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Abstract This paper deals with the mathematical analysis of quasi-static unilateral contact problem with
friction between a thermo-piezoelectric body and a conductive foundation. The material is assumed to have
thermo-electro-elastic behavior and the contact is modeled by the Signorini’s law, the condition of dry
friction and a regularized electrical conductivity condition. The effects of frictional heating and thermal
conductivity on the mechanisms of material are taken into account. To prove the existence of a weak
solution to the problem, an incremental formulation obtained by using an implicit time scheme is studied.
Several estimates on the incremental solutions are given, which allow us to pass to the limit by using
compactness results.

Keywords Unilateral Quasi-static contact problem � Coulomb law of friction �
Thermo-piezoelectric material � Existence of solutions � Quasi-variational inequality � Variational methods

1 Introduction

A piezoelectric material is a material that generates electrical voltage when it is subjected to mechanical
stress, and conversely, a mechanical deformations are produced during the application of an electric field.
This effect was discovered by the brothers Pierre and Jacques Curie in 1880. These so-called smart materials
are used, among other things, as switches in radiotronic, electro-acoustic or measuring devices. Problems
involving electro-mechanical properties of materials have been extensively treated. Moreover, the natural
extension of these coupled electro-elastic models is to include a temperature as an additional state variable
to account for thermal effects in addition to the piezoelectric effects. In the friction contact models, many
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complications arise when the piezoelectric and thermal effects are coupled. Indeed, the physical mecha-
nisms of forces and heat on the contact interfaces during this phenomenon are extremely complex; they are
responsible for the effects of friction, and for the frictional heating at the contact area. In addition, the
dissipation of the energy or the production of heat, causes a dilation which can locally increase the pressure
field and thus modify the conditions of contact, and thus the instabilities of phenomenon.

The literature here is very rich, we can see, e.g., [3, 15, 22, 25] for mathematical models on piezo-
electricity, available results on static contact problems with or without friction for piezoelectric materials are
also considered in [8, 19, 20] and [7, 12] under the assumption that the foundation is insulated and
electrically conductive, respectively. In the quasi-static case, some existence and uniqueness results can be
found for instance in [2, 11] within linearized elasticity, in [16, 31] within a nonlinear electro-viscoelas-
ticity, and in [1, 27] within linear and nonlinear thermo-viscoelasticity. An interesting results [21–24] in
which the authors treated the contact problems for piezoelectric materials and they not taking to the account
the thermal effect on the process, in plus they works in the himivariational framework which is different
from our approach in this article. In the present paper, we deals with a thermo-piezoelectric model which
describes the evolution of the thermo-electro-mechanical state of a piezoelectric body that is in frictional
contact with a conductive foundation. We assume here that the acting forces, tractions and heat sources,
change slowly in time and therefore, we can neglect the inertial terms in the equations of motion and use the
quasi-static approximation. In our analysis, we neglect any possible viscosity effects due to viscous prop-
erties of the body and any possible spontaneous magnetization of the body in the presence of external
electric or thermal fields, which is the case of a not ferroic class of piezoelectric materials commonly used
such as ceramics, polymers and piezo-composites. Often for a such materials, the contact surface is sup-
posed to be partially lubricated and, hence, the friction coefficient is small [31]. Moreover, we take into
account the thermal effects arising when the frictional contact is accompanied by heat generation, which are
important to predict the thermo-electromechanical behavior, particularly for a smart ceramics structures
[17].

The theory of thermo-piezoelectricity was first proposed by Mindlin [23], he also investigated governing
equations of a thermo-piezoelectric plate. Chandrasekharaiah [9] generalized Mindlin’s theory of thermo-
piezoelectricity to account for the finite speed of propagation of thermal disturbances on the basis of the first
and the second law of thermodynamics, and derived the generalized constitutive equations applicable for
thermo-piezoelectric materials. Tiersten [29] derived the nonlinear constitutive equations of electro-thermo-
elasticity by applying the laws of thermodynamics to a macroscopic model. He assumed that the macro-
scopic model consists of the two continua; material continuum having inertia and electronic continuum
without inertia overlapping each other.

Some recent results for static frictional contact problems involving thermo-piezoelectric materials, were
studied in [4–6], where the thermo-piezoelectric effects are taken into account. This coupling, in a piezo-
electric material, leads to some additional mathematical difficulties in their variational analysis. The present
paper is devoted to the study of a new mathematical model, different from those studied in existed works,
which describes the quasi-static contact with friction between thermo-piezoelectric body and a thermally-
electrically conductive foundation. Unlike the references above, the novelty of the model consists in the fact
that both the contact, the energy equation, and the thermal, the frictional and the conductivity condition are
modeled differently, and in the fact that here the process is quasi-static. We note here that the mathematical
treatment of this kind of problem is relatively recent, and the reason lies in the considerable difficulties that
the nonlinear evolutionary inequalities modeling the quasi-static contact problems present in the variational
analysis. We are interesting in this paper, first, to describe a physical process in which contact, friction and
thermo-piezoelectric effects are involved and then to derive a consistent model to this process. Second, to
set up a variational incremental problem and then to apply an abstract existence and uniqueness result on
perturbed quasi-variational inequalities, derived in [10] (keeping in mind the coupling of the thermal,
electrical and mechanical effects, we apply this result in a different setting and with a different choice of
operators and functionals) and Banach fixed point theorem, to provide its solvability when the friction
coefficient is small enough. Finally, by passing to the limit with respect to time, to obtain the weak solution
of our mathematical model.

The remainder of the paper is organized as follows. In Section 2, we present the mathematical model that
is describing the quasi-static process of frictional contact problem between a thermo-piezoelectric body and
a conductive foundation. In Section 3, we introduce the functional spaces for various quantities, some
notations, list the assumptions on given data and derive the weak formulation of the model. Our main
existence result for the solution of the weak formulation of the model is stated in Theorem 3.1. The proof of

123

Variational analysis of unilateral contact problem… 455



this theorem, provided in Section 4-6, is based on time discretization method, arguments of compactness,
variational inequalities and Banach fixed point technique.

2 A contact problem in thermo-electro-elasticity

The physical setting of our model is as follows : a thermo-piezoelectric body occupying a connected
bounded domain X � Rdðd ¼ 2; 3Þ with a regular boundary oX ¼ C. We suppose C partitioned into three
disjoint measurable parts CD, CN and CC on the one hand, and CD [ CN divided into two measurable open
parts Ca and Cb such that measðCDÞ[ 0 and measðCaÞ[ 0 on the other hand. We assume that the body is at
free temperature and the temperature variations that accompany the deformations make changes in the
material parameters which are then considered temperature dependent Let [0, T] (T [ 0 given and fixed) be
the time interval of interest. We assume the body is clamped on CD � ð0; TÞ, a volume force of density f0
acts in X� ð0;TÞ, a surface traction of density fN acts on CN � ð0; TÞ, a volume electric charge of density
/0 acts on X� ð0;TÞ, a surface electric charge of density /b acts on Cb � ð0;TÞ, the electrical potential and
the temperature are being zero, respectively, on Ca � ð0;TÞ and CD [ CN � ð0;TÞ. Moreover, the body may
be in unilateral frictional contact with a rigid and conductive foundation, on the contact surface CC. We
assume the acting forces, tractions and heat sources vary slowly in time, we can then neglect the inertial
term in equation of motion and obtain the quasi-static approximation of the process.

Here and below, to simplify the notation, we do not indicate the dependence of various functions on the
spatial variable x 2 �X, the indices i, j, k, l take values in f1; ::; dg, the summation convention over repeated
indices is used and the index that follows a comma indicates a partial derivative with respect to the

corresponding component of the spatial variable, e.g., ui;j ¼ oui

oxj
and the dot above a variable represents the

derivative with respect to the time, e.g., _u ¼ ou
ot . Let Sd be the space of second order symmetric tensors on

Rd. The canonical inner products and the associated norms on Rd and Sd are given

8 u; v 2 Rd ; u � v ¼ uivi ; 8 r; s 2 Sd ; r � s ¼ rijsij;

8 u; v 2 Rd ; kvk ¼ ðv � vÞ
1
2 ; 8 r; s 2 Sd ; ksk ¼ ðs � sÞ

1
2:

If m is the unit exterior normal on C, then the normal and the tangential components of the displacement
vector v and the stress field r on C are

vm ¼ v � m; vs ¼ v� vm m ; rm ¼ r m � m; rs ¼ r m� rm m:

Under all these considerations, the classical formulation of our frictional quasi-static thermo-piezoelectric
contact model is as follows.

Problem (P). Find a displacement field u : X� ½0;T � ! Rd, a stress field r : X� ½0;T � ! Sd, an

electric potential field u : X� ½0; T� ! R, an electric displacement field D : X� ½0;T � ! Rd, a tempera-

ture field h : X� ½0;T � ! R and a heat flux field q : X� ½0;T � ! Rd such that

r ¼ FeðuÞ � E�EðuÞ �M h in X� ð;TÞ; ð1Þ

D ¼ EeðuÞ þ b EðuÞ þ P h in X� ð0; TÞ; ð2Þ

q ¼ �Krh in X� ð0; TÞ; ð3Þ

Divrþ f0 ¼ 0 in X� ð0;TÞ; ð4Þ

divD ¼ /0 in X� ð0;TÞ; ð5Þ
_hþ divq ¼ �M _eðuÞ � P _EðuÞ þ q0 in X� ð0;TÞ; ð6Þ

u ¼ 0 on CD � ð0;TÞ; ð7Þ

rm ¼ fN on CN � ð0;TÞ; ð8Þ

rmðu;u; hÞ� 0; ðum � gÞ� 0; rmðu;u; hÞ ðum � gÞ ¼ 0 on CC � ð0;TÞ; ð9Þ
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krsk 6 l Hð:; jRrmðu;u; hÞjÞ
krsk\l Hð:; jRrmðu;u; hÞjÞ ) _us ¼ 0

krsk ¼ l Hð:; jRrmðu;u; hÞjÞ ) 9k > 0; _us ¼ �k rs

on CC � ð0;TÞ; ð10Þ

u ¼ 0 on Ca � ð0;TÞ; ð11Þ

D � m ¼ /b on Cb � ð0;TÞ; ð12Þ

D � m ¼ wðum � gÞ/Lðu� uFÞ on CC � ð0; TÞ; ð13Þ

h ¼ 0 on CD [ CN � ð0; TÞ; ð14Þ
q � m ¼ � l Hð:; jRrmðu;u; hÞjÞFð:; k _uskÞ

þ kcðum � gÞ/Lðh� hFÞ;
on CC � ð0; TÞ; ð15Þ

uð�; 0Þ ¼ u0; hð�; 0Þ ¼ h0;uð�; 0Þ ¼ u0 in X: ð16Þ

Equations (1)-(2) are the constitutive laws for thermo-electro-elastic material in which F ¼ ðfijklÞ is the
linear elasticity operator, eðuÞ ¼ ðruþrtuÞ=2 denotes the linearized strain tensor, EðuÞ ¼ �ru is the
electric field, b ¼ ðbijÞ is the electric permittivity tensor, E ¼ ðeijkÞ is the third-order piezoelectric tensor,

