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Abstract This paper deals with the mathematical analysis of quasi-static unilateral contact problem with
friction between a thermo-piezoelectric body and a conductive foundation. The material is assumed to have
thermo-electro-elastic behavior and the contact is modeled by the Signorini’s law, the condition of dry
friction and a regularized electrical conductivity condition. The effects of frictional heating and thermal
conductivity on the mechanisms of material are taken into account. To prove the existence of a weak
solution to the problem, an incremental formulation obtained by using an implicit time scheme is studied.
Several estimates on the incremental solutions are given, which allow us to pass to the limit by using
compactness results.

Keywords Unilateral Quasi-static contact problem - Coulomb law of friction -
Thermo-piezoelectric material - Existence of solutions - Quasi-variational inequality - Variational methods

1 Introduction

A piezoelectric material is a material that generates electrical voltage when it is subjected to mechanical
stress, and conversely, a mechanical deformations are produced during the application of an electric field.
This effect was discovered by the brothers Pierre and Jacques Curie in 1880. These so-called smart materials
are used, among other things, as switches in radiotronic, electro-acoustic or measuring devices. Problems
involving electro-mechanical properties of materials have been extensively treated. Moreover, the natural
extension of these coupled electro-elastic models is to include a temperature as an additional state variable
to account for thermal effects in addition to the piezoelectric effects. In the friction contact models, many
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complications arise when the piezoelectric and thermal effects are coupled. Indeed, the physical mecha-
nisms of forces and heat on the contact interfaces during this phenomenon are extremely complex; they are
responsible for the effects of friction, and for the frictional heating at the contact area. In addition, the
dissipation of the energy or the production of heat, causes a dilation which can locally increase the pressure
field and thus modify the conditions of contact, and thus the instabilities of phenomenon.

The literature here is very rich, we can see, e.g., [3, 15, 22, 25] for mathematical models on piezo-
electricity, available results on static contact problems with or without friction for piezoelectric materials are
also considered in [8, 19, 20] and [7, 12] under the assumption that the foundation is insulated and
electrically conductive, respectively. In the quasi-static case, some existence and uniqueness results can be
found for instance in [2, 11] within linearized elasticity, in [16, 31] within a nonlinear electro-viscoelas-
ticity, and in [1, 27] within linear and nonlinear thermo-viscoelasticity. An interesting results [21-24] in
which the authors treated the contact problems for piezoelectric materials and they not taking to the account
the thermal effect on the process, in plus they works in the himivariational framework which is different
from our approach in this article. In the present paper, we deals with a thermo-piezoelectric model which
describes the evolution of the thermo-electro-mechanical state of a piezoelectric body that is in frictional
contact with a conductive foundation. We assume here that the acting forces, tractions and heat sources,
change slowly in time and therefore, we can neglect the inertial terms in the equations of motion and use the
quasi-static approximation. In our analysis, we neglect any possible viscosity effects due to viscous prop-
erties of the body and any possible spontaneous magnetization of the body in the presence of external
electric or thermal fields, which is the case of a not ferroic class of piezoelectric materials commonly used
such as ceramics, polymers and piezo-composites. Often for a such materials, the contact surface is sup-
posed to be partially lubricated and, hence, the friction coefficient is small [31]. Moreover, we take into
account the thermal effects arising when the frictional contact is accompanied by heat generation, which are
important to predict the thermo-electromechanical behavior, particularly for a smart ceramics structures
[17].

The theory of thermo-piezoelectricity was first proposed by Mindlin [23], he also investigated governing
equations of a thermo-piezoelectric plate. Chandrasekharaiah [9] generalized Mindlin’s theory of thermo-
piezoelectricity to account for the finite speed of propagation of thermal disturbances on the basis of the first
and the second law of thermodynamics, and derived the generalized constitutive equations applicable for
thermo-piezoelectric materials. Tiersten [29] derived the nonlinear constitutive equations of electro-thermo-
elasticity by applying the laws of thermodynamics to a macroscopic model. He assumed that the macro-
scopic model consists of the two continua; material continuum having inertia and electronic continuum
without inertia overlapping each other.

Some recent results for static frictional contact problems involving thermo-piezoelectric materials, were
studied in [4-6], where the thermo-piezoelectric effects are taken into account. This coupling, in a piezo-
electric material, leads to some additional mathematical difficulties in their variational analysis. The present
paper is devoted to the study of a new mathematical model, different from those studied in existed works,
which describes the quasi-static contact with friction between thermo-piezoelectric body and a thermally-
electrically conductive foundation. Unlike the references above, the novelty of the model consists in the fact
that both the contact, the energy equation, and the thermal, the frictional and the conductivity condition are
modeled differently, and in the fact that here the process is quasi-static. We note here that the mathematical
treatment of this kind of problem is relatively recent, and the reason lies in the considerable difficulties that
the nonlinear evolutionary inequalities modeling the quasi-static contact problems present in the variational
analysis. We are interesting in this paper, first, to describe a physical process in which contact, friction and
thermo-piezoelectric effects are involved and then to derive a consistent model to this process. Second, to
set up a variational incremental problem and then to apply an abstract existence and uniqueness result on
perturbed quasi-variational inequalities, derived in [10] (keeping in mind the coupling of the thermal,
electrical and mechanical effects, we apply this result in a different setting and with a different choice of
operators and functionals) and Banach fixed point theorem, to provide its solvability when the friction
coefficient is small enough. Finally, by passing to the limit with respect to time, to obtain the weak solution
of our mathematical model.

The remainder of the paper is organized as follows. In Section 2, we present the mathematical model that
is describing the quasi-static process of frictional contact problem between a thermo-piezoelectric body and
a conductive foundation. In Section 3, we introduce the functional spaces for various quantities, some
notations, list the assumptions on given data and derive the weak formulation of the model. Our main
existence result for the solution of the weak formulation of the model is stated in Theorem 3.1. The proof of
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this theorem, provided in Section 4-6, is based on time discretization method, arguments of compactness,
variational inequalities and Banach fixed point technique.

2 A contact problem in thermo-electro-elasticity

The physical setting of our model is as follows : a thermo-piezoelectric body occupying a connected
bounded domain Q C R(d = 2, 3) with a regular boundary 0Q = I". We suppose I partitioned into three
disjoint measurable parts I'p, I'y and I'¢ on the one hand, and I'p U I'y divided into two measurable open
parts I, and T, such that meas(I'p) > 0 and meas(I';) > 0 on the other hand. We assume that the body is at
free temperature and the temperature variations that accompany the deformations make changes in the
material parameters which are then considered temperature dependent Let [0, 7] (T > 0 given and fixed) be
the time interval of interest. We assume the body is clamped on I'p x (0, T), a volume force of density f;
acts in Q x (0, 7T), a surface traction of density fy acts on I'y x (0,T), a volume electric charge of density
¢y acts on Q x (0, T), a surface electric charge of density ¢, acts on I';, x (0, T), the electrical potential and
the temperature are being zero, respectively, on I';, x (0,7) and T'p, U Ty x (0, T). Moreover, the body may
be in unilateral frictional contact with a rigid and conductive foundation, on the contact surface I'c. We
assume the acting forces, tractions and heat sources vary slowly in time, we can then neglect the inertial
term in equation of motion and obtain the quasi-static approximation of the process.

Here and below, to simplify the notation, we do not indicate the dependence of various functions on the
spatial variable x € Q, the indices i, j, k, [ take values in {1, ..,d}, the summation convention over repeated
indices is used and the index that follows a comma indicates a partial derivative with respect to the

corresponding component of the spatial variable, e.g., u;; = % and the dot above a variable represents the
7
derivative with respect to the time, e.g., u = %. Let S? be the space of second order symmetric tensors on
R?. The canonical inner products and the associated norms on R? and S? are given
Vu,veR?, u-v=wuv; ; Vo,t€S?, 0T = 0,7,
1 1
Yu,veRY, |vl=@w-v)? ; Vo,1e$?, || =(z-17).
If v is the unit exterior normal on I', then the normal and the tangential components of the displacement
vector v and the stress field o on I" are
VW=V-V Vi =V—WYV ; 0, =0V-V,0; =0V — 0.
Under all these considerations, the classical formulation of our frictional quasi-static thermo-piezoelectric
contact model is as follows.
Problem (P). Find a displacement field u:Q x [0,T] — R?, a stress field o : Q x [0,T] — S*, an

electric potential field ¢ : Q x [0,T] — R, an electric displacement field D : Q x [0, T] — R?, a tempera-
ture field 0 : Q x [0,T] — R and a heat flux field q - Q x [0,T] — R? such that

o=gFe(u) —EC(p) — MO in Qx(,3), (1)

D =CE&¢(u)+ PE(@)+ PO in Qx(0,T), (2)

g=-KV0 in Qx (0,T), (3)

Dive+f, =0 in Q x (0,7), (4)

divD = ¢ in Qx (0,7), (5)

0+ divg = —M é(u) — PE(¢) + qo in Qx (0,7), (6)

u=0 on I'p x(0,7), (7)

ov=fy on I'y x(0,7), (8)

ov(u, 9,0) <0, (u, — g) <0, 6y(u, ¢,0) (uy —g) =0 on I'c x (0,7), 9)
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ozl < nH(.,|Ray(u, 0, 0)[)
llo:|| <pH(.,|Roy(u, p,0)]) = 1, =0 on I'c x (0,7), (10)
lo:|l = uH(., |Roy(u,0,0)|) = 3IL >0, 4, = -0,

@=0 on I', x (0,7), (11)
D-v=¢, on I', x(0,7T), (12)
D-v= l//(l/tv _g) (,bL((/) - (pF) on rC X (07 T)7 (13)
0=0 on TpUTy x (0,7), (14)

q-v=—puH(, |Roy(u, @, 0)) F(., |l
g dy0—0p, O T OT) 13)
u(-,0) = ug, 0(-,0) = 0o, 9(-,0) = ¢, in Q. (16)

Equations (1)-(2) are the constitutive laws for thermo-electro-elastic material in which & = (fiu) is the
linear elasticity operator, &(u) = (Vu + V'u)/2 denotes the linearized strain tensor, E(¢p) = —V ¢ is the
electric field, § = (f;) is the electric permittivity tensor, £ = (e;;) is the third-order piezoelectric tensor,
E" = (ej) is the transpose of & defined by ej; = ey, M = (m;;) and P = (p;) represents respectively, the
thermal expansion and the pyroelectric tensors. Notice that (1) takes into account the dependence of the
stress on the electric potential and the temperature, and that (2) describes a linear dependence of the electric
displacement on the strain, the electric potential and the temperature. Equation (3) is the Fourier law of heat
conduction where K = (k;;) is the thermal conductivity tensor. Equations (4)-(6) represent the equilibrium
equations for stress, electric displacement and heat flux fields where Dive = (o;;;) and divD = (D;;) denote
the divergence operator, respectively, for tensor and vector valued functions. Conditions (7)-(8), (11)-(12)
and (14) represent the mechanical, electrical and thermal boundary conditions. Relation (9) represents the
Signorini contact condition and (10) represents the dry friction law, in which u is the coefficient of friction,
U, is the relative tangential slip of the body and H is the friction bound so that u H is the maximal frictional
resistance on the frictional surface. Condition (10) may be interpreted physically in the following way : the
boundary sticks to the foundation and moves with it when the applied tangential stress is less than the
limiting value pH. The part of I'c where this takes place is called the stick zone. The part where the
tangential stress reaches its limiting value and does not move in tandem with the foundation is called the slip
zone and there the relative direction of the slip is indicated by the unknown multiplier A (see [1]). The
boundary condition (13) describe the electrical interface condition on the electric potential across the contact
interface I'c. Relation (15) constitutes the heat flux exchange between the body and the foundation. We note
that this condition consists of two parts : the first u H(.,|Ro,(u, @, 0)|)F (., ||u.||) arises from the frictional
dissipation and it depends on the coefficient of friction p, the relative tangential slip of the body u. and the
normal stress g, in which F(., r) the function that generalizes the norm || - || (see [1, 27]). The second part
ke(uy — g)¢ (0 — Or) represents the heat exchange arising from the different temperatures of the bodies at
the contact interface, where k. is the coefficient of the surface heat transfer and O is the foundation’s
temperature. Relations (16) denote the initial conditions. Finally, the functions  and ¢; used in (13) and
(15) represent the truncation function and a given positive function

—L if s<—L 0 if r<0
oL(s) = s if —L<s<L , Y(r)=1< kdor if0<r<1/o,
L ifs>L ko ifr>1/5

where L > 0 is a sufficiently large constant, d > 0 is a small given parameter and k>0 is the electrical
conductivity coefficient.

3 Variational problem and main result

First, let us consider the following real Hilbert spaces
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H={u=w),u € *(Q)}, H ={u=(u),u; € H(Q)},
H = {0 = (0;),05 = 0;; € [*(Q)}, Hy;= {0 € H,Dive € H},
endowed with their natural norms and inner products as follows
(U, v)y = Jo wividx, (u,v)y = (u,v)y + (e(u),e(v))y,
(0,0)y = Jo oy Tidx, (0,1)3, = (0,7)5 + (Dive, Divr),.

The notation (-, -) x.x denotes the duality pairing between a space X and its dual X'. Lety:H — Hr =

Hz(T')? be the trace map, for every ¢ € Hj, there exists av € H=H ~3(I")* satisfying the following Green
formula

(0, W)y a1, = (0,6 + (Diver, )y, v € Hy. (17)

Moreover, if ¢ is continuously differentiable on Q, then
<GV’VV>H'F.HF :/ ov-yvda, Vv eEH,. (18)
' r

Let us also introduce the space of normal traces on I'c given by
I‘I]l"/c2 = {VV S LZ(FC);Eiv e€EH,v,=ypv- V},

The spaces Hll-/c * and its dual Hﬁl/ * are endowed with the norms

vl v = 1nf {IVllg s ve =pv-v}, Vv, €H1/2

Oy, V
HO'V||H71/z: sup {W}, Vo, € Hr, 1/2
T'c

weH;? Hv"”H}/Z

1/2 1/2

where (-, >r denotes the duality pairing between H- '~ and Hf
In the sequel for every v € H;, we denote the frace map /v of v on I', again by v. To derive the
variational formulation of our problem, we need the following closed subspace of H; given by

V={veH;,v=0onTIp},
and the set K C V of admissible displacements defined by
K={veV,yv—g<0onTIc}.
Since meas(I'p) > 0, the following Korn’s inequality holds

ey = ek Vlly,, VvevV, (19)

where ¢; > 0 is a constant which depends only on Q and I'p,. Therefore the space V endowed with the inner
product (u,v), = (&(u), &(v)), is a real Hilbert space and its associated norm ||v||,, = [[&(v)]|,, is equivalent
on V to the usual norm || - ||, . Moreover, using the Sobolev’s trace theorem, there exists a constant ¢g > 0
which depends only on Q, I'p and I'¢ such that

IVl < collvlly, Yve V. (20)
We also need to introduce the following closed subspaces of H'(Q) given by
0={neH (Q),n=00nTpUTN},W={y €H(Q),y=00nT,}
endowed with the following inner products and associated norms
0,m)g = (0,m)my >l =l ¥0,n €0,
(@ )w = (2. ¥)mq) » Wllw = Wl @), ¥ @ ¥ € W.

Since I'p and I, are of nonzero measure, it follows from the Friedrichs-Poincaré inequalities that spaces
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(O, - llp) and (W, || - [|}y) are real Hilbert. Using Sobolev trace theorem, there exist constants ¢; > 0 and
c¢> > 0 such that

1Mllr2re) < et llnllg:¥n € 0, (21)
Il 2oy S 2 ll€llw Ve e W. (22)

For a regular vector fields ¢, D € {w € H, divw € Lz(Q)}, the below Green formulas hold
(@, V1) 2 + (divg, m) ) = | q-vnda,¥n € H'(Q), (23)

(%) (@) T

(D, V&) (g + (divD, V&) 12 q) = /rD néda,v ¢ e H(Q). (24)

Let (X, || - ||y) be a real Banach space. For every 1 < p < oo, we will use the spaces L7 (0, T; X) endowed
with its standard norm and the Sobolev space W!'>°(0, T; X) equipped with the norm

||x||W1m(0,T;X) = HXHL”‘(O,T;X) + ||x'||Loo<o,T;X)~

We will also use C!(]0, T]; X) the spaces of continuous functions from [0, 7] to X endowed with the norm
[l cqgo.ryx) = maxeego,r) [1x(2)|[x-

In order to study the problem (P), we need some hypotheses on the data’s problem. We assume

(H,) The elasticity tensor & = (fijn) Q x S* — S satisfies the conditions

fi = fiim = faij = fije € L= (Q),
i &5 = mg ||€)7,V & = (&) € S°.
@ (a) The piezoelectric tensor £ = (ejx) : Q X s? - R? satisfies
ejjk = ejj € L*(Q).
We recall here that £ and its transpose £ satisfy the following condition
Eo-v=0-Ev,Voec S VveR (25)
(b) The thermal expansion tensor M = (m;;) : Q@ x R — R? satisfies
my; = mj; € L*(Q).
(¢) The pyroelectric vector field P = (p;) : Q — R? satisfies
pi € L7(Q).
Notice that the two conditions above, allows us to define the two constants

My = sup ||mij\|pc(g) »Mp = sup ||pi||L°°(Q)'
17 1

(H3) (a) The electric permittivity = (f;) : Q x RY — RY satisfies

By = Bii € L*(Q); By bib; > my [b]*,V b = (br) € R”.
(b) The thermal conductivity K = (k;) : Q x R? — R? is satisfies

ky = ki € L®(Q);kyziz > mic ||zl V2 = (z1) € RY.
(H4) The coefficient of friction satisfies u > 0 € L*(I'¢). Then, we can pose

a=sup |~y
Sup el oo ey

(Hs) The mapping R : Hi-c — L*(T'¢) is linear compact and continuous with
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cr = [IR]].
(Hs) The friction bound G : T'c x RY — R* satisfies

(@ 3Ly >0,Va,be R |H(-,a)—H(-,b)|<Ly|a—b|ae. on I,
(b) (Va € R"), the mapping x—H(x,a) is Lebesgue measurable on I'c,
() (Vae€ R"), the mapping x—H (x,a) is My-bounded a.e. on ['c.

(H7) The function F : T'c x R — R" satisfies

(@ 3Lp>0,Yr, rn € RY|F(,r) — F(-,r2)|<Lp|ri — r2] a.e. on I,
(b) The mapping F : I'c x R — R™ is Borel measurable,
(¢) (Vr e R"), the mapping x—F(x,a) is Mp-bounded a.e. on I'c.

(Hg) The surface electrical conductivity function i/ : T x R — R™ satisfies

(@ 3Ly >0),Yr, rneR Y, rn)—y(,rn)|<Ly|rn —rl|ae onleg,
(b) The mapping x—(x, u) is measurable on I'c,

(¢) (YreR), the mapping x—(x,r) is My-bounded a.e. on I'c,

(d) x—y(x,u) =0 for all u <O0.

(Ho) The coefficient of heat exchange k. : T'c x R — R satisfies

(a) E|Lk{ > 0, Vrl, rn e R+, |kc(~,}’1) — kC(~,r2)| <Lk{|r1 — 7'2| ae.on ¢,
(b) The mapping x—k.(x,u) is measurable on I'c,

(¢) (Vr e R"), the mapping x—k.(x,r) is M;_-bounded a.e. on I'c,

(d) x—k.(x,u) =0 for all u <O0.

(Hio) The forces, tractions, charges and heat source densities, the gap function, the electric potential and

temperature of the foundation satisfy
foe W0, T;L2(Q)7), fiv € WH2(0, T;L2(Ty)),
b0, g0 € Wh(0,T;L2(Q)) . b, € WH(0, T5L3(Tp)),
8 ¢r, OF € L*(T¢).

Using Riesz’s representation theorem, we define the functions f:[0,7] — V, ¢, :[0,7] — W and © :
[0,T] — Q as follows

(f,v)V:/fgvdx+ fyvda,Nv eV, (26)

Q Ty

(Qeaf)w_/Q(]»')oédX—/rhd)bédavvéewa (27)
(©,1)20) = /qundx,vn €Q. (28)

Let X=V x W x Q, we consider the following functionals j: X XV =R, y: XXV xQ0—-R, o:
VxOxQ—Rand /:V xW x W — R given by

iw.0.05%) = [ HC R, ,0)) v da (29)
005w = [ RHC R (s, 0)) FC ) nde (30)
ol 00n) = [ kel =) 10— Op) e, (31)

U 0):8) = | Yl —2) bulo —op) Eda (32)

Moreover, we need the following additional assumptions about initial data
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(@) (ug, @y, 00) € K x W x Q such that
(&e(u),e(0 — 1))y + (€7 Ve, g0 —u))g
—(M o, (v — uo)) g + J(uo, 9o, Oo; v — uo)
2 (f(0),v —uo)y, ¥V (v,&,m) €K x W x Q,
(BV @y, V) = (Ee(uo), V) + (P Oo, V&) + (4(0), &)y
—L((u0, 9g); €)-
(b)There exists Ty € L*(Q) such that
(KV0o,Vin)y + o((uo, 00), 1) — (©(0),1)12(0) = (To, )20

Finally, we accept the following smallness condition

(Hp2)LyLcoe + Myci + Mp<m,

involving the trace constants ¢y and ¢y, the bound and the Lipschitz constants of 1, the norm of P and the
coercivity constants of &, f and IC. We note that it is made for mathematical reasons, and does not seem to
relate to any inherent physical constraints of the problem, and therefore, removing this condition remains a
task for future research.
By standard procedure based on Green’s formulas, we derive the variational formulation of problem (P).
Problem (PV). Find a displacement field u : [0,T] — K, an electric potential ¢ : [0,T) — W and a
temperature 0 : [0, T) — Q such that for all (v,&,n) of V x W X Q, we have

(Fe(u),e(0 —u))y + (€ Ve, e(0 —u))g — (MO, (0 —u))g

(33)
+J((u, @,0),v) = j((u, @, 0),4) = (f,v — i)y + (a.(u, ¢, 0), v, — tiy),
(oy(u, 0,0),2y —uy) 20, VzeK, (34)
BV, VE)y — (Ee(u), V) — (PO, V) y + £((u, 0); €) = (ge; Ow, (35)
(0,1 120) + (K VO, V) + (ME(),0)20) — (P V¢, 1) 20, 36)
2((u, ¢, 0);313m) + o((u,0), 1) = (0,1) 120

u(-,0) = up, 0(-,0) = o, ¢(-,0) = @y in Q. (37)
Now, we are able to state our main result that we will prove in the next section.
Theorem 3.1 Assume (Hy)-(H2) hold, if there exists u* > 0 such that
f+LyL+ My + L, L+ M, <u',
then the problem (PV) has at least one solution.

In this theorem, it is not possible to fully explain the smallness value of the bound u*, and therefore to
specify the notion of weak friction which depends on the characteristics of the materials. Physically, it
seems that when the value of u* becomes large, it favors instability phenomena due to stick/slip or jerky slip
(succession of static states and slip states) effects.

4 An abstract existence and uniqueness result

Let X be a real Hilbert space endowed with the inner product (-,-), and its associated norm || - ||y. We
consider the following problem of finding x of X such that for all y € X, one has
(Ax,y = x)x + (Bx,y — x)x +j(x,y) —j(x, %) = (f,y = x)x- (38)

In the study of the problem above, we will need the following assumptions
1. The operator A : X — X is strongly monotone and Lipschitz continuous
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(a) There exists a constant m > 0 such that
) : (Ax = Ay,x = y)y > mlx =yl Vx y €X,
1) -

(b) There exists a constant M > 0 such that
1Ax — Ayllx <M lx = yl[x,Vx, y € X.

2. The operator B : X — X satisfies

(hy) : There exists C > 0 such that (Bx,x), > —C ||x||3,Vx € X.
(hs) - { For every sequence {7,} C X such that n, — n € X, then there

exist a subsequence {1, } C X such that By, — Bn, strongly in X.

(he) : (Bx = By,y =) <(m =) |« = yl[}. Vx £y € X.
. There exists 0 < < (m — o) such that
(hs) { (Bx = By,y —x)x < Blx —yllx.Vx, y € X.
3. The functional j : X x X — R satisfies
(he) : For all € X, the functional j(n,-) : X — R is convex on X.

It is well known that the directional derivative j/z, defined as follows, exists [30, P. 167].
; . | .
(mxy) = lim = [j(n,x + 2y) = j(n, )], ¥, x, y € X.

4. Using the previous definition, we also consider the following conditions
For every sequence {x,} C X with [|x,||y — oo,

and for every sequence {t,} C [0, 1], one has

V1) 1,
lim inf [—zjz(tnxn,xn; —x,,)] <m—C.
n—oQo nllx
For every sequence {x,} C X with ||x,||, — oo,
) and for every bounded sequence {#,} C X, one has
2

1 /
tim inf [—— 5 (1, Xn; —%)] <rm.
n—oo Xl

For every sequence {x,} C X and {#,} C X such that
(J3) 1 { X — X € X,n, —n € X, and for every y € X, one has

limsup [j(n,,y) — j(1,,%)] <j(n,y) — j(n,x).

(Ja) : j(x,y) = j(6, %) +j(y, %) —j(3,y) < mllx = Y[}, Vx #y € X.
Us) { There exists oo <m such that for all x, y € X, one has
5): . . . .
JO6Y) = 06 x) (%) = j(0,) < ol = yll3-

Under these assumptions, the following existence and uniqueness result holds.
Theorem 4.1 Assume the assumptions (hy)-(hs) and (he) hold, then

1. Under (J;)-(J3) and (Js), the problem (38) has at least one solution x € X.
2. Under (J1)-(J3), (J5) and (hy4), the problem (38) has a unique solution.

3. Under (J1)-(J3), (J5) and (hs), the problem (38) has a unique solution x = x; which depends Lipschitz

continuously on f with the Lipschitz constant (m — o — f8)".

Theorem 4.1 has been obtained in [10] (see Theorem II.1.9 in [10, P. 37]) and therefore we do not provide
here the details of the proof. We just specify that it was obtained in several step and it is based on
topological degree theory as well as on convexity, monotonicity, compactness and fixed point arguments.
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5 Existence of a solution to the time discretized problem

This evolution problem can be integrated in time by an implicit scheme. Let ) = 0<# < --- <t, =T be a
uniform partition of the time interval [0, T] with step size At = % (t; = iAr). For any function » we denote
by ' the approximation of  at time #; and by A’ the backward difference w*! — w'. For a continuous
function (), we use the notation o' = w(t;). We consider a sequence of incremental problems (PV)
defined for u(-,0) = uo, ¢(-,0) = ¢, and 0(-,0) = 0y as follows ‘
Problem (PV'). Find a displacement field u'*' € K, an electric potential field "' € W and a tem-
perature field 0" € Q such that
(&Fe(u™),e(0 = u'))y + (€ VO™, o(0 — u™))g — (MO (0 — u'T))g
_‘_j((uwrl’ (PHI, 01+1)’ v— Mi) —j((uiJrl, quJrl, OiJrl)7 ui+l _ ui)
> (fi+l,V _ u”l)V,VV €K,
BV V) — (Ee(u™!), VE) g — (PO, VE)y + L™, ™)1 ) (41)
= (qurl’ é>W7v§ S Wa
(07 1) 2y + AV O, Vi) + (Me(™h), 1) g
i+1 i+l pitl ut =l
—(PV ) — At ' ’ ! ’ o' YTTTAL
(PVQ™ )20y — Atz((™ i) (42)
+Aro((@ 07, n) = A (O ) gy + (07, 1) 2
+ (Me(u'), )12 — (PVQ', 1) 12(), V11 € Q.

For every z; € L*(T'¢c), z2 € L*(T'¢c) and z3 € L*(I'c), we define the functions

Xz (1/’) = /I‘ er/davwzz (’7) = /l" 2N da7 V’I € Q?

(40)

£z3(5):/ »éda, VYEeW.
e

Let z = (21,22, 23) supposed to be known, we construct the following problem. 4
Problem (PV’) Find a displacement field u”rl € K, an electric potential field (p‘z+1 € W and a tem-

perature field 0;“ € Q such that
(Fau"), (0 = 157))yg + (€'} (0 — 1)) — (MO, (0 =11

, , (44)
+]<( z‘+l ;Jrl7 0;+1)7v _ uz) _ (( lerl7 (plZJrl 61+l)7 lZJrl _ I/ll)
> (f oy —ulth), Vv €K,
BV VO — (Ee(l™), VO, — (PO, VE)y +£:,(8) (45)

= (g Ow VEew,
(0;“,17)”(9) + At (KVO, )y + (Me(ul™), )12
— (PVQL™ 1)) + At o, (n) — At g, () = AL (@) 120 (46)
+ (0,120 + (Me(u'),n) 20y — PV 1) 20y, V11 € Q-
Let us introduce the element @”1 of Q, defined by
(O ,n)g = (ArO™ 1)) + (0, 1) 20y + (Me(u'), 1) 2
- (PV¢' an)LZ(Q) + Aty (n ) — At (n),Vn € Q.

Let X =V x W x Q, Y =I3T¢)? x L(I'¢)* endowed with the inner products
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X, 9)x = (@, v)y + (@, Oy + (0,1),, (47)
(z.d)y = (ZI,Z/l)Lz(rC)d + (ZZ,Z/z)LZ(rC) + (Z3az/3)L2(rC)v (48)
and their associated Euclidean norms || - ||, and || - ||;. We consider a non-empty closed convex subset

U=KxWxQ of X. Next, we define the operators A:X — X and B:X — X given, for all
x=(u,0,0),y=(v,&n) €X, by

(Ax,y)y = (Fe(uw),e(v))y + (ALK VO, Vi) g + (fV e, VE) g

(49)
+(E Vo, e(v)y — (Ee(u), V),
(Bx,y)y = = (PO, V) — (PN, )2 + (0,1) 20 (50)
= (MO,e(v)y + (M), 1) 20)-
We also define the functional J : X x X — R and the element 7' € X by
J(x,y) = j((u, 0, 0);v),Vx = (u, 9,0), y = (v, &) € X, (51)
= (gt — 0, (8), 0. (52)

Under all these considerations, we have the following lemma.
Lemma 5.1 The problem (PVY) is equivalent to the following problem
Find xit! = (ui*!, @1, 07") € U such that

(A y =)y (B y — X7+ T8y — ) (53)

_J<xi+1,;;+1 —x) > (f;“,yz—xi“)x,v; cU.
Proof 1t can be done by the same techniques as in [6]. O
Using this lemma, we obtain the following existence and uniqueness result.
Lemma 5.2 For every z of L*(T¢)’, the problem (PV!) has a unique solution

Xt = (ui“,(pi“,@i“) ceU=KxWxQ.
The proof of this lemma is based on Theorem 4.1, and in order to apply the abstract result provided by this
theorem, we recall that (H,,) implies that m — Mp > 0. Therefore, for i sufficiently small, we can get that

(T) : gLycg max(cg, cy,c2) + Mp <m.

Now, we start by investigating the proprieties of the operators A and B, and the functional J given in (49)-
(51).

Lemma 5.3 The operator A : X — X is strongly monotone and Lipschitz continuous.

Proof We consider two elements x; and x, of X. Recalling (25) and (47), we use the assumptions (H,) and
(H3), the definition (49) to find that there exists constants m > 0 and M > 0 such that

(Ax) — Axa,x; —x2)y = m ||x1 — xof3, (54)
[Ax1 — Axally < M [lx1 — x2y- (55)
Therefore, Lemma 5.3 is established. O

We recall that the functional J satisfies the condition (%g). Moreover, we have
Lemma 5.4 The functional J satisfies the assumptions (Jy), (J2) and (J3).

Proof Letx= (u,0,0),n=(v,& w) € X and 1 €]0, 1]. It follows from the definition (29) and (51) of
functionals j and J that
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=) = j000] =5 | [ BB (00 = ] = ]

= —/ wH(., |Ro,(v, & w)|) ||u.| da.
I'c
Using the definition (39), we deduce that for all x = (&, ¢, 0) and y = (v, &, w) of X, we have

Jom, x5 —x) < — / WH(., |Ro(v, &, )]) ||| da. (56)

I'c

Next, if {x,} = {(un, ¢,,,0,)} C X and {z,} C]0, 1] are two sequences such that ||x,|| — oco. Then, for all
n € N, we have

/

]z(tnxnaxn; _xn) < _/ HH(~a |R(7v(tnuna tn(/)mtnen”) HurH da.
I'c

Since G > 0 a.e. on I'¢, we get j’z(tnx,”x,,; —x,) < 0, then (J;) follows.
Now, we will prove that J satisfies (J,). For that, consider {x,} and {7, } be two sequences of X such that

lally < €, Vn €N, and [lx, || — oo, (57)

where C is a positive constant. From (56) and (Hs)(c), we can see that
ol =) < i [ ] e
I'c
< AMy meas(l"c)% el 1210y, V1 € N.
Taking into account the two inequalities (20) and (57), we find

/ 1
J2 (Mg Xu; =Xn) < EMpco meas(Ue)? [|xally, (58)

which implies that functional J satisfies the condition (J;). Finally, we consider two sequences {x,} =
{(un, ¢,,0,)} and {n,} = {(vy, &,, w,)} of X such that

X —x=u,0,0)€X,n,—n=m¢w) X
Recalling the compactness property of the trace map, we obtain
tye =tz in L2(Tc), [ine] — [luc]l
Moreover, from the compactness of R and the continuity of H, we get
H(., IR0\ (ta, @, 0n)]) — H(.,|Ray(u, @, 0)|)inL*(Tc).
Therefore, we use the definition of J to conclude that
J(,,y) = J(n,),Vy € Xand J(n,, x,) — J (1, ).
Then, the conditions (J3) is obtained. O
Lemma 5.5 If assumption (Hg) hold, then the functional J satisfies
() =T (6,x) + I (v,x) = J(3,) < alle = yll5, Vx, y € X (59)
Proof Letx = (u,p,0),y= (v,& w) € X, by using (29) and (51), we get
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J(x,y) = J(x, x) +J (v, %) = J(y,y)
= /rqu(-,lRav(u,q), O Uvell — llue|l) da

+ / HH( Ro(v, &)} (s = [ve]]) da

= /r u[H (. [Ray(v, &) — H(., [Roy (e, @, O)D] ([luc]| = [[v-]]) da.

Hence, it follows from the proprieties of the functions y, H and R that
J(x,y) = J(x,x) + I (7, %) =J(v,5) < ilcg [lx = ylly- (60)
Therefore, there exists a constant o = jiLycg max(cg,cy,cz) > 0 such that
J(x,y) = J(6,x) + T (3,%) = I (v,5) < e = g
Thus, Lemma 5.5 is proved. O
Lemma 5.6 The operator B : X — X satisfies conditions (hy), (h3) and (hs).
Proof Using the assumptions on the operator P (see (H,)), we obtain
(PO.V o)y + (PV9,0) 20y < 2Mpl| V|16l 210 < 2Mpllolly 10]lp < Mp |lx]lx-
Since (MO, &(u))y = (Me(u), 0)12q) and (6,0),2q) = 0, we use (50) to get
(Bx,x)y > —C||x|3,Vx € X, (61)

where C = Mp, and then (h;) is satisfied. Next, let us consider the sequence x,, = (u, ¢,, 0,) of X such that
X, — x = (u, p,0) € X. It follows from (47) and (50) that there exists a constant ¢s > 0 such that

(Bx, — Bx,y)y

= —(Pb, —PO,VE)y — (PV@, = PV@.0)12iq) + (00 — 0,1) 12

— (MO, — MO, &(v))y + (Me(un) — Me(u),n) 2 q)

< 6l = xlx [IYllx, Yy = (v, &m) € X.
Taking y = Bx,, — Bx in the previous inequality, we find

[1Bx — Bx|[x < cé [[xn — x]x- (62)
Moreover, it follows from (53), where x.*! € X is still denoted x € X, that
(Ax, — Ax,x, — x)x + (Bx, — Bx,xp, — x)y < J(x, %) — J(x,%) + J (X0, %) — J (X0, %)
Applying the inequalities (54), (60) and (61), we obtain
(m = C) |l = xllx < ftLucr ||xn — xll3-

Recall that the inequality (Z) can be rewritten in the form o 4+ C <m, then

ﬂLHCR 1
[lxn — x|[x < |2 — x|y < max(co,c1,03) 260 — x|y (63)
By combining the two inequalities (62) and (63), we deduce
1
[[Bxn — Bx||y < cs [0 — x|y (64)

max(co, c1,¢2)

Since the trace y:X — Y is a compact operator, the weak convergence x, — x leads to the strong
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convergence x, — x in Y, and thus Bx, — Bx in X strongly for a subsequence. Then, the condition (/3) is
prove. Finally, for all x; = (uy, ¢y, 61) and x; = (uz, ¢,, 0,) of X, it follows from (5.11) that

(Bxi = Bxz, 32 — x1)y = 2(POy — P0>, Vo, = Vo), < fllxi — x5,
where f = C > 0. Since o + C <m, we have 0 < f<m — «, and therefore, condition (hs) is satisfied. [

Lastly, we use Lemmas 5.1 - 5.6 and Theorem 4.1 to conclude that (PV}) has a unique solution. Moreover,

it is easy to show that this solution depends Lipschitz continuously on z”rl € L*(T¢ 3)3.
In the next step, we consider the operator A :L*(T¢)’ — L*(T¢)

2= (21,22,23) € L*(T¢)*, as follows.

defined for all

1
Az = [,MH(, |R0v( IZT]a(/)lZT]aBZZTI)|)F<7E| ;Trl l”)

Wz — 8) Pr(0" — o) s ke(uzyy — ) G007 = 0p)].

First, let us control the quantity I = HAZ — A7 jpo We have

lezqr

21T 21 7

1 i i i i i
1< |pF g i, — ||>[H<~,|Ro-v< NN AN )

— H(,[Ray (! 9 0]

4

L2(T¢)
1 . .

o+ | ( -,|Ray<u'f1,<p'f1,e'“>|)[ o Nl =l
_ i+1 i

Fo I =il o
+ I ;;? —8) =¥l = 9)] (05" = 00 e,
+ ||l// l+l _g) [CPL(QDZ] - (pF) ¢L( l+1 - wF)] HLZ(TC)
+ | [ke( ;Tvl —8) - k<“lz:r‘l -] ‘f’L(GZI - GF)HLZ(I"C)
+ [[ke () — &) [d (0" = 0F) — ¢r(0F" = 0F) ]| 2 1

Using assumptions (H,)-(Hyo) and the Lipschitz-continuously dependence of the solution x:*!' on z/*!, we
get that there exists a constant ¢; > 0 such that

Az — HL2 p SCr Allz - e (LwL"‘Ml//)HZZ _Z/2HL2(F(;)
+ (Li, L + M,,) 31 2o

C7 (ﬂ +Ll//L +M1// + Ler +Mkc) |Z - Z’HLz(rc)}'

25 -

1
Let u* = —, hence if ji + LyL + My + Ly L + M, < i*, we deduce that A is a contraction operator, and
c7

hence the Banach fixed point theorem implies that A has a unique fixed point z* (Az* = z*). Therefore,
X = (it ol 071 € X is the unique solution of the problem (PV?). O

oy Ugs

6 Asymptotic analysis

Forall i=0,---,n— 1, let x*! = (&1, ¢*1 0" be the unique solution of (PV?). In order to study the
convergence of {x"*'},_,_, | when n — +o00, we introduce the following continuous functions defined on
[ti, ti1] by

i n — i i gn i I i

Ar (1) = <p+A Ag',0"(1) = 0"+ —— AD". (65)

We also introduce the following piecewise constant functions given by

u'(t) =u +
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(1) = utt, @"(1) = @™, 0"(0) = 07, (1) = g V€ (1,11, (66)
where the function g : [0, T] — X is defined as follows
g = (f,4e,0) = (f,q, Ar©) € C([0, ], X). (67)
Lemma 6.1 There exists two positive constants a; and a, such that
i+l
Iy < ar ZO Ig'llx + a- (68)
=
Proof Keeping in mind (49)-(51), it follows from (40)-(42) that
(AT y — 2 ) + (Be !y — X, I (6 y — X)
IO ) — Aty — Xt
F ATy — XY 4 Ay — Xt (69)
< (giﬂay - le)x + (Oiv n—= ()M)LZ(Q) + (Me(u'),n — 0i+1)L2(Q)
—(PV¢',n - H[H)Lz(g)av)’ = (v,¢,n) €X,

where the functionals y, @, /:XxX— Rare given by

o . . . . ui
X(xz+l’y o xt+1) — X((uz+1’ (,01+1, 91-«-]);

oy

At
y — H—l) _ C0<(ui+l 0i+1) _ 0i+1)
€< ’“,y z+l) — g((u#l z+1) f (pz+l).
Taking y = 0 in the inequality (69), we find
(Axi-H ,xi-&-l )X + (Bxi-H 7xi+l )X

< (ng,xH])X —i—](xiﬂ,xi) _ J(xi+1,xi+1 _xi)

n— 9i+1)’

( 1-&-17

o o o (70)
4 At 2(xl+1’xl+1) + d’)(xl+l7xl+1) 4 g(lerl’xtJrl)
+ (6, 8i+l)L2(Q) + (Me(u'), HHI)LZ(Q) - (PV¢, 0i+l)L2(Q)'
Next, we use (20), (29) and (51), and the assumption (Hg)(c) to get
SO 0) I ) < [ (R 0 ) [ da
I'c (71)
< ¢o My (meas(Te))' " [y
Moreover, we can also easily verify that
At 7(x 1 XYY < At ey iMyMy (meas(Te)) 2 |1x™ |y, (72)
At X < At coxMyL(meas(T'¢))? Hx’“||x, (73)
A XY < i My L (meas(Te) ) ||l (74)

Then, we combine (70)-(74), (54) and (61) to conclude that
o [ Iy < Mgl + V3 max(1, P, M)l

Ol—

+ coﬂMH(meas(Fc))7 + At e, iMyMp(meas(T'c))

+ czAtMl/,L(meas(Fc))% + clerL(meas(Fc))%.
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Recalling that condition (Hj;) implies the boundedness of x°, we get (68). O

Lemma 6.2 For a sufficiently small friction bound [i and time size At, there exists a constant a3 > 0 such
that

1Yy < as > 1Ay (75)
J=0

Proof We write (69) at time #;,; for y = x', and at time #; for y = x'*!. Then, we combine the two resulting
inequalities to get

(Axi+1 _Axiﬂxi+1 _xi)X + (BxiJrl _ Bxi7xi+1 _xi)X

< (gt — gl it _xi)x _|_J<xi7Axi + Axi—l) _J(xi7Axi—l>

—J(xAX) + Arg(xt AX) — Arg(x, AX) + At d(xT Ax) (76)

— Ar(x, Ax') + 0 AX) — 0, Ax') + (A0 A0 2 g

+ (Me(u') = Me(u'™"),A0') 2 ) — (PV Q' = PV AY) 12 -
Applying the proprieties of J and the following reverse triangle inequality

i

i+l |
Tl

[l = ] = — | < i —

we deduce
T, A+ A — (A
=j((', ¢, 0"), A + A=) — (i, ', 0'), Au™")
<J((', ", 0), Au') = J(, Ax),

o . 4 (77)
J(x, Ax) — J () Ax)
:j((u[,q)i,gi),Aui) —j((ui+1,(pi+l,9i+]),Aui)
< cofilyeg max(co, ¢y, c2) || AX[[3.
On another hand, we have
ArF(x ™t AX') — Arg(x', Ax)
< eajficg MpLy max(co, c1, ¢2) At]|Ax |3 (78)
+ coc2l MLy ||AX'|| + cocaiMuLr || AX'|| | Ax™" |,
(!, AX) — @, Ax') < (Li Leocy + My c3) [|AX'| 5, (79)
O AXT) — 0, AX') < (LyLcoer + Myc?) || AX |3 (80)

Then, we use the inequalities (76)-(80) to obtain
[(m —C - (Ll/,LC()Cl + MwC%)) — ﬂAlMFLHCRCQ max(co, Ci, 62)

— iLgcgeo max(co, cy, 6‘2) — UMyLpcocy — Al‘(LkCLCOCz =+ Mkccg)} HAxl”X

< ||Ag'lly + (@MuLrcocs + V'3 ¢r max(1, Mp, M) || A ||y

Keeping in mind the condition (H,), we get that m — C — (LyLcoc; + ch%) > 0, and thus, for the fiction
bound i and time size At = % sufficiently small, we get that
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v; = (m —C— (L,/,LC()Cl + M‘pc%)) — UAtMpLycgre max(co, 61,02)
— uLgcgeo max(co, Cy, Cz) — UMyLpcocy — Al‘(LkCLCOCz + MkﬂC%) > 0.
Combining with the boundedness of the initial conditions, we obtain (75). Ol

Proposition 6.3  From the sequences (u"), (¢") and (0"), we can extract subsequences, still denoted (u"),
(¢") and (0") such that

u' —u weak x in L*(0,T;V),
@" — ¢ weak x in L*(0,T; W),
0" — 0 weak * in L*(0,T;Q),
W' — U weak x in L*(0,T;V),
Q" — ¢ weak x in L>(0,T; W),
0" — 0 weak  in L*(0,T;Q).

(81)

(82)

Proof Recalling (66), assumption (Hg) implies g € W!>(0, T; X), and thus
i Ag' .
||g ||x < Hg||L°C(O,T;X)7 HEHX < ||gHL°C(0,T;X)' (83)
t— 1t
At

We consider x* = x' + Ax, it follows from the lemmas 6.1 and 6.2 that there exists constant d > 0

such that
I e o.7:) < d- (84)

Next, we use (47), to deduce the following boundedness conditions
||Mn||W‘~°°(O,T:V) <d, ”(anlex(O,T;W) <d, ||0n||wloc(o,T;Q) <d. (85)

The sequences (u"), (¢") and (0") are then uniformly bounded, respectively in W!'><(0,T;V),
W(0,T; W) and W'>°(0, T; Q). Hence, we can extract from it subsequences, still denoted ("), (¢") and
(6"), such that (81) and (82), and hence the proposition 6.3 is proved. O

Proposition 6.4 There exists subsequences of (it"), (¢") and (0"), still denoted ("), (¢") and (0"), such
that for almost every t € [0,T], we have

i'(r) — u(t) weak in V,  @"(t) — @(t) weak in W, .
8
0"(t) — 0(t) weak in Q. (86

Proof It follows from (83) that (&) is uniformly bounded in L**(0, T; V). Then, (i7*) converges weak * for
subsequence in L>(0,T;V). In plus, we have

[l (1) = w" (@[] < %Hd”(f)ﬂv Ve [0,T].
The previous inequality combined with (85) leads to
14 (0) = @) ) < (57)
Keeping in mind (81), we deduce that
(") — u weak * for subsequence in L>(0,T; V). (88)
On another hand, (81), (82) and W'>°(0,T; V) C C(0,T;V) imply that
u" (1) — u(r) weak in V for a.e t € [0, T]. (89)

Thus, it follows from (87)-(89) that for a.e. r € [0, T], @"(¢) — u(¢) weak in V for a subsequence. Finally, by
using the same method, we can finish the proof. O

@ Springer



Variational analysis of unilateral contact problem... 471

Remark 1Let f'(t) = f', ¢."(t) = ¢! and ©"(r) = ®"" on [t;,#;41]. Then, under assumption (Hg), we
have f € Wh(0,T; V), g. € W>(0,T; W) and ® € W'>°(0, T; Q). Moreover the following convergence
results hold

f* — f strongly in L*(0,T; V), ¢." — q. strongly in L*(0, T; W), 00)
_ 90
@®" — O strongly in L*(0,T; Q).

Proposition 6.5 The triplet (u,,0) € V. x W x Q is solution of the problem (PV).

Proof 1f we substitute v by u’ + v At in (40) and divide the resulting inequality by Az and if we divide (40)
by At, the problem (PV') will be written for all v € L2(0,T;V), & € L*(0,T; W) and 5 € L*(0,T; Q) as
follows

(Fe(a"(0), (0(0)) — ol 1" (0))y + (€7 V" (1), (0(1) — sy (0)g
= ME(),e6(0) = e () + 5" (1), (), (2)), (1)
(1), 60, 0°()), ()

> (F"(1),v(®) —%u”(t))v + (ou(@" (1), ¢" (1), 0"(1)), vy(r) — 0y (1)

(BV@"(1), VE))y — (Ee( (1)), VE
+ L@@ (1), 9" (1)), &(2) = (¢." (1), £(1

)
(% 0"(1),1(1) () + (K VO"(2), V() g + (Me(—u" (1)), 0(1)) 12

- (PV%¢”(t)ﬂ1(t))Lz<Q> — 2@ (1), " (1), 0" (1)); " (1) (1))
+o((@ (), 0(1)),n(1) = (©"(0),n(1)) 2.

Integrating the two sides of the previous inequalities on [0, 7], we obtain
[ (3eeyaom) —e2ww) s+ [ (960 de0) - s ) o
o ’ bt " ’ bt
- [ (M 0.a0t0) — o
0

t

W (1)) dr
+ [ 0. a 0.0 w0 = [0, 50.0°0), G ) dr
2/0 (f(t),v(z)—%u"t)vdt—&—/ (BV@"(1),VE(D))y dt
+/OT< L@ (1), 0" (), 07 (1)), vy (£) — di" () dt — / (Ee(i (1)), VE)) 4
- [ e, vewm), a / (0, 00, E) dr
0
- [ @rw.yan
[ Gr g as [ 0900, In0)ya
+ [ MG )10 /(Pv #(0),1(0) 20
r e 1 d n i
- [ .00 ) G 0 ())dz+/0 o (@), (1)), (1)
= [[©@ @A)

Adding the previous inequalities, we obtain
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T

|| ot ). a(0(0) — s @)dt+ [ BV 0, VEW)g21
+ /0 (V0 (1), V(1)) e + /0 (' (1), 0°(1)), (1)) d

+ [ GOm0+ [ (€90 0.600) - oGt ()
= [ (€ ), Ve~ [ MI (), al0(0) oG ()
- [ P Ve i~ [ PV GOm0
o o Qy
+ [ MG e+ [ 30, 0.0°0) v
- [ it 0.0 0,00 SO+ [ o, o 0), 0 a
- [ @, 60,00 G i) a
> (P00 = G 0)y + [ @0, Oy
+ [ @@+ [ 00,070 70)n0) o).
To complete the proof of Proposition 6.5, we need the following Lemmas. O
Lemma 6.6 Forv e L*(0,T;V), ¢ € L*(0,T; W) and n € L*(0,T;Q), we have
T T
tim [ (Fa(a (), o000t = [ (Felu(t), s(w(t))y 2t ©2)
tim [ (€ V(0. e0(0)) = ol ()
", (93)
= [ € Vol0).a(:(0) = stie)) e,
tim [ (M0 (0),606(1)) — o(a(0))
N (94)
= [ 00.6(0)) = i) .
lim [ (V9" (1), V() it = /0 (BVo(t), VE®D)),, dr, (95)
Tim [ (€6l (1), V() it = /0 (Ee(u(r)), VE)), dt, (96)
tim [ (PO, Vet~ / PO, VEW) (7)
tim [ GO0z = [ O000) 0 (98)
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T B T
lim (ICVQ"(t),Vn(t))Hdt:/ (KVO(t),Vn(t))y dt, (99)
n=0 Jo 0
T d T
tim [ MG (0).1(0)) gy e = [ (M), 1(0)) g . (100)
T d T
lim [ (P9 S0 0).n(0)) 0y = / (PVo(e), (1)), (101)
T ~ T
tim [ (@0, 0(0). (o)) de = / o((u(r), 0), (1)) dr, (102)
T T
Jim | (@ (1), " (1)), <(1) dt = 5 (((u(t), 0(1)), &(x) dt, (103)
T
sim [ (@), @ (2), 0" (1)), V(1)
. (104)
= [ it 000, 00). v
T T
tim [0, 90 = G )de = [0, v(0) — ) (105)
T T
tim [ (@0 = [ (@00 dr (106)
> Jo 0
T T
tim [ (O (0 1(0)yx0,t = [ (©00). (1)) . (107)
0 0
Proof 1t follows from (81) and (87) that,
@' — u weak inL*(0,T,V). (108)
In the same way, we can show that
@" — ¢ weak in L*(0,T,W),0" — 0 weak in L*(0,T,Q). (109)

First, by using (81) and (90), we find that (92)-(103) and (105)-(107) are a direct consequence of (108)-

(109). Next, to prove (104), we recall that

T
/O J((@"(2), 9" (1), 0"(1)), v(1)) = j((u(2), (1), 0()), (1)) dt
< ﬂLGHR(Jv(le @", én) —oy(u, 9, 9)) ||L2(0,T;L2(rc)) ||Vr||L2(o,T;L2<rc)d)~
We combine this inequality with (86) and the properties of operator R to get (104).

Lemma 6.7 For any v € L*(0,T;V) and n € L*(0,T; Q), we have

T T
timint [ (§a(a () (" (02> [ (@ eu(0), a1

n—oo

fimint [ (0,00, 0°(0). G ()

> / J(w(r), (0), 000)), (1)) dr,
0

(110)

(111)
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n—oo

lim inf / 2@ (0), (0, 0"(0)): 2 u(0); m()
0 (112)

> / 1(((1), @(1), 00)); i(1); (1)) d.
0

Proof For the proof of (110), we refer to [11] and for (111), we have
@0, (0, 0°0)), S (1)) = (" (0), (1), 0 (0), (1)
— Jla), 00, 000), T (0) + i ((ul2), 0(6),00), S (0)).
Thus, we find

[ 0.6 0.70). G (0) = (), 000),00), G

< ﬂLH”R(Uv(ﬁ”a ?", én) —av(u, @, 9)) ”LZ(O,T;LZ(I"C))||l'i¥||L2(0,T;L2(rC)")'

"(1)) dr

The mapping R is compact, then limR(av(b?‘, ", 0" — o,(u, o, 9)) = 0. Thus
O ! (AN =N " d n . d
hmmf/o J(@@"(2), @" (1), 0°(1)), " (1)) — j((ul1), (1), 0(1)), — u

"(1))dr < 0.
n—00 7dtu ())

Then, we conclude that

timint [ j(ul0), 000, 000), G @) e > [ i(@(0),0(0) 00).1(0)) .

n—oo

In the same way, we can prove (112), and finish the proof of Lemma 6.7. O

We come back to the proof of proposition 6.5. Passing to limit in (91), we get
T T
/O (Fe(u(t)), e(v(t)) —&(u(t))),dt +/ (BVo(1), V(1)) dt

a

+ [ w0, Ty + [ oftutn, o) ato) a
0010+ [ (€V000),0(0) — i)
- [ €t Vet~ [ MO0, 000) - s
(M0 () gy

T T

(PO(), VE(©)) et — / (PYG(0), 1(1))y3(0l

(113)

(), @(2), 0(0)), v(0)) i — / J((ult), p(e), 00)), (1)) i
2((ult), @(6), 00)): ie): n(e)) e + / U(ul), p(0)), E(0) dr
(1), V(1) — (1))t + / (gel0), E(1)) s

0
(O1), (1)) o + / (00 ult), (1), 0(0), vy (r) — i) di.

By using the same techniques as in the proof of Lemma 4.1, we find that
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I

/0 (Fe(u(t)), e(0(t)) — (1))t + / (EV(b), e(o(t)) — e(u(t)))dt
- / (MO(1), £(v(1)) — e(i(1)))pedt + / (), (1), 0(0)), (1))t
0 0
/ J((ult), (1), 0()). i(0)) d

/ 0 Jdi+ / (00 u(t), (1), 0(0)),wolt) — i (1)),
/ (BVo(r), VEW)d / (Ee(ult)), VE()) ydt
0
- /0 (PO VE) e+ | (). 00). 1)

_ /0 (qe(1), (1)) i,
/0 (0(0), 1(1)) i + / (K V0(), V(1)) i

T

" / (M e(ii(t)), 1(0)) oy e — / (PYG(1), 1(1))y(0

= [ sttt o0 000w+ [ (.00
0 0

- /0 (O1), (1)) 0y

Setting in the three previous inequalities that
vforte (s,s+ 1)
v(t) = { . ( i E() =& (@) =n, Ve (s,s+ 1).
1(t) elsewhere.
Then, we obtain the following inequalities
1 s+ s+A
E/ (Fe(u(t)), &(v) —s(u(t)))HbH;/ (EVo(t), 5(0) — &(u(t))),,dt
S S
1

s+A s+
! / (MO(), &(v) — &(a(e)) i + 5 / (@), 0(0), (1)), v)dt

. / ), o), 000)) i(0)
>3 / () )yt + / " ), 90, 000), (1) — i (1),
S+A s+
[ BV V- 1 | Estut). vear

S+A S+A
-5 ow.ve, dr+j [ . o) 0 ar

}/ qe

and
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! / w(o'(t) )2 >d:+i / 00, 9

1 S+A .
)\,/ ME ) dt—z/s (,PV(P(I)77])L2(Q) dt

S+
-7/ x<<u<t>,<p<r>,0<r>>;u<t>;n<t>>dt+§ | ottto.00).n0) a

1 s+
27/ (G)(t)vn)Lz(Q) dr.

A

Passing to the limit with respect to s in the above inequalities, we conclude by using Lebesgue’s theorem
that (u, @, 0) satisfies (33), (35) and (36). Moreover, the variational inequatity (40) leads to

(Fe(u),e(0 —u'"))yy + €V (0 — u))g — (MO, 6(0 — 1))
(Y, @ 0y — ity > (P — ”Hl)va Wy € K.

Keeping in mind (66), we integrate the previous inequality to find

T T
/0 (Fe(u" (1)), e(o(t) — u (1)) 0t + / (V™ (1), e(o(t) — (1))t

/ (7 (8),v(0) — @ (1)),

for all v € L?(0,T; V) such that v(t) € K a.e. ¢ € [0, T]. Passing to limit in this inequality, we conclude that

T T
/0 (Fe(u(t)), e(o(t) — u(t))y vt + / (EVo(t), e(o(t) —u(t))) g bt

T

- / (MO, e(v(1) — u(t)))y + / JGe), (), 0(0)): v(t) — ()

T
> [ 0.0 ~ut)y ot
Then, we deduce that the triplet (u, ¢, ) satisfies the following inequality
(&e(u), (0 —u))y + (EV@,8(0 —u))g — (MO, (0 —u))g +i((1,0,0) 0 —u) = (f,0 —u)y, (114)

for all v € K a.e. r € [0,T]. Then, we apply the Green formula to the inequality (114), as done in [11], to
obtain that the triplet (u, ¢, 0) satisfies (34), and Therefore, (u, @, 0) is a solution of the problem (PV).

7 Conclusion

In this paper, we have shown the existence of a solution to the quasi-static unilateral contact problem with a
dry friction law for linear thermo-piezo-elastic materials under a small enough friction coefficient. As well
known the problem of uniqueness of the solution still remains open. Indeed, the uniqueness of a solution is
not expected because of the strong coupling in the constitutive laws and boundary conditions. Moreover,
contrary to problems taking into account viscous effects, passing to the cas limit when the viscosity vanishes
results in a drop in the regularity and smoothness of the solutions, and may also result in the loss of
uniqueness [30]. Technically, if x; and x, are solutions of the problem (PV), we have encountered many
difficulties to show that [|x; — X2 ||y o.7.x) = 0, even if the friction bound /i and the the time size are small
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enough. Generally speaking, the loss of uniqueness of solutions can be associated with a loss of validity of
the static or quasi-static approximations and the presence of dynamic instabilities [18]. In last, we notice
here that estimating on how small i has to be to ensure existence of solutions is also an interesting and
difficult open problems [13, 14].

On another hand, it will be seen that adding viscosity to the models leads to a substantial increase in the
regularity or the smoothness of the solutions, and this allows for further analysis [30]. This remark may be
used to study the uniqueness of solution of the proposed model, by adding a very small viscosity term to the
thermo-piezo-elastic constitutive laws. An important continuation of this paper consists in adding viscosity
to the model, in including numerical simulations, and it will be presented in a forthcoming work.
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