Classically, a multiplication theorem for both Euler and Bernoulli polynomials has been proved by Raabe [14]
(see also Bayad and Komatsu [2]). For q ≥ 1, we have

q−1∑

m=0

Bn

(
x + m

q

)
= 1

qn−1 Bn(x),

q−1∑

m=0

(−1)m En

(
x + m

q

)
= 1

qn
En(x), for q odd.

Our next result is a Raabe-like formula for the degenerate Bernoulli, Euler and Genocchi polynomials.

Theorem 4.7 Let q be integer with q ≥ 1. Then, we have the following identities

q−1∑

m=0

(−1)m En,λ

(
x + m

q

)
= 1

qn
En,qλ(x), for q odd, (4.12)

q−1∑

m=0

Bn,λ

(
x + m

q

)
= 1

qn−1 Bn,qλ(x), (4.13)

q−1∑

m=0

(−1)m Gn,λ

(
x + m

q

)
= 1

qn−1 Gn,qλ(x), for q odd. (4.14)

123



Degenerate Bernoulli and Euler-Genocchi polynomials 437

Proof From (1.5), it follows that

∑

n≥0

q−1∑

m=0

(−1)m En,λ

(
x + m

q

)
tn

n! =
q−1∑

m=0

(−1)m
∑

n≥0

En,λ

(
x + m

q

)
tn

n!

=
q−1∑

m=0

(−1)m 2

(1 + λt)1/λ + 1
(1 + λt)x+m/qλ

= 2

(1 + λt)1/λ + 1
(1 + λt)x/qλ

1 − [− (1 + λt)1/qλ
]q

1 + (1 + λt)1/qλ

= 2

(1 + λt)1/qλ + 1
(1 + λt)x/qλ

=
∑

n≥0

En,qλ(x)
(t/q)n

n!

=
∑

n≥0

1

qn
En,qλ(x)

tn

n! .

Equating the coefficients of tn on both sides, we get the result. The proof of the identities (4.13) and (4.14), is
similar to the preceding proof of (4.12). 
�
When λ −→ 0, equation (4.14) becomes

q−1∑

m=0

(−1)m Gn

(
x + m

q

)
= 1

qn−1 Gn(x).

which has been recently stated in [3]. A Raabe-like formula for the degenerate Euler-Genocchi A(r)
n,λ(x) polyno-

mials are given below.

Theorem 4.8 Let r and q be two non-negative integers with q ≥ 1 odd. Then, we have the following identity

q−1∑

m=0

(−1)mA(r)
n,λ

(
x + m

q

)
= 1

qn−r
A(r)

n,qλ(x). (4.15)

Proof From (4.1), it follows that

∑

n≥0

q−1∑

m=0

(−1)mA(r)
n,λ

(
x + m

q

)
tn

n! =
q−1∑

m=0

(−1)m
∑

n≥0

A(r)
n,λ

(
x + m

q

)
tn

n!

=
q−1∑

m=0

(−1)m 2tr

(1 + λt)1/λ + 1
(1 + λt)x+m/qλ

= 2tr

(1 + λt)1/λ + 1
(1 + λt)x/qλ

1 − [− (1 + λt)1/qλ
]q

1 + (1 + λt)1/qλ

= qr 2(t/q)r

(1 + λt)1/qλ + 1
(1 + λt)x/qλ

= qr
∑

n≥0

A(r)
n,qλ(x)

(t/q)n

n!

=
∑

n≥0

1

qn−r
A(r)

n,qλ(x)
tn

n! .

Equating the coefficients of tn on both sides, we get the result. 
�
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When (λ; r) �−→ (0; 0) and (λ; r) �−→ (0; 1) (respectively) in (4.15), we obtain the two Raabe-like formulas
(4.12) and (4.14). When λ �−→ 0, equation (4.15) becomes

q−1∑

m=0

(−1)m A(r)
n

(
x + m

q

)
= 1

qn−r
A(r)

n (x).

which appears in [3].

5 Degenerate Lucas and Fibonacci numbers, and Euler-Genocchi Polynomials

We start by generalizing the definition of Lucas numbers and giving some combinatorial identities. It is well
known that the Lucas numbers are defined by the following recurrence relation:

Ln = Ln−1 + Ln−2, (n ≥ 2),

with initial conditions L0 = 2 and L1 = 1, respectively. The analytic Binet formula of the Lucas numbers is

given by Ln = φn + φ
n
, where φ = 1 + √

5

2
is the famous Golden section, and φ = 1 − √

5

2
its conjugate. A

straightforward computation, using the analytic Binet formula of Ln , allows to obtain the exponential generating
function of the sequence of Lucas numbers,

∞∑

n=0

Ln
tn

n! = 2 cosh

(√
5

2
t

)
et/2, (5.1)

where cosh(t) = et +e−t

2 is the hyperbolic cosine function. By considering in (5.1) the degenerate exponential
function ex

λ(t) given by (1.2), instead of the exponential function etx , we can formulate the following general-
ization, of the Lucas numbers as follows.

Definition 5.1 We define the degenerate Lucas numbers by the following the degenerate generating function:

Lλ(t) =
∞∑

n=0

Ln,λ

tn

n! = 2

(
1 + λ

2
t

)1/λ

coshλ

(√
5

2
t

)
, (5.2)

where coshλ denotes the degenerate hyperbolic cosine function given by

coshλ(t) = (1 + λt)1/λ + (1 + λt)−1/λ

2
. (5.3)

For λ �−→ 0, we show that Expression (5.1) represents the limit of (5.2) and cosh(t) = et +e−t

2 is the limit of
(5.3). From Expressions (5.2)–(5.3) we derive that,

Lλ(t) =
(

1 + λ
t

2

)1/λ
⎡

⎣
(

1 + λ

√
5

2
t

)1/λ

+
(

1 + λ

√
5

2
t

)−1/λ
⎤

⎦ .

By applying Expression (1.2) we show that,

Lλ(t) =
[ ∞∑

n=0

(1)n,λ

1

2n

tn

n!

][ ∞∑

n=0

(1)n,λ

(√
5

2

)n
tn

n! +
∞∑

n=0

(−1)n,λ

(√
5

2

)n
tn

n!

]
.

A straightforward computation, using Cauchy product, shows that

Lλ(t) =
∞∑

n=0

1

2n

[
n∑

m=0

(
n

m

)
(1)n−m,λ

(
(1)m,λ + (−1)m,λ

)√
5

m
]

tn

n! . (5.4)

The power series identity theorem applied to Expression (5.2) and (5.4), permits us to formulate the following
proposition.
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Proposition 5.2 Under the preceding data, the degenerate Lucas numbers are expressed as follows,

Ln,λ = 1

2n

[
n∑

m=0

(
n

m

)
(1)n−m,λ

(
(1)m,λ + (−1)m,λ

)√
5

m
]

.

For λ = 0 we have (1)m,λ = 1 and (−1)m,λ = (−1)m , hence we have

1

2n

[
n∑

m=0

(
n

m

)√
5

m
]

= (1 + √
5)n

2n
and

1

2n

[
n∑

m=0

(
n

m

)
(−1)m

√
5

m
]

= (1 − √
5)n

2n
.

Therefore, for λ = 0 we recover the usual Lucas numbers Ln,0 = Ln = φn + φ
n
.

Recall that that the usual Fibonacci numbers are defined by the following recurrence relation:

Fn = Fn−1 + Fn−2, (n ≥ 2),

with initial conditions F0 = 0 and F1 = 1, respectively. The analytic Binet formula of the Fibonacci numbers

is given by Fn =
√

5

5

[
φn − φ

n
]
, where φ is the famous Golden section, and φ its conjugate. A straightforward

computation, using the analytic Binet formula of Fn , permits to show that the exponential generating function
of the sequence of Fibonacci numbers, is given by,

∞∑

n=0

Fn
tn

n! = 2

√
5

5
et/2 sinh

(√
5

2
t

)
, (5.5)

where sinh(t) = et −e−t

2 is the hyperbolic sine function. As for the degenerate Lucas numbers, by considering in
(5.5) the degenerate exponential function ex

λ(t) given by (1.2), instead of the exponential function etx , we can
formulate the degenerate Fibonacci numbers as follows. The degenerate Fibonacci numbers are defined thorough
their generating function by,

Fλ(t) =
∞∑

n=0

Fn,λ

tn

n! = 2

√
5

5

(
1 + λ

2
t

)1/λ

sinhλ

(√
5

2
t

)
, (5.6)

where sinhλ denotes the degenerate hyperbolic sine function given by

sinhλ(t) = (1 + λt)1/λ − (1 + λt)−1/λ

2
. (5.7)

A calculation similar to that used for the degenerate Lucas numbers, using Expression (1.2) of the degenerate
exponential function ex

λ(t), a Cauchy multiplication and the power series identity theorem, allows us to get the
explicit formula of the degenerate Fibonacci numbers, as follows.

Proposition 5.3 Under the preceding data, the degenerate Fibonacci numbers are expressed as follows,

Fn,λ =
√

5

5

1

2n

[
n∑

m=0

(
n

m

)
(1)n−m,λ

(
(1)m,λ − (−1)m,λ

)√
5

m
]

For λ = 0 we have (1)m,λ = 1 and (−1)m,λ = (−1)m , hence we have

1

2n

[
n∑

m=0

(
n

m

)√
5

m
]

= (1 + √
5)n

2n
and

1

2n

[
n∑

m=0

(
n

m

)
(−1)m

√
5

m
]

= (1 − √
5)n

2n
.

Therefore, for λ = 0 we recover the usual Fibonacci numbers Fn,0 = Fn =
√

5

5

[
φn − φ

n
]
.

Through Propositions 5.2 and 5.3 , we observe that for λ �= 0, the analytical expressions of the degenerate
Fibonacci and Lucas numbers Fn,λ and Ln,λ, admit a form which is a sum of n + 1 terms.

On the other side, the next result illustrate the close connection between the degenerate Lucas numbers and
the degenerate Euler-Genocchi polynomials.
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Theorem 5.4 Let n and r be integers with n ≥ r ≥ 0. Then, we have
n∑

m=0

(
n

m

)
5

n−(m+r)
2 Lm,λA(r)

n−m,λ/2(x)

= (n)r,1

2n−1

n−r∑

m=0

(
n − r

m

)
5

n−(m+r)
2 (2x − 1)n−(m+r),λ(1)m,λ.

Proof Using the definition of the degenerate hyperbolic cosine,

coshλ(t) = (1 + λt)1/λ + (1 + λt)−1/λ

2
,

we see that

1

coshλ(
√

5t/2)
=

2
(

1 +
√

5
2 λt

)1/λ

(
1 +

√
5

2 λt
)2/λ + 1

.

We can reformulate (4.1) as

∞∑

n=0

(√
5
)n−r A(r)

n,λ/2(x)
tn

n! = 1

5r/2

∞∑

n=0

A(r)
n,λ/2(x)

(√
5t
)n

n!

= 2tr

(
1 +

√
5

2 λt
)2/λ + 1

(
1 +

√
5

2
λt

)2x/λ

= tr

coshλ

(√
5t/2

)
(

1 +
√

5

2
λt

)2x−1/λ

. (5.8)

Setting

Z(x, λ, t) = tr

coshλ

(√
5t/2

)
(

1 +
√

5

2
λt

)2x−1/λ

× Lλ(t).

Taking into account the left hand side of (5.2) and (5.8), a direct computation gives

Z(x, λ, t) =
∑

n≥0

{
n∑

m=0

(
n

m

)
5

n−(m+r)
2 Lm,λA(r)

n−m,λ/2(x)

}
tn

n! .

On the other hand, we have

Z(x, λ, t) = tr

coshλ

(√
5t/2

)
(

1 +
√

5

2
λt

)2x−1/λ

× Lλ(t)

= 2tr

(
1 +

√
5

2
λt

)2x−1/λ (
1 + λ

2
t

)1/λ

= 2tr

⎛

⎝
∑

n≥0

(2x − 1)n,λ

(√
5

2

)n
tn

n!

⎞

⎠

⎛

⎝
∑

m≥0

(1)m,λ

(t/2)m

m!

⎞

⎠

= 2tr
∑

n≥0

{
n∑

m=0

(
n

m

)
(2x − 1)n−m,λ

(√
5

2

)n−m
(1)m,λ

2m

}
tn

n!

=
∑

n≥0

(n)r,1

2n−1

{
n−r∑

m=0

(
n − r

m

)
5

n−(m+r)
2 (2x − 1)n−(m+r),λ(1)m,λ

}
tn

n! .
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Comparing the preceding two expansions of Z(x, λ, t) we get the result. 
�
The special cases involving degenerate Euler and degenerate Genocchi polynomials are obtained for r = 0 and
r = 1, respectively:

n∑

m=0

(
n

m

)
5

n−m
2 Lm,λEn−m,λ/2(x) = 1

2n−1

n∑

m=0

(
n

m

)
5

n−m
2 (2x − 1)n−m,λ (1)m,λ (5.9)

and

n∑

m=0

(
n

m

)
5

n−(m+1)
2 Lm,λGn−m,λ/2(x) = n

2n−1

n−1∑

m=0

(
n − 1

m

)
5

n−(m+1)
2 (2x − 1)n−(m+1),λ (1)m,λ. (5.10)

When λ �−→ 0, then the relation (5.9) becomes

n∑

m=0

(
n

m

)
5

n−m
2 Lm En−m (x) = 1

2n−1

n∑

m=0

(
n

m

)
5

n−m
2 (2x − 1)n−m

= 1

2n−1

n∑

m=0

(
n

m

)(√
5(2x − 1)

)n−m

= 1

2n−1

(
1 + √

5(2x − 1)
)n

.

The same preceding process, if we take λ �−→ 0, then the relation (5.10) becomes

n∑

m=0

(
n

m

)
5

n−(m+1)
2 Lm Gn−m (x) = n

2n−1

n−1∑

m=0

(
n − 1

m

)
5

n−(m+1)
2 (2x − 1)n−(m+1)

= n

2n−1

n−1∑

m=0

(
n − 1

m

)(√
5(2x − 1)

)n−(m+1)

= n

(
1

2
+ √

5

(
x − 1

2

))n−1

.

A similar straightforward computation of the Proof of Theorem 5.4, can be adopted for establishing a similar iden-
tity between the degenerate Fibonacci numbers Fn,λ and degenerate Euler-Genocchi polynomials A(r)

n−m,λ(x).

6 Concluding remarks and perspective

Various methods and techniques for studying degenerate Bernoulli and Euler-Genocchi polynomials and their
proposed, are considered in several research papers of the literature. In this paper we have studied a series of
combinatorial identities for degenerate Bernoulli and Euler-Genocchi polynomials involving a determinantal
approach. Moreover, some additive formulas and the closed relations with the degenerate Fibonacci and Lucas
numbers are exhibited. Our approach allows us to recover some known usual combinatorial identities. Our
approach is elaborated from an algebraic calculation process, starting from the degenerate Appell polynomials.
As far as we know, our formulas and results are not in the current literature.

Taking into account the several studies on the degenerate Bernoulli and Euler-Genocchi polynomials proposed
in the literature, our perspective is to go deeper into our work, taking into account results of these studies.
Especially, we are interested in the elaboration of a recursive and combinatorial process for the degenerate
Bernoulli and Euler-Genocchi polynomials. It seems for that we can perform some results and combinatorial
identities established in the preceding sections.

Acknowledgements The authors are very grateful to the anonymous referees for their numerous valuable suggestions that clearly
improved this article. The three first authors are partially supported by the DGRSDT Grant number C0656701. The forth author is
supported by the Profmat and PPGEdumat programs of the INMA-UFMS. He expresses his sincere thanks to the INMA and the
UFMS for their valuable support and encouragements.

123



442 H. Belbachir et al.

References

1. P. Appell, Sur une classe de polynômes, Ann. Sci. École Norm., (Sér. 2), 9 (1880), 119–144
2. A. Bayad and T. Komatsu, New characterization of Appell polynomials, Integral Transforms Spec. Funct., 28 (2017), 212–222
3. H. Belbachir and S. Hadj-Brahim, Some explicit formulas for Euler-Genocchi polynomials, Integers, 19 (2019), A28, 14pp.
4. H. Belbachir, S. Hadj-Brahim and M. Rachidi, Another determinental approach for a family of Appell polynomials, Filomat,

12 (2018), 4155–4164
5. L. Carlitz, A degenerate Staudt-Clausen theorem, Arch. Math., 7 (1956), 28–33
6. L. Carlitz, Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas Math., 15 (1979), 51–88
7. R. Frontczak and Z. Tomovski, Generalized Euler-Genocchi polynomials and Lucas numbers, submitted in journal of Integers.
8. T. Kim and D. S. Kim, Symmetry of power sum polynomials and multivariate fermionic p-adic invariant integral on Zp , Russ.

J. Math. Phys., 16 (2009), no. 1, 93–96.
9. T. Kim, Barnes type multiple degenerate Bernoulli and Euler polynomials, Appl. Math. Comput., 258 (2015), 556–564.

10. D. Levi, P. Tempesta and P. Winternitz, Umbral calculus, differential equations and the discrete Schrodinger equation, J. Math.
Phys., 45 (11) (2004), 4077–4105

11. D. Lim, Some identities of degenerate Genocchi polynomials, Bull. Korean Math. Soc., 53 (2016), no. 2, 569–579.
12. Á. Pintér and H. M. Srivastava, Addition theorems for the Appell polynomials and the associated classes of polynomial expan-

sions, Aequationes Math., 85 (2013), 483–495
13. J. Quaintance and H. W. Gould, Combinatorial identities for Stirling numbers, World Scientific Publishing Co Pte Ltd; West

Virginia university, USA (2015).
14. J. L. Raabe, Zurückführung einiger Summen and bestimmten Integrale auf die Jacob Bernoullische Function, Journal für die

reine and angrew. Math., 42 (1851), 348–376
15. S. Roman, The Umbral Calculus, Academic Press, New York (1984).
16. I. M. Sheffer, Some properties of polynomial sets of type zero, Duke Math. J., 5 (1939), 590–622
17. I. M. Sheffer, Note on Appell polynomials, Bull. Amer. Math. Soc., 51 (1945), 739–744
18. H. M. Srivastava, Some characterizations of Appell and q-Appell polynomials, Ann. Mat. Pura Appl., (Ser. 4) 130 (1982),

321–329
19. H. M. Srivastava, Some formulas for the Bernoulli and Euler polynomials at rational arguments, Mathematical Proceedings of

the Cambridge Philosophical Society Vol. 129 (2000), Issue 1, 77–84
20. H. M. Srivastava and A. Pinter, Remarks on some relationships between the Bernoulli and Euler polynomials, Appl. Math. Lett.,

17 (2004), 375–380
21. L. Verde-Star and H. M. Srivastava, Some binomial formulas of the generalized Appell form, J. Math. Anal. Appl., 274 (2002),

755–771

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2022-05-03T15:01:38+0530
	Preflight Ticket Signature