E� ¼ ðe�ijkÞ is the transpose of E defined by e�ijk ¼ ekij,M¼ ðmijÞ and P ¼ ðpiÞ represents respectively, the

thermal expansion and the pyroelectric tensors. Notice that (1) takes into account the dependence of the
stress on the electric potential and the temperature, and that (2) describes a linear dependence of the electric
displacement on the strain, the electric potential and the temperature. Equation (3) is the Fourier law of heat
conduction where K ¼ ðkijÞ is the thermal conductivity tensor. Equations (4)-(6) represent the equilibrium
equations for stress, electric displacement and heat flux fields where Divr ¼ ðrij;jÞ and divD ¼ ðDi;iÞ denote
the divergence operator, respectively, for tensor and vector valued functions. Conditions (7)-(8), (11)-(12)
and (14) represent the mechanical, electrical and thermal boundary conditions. Relation (9) represents the
Signorini contact condition and (10) represents the dry friction law, in which l is the coefficient of friction,
_us is the relative tangential slip of the body and H is the friction bound so that l H is the maximal frictional

resistance on the frictional surface. Condition (10) may be interpreted physically in the following way : the
boundary sticks to the foundation and moves with it when the applied tangential stress is less than the
limiting value lH. The part of CC where this takes place is called the stick zone. The part where the
tangential stress reaches its limiting value and does not move in tandem with the foundation is called the slip
zone and there the relative direction of the slip is indicated by the unknown multiplier k (see [1]). The
boundary condition (13) describe the electrical interface condition on the electric potential across the contact
interface CC. Relation (15) constitutes the heat flux exchange between the body and the foundation. We note
that this condition consists of two parts : the first l Hð:; jRrmðu;u; hÞjÞFð:; k _uskÞ arises from the frictional
dissipation and it depends on the coefficient of friction l, the relative tangential slip of the body _us and the
normal stress rm in which F(., r) the function that generalizes the norm k � k (see [1, 27]). The second part
kcðum � gÞ/Lðh� hFÞ represents the heat exchange arising from the different temperatures of the bodies at
the contact interface, where kc is the coefficient of the surface heat transfer and hF is the foundation’s
temperature. Relations (16) denote the initial conditions. Finally, the functions w and /L used in (13) and
(15) represent the truncation function and a given positive function

/LðsÞ ¼
�L if s\� L

s if � L� s� L

L if s [ L

8
><

>:
; wðrÞ ¼

0 if r\0

k dr if 0� r� 1=d ;

k if r [ 1=d

8
><

>:

where L [ 0 is a sufficiently large constant, d [ 0 is a small given parameter and k	 0 is the electrical
conductivity coefficient.

3 Variational problem and main result

First, let us consider the following real Hilbert spaces
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H ¼ fu ¼ ðuiÞ ; ui 2 L2ðXÞg; H1 ¼ fu ¼ ðuiÞ ; ui 2 H1ðXÞg;
H ¼ fr ¼ ðrijÞ ;rij ¼ rji 2 L2ðXÞg; H1 ¼ fr 2 H ;Divr 2 Hg;

endowed with their natural norms and inner products as follows

ðu; vÞH ¼
R

X ui vi dx; ðu; vÞH1
¼ ðu; vÞH þ ðeðuÞ; eðvÞÞH;

ðr; sÞH ¼
R

X rij sij dx; ðr; sÞH1
¼ ðr; sÞH þ ðDivr;DivsÞH :

The notation h�; �iX0;X denotes the duality pairing between a space X and its dual X0. Let c : H1 ! HC ¼
H

1
2ðCÞd be the trace map, for every r 2 H1, there exists rm 2 H0C ¼ H�

1
2ðCÞd satisfying the following Green

formula

hrm; cviH0C;HC
¼ ðr; eðvÞÞH þ ðDivr; vÞH ; 8 v 2 H1: ð17Þ

Moreover, if r is continuously differentiable on X, then

hrm; cviH0C;HC
¼
Z

C
rm � cv da; 8 v 2 H1: ð18Þ

Let us also introduce the space of normal traces on CC given by

H
1=2
CC
¼
�

vm 2 L2ðCCÞ ; 9 v 2 H1; vm ¼ cv � m
�
;

The spaces H
1=2
CC

and its dual H
�1=2
CC

are endowed with the norms

kvmkH
1=2

CC

¼ inf
v2H1

�
kvkH1

; vm ¼ cv � m
�
; 8 vm 2 H

1=2
CC
;

krmkH
�1=2

CC

¼ sup
vm2H

1=2

CC

�
rm; vmh iCC

kvmkH
1=2

CC

�

; 8 rm 2 H
�1=2
CC

;

where h�; �iCC
denotes the duality pairing between H

�1=2
CC

and H
1=2
CC

.
In the sequel, for every v 2 H1, we denote the trace map cv of v on C, again by v. To derive the

variational formulation of our problem, we need the following closed subspace of H1 given by

V ¼ fv 2 H1; v ¼ 0 on CDg;

and the set K � V of admissible displacements defined by

K ¼ fv 2 V ; v� g 6 0 on CCg:

Since measðCDÞ[ 0, the following Korn’s inequality holds

keðvÞkH > ck kvkH1
; 8 v 2 V; ð19Þ

where ck [ 0 is a constant which depends only on X and CD. Therefore the space V endowed with the inner
product ðu; vÞV ¼ ðeðuÞ; eðvÞÞH is a real Hilbert space and its associated norm kvkV ¼ keðvÞkH is equivalent

on V to the usual norm k � kH1
. Moreover, using the Sobolev’s trace theorem, there exists a constant c0 [ 0

which depends only on X, CD and CC such that

kvkL2ðCCÞd 6 c0 kvkV ; 8 v 2 V : ð20Þ

We also need to introduce the following closed subspaces of H1ðXÞ given by

Q ¼ fg 2 H1ðXÞ; g ¼ 0 on CD [ CNg;W ¼ fw 2 H1ðXÞ;w ¼ 0 on Cag;

endowed with the following inner products and associated norms

ðh; gÞQ ¼ ðh; gÞH1ðXÞ ; kgkQ ¼ kgkH1ðXÞ;8 h; g 2 Q;

ðu;wÞW ¼ ðu;wÞH1ðXÞ ; kwkW ¼ kwkH1ðXÞ; 8u;w 2 W :

Since CD and Ca are of nonzero measure, it follows from the Friedrichs-Poincaré inequalities that spaces
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ðQ; k � kQÞ and ðW ; k � kWÞ are real Hilbert. Using Sobolev trace theorem, there exist constants c1 [ 0 and

c2 [ 0 such that

kgkL2ðCCÞ 6 c1 kgkQ;8 g 2 Q; ð21Þ

knkL2ðCCÞ 6 c2 knkW ;8 n 2 W : ð22Þ

For a regular vector fields q;D 2
�
- 2 H; div- 2 L2ðXÞ

�
, the below Green formulas hold

ðq;rgÞL2ðXÞd þ ðdivq; gÞL2ðXÞ ¼
Z

C
q � m g da; 8 g 2 H1ðXÞ; ð23Þ

ðD;rnÞL2ðXÞd þ ðdivD;rnÞL2ðXÞ ¼
Z

C
D � n n da;8 n 2 H1ðXÞ: ð24Þ

Let ðX; k � kXÞ be a real Banach space. For every 1 6 p 61, we will use the spaces Lpð0;T ; XÞ endowed

with its standard norm and the Sobolev space W1;1ð0; T ; XÞ equipped with the norm

kxkW1;1ð0;T ;XÞ ¼ kxkL1ð0;T ;XÞ þ k _xkL1ð0;T ;XÞ:

We will also use C1ð½0;T �; XÞ the spaces of continuous functions from [0, T] to X endowed with the norm
kxkCð½0;T �;XÞ ¼ maxt2½0;T � kxðtÞkX .

In order to study the problem (P), we need some hypotheses on the data’s problem. We assume
ðH1Þ The elasticity tensor F ¼ ðfijklÞ X� Sd ! Sd satisfies the conditions

fijkl ¼ fjikl ¼ fklij ¼ fijlk 2 L1ðXÞ;
fijklnkl nij > mF knk2; 8 n ¼ ðnijÞ 2 Sd:

ðH2Þ (a) The piezoelectric tensor E ¼ ðeijkÞ : X� Sd ! Rd satisfies

eijk ¼ eikj 2 L1ðXÞ:

We recall here that E and its transpose E� satisfy the following condition

Er � v ¼ r � E�v ;8 r 2 Sd; 8 v 2 Rd: ð25Þ

(b) The thermal expansion tensor M¼ ðmijÞ : X� Rd ! Rd satisfies

mij ¼ mji 2 L1ðXÞ:

(c) The pyroelectric vector field P ¼ ðpiÞ : X! Rd satisfies

pi 2 L1ðXÞ:

Notice that the two conditions above, allows us to define the two constants

MM ¼ sup
ij
kmijkL1ðXÞ ;MP ¼ sup

i
kpikL1ðXÞ:

ðH3Þ (a) The electric permittivity b ¼ ðbijÞ : X� Rd ! Rd satisfies

bij ¼ bji 2 L1ðXÞ; bij bibj > mb kbk2;8 b ¼ ðbiÞ 2 Rd:

(b) The thermal conductivity K ¼ ðkijÞ : X� Rd ! Rd is satisfies

kij ¼ kji 2 L1ðXÞ; kij zizj > mK kzk2 ;8 z ¼ ðziÞ 2 Rd:

ðH4Þ The coefficient of friction satisfies l > 0 2 L1ðCCÞ. Then, we can pose

�l ¼ sup
t2½0;T�

klkL1ðCCÞ:

ðH5Þ The mapping R : H
0
CC
! L2ðCCÞ is linear compact and continuous with
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cR ¼ kRk:

ðH6Þ The friction bound G : CC � Rþ ! Rþ satisfies

(a) 9LH [ 0; 8 a; b 2 Rþ; jH ð�; aÞ � H ð�; bÞj\LH ja� bj a.e. on CC,
(b) ð8 a 2 RþÞ, the mapping x7!Hðx; aÞ is Lebesgue measurable on CC,
(c) ð8 a 2 RþÞ, the mapping x7!Hðx; aÞ is MH-bounded a.e. on CC.

ðH7Þ The function F : CC � R! Rþ satisfies

(a) 9LF [ 0; 8 r1; r2 2 Rþ; jFð�; r1Þ � Fð�; r2Þj\LFjr1 � r2j a.e. on CC,
(b) The mapping F : CC � R! Rþ is Borel measurable,
(c) ð8 r 2 RþÞ, the mapping x7!Fðx; aÞ is MF-bounded a.e. on CC.

ðH8Þ The surface electrical conductivity function w : CC � R! Rþ satisfies

(a) 9Lw [ 0Þ; 8 r1; r2 2 R; jwð�; r1Þ � wð�; r2Þj\Lw jr1 � r2j a.e. on CC,
(b) The mapping x 7!wðx; uÞ is measurable on CC,
(c) ð8 r 2 RÞ, the mapping x 7!wðx; rÞ is Mw-bounded a.e. on CC,
(d) x 7!wðx; uÞ ¼ 0 for all u 6 0.

ðH9Þ The coefficient of heat exchange kc : CC � R! Rþ satisfies

(a) 9 Lkc
[ 0; 8 r1; r2 2 Rþ; jkcð�; r1Þ � kcð�; r2Þj\Lkc

jr1 � r2j a.e. on CC,
(b) The mapping x 7!kcðx; uÞ is measurable on CC,
(c) ð8 r 2 RþÞ, the mapping x7!kcðx; rÞ is Mkc

-bounded a.e. on CC,
(d) x 7!kcðx; uÞ ¼ 0 for all u 6 0.

ðH10Þ The forces, tractions, charges and heat source densities, the gap function, the electric potential and

temperature of the foundation satisfy

f0 2 W1;1ð0;T ; L2ðXÞdÞ ; fN 2 W1;1ð0; T; L2ðCNÞdÞ;
/0; q0 2 W1;1ð0;T ; L2ðXÞÞ ; /b 2 W1;1ð0; T; L2ðCbÞÞ;

g; uF; hF 2 L2ðCCÞ:

Using Riesz’s representation theorem, we define the functions f : ½0; T� ! V , qe : ½0;T � ! W and H :
½0; T � ! Q as follows

ðf ; vÞV ¼
Z

X
f0 v dxþ

Z

CN

fNv da;8 v 2 V ; ð26Þ

ðqe; nÞW ¼
Z

X
/0 n dx�

Z

Cb

/b n da;8 n 2 W ; ð27Þ

ðH; gÞL2ðXÞ ¼
Z

X
q0 g dx;8 g 2 Q: ð28Þ

Let X ¼ V �W � Q, we consider the following functionals j : X � V ! R, v : X � V � Q! R, x :
V � Q� Q! R and ‘ : V �W �W ! R given by

j
�
ðu;u; hÞ; v

�
¼
Z

CC

l Hð�; jRrmðu;u; hÞjÞ kvsk da; ð29Þ

v
�
ðu;u; hÞ; v; g

�
¼
Z

CC

l Hð�; jRrmðu;u; hÞjÞFð�; kvskÞ g da; ð30Þ

x
�
ðu; hÞ; g

�
¼
Z

CC

kcðum � gÞ/Lðh� hFÞ g da; ð31Þ

‘
�
ðu;uÞ; n

�
¼
Z

CC

wðum � gÞ/Lðu� uFÞ n da: ð32Þ

Moreover, we need the following additional assumptions about initial data
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ðH11Þ

ðaÞðu0;u0; h0Þ 2 K �W � Q such that

ðF eðuÞ; eðv� uÞÞH þ ðE� ru; eðv� uÞÞH
�ðM h0; eðv� u0ÞÞH þ jðu0;u0; h0; v� u0Þ
> ðf ð0Þ; v� u0ÞV ; 8 ðv; n; gÞ 2 K �W � Q;

ðbru0;rnÞH ¼ ðEeðu0Þ;rnÞH þ ðP h0;rnÞH þ ðqeð0Þ; nÞW
�‘ððu0;u0Þ; nÞ:

ðbÞThere exists T0 2 L2ðXÞ such that

ðKrh0;rgÞH þ xððu0; h0Þ; gÞ � ðHð0Þ; gÞL2ðXÞ ¼ ðT0; gÞL2ðXÞ:

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

Finally, we accept the following smallness condition

ðH12ÞLwLc0c1 þMwc2
1 þMP\m;

involving the trace constants c0 and c1, the bound and the Lipschitz constants of w, the norm of P and the
coercivity constants of F, b and K. We note that it is made for mathematical reasons, and does not seem to
relate to any inherent physical constraints of the problem, and therefore, removing this condition remains a
task for future research.

By standard procedure based on Green’s formulas, we derive the variational formulation of problem (P).
Problem (PV). Find a displacement field u : ½0;T � ! K, an electric potential u : ½0;T � ! W and a

temperature h : ½0;T � ! Q such that for all ðv; n; gÞ of V �W � Q, we have

ðF eðuÞ; eðv� uÞÞH þ ðE� ru; eðv� uÞÞH � ðM h; eðv� uÞÞH
þ jððu;u; hÞ; vÞ � jððu;u; hÞ; _uÞ > ðf ; v� _uÞV þ hrmðu;u; hÞ; vm � _umi;

ð33Þ

hrmðu;u; hÞ; zm � umi > 0 ; 8z 2 K; ð34Þ

ðbru;rnÞH � ðEeðuÞ;rnÞH � ðP h;rnÞH þ ‘ððu;uÞ; nÞ ¼ ðqe; nÞW ; ð35Þ

ð _h; gÞL2ðXÞ þ ðKrh;rgÞH þ ðM _eðuÞ; gÞL2ðXÞ � ðP r _u; gÞL2ðXÞ;

� vððu;u; hÞ; _u; gÞ þ xððu; hÞ; gÞ ¼ ðH; gÞL2ðXÞ;
ð36Þ

uð�; 0Þ ¼ u0; hð�; 0Þ ¼ h0;uð�; 0Þ ¼ u0 in X: ð37Þ

Now, we are able to state our main result that we will prove in the next section.

Theorem 3.1 Assume ðH1Þ-ðH12Þ hold, if there exists l�[ 0 such that

�lþ LwLþMw þ Lkc
LþMkc

6 l�;

then the problem (PV) has at least one solution.

In this theorem, it is not possible to fully explain the smallness value of the bound l�, and therefore to
specify the notion of weak friction which depends on the characteristics of the materials. Physically, it
seems that when the value of l� becomes large, it favors instability phenomena due to stick/slip or jerky slip
(succession of static states and slip states) effects.

4 An abstract existence and uniqueness result

Let X be a real Hilbert space endowed with the inner product ð�; �ÞX and its associated norm k � kX . We
consider the following problem of finding x of X such that for all y 2 X, one has

ðAx; y� xÞX þ ðBx; y� xÞX þ jðx; yÞ � jðx; xÞ > ðf ; y� xÞX: ð38Þ

In the study of the problem above, we will need the following assumptions
1. The operator A : X ! X is strongly monotone and Lipschitz continuous
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ðh1Þ :

ðaÞ There exists a constant m [ 0 such that

ðAx� Ay; x� yÞX > m kx� yk2
X;8 x; y 2 X;

ðbÞ There exists a constant M [ 0 such that

kAx� AykX 6 M kx� ykX;8 x; y 2 X:

8
>>><

>>>:

2. The operator B : X ! X satisfies

ðh2Þ : There exists C [ 0 such that ðB x; xÞX > �C kxk2
X; 8 x 2 X:

ðh3Þ :
For every sequence fgng � X such that gn ! g 2 X; then there

exist a subsequence fgn0 g � X such that Bgn0 ! Bgn strongly in X:

�

ðh4Þ : Bx� By; y� xÞX\ðm� aÞ kx� yk2
X; 8 x 6¼ y 2 X:

�

ðh5Þ :
There exists 0 6 b\ðm� aÞ such that

ðBx� By; y� xÞX 6 b kx� yk2
X; 8 x; y 2 X:

�

3. The functional j : X � X ! R satisfies

ðh6Þ : For all g 2 X; the functional jðg; �Þ : X ! R is convex on X:

It is well known that the directional derivative j
0

2, defined as follows, exists [30, P. 167].

j
0

2ðg; x; yÞ ¼ lim
k! 0þ

1

k

	
jðg; xþ kyÞ � jðg; xÞ



; 8 g; x; y 2 X: ð39Þ

4. Using the previous definition, we also consider the following conditions

ðJ1Þ :

For every sequence fxng � X with kxnkX !1;
and for every sequence ftng � ½0; 1�; one has

lim inf
n!1

	 1

kxnk2
X

j
0

2ðtnxn; xn;�xnÞ


\m� C:

8
>>><

>>>:

ðJ2Þ :

For every sequence fxng � X with kxnkX !1;
and for every bounded sequence fgng � X; one has

lim inf
n!1

	 1

kxnk2
X

j
0

2ðgn; xn;�xnÞ


\m:

8
>>><

>>>:

ðJ3Þ :

For every sequence fxng � X and fgng � X such that

xn * x 2 X; gn * g 2 X; and for every y 2 X; one has

lim sup
n!1

	
jðgn; yÞ � jðgn; xnÞ



\jðg; yÞ � jðg; xÞ:

8
>><

>>:

ðJ4Þ : jðx; yÞ � jðx; xÞ þ jðy; xÞ � jðy; yÞ 6 m kx� yk2
X;8 x 6¼ y 2 X:

ðJ5Þ :
There exists a\m such that for all x; y 2 X; one has

jðx; yÞ � jðx; xÞ þ jðy; xÞ � jðy; yÞ 6 a kx� yk2
X:

�

Under these assumptions, the following existence and uniqueness result holds.

Theorem 4.1 Assume the assumptions ðh1Þ-ðh3Þ and ðh6Þ hold, then

1. Under ðJ1Þ-ðJ3Þ and ðJ5Þ, the problem (38) has at least one solution x 2 X.
2. Under ðJ1Þ-ðJ3Þ, ðJ5Þ and ðh4Þ, the problem (38) has a unique solution.
3. Under ðJ1Þ-ðJ3Þ, ðJ5Þ and ðh5Þ, the problem (38) has a unique solution x ¼ xf which depends Lipschitz

continuously on f with the Lipschitz constant ðm� a� bÞ�1
.

Theorem 4.1 has been obtained in [10] (see Theorem II.1.9 in [10, P. 37]) and therefore we do not provide
here the details of the proof. We just specify that it was obtained in several step and it is based on
topological degree theory as well as on convexity, monotonicity, compactness and fixed point arguments.

123

462 A. Hachlaf et al.



5 Existence of a solution to the time discretized problem

This evolution problem can be integrated in time by an implicit scheme. Let t0 ¼ 0\t1\ � � �\tn ¼ T be a

uniform partition of the time interval [0, T] with step size Dt ¼ T
n ( ti ¼ iDt). For any function x we denote

by xi the approximation of x at time ti and by Dxi the backward difference xiþ1 � xi. For a continuous

function xðtÞ, we use the notation xi ¼ xðtiÞ. We consider a sequence of incremental problems ðPVi
nÞ

defined for uð�; 0Þ ¼ u0, uð�; 0Þ ¼ u0 and hð�; 0Þ ¼ h0 as follows
Problem ðPViÞ. Find a displacement field uiþ1 2 K, an electric potential field uiþ1 2 W and a tem-

perature field hiþ1 2 Q such that

ðFeðuiþÞ; eðv� uiþÞÞH þ ðE�ruiþ; eðv� uiþÞÞH � ðMhiþ; eðv� uiþÞÞH
þ jððuiþ1;uiþ1; hiþ1Þ; v� uiÞ � jððuiþ1;uiþ1; hiþ1Þ; uiþ1 � uiÞ

ð40Þ

> ðf iþ1; v� uiþ1ÞV ; 8 v 2 K;

ðbruiþ1;rnÞH � ðEeðuiþ1Þ;rnÞH � ðPhiþ1;rnÞH þ ‘ððuiþ1;uiþ1Þ; nÞ
¼ ðqiþ1

e ; nÞW ;8 n 2 W ;

ð41Þ

ðhiþ1; gÞL2ðXÞ þ DtðKrhiþ1;rgÞH þ ðMeðuiþ1Þ; gÞL2ðXÞ

� ðPruiþ1; gÞL2ðXÞ � Dtvððuiþ1;uiþ1; hiþ1Þ; uiþ1 � ui

Dt
; gÞ

þ Dt xððuiþ1; hiþ1Þ; gÞ ¼ Dt ðHiþ1; gÞL2ðXÞ þ ðh
i; gÞL2ðXÞ

þ ðMeðuiÞ; gÞL2ðXÞ � ðPrui; gÞL2ðXÞ; 8 g 2 Q:

ð42Þ

For every z1 2 L2ðCCÞ, z2 2 L2ðCCÞ and z3 2 L2ðCCÞ, we define the functions

vz1
ðgÞ ¼

Z

CC

z1g da;xz2
ðgÞ ¼

Z

CC

z2g da; 8 g 2 Q;

‘z3
ðnÞ ¼

Z

CC

z3 n da; 8 n 2 W :

ð43Þ

Let z ¼ ðz1; z2; z3Þ supposed to be known, we construct the following problem.
Problem ðPVi

zÞ. Find a displacement field uiþ1
z 2 K, an electric potential field uiþ1

z 2 W and a tem-

perature field hiþ1
z 2 Q such that

ðFeðuiþ
z Þ; eðv� uiþ

z ÞÞH þ ðE�ruiþ
z ; eðv� uiþ

z ÞÞH � ðMhiþ
z ; eðv� uiþ

z ÞÞH
þ jððuiþ1

z ;uiþ1
z ; hiþ1

z Þ; v� uiÞ � jððuiþ1
z ;uiþ1

z ; hiþ1
z Þ; uiþ1

z � uiÞ
ð44Þ

> ðf iþ1; v� uiþ1
z ÞV ;8 v 2 K;

ðbruiþ1
z ;rnÞH � ðEeðuiþ1

z Þ;rnÞH � ðPhiþ1
z ;rnÞH þ ‘z3

ðnÞ
¼ ðqiþ1

e ; nÞW ;8 n 2 W ;

ð45Þ

ðhiþ1
z ; gÞL2ðXÞ þ Dt ðKrhiþ1

z ;rgÞH þ ðMeðuiþ1
z Þ; gÞL2ðXÞ

� ðPruiþ1
z ; gÞL2ðXÞ þ Dt xz2

ðgÞ � Dt vz1
ðgÞ ¼ Dt ðHiþ1; gÞL2ðXÞ

þ ðhi; gÞL2ðXÞ þ ðMeðuiÞ; gÞL2ðXÞ � ðPrui; gÞL2ðXÞ; 8 g 2 Q:

ð46Þ

Let us introduce the element Hiþ1
z of Q, defined by

ðHiþ1
z ; gÞQ ¼ðDt Hiþ1; gÞL2ðXÞ þ ðh

i; gÞL2ðXÞ þ ðMeðuiÞ; gÞL2ðXÞ

� ðPrui; gÞL2ðXÞ þ Dt vz1
ðgÞ � Dt xz2

ðgÞ; 8 g 2 Q:

Let X ¼ V �W � Q, Y ¼ L2ðCCÞd � L2ðCCÞ2 endowed with the inner products
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ðx; yÞX ¼ ðu; vÞV þ ðu; nÞW þ ðh; gÞQ; ð47Þ

ðz; z0ÞY ¼ ðz1; z
0
1ÞL2ðCCÞd þ ðz2; z

0
2ÞL2ðCCÞ þ ðz3; z

0
3ÞL2ðCCÞ; ð48Þ

and their associated Euclidean norms k � kX and k � kY . We consider a non-empty closed convex subset
U ¼ K �W � Q of X. Next, we define the operators A : X ! X and B : X ! X given, for all
x ¼ ðu;u; hÞ; y ¼ ðv; n; gÞ 2 X, by

ðAx; yÞX ¼ðF eðuÞ; eðvÞÞH þ ðDtKrh;rgÞH þ ðbru;rnÞH
þ ðE� ru; eðvÞÞH � ðEeðuÞ;rnÞH ;

ð49Þ

ðBx; yÞX ¼ � ðP h;rnÞH � ðP ru; gÞL2ðXÞ þ ðh; gÞL2ðXÞ

� ðM h; eðvÞÞH þ ðM eðuÞ; gÞL2ðXÞ:
ð50Þ

We also define the functional J : X � X ! R and the element f iþ1
z 2 X by

Jðx; yÞ ¼ jððu;u; hÞ; vÞ;8 x ¼ ðu;u; hÞ; y ¼ ðv; n; gÞ 2 X; ð51Þ

f iþ1
z ¼ ðf iþ1; qiþ1

e � ‘z3
ðnÞ;Hiþ1

z Þ: ð52Þ

Under all these considerations, we have the following lemma.

Lemma 5.1 The problem ðPVi
zÞ is equivalent to the following problem

Find xiþ1
z ¼ ðuiþ1

z ; uiþ1
z ; hiþ1

z Þ 2 U such that

ðAxiþ1
z ; y� xiþ1

z ÞX þ ðBxiþ1
z ; y� xiþ1

z ÞX þ Jðxiþ1
z ; y� xiÞ

�Jðxiþ1
z ; xiþ1

z � xiÞ > ðf iþ1
z ; y� xiþ1

z ÞX; 8 y 2 U:

8
><

>:
ð53Þ

Proof It can be done by the same techniques as in [6]. h

Using this lemma, we obtain the following existence and uniqueness result.

Lemma 5.2 For every z of L2ðCCÞ3, the problem ðPVi
zÞ has a unique solution

xiþ1
z ¼ ðuiþ1

z ;uiþ1
z ; hiþ1

z Þ 2 U ¼ K �W � Q:

The proof of this lemma is based on Theorem 4.1, and in order to apply the abstract result provided by this
theorem, we recall that ðH12Þ implies that m�MP[ 0. Therefore, for �l sufficiently small, we can get that

ðIÞ : �lLHcR maxðc0; c1; c2Þ þMP\m:

Now, we start by investigating the proprieties of the operators A and B, and the functional J given in (49)-
(51).

Lemma 5.3 The operator A : X ! X is strongly monotone and Lipschitz continuous.

Proof We consider two elements x1 and x2 of X. Recalling (25) and (47), we use the assumptions ðH1Þ and
ðH3Þ, the definition (49) to find that there exists constants m [ 0 and M [ 0 such that

ðAx1 � Ax2; x1 � x2ÞX > m kx1 � x2k2
X; ð54Þ

kAx1 � Ax2kX 6 M kx1 � x2kX: ð55Þ

Therefore, Lemma 5.3 is established. h

We recall that the functional J satisfies the condition ðh6Þ. Moreover, we have

Lemma 5.4 The functional J satisfies the assumptions ðJ1Þ; ðJ2Þ and ðJ3Þ.
Proof Let x ¼ ðu;u; hÞ; g ¼ ðv; n;xÞ 2 X and k 2 �0; 1�. It follows from the definition (29) and (51) of
functionals j and J that
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1

k

	
jðg; x� kxÞ � jðg; xÞ



¼ 1

k

�Z

CC

l Hð:; jRrmðv; n;xÞjÞ ðkus � kusk � kuskÞ da

�

¼ �
Z

CC

l Hð:; jRrmðv; n;xÞjÞ kusk da:

Using the definition (39), we deduce that for all x ¼ ðu;u; hÞ and g ¼ ðv; n;xÞ of X, we have

j
0

2ðg; x;�xÞ 6 �
Z

CC

l Hð:; jRrmðv; n;xÞjÞ kusk da: ð56Þ

Next, if fxng ¼ fðun;un; hnÞg � X and ftng � �0; 1� are two sequences such that kxnk ! 1. Then, for all
n 2 N, we have

j
0

2ðtnxn; xn;�xnÞ 6 �
Z

CC

l Hð:; jRrmðtnun; tnun; tnhnÞjÞ kusk da:

Since G > 0 a.e. on CC, we get j
0
2ðtnxn; xn;�xnÞ 6 0, then ðJ1Þ follows.

Now, we will prove that J satisfies ðJ2Þ. For that, consider fxng and fgng be two sequences of X such that

kgnkX 6 C;8 n 2 N; and kxnk ! 1; ð57Þ

where C is a positive constant. From (56) and ðH6ÞðcÞ, we can see that

j
0

2ðgn; xn;�xnÞ 6 �l MH

Z

CC

kunsk da;

6 �l MH measðCCÞ
1
2 kunskL2ðCCÞ;8 n 2 N:

Taking into account the two inequalities (20) and (57), we find

j
0

2ðgn; xn;�xnÞ 6 �l MHc0 measðCCÞ
1
2 kxnkX; ð58Þ

which implies that functional J satisfies the condition ðJ2Þ. Finally, we consider two sequences fxng ¼
fðun;un; hnÞg and fgng ¼ fðvn; nn;xnÞg of X such that

xn * x ¼ ðu;u; hÞ 2 X ; gn * g ¼ ðv; n;xÞ 2 X:

Recalling the compactness property of the trace map, we obtain

uns ! us in L2ðCCÞ; kunsk ! kusk:

Moreover, from the compactness of R and the continuity of H, we get

Hð:; jRrmðun;un; hnÞjÞ ! Hð:; jRrmðu;u; hÞjÞinL2ðCCÞ:

Therefore, we use the definition of J to conclude that

Jðgn; yÞ ! Jðg; yÞ;8y 2 Xand Jðgn; xnÞ ! Jðg; xÞ:

Then, the conditions ðJ3Þ is obtained. h

Lemma 5.5 If assumption ðH6Þ hold, then the functional J satisfies

Jðx; yÞ � Jðx; xÞ þ Jðy; xÞ � Jðy; yÞ 6 a kx� yk2
X;8 x; y 2 X: ð59Þ

Proof Let x ¼ ðu;u; hÞ; y ¼ ðv; n;xÞ 2 X, by using (29) and (51), we get

123

Variational analysis of unilateral contact problem… 465



Jðx; yÞ � Jðx; xÞ þ Jðy; xÞ � Jðy; yÞ

¼
Z

CC

l Hð:; jRrmðu;u; hÞjÞðkvsk � kuskÞ da

þ
Z

CC

l Hð:; jRrmðv; n; gÞjÞðkusk � kvskÞ da

¼
Z

CC

l
	
Hð:; jRrmðv; n; gÞjÞ � Hð:; jRrmðu;u; hÞjÞ



ðkusk � kvskÞ da:

Hence, it follows from the proprieties of the functions l, H and R that

Jðx; yÞ � Jðx; xÞ þ Jðy; xÞ � Jðy; yÞ 6 �lLHcR kx� yk2
Y : ð60Þ

Therefore, there exists a constant a ¼ �lLHcR maxðc0; c1; c2Þ[ 0 such that

Jðx; yÞ � Jðx; xÞ þ Jðy; xÞ � Jðy; yÞ 6 a kx� yk2
X:

Thus, Lemma 5.5 is proved. h

Lemma 5.6 The operator B : X ! X satisfies conditions ðh2Þ; ðh3Þ and ðh5Þ.
Proof Using the assumptions on the operator P (see ðH2Þ), we obtain

ðPh;ruÞH þ ðPru; hÞL2ðXÞ 6 2 MPkrukHkhkL2ðXÞ 6 2 MPkukWkhkQ 6 MP kxk2
X:

Since ðMh; eðuÞÞH ¼ ðMeðuÞ; hÞL2ðXÞ and ðh; hÞL2ðXÞ > 0, we use (50) to get

ðBx; xÞX > �C kxk2
X;8 x 2 X; ð61Þ

where C ¼ MP , and then ðh2Þ is satisfied. Next, let us consider the sequence xn ¼ ðun;un; hnÞ of X such that
xn * x ¼ ðu;u; hÞ 2 X. It follows from (47) and (50) that there exists a constant c6 > 0 such that

ðBxn � Bx; yÞX
¼ �ðPhn � Ph;rnÞH � ðPrun � Pru; gÞL2ðXÞ þ ðhn � h; gÞL2ðXÞ

� ðMhn �Mh; eðvÞÞH þ ðMeðunÞ �MeðuÞ; gÞL2ðXÞ

6 c6 kxn � xkX kykX;8 y ¼ ðv; n; gÞ 2 X:

Taking y ¼ Bxn � Bx in the previous inequality, we find

kBxn � BxkX 6 c6 kxn � xkX: ð62Þ

Moreover, it follows from (53), where xiþ1
z 2 X is still denoted x 2 X, that

ðAxn � Ax; xn � xÞX þ ðBxn � Bx; xn � xÞX 6 Jðx; xnÞ � Jðx; xÞ þ Jðxn; xÞ � Jðxn; xnÞ:

Applying the inequalities (54), (60) and (61), we obtain

ðm� CÞ kxn � xk2
X 6 �l LHcR kxn � xk2

Y :

Recall that the inequality ðIÞ can be rewritten in the form aþ C\m, then

kxn � xkX 6

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�lLHcR

a

r

kxn � xkY 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

maxðc0; c1; c2Þ

s

kxn � xkY : ð63Þ

By combining the two inequalities (62) and (63), we deduce

kBxn � BxkX 6 c6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

maxðc0; c1; c2Þ

s

kxn � xkY : ð64Þ

Since the trace c : X ! Y is a compact operator, the weak convergence xn * x leads to the strong
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convergence xn ! x in Y, and thus Bxn ! Bx in X strongly for a subsequence. Then, the condition ðh3Þ is
prove. Finally, for all x1 ¼ ðu1;u1; h1Þ and x2 ¼ ðu2;u2; h2Þ of X, it follows from (5.11) that

ðBx1 � Bx2; x2 � x1ÞX ¼ 2 ðPh1 � Ph2;ru1 �ru2ÞH 6 b kx1 � x2k2
X;

where b ¼ C [ 0. Since aþ C\m, we have 0 6 b\m� a, and therefore, condition ðh5Þ is satisfied. h

Lastly, we use Lemmas 5.1 - 5.6 and Theorem 4.1 to conclude that ðPVi
zÞ has a unique solution. Moreover,

it is easy to show that this solution depends Lipschitz continuously on ziþ1 2 L2ðCCÞ3.
In the next step, we consider the operator K : L2ðCCÞ3 ! L2ðCCÞ3 defined for all

z ¼ ðz1; z2; z3Þ 2 L2ðCCÞ3, as follows.

Kz ¼ ½l Hð�; jRrmðuiþ1
z1
;uiþ1

z1
; hiþ1

z1
ÞjÞFð�; 1

Dt
kuiþ1

z1s � uikÞ ;

wðuz2m � gÞ/Lðuiþ1
z2
� uFÞ ; kcðuz3m � gÞ/Lðhiþ1

z3
� hFÞ�:

First, let us control the quantity I ¼
�
�Kz� Kz0

�
�

L2ðCCÞ3 , we have

I 6
�
�
�l Fð�; 1

Dt
kuiþ1

z1s � uikÞ
h
Hð�; jRrmðuiþ1

z1
;uiþ1

z1
; hiþ1

z1
ÞjÞ

� Hð�; jRrmðuiþ1
z0

1
;uiþ1

z0
1
; hiþ1

z0
1
ÞjÞ
i�
�
�

L2ðCCÞ

þ
�
�
�lH

�
�; jRrmðuiþ1

z0
1
;uiþ1

z0
1
; hiþ1

z0
1
Þj
�h

Fð�; 1

Dt
kuiþ1

z1s � uikÞ

� Fð�; 1

Dt
kuiþ1

z0
1
s � uikÞ

i�
�
�

L2ðCCÞ

þ
�
�
	
wðuiþ1

z2m � gÞ � wðuiþ1
z0

2
m � gÞ



/Lðuiþ1

z2
� uFÞ

�
�

L2ðCCÞ

þ
�
�wðuiþ1

z0
2
m � gÞ

	
/Lðuiþ1

z2
� uFÞ � /Lðuiþ1

z0
2
� uFÞ


�
�

L2ðCCÞ

þ
�
�
	
kcðuiþ1

z3m � gÞ � kcðuiþ1
z0

3
m � gÞ



/Lðhiþ1

z3
� hFÞ

�
�

L2ðCCÞ

þ
�
�kcðuiþ1

z0
3
m � gÞ

	
/Lðhiþ1

z3
� hFÞ � /Lðhiþ1

z0
3
� hFÞ


�
�

L2ðCCÞ:

Using assumptions ðH4Þ-ðH10Þ and the Lipschitz-continuously dependence of the solution xiþ1
z on ziþ1, we

get that there exists a constant c7 [ 0 such that
�
�Kz� Kz0

�
�

L2ðCCÞ3 6 c7 �l
�
�z1 � z01

�
�

L2ðCCÞ þ ðLwLþMwÞ
�
�z2 � z02

�
�

L2ðCCÞ

þ ðLkc
LþMkc

Þ
�
�z3 � z03

�
�

L2ðCCÞ

6 c7 ð�lþ LwLþMw þ Lkc
LþMkc

Þ
�
�z� z0

�
�

L2ðCCÞ3 :

Let l� ¼ 1

c7

, hence if �lþ LwLþMw þ Lkc
LþMkc

6 l�, we deduce that K is a contraction operator, and

hence the Banach fixed point theorem implies that K has a unique fixed point z� (Kz� ¼ z�). Therefore,

xiþ1
z� ¼ ðuiþ1

z� ;u
iþ1
z� ; h

iþ1
z� Þ 2 X is the unique solution of the problem ðPViÞ. h

6 Asymptotic analysis

For all i ¼ 0; � � � ; n� 1, let xiþ1 ¼ ðuiþ1;uiþ1; hiþ1Þ be the unique solution of ðPViÞ. In order to study the

convergence of fxiþ1g06i6n�1 when n! þ1, we introduce the following continuous functions defined on

½ti; tiþ1� by

unðtÞ ¼ ui þ t � ti
Dt

Dui;unðtÞ ¼ ui þ t � ti
Dt

Dui; hnðtÞ ¼ hi þ t � ti

Dt
Dhi: ð65Þ

We also introduce the following piecewise constant functions given by
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�unðtÞ ¼ uiþ1; �unðtÞ ¼ uiþ1; �hnðtÞ ¼ hiþ1; �gnðtÞ ¼ giþ1; 8 t 2 ðti; tiþ1�; ð66Þ

where the function g : ½0; T � ! X is defined as follows

g ¼ ðf ; qe; ~HÞ ¼ ðf ; qe;Dt HÞ 2 Cð½0; T �;XÞ: ð67Þ

Lemma 6.1 There exists two positive constants a1 and a2 such that

kxiþ1kX 6 a1

Xiþ1

j¼0

kgjkX þ a2: ð68Þ

Proof Keeping in mind (49)-(51), it follows from (40)-(42) that

ðAxiþ1; y� xiþ1ÞX þ ðBxiþ1; y� xiþ1ÞX þ Jðxiþ1; y� xiÞ

� Jðxiþ1; xiþ1 � xiÞ � Dt ~vðxiþ1; y� xiþ1Þ

þ Dt ~xðxiþ1; y� xiþ1Þ þ ~‘ðxiþ1; y� xiþ1Þ

6 ðgiþ1; y� xiþ1ÞX þ ðh
i; g� hiþ1ÞL2ðXÞ þ ðMeðuiÞ; g� hiþ1ÞL2ðXÞ

� ðPrui; g� hiþ1ÞL2ðXÞ; 8 y ¼ ðv; n; gÞ 2 X;

ð69Þ

where the functionals ~v, ~x, ~‘ : X � X ! R are given by

~vðxiþ1; y� xiþ1Þ ¼ vððuiþ1;uiþ1; hiþ1Þ; uiþ1 � ui

Dt
; g� hiþ1Þ;

~xðxiþ1; y� xiþ1Þ ¼ xððuiþ1; hiþ1Þ; g� hiþ1Þ;
~‘ðxiþ1; y� xiþ1Þ ¼ ‘ððuiþ1;uiþ1Þ; n� uiþ1Þ:

Taking y ¼ 0 in the inequality (69), we find

ðAxiþ1; xiþ1ÞX þ ðBxiþ1; xiþ1ÞX
6 ðgiþ1; xiþ1ÞX þ Jðxiþ1; xiÞ � Jðxiþ1; xiþ1 � xiÞ

þ Dt ~vðxiþ1; xiþ1Þ þ ~xðxiþ1; xiþ1Þ þ ~‘ðxiþ1; xiþ1Þ

þ ðhi; hiþ1ÞL2ðXÞ þ ðMeðuiÞ; hiþ1ÞL2ðXÞ � ðPrui; hiþ1ÞL2ðXÞ:

ð70Þ

Next, we use (20), (29) and (51), and the assumption ðH6ÞðcÞ to get

Jðxiþ1; xiÞ � Jðxiþ1; xiþ1 � xiÞ 6
Z

CC

l Hð:; jRrmðuiþ1;uiþ1; hiþ1ÞjÞ kuiþ1
s k da

6 c0 �l MH ðmeasðCCÞÞ1=2 kxiþ1kX:

ð71Þ

Moreover, we can also easily verify that

Dt ~vðxiþ1; xiþ1Þ 6 Dt c2 �lMHMF ðmeasðCCÞÞ1=2 kxiþ1kX; ð72Þ

Dt ~xðxiþ1; xiþ1Þ 6 Dt c2MwLðmeasðCCÞÞ
1
2 kxiþ1kX; ð73Þ

~‘ðxiþ1; xiþ1Þ 6 c1Mkc
L ðmeasðCCÞÞ

1
2 kxiþ1kX: ð74Þ

Then, we combine (70)-(74), (54) and (61) to conclude that

a kxiþ1kX 6 kgiþ1kX þ
ffiffiffi
3
p

maxð1;P�;M�ÞkxikX

þ c0 �lMHðmeasðCCÞÞ
1
2 þ Dt c2 �lMHMFðmeasðCCÞÞ

1
2

þ c2Dt MwLðmeasðCCÞÞ
1
2 þ c1Mkc

LðmeasðCCÞÞ
1
2:
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Recalling that condition ðH11Þ implies the boundedness of x0, we get (68). h

Lemma 6.2 For a sufficiently small friction bound �l and time size Dt, there exists a constant a3 [ 0 such
that

kDxikX 6 a3

Xi

j¼0

kDgjkX: ð75Þ

Proof We write (69) at time tiþ1 for y ¼ xi, and at time ti for y ¼ xiþ1. Then, we combine the two resulting
inequalities to get

ðAxiþ1 � Axi; xiþ1 � xiÞX þ ðBxiþ1 � Bxi; xiþ1 � xiÞX
6 ðgiþ1 � gi; xiþ1 � xiÞX þ Jðxi;Dxi þ Dxi�1Þ � Jðxi;Dxi�1Þ

� Jðxiþ1;DxiÞ þ Dt~vðxiþ1;DxiÞ � Dt~vðxi;DxiÞ þ Dt ~xðxiþ1;DxiÞ

� Dt ~xðxi;DxiÞ þ ~‘ðxiþ1;DxiÞ � ~‘ðxi;DxiÞ þ ðDhi�1;DhiÞL2ðXÞ

þ ðMeðuiÞ �Meðui�1Þ;DhiÞL2ðXÞ � ðPrui � Prui�1;DhiÞL2ðXÞ:

ð76Þ

Applying the proprieties of J and the following reverse triangle inequality
�
�juiþ1

s � ui�1
s j � jui

s � ui�1
s j
�
� 6 juiþ1

s � ui
sj;

we deduce

Jðxi;Dxi þ Dxi�1Þ � Jðxi;Dxi�1Þ

¼ jððui;ui; hiÞ;Dui þ Dui�1Þ � jððui;ui; hiÞ;Dui�1Þ

6 jððui;ui; hiÞ;DuiÞ ¼ Jðxi;DxiÞ;

Jðxi;DxiÞ � Jðxiþ1;DxiÞ

¼ jððui;ui; hiÞ;DuiÞ � jððuiþ1;uiþ1; hiþ1Þ;DuiÞ

6 c0 �lLHcR maxðc0; c1; c2Þ kDxik2
X:

ð77Þ

On another hand, we have

Dt~vðxiþ1;DxiÞ � Dt~vðxi;DxiÞ

6 c2 �lcR MFLH maxðc0; c1; c2ÞDtkDxik2
X

þ c0c2 �l MHLF kDxik2
X þ c0c2 �l MHLF kDxikXkDxi�1kX;

ð78Þ

~xðxiþ1;DxiÞ � ~xðxi;DxiÞ 6 ðLkc
L c0c2 þMkc

c2
2Þ kDxik2

X; ð79Þ
~‘ðxiþ1;DxiÞ � ~‘ðxi;DxiÞ 6 ðLwL c0c1 þMwc2

1Þ kDxik2
X : ð80Þ

Then, we use the inequalities (76)-(80) to obtain
	�

m� C � ðLwLc0c1 þMwc2
1Þ
�
� �lDtMFLHcRc2 maxðc0; c1; c2Þ

� �lLHcRc0 maxðc0; c1; c2Þ � �lMHLFc0c2 � Dt
�
Lkc

L c0c2 þMkc
c2

2

�i
kDxikX

6 kDgikX þ
�

�lMHLFc0c2 þ
ffiffiffi
3
p

c2 maxð1;MP ;MMÞ
�
kDxi�1kX:

Keeping in mind the condition ðH12Þ, we get that m� C � ðLwLc0c1 þMwc2
1Þ[ 0, and thus, for the fiction

bound �l and time size Dt ¼ T
n sufficiently small, we get that
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#i ¼ ðm� C � ðLwLc0c1 þMwc2
1ÞÞ � �lDt MFLHcRc2 maxðc0; c1; c2Þ

� �lLHcRc0 maxðc0; c1; c2Þ � �lMHLFc0c2 � DtðLkc
L c0c2 þMkc

c2
2Þ[ 0:

Combining with the boundedness of the initial conditions, we obtain (75). h

Proposition 6.3 From the sequences ðunÞ, ðunÞ and ðhnÞ, we can extract subsequences, still denoted ðunÞ,
ðunÞ and ðhnÞ such that

un ! u weak � in L1ð0;T ; VÞ;
un ! u weak � in L1ð0;T ; WÞ;

ð81Þ

hn ! h weak � in L1ð0;T ; QÞ;
_un ! _u weak � in L1ð0;T ; VÞ;
_un ! _u weak � in L1ð0;T ; WÞ;
_hn ! _h weak � in L1ð0;T ; QÞ:

ð82Þ

Proof Recalling (66), assumption ðH8Þ implies g 2 W1;1ð0; T ; XÞ, and thus

kgikX 6 kgkL1ð0;T;XÞ;
�
�Dgi

Dt

�
�

X
6 k _gkL1ð0;T ;XÞ: ð83Þ

We consider xn ¼ xi þ t � ti
Dt

Dxi, it follows from the lemmas 6.1 and 6.2 that there exists constant d [ 0
such that

kxnkW1;1ð0;T ;XÞ 6 d: ð84Þ

Next, we use (47), to deduce the following boundedness conditions

kunkW1;1ð0;T ;VÞ 6 d ; kunkW1;1ð0;T ;WÞ 6 d ; khnkW1;1ð0;T;QÞ 6 d: ð85Þ

The sequences ðunÞ, ðunÞ and ðhnÞ are then uniformly bounded, respectively in W1;1ð0; T ; VÞ,
W1;1ð0; T ; WÞ and W1;1ð0;T ; QÞ. Hence, we can extract from it subsequences, still denoted ðunÞ, ðunÞ and
ðhnÞ, such that (81) and (82), and hence the proposition 6.3 is proved. h

Proposition 6.4 There exists subsequences of ð�unÞ, ð �unÞ and ð�hnÞ, still denoted ð�unÞ, ð �unÞ and ð�hnÞ, such
that for almost every t 2 ½0;T �, we have

�unðtÞ ! uðtÞ weak in V ; �unðtÞ ! uðtÞ weak in W ;

�hnðtÞ ! hðtÞ weak in Q:
ð86Þ

Proof It follows from (83) that ð�unÞ is uniformly bounded in L1ð0;T ; VÞ. Then, ð�unÞ converges weak � for
subsequence in L1ð0;T ; VÞ. In plus, we have

kunðtÞ � �unðtÞkV 6
T

n
k _unðtÞkV ;8 t 2 ½0;T �:

The previous inequality combined with (85) leads to

kunðtÞ � �unðtÞkL1ð0;T ;VÞ 6 d
T

n
: ð87Þ

Keeping in mind (81), we deduce that

ð�unÞ ! u weak � for subsequence in L1ð0; T ; VÞ: ð88Þ

On another hand, (81), (82) and W1;1ð0; T; VÞ � Cð0;T ; VÞ imply that

unðtÞ ! uðtÞ weak in V for a.e t 2 ½0;T �: ð89Þ

Thus, it follows from (87)-(89) that for a.e. t 2 ½0;T �, �unðtÞ ! uðtÞ weak in V for a subsequence. Finally, by
using the same method, we can finish the proof. h
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Remark Let �f nðtÞ ¼ f iþ1, �qe
nðtÞ ¼ qiþ1

e and �HnðtÞ ¼ Hiþ1 on ½ti; tiþ1�. Then, under assumption ðH8Þ, we

have f 2 W1;1ð0; T ; VÞ, qe 2 W1;1ð0; T ; WÞ and H 2 W1;1ð0;T ; QÞ. Moreover the following convergence
results hold

�f n ! f strongly in L2ð0; T; VÞ ; �qe
n ! qe strongly in L2ð0;T ; WÞ;

�Hn ! H strongly in L2ð0; T ; QÞ:
ð90Þ

Proposition 6.5 The triplet ðu;u; hÞ 2 V �W � Q is solution of the problem (PV).

Proof If we substitute v by ui þ v Dt in (40) and divide the resulting inequality by Dt and if we divide (40)

by Dt, the problem ðPViÞ will be written for all v 2 L2ð0; T ; VÞ, n 2 L2ð0;T ; WÞ and g 2 L2ð0;T ; QÞ as
follows

ðF eðunðtÞÞ; eðvðtÞÞ � eð d
dt

unðtÞÞÞH þ ðE� runðtÞ; eðvðtÞÞ � eð d
dt

unðtÞÞÞH

� ðM �hnðtÞ; eðvðtÞÞ � eðd
dt

unðtÞÞÞH þ jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; vðtÞÞ

� jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞÞ

> ð �f nðtÞ; vðtÞ � d

dt
unðtÞÞV þ hrmð�unðtÞ; �unðtÞ; �hnðtÞÞ; vmðtÞ � _un

mðtÞi

ðbr �unðtÞ;rnðtÞÞH � ðEeð�unðtÞÞ;rnðtÞÞH � ðP �hnðtÞ;rnðtÞÞH
þ ‘ðð�unðtÞ; �unðtÞÞ; nðtÞ ¼ ð �qe

nðtÞ; nðtÞÞW

ðd
dt

hnðtÞ; gðtÞÞL2ðXÞ þ ðKr�hnðtÞ;rgðtÞÞH þ ðM eðd
dt

unðtÞÞ; gðtÞÞL2ðXÞ

� ðP r d

dt
unðtÞ; gðtÞÞL2ðXÞ � vðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞ; gðtÞÞ

þ xðð�unðtÞ; �hnðtÞÞ; gðtÞÞ ¼ ð �HnðtÞ; gðtÞÞL2ðXÞ:

Integrating the two sides of the previous inequalities on [0, T], we obtain
Z T

0

�
FeðunðtÞÞ; eðvðtÞÞ � eð d

dt
unðtÞÞ

�

H
dtþ

Z T �
E�runðtÞ; eðvðtÞÞ � eð d

dt
unðtÞÞ

�

H
dt

�
Z T

0

�
M�hnðtÞ; eðvðtÞÞ � eðd

dt
unðtÞÞ

�

H
dt

þ
Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; vðtÞÞ dt �
Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞÞ dt

>

Z T

0

ð �f nðtÞ; vðtÞ � d

dt
unðtÞÞV dt þ

Z T

0

ðbr �unðtÞ;rnðtÞÞH dt

þ
Z T

0

hrmð�unðtÞ; �unðtÞ; �hnðtÞÞ; vmðtÞ � _un
mðtÞi dt �

Z T

0

ðEeð�unðtÞÞ;rnðtÞÞH dt

�
Z T

0

ðP�hnðtÞ;rnðtÞÞH dt þ
Z T

0

‘ðð�unðtÞ; �unðtÞÞ; nðtÞ dt

¼
Z T

0

ð �qe
nðtÞ; nÞW dt:

Z T

0

ðd
dt

hnðtÞ; gðtÞÞL2ðXÞ dt þ
Z T

0

ðKr�hnðtÞ;rgðtÞÞH dt

þ
Z T

0

ðM eðd
dt

unðtÞÞ; gðtÞÞL2ðXÞ dt �
Z T

0

ðP r d

dt
unðtÞ; gðtÞÞL2ðXÞ dt

�
Z T

0

vðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞ; gðtÞÞ dt þ

Z T

0

xðð�unðtÞ; �hnðtÞÞ; gðtÞÞ dt

¼
Z T

0

ð �HnðtÞ; gðtÞÞL2ðXÞ dt:

Adding the previous inequalities, we obtain
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Z T

0

ðF eðunðtÞÞ; eðvðtÞÞ � eð d
dt

unðtÞÞÞHdtþ
Z T

ðbrunðtÞ;rnðtÞÞHdt

þ
Z T

0

ðKr�hnðtÞ;rgðtÞÞHdt þ
Z T

0

xðð�unðtÞ; �hnðtÞÞ; gðtÞÞ dt

þ
Z T

0

ðd
dt

hnðtÞ; gðtÞÞL2ðXÞdt þ
Z T

0

ðE�r �unðtÞ; eðvðtÞÞ � eðd
dt

unðtÞÞÞH dt

�
Z T

0

ðEeð�unðtÞÞ;rnðtÞÞHdt �
Z T

0

ðM�hnðtÞ; eðvðtÞÞ � eðd
dt

unðtÞÞÞHdt

�
Z T

0

ðP�hnðtÞ;rnðtÞÞH dt �
Z T

0

ðP r d

dt
unðtÞ; gðtÞÞL2ðXÞdt

þ
Z T

0

ðM eðd
dt

unðtÞÞ; gðtÞÞL2ðXÞdt þ
Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; vðtÞÞdt

�
Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞÞdt þ

Z T

0

‘ðð�unðtÞ; �unðtÞÞ; nðtÞ dt

�
Z T

0

vðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞ; gðtÞÞ dt

> ð �f nðtÞ; vðtÞ � d

dt
unðtÞÞV þ

Z T

0

ð �qe
nðtÞ; nÞW dt

þ
Z T

0

ð �HnðtÞ; gðtÞÞL2ðXÞdt þ
Z T

0

hrmð�unðtÞ; �unðtÞ; �hnðtÞÞ; vmðtÞ � _un
mðtÞidt:

ð91Þ

To complete the proof of Proposition 6.5, we need the following Lemmas. h

Lemma 6.6 For v 2 L2ð0;T ; VÞ, n 2 L2ð0;T ; WÞ and g 2 L2ð0; T; QÞ, we have

lim
n!1

Z T

0

ðF eðunðtÞÞ; eðvðtÞÞÞH dt ¼
Z T

ðF eðuðtÞÞ; eðvðtÞÞÞH dt; ð92Þ

lim
n!1

Z T

0

ðE� r �unðtÞ; eðvðtÞÞ � eð _unðtÞÞÞHdt

¼
Z T

0

ðE�ruðtÞ; eðvðtÞÞ � eð _uðtÞÞÞHdt;

ð93Þ

lim
n!1

Z T

0

ðM �hnðtÞ; eðvðtÞÞ � eð _unðtÞÞÞH dt

¼
Z T

0

ðM hðtÞ; eðvðtÞÞ � eð _uðtÞÞÞH dt;

ð94Þ

lim
n!1

Z T

0

ðbr �unðtÞ;rnðtÞÞH dt ¼
Z T

0

ðbruðtÞ;rnðtÞÞH dt; ð95Þ

lim
n!1

Z T

0

ðEeð�unðtÞÞ;rnðtÞÞH dt ¼
Z T

0

ðEeðuðtÞÞ;rnðtÞÞH dt; ð96Þ

lim
n!1

Z T

0

ðP �hnðtÞ;rnðtÞÞH dt ¼
Z T

0

ðP hðtÞ;rnðtÞÞH dt; ð97Þ

lim
n!1

Z T

0

ðd
dt

hnðtÞ; gðtÞÞL2ðXÞ dt ¼
Z T

0

ð _hðtÞ; gðtÞÞL2ðXÞ dt; ð98Þ
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lim
n!1

Z T

0

ðKr�hnðtÞ;rgðtÞÞH dt ¼
Z T

0

ðKrhðtÞ;rgðtÞÞH dt; ð99Þ

lim
n!1

Z T

0

ðM eðd
dt

unðtÞÞ; gðtÞÞL2ðXÞ dt ¼
Z T

0

ðM eð _uðtÞÞ; gðtÞÞL2ðXÞ dt; ð100Þ

lim
n!1

Z T

0

ðP r d

dt
unðtÞ; gðtÞÞL2ðXÞ dt ¼

Z T

0

ðP r _uðtÞ; gðtÞÞL2ðXÞ dt; ð101Þ

lim
n!1

Z T

0

xðð�unðtÞ; �hnðtÞÞ; gðtÞÞ dt ¼
Z T

0

xððuðtÞ; hðtÞÞ; gðtÞÞ dt; ð102Þ

lim
n!1

Z T

0

‘ðð�unðtÞ; �unðtÞÞ; nðtÞ dt ¼
Z T

0

‘ððuðtÞ;uðtÞÞ; nðtÞ dt; ð103Þ

lim
n!1

Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; vðtÞÞdt

¼
Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; vðtÞÞdt;

ð104Þ

lim
n!1

Z T

0

ð �f nðtÞ; vðtÞ � d

dt
unðtÞÞV dt ¼

Z T

0

ðf ðtÞ; vðtÞ � _uðtÞÞV dt; ð105Þ

lim
n!1

Z T

0

ð �qe
nðtÞ; nÞW dt ¼

Z T

0

ðqeðtÞ; nÞW dt; ð106Þ

lim
n!1

Z T

0

ð �HnðtÞ; gðtÞÞL2ðXÞ dt ¼
Z T

0

ðHðtÞ; gðtÞÞL2ðXÞ dt: ð107Þ

Proof It follows from (81) and (87) that,

�un * u weak inL2ð0; T ;VÞ: ð108Þ

In the same way, we can show that

�un * u weak in L2ð0;T ;WÞ ; �hn * h weak in L2ð0;T ;QÞ: ð109Þ

First, by using (81) and (90), we find that (92)-(103) and (105)-(107) are a direct consequence of (108)-
(109). Next, to prove (104), we recall that

Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; vðtÞÞ � jððuðtÞ;uðtÞ; hðtÞÞ; vðtÞÞ dt

6 �lLGkR
�
rmð�un; �un; �hnÞ � rmðu;u; hÞ

�
kL2ð0;T ;L2ðCCÞÞ kvskL2ð0;T ;L2ðCCÞdÞ:

We combine this inequality with (86) and the properties of operator R to get (104). h

Lemma 6.7 For any v 2 L2ð0; T ; VÞ and g 2 L2ð0; T ; QÞ, we have

lim inf
n!1

Z T

0

ðF eðunðtÞÞ; eð d
dt

unðtÞÞÞH dt >

Z T

ðF eðuðtÞÞ; eðuðtÞÞÞH dt; ð110Þ

lim inf
n!1

Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞÞ dt

>

Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞÞ dt;

ð111Þ
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lim inf
n!1

Z T

0

vðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞ; gðtÞÞ dt

>

Z T

0

vððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞ; gðtÞÞ dt:

ð112Þ

Proof For the proof of (110), we refer to [11] and for (111), we have

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞÞ ¼ jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞÞ

� jððuðtÞ;uðtÞ; hðtÞÞ; d

dt
unðtÞÞ þ jððuðtÞ;uðtÞ; hðtÞÞ; d

dt
unðtÞÞ:

Thus, we find
Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞÞ � jððuðtÞ;uðtÞ; hðtÞÞ; d

dt
unðtÞÞ dt

6 �lLHkR
�
rmð�un; �un; �hnÞ � rmðu;u; hÞ

�
kL2ð0;T ;L2ðCCÞÞk _un

skL2ð0;T;L2ðCCÞdÞ:

The mapping R is compact, then lim
n1

R
�
rmð�un; �un; �hnÞ � rmðu;u; hÞ

�
¼ 0. Thus

lim inf
n!1

Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; d

dt
unðtÞÞ � jððuðtÞ;uðtÞ; hðtÞÞ; d

dt
unðtÞÞdt 6 0:

Then, we conclude that

lim inf
n!1

Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; d

dt
unðtÞÞ dt >

Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞÞ dt:

In the same way, we can prove (112), and finish the proof of Lemma 6.7. h

We come back to the proof of proposition 6.5. Passing to limit in (91), we get
Z T

0

ðFeðuðtÞÞ; eðvðtÞÞ � eðuðtÞÞÞHdtþ
Z T

ðbruðtÞ;rnðtÞÞHdt

þ
Z T

0

ðKrhðtÞ;rgðtÞÞHdt þ
Z T

0

xððuðtÞ; hðtÞÞ; gðtÞÞ dt

þ
Z T

0

ð _hðtÞ; gðtÞÞL2ðXÞ dt þ
Z T

0

ðE�ruðtÞ; eðvðtÞÞ � eð _uðtÞÞÞHdt

�
Z T

0

ðEeðuðtÞÞ;rnðtÞÞHdt �
Z T

0

ðMhðtÞ; eðvðtÞÞ � eð _uðtÞÞÞHdt

þ
Z T

0

ðM eð _uðtÞÞ; gðtÞÞL2ðXÞdt

�
Z T

0

ðP hðtÞ;rnðtÞÞHdt �
Z T

0

ðP r _uðtÞ; gðtÞÞL2ðXÞdt

þ
Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; vðtÞÞ dt �
Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞÞ dt

�
Z T

0

vððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞ; gðtÞÞ dt þ
Z T

0

‘ððuðtÞ;uðtÞÞ; nðtÞ dt

>

Z T

0

ðf ðtÞ; vðtÞ � _uðtÞÞVdt þ
Z T

0

ðqeðtÞ; nðtÞÞW dt

þ
Z T

0

ðHðtÞ; gðtÞÞL2ðXÞdt þ
Z T

0

hrmðuðtÞ;uðtÞ; hðtÞÞ; vmðtÞ � _umðtÞi dt:

ð113Þ

By using the same techniques as in the proof of Lemma 4.1, we find that
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Z T

0

ðFeðuðtÞÞ; eðvðtÞÞ � eðuðtÞÞÞHdtþ
Z T

ðE�ruðtÞ; eðvðtÞÞ � eðuðtÞÞÞHdt

�
Z T

0

ðMhðtÞ; eðvðtÞÞ � eð _uðtÞÞÞHdt þ
Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; vðtÞÞdt

�
Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞÞ dt

>

Z T

0

ðf ðtÞ; vðtÞ � _uðtÞÞV dt þ
Z T

0

hrmðuðtÞ;uðtÞ; hðtÞÞ; vmðtÞ � _umðtÞidt;

Z T

0

ðbruðtÞ;rnðtÞÞH dt �
Z T

0

ðEeðuðtÞÞ;rnðtÞÞHdt

�
Z T

0

ðPhðtÞ;rnðtÞÞH dt þ
Z T

0

‘ððuðtÞ;uðtÞÞ; nðtÞÞ dt

¼
Z T

0

ðqeðtÞ; nðtÞÞW dt;

Z T

0

ð _hðtÞ; gðtÞÞL2ðXÞ dt þ
Z T

0

ðKrhðtÞ;rgðtÞÞH dt

þ
Z T

0

ðM eð _uðtÞÞ; gðtÞÞL2ðXÞ dt �
Z T

0

ðP r _uðtÞ; gðtÞÞL2ðXÞ dt

�
Z T

0

vððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞ; gðtÞÞ dt þ
Z T

0

xððuðtÞ; hðtÞÞ; gðtÞÞ dt

¼
Z T

0

ðHðtÞ; gðtÞÞL2ðXÞ dt:

Setting in the three previous inequalities that

vðtÞ ¼
v for t 2 ðs; sþ kÞ

_uðtÞ elsewhere:

�

; nðtÞ ¼ n ; gðtÞ ¼ g; 8 t 2 ðs; sþ kÞ:

Then, we obtain the following inequalities

1

k

Z sþk

s

ðFeðuðtÞÞ; eðvÞ � eðuðtÞÞÞHdtþ
k

Z sþk

s

ðE�ruðtÞ; eðvÞ � eðuðtÞÞÞHdt

� 1

k

Z sþk

s

ðMhðtÞ; eðvÞ � eð _uðtÞÞÞHdt þ 1

k

Z sþk

s

jððuðtÞ;uðtÞ; hðtÞÞ; vÞdt

� 1

k

Z sþk

s

jððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞÞdt

>
1

k

Z sþk

s

ðf ðtÞ; v� _uðtÞÞVdt þ 1

k

Z sþk

s

hrmðuðtÞ;uðtÞ; hðtÞÞ; vmðtÞ � _umðtÞidt;

1

k

Z sþk

s

ðbruðtÞ;rnÞHdt � 1

k

Z sþk

s

ðEeðuðtÞÞ;rnÞHdt

� 1

k

Z sþk

s

ðPhðtÞ;rnÞHdt þ 1

k

Z sþk

s

‘ððuðtÞ;uðtÞÞ; nðtÞ dt

¼ 1

k

Z sþk

s

ðqeðtÞ; nÞW dt;

and
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1

k

Z sþk

s

ð _hðtÞ; gÞL2ðXÞ dt þ 1

k

Z sþk

s

ðKrhðtÞ;rgÞH dt

þ 1

k

Z sþk

s

ðM eð _uðtÞÞ; gÞL2ðXÞ dt � 1

k

Z sþk

s

ðP r _uðtÞ; gÞL2ðXÞ dt

� 1

k

Z sþk

s

vððuðtÞ;uðtÞ; hðtÞÞ; _uðtÞ; gðtÞÞ dt þ 1

k

Z sþk

s

xððuðtÞ; hðtÞÞ; gðtÞÞ dt

¼ 1

k

Z sþk

s

ðHðtÞ; gÞL2ðXÞ dt:

Passing to the limit with respect to s in the above inequalities, we conclude by using Lebesgue’s theorem
that ðu;u; hÞ satisfies (33), (35) and (36). Moreover, the variational inequatity (40) leads to

ðFeðuiþÞ; eðv� uiþÞÞH þ ðE�ruiþ; eðv� uiþÞÞH � ðM hiþ; eðv� uiþÞÞH
þ jððuiþ1;uiþ1; hiþ1Þ; v� uiþ1Þ > ðf iþ1; v� uiþ1ÞV ; 8v 2 K:

Keeping in mind (66), we integrate the previous inequality to find
Z T

0

ðFeðunðtÞÞ; eðvðtÞ � unðtÞÞÞHdtþ
Z T

ðE�runðtÞ; eðvðtÞ � unðtÞÞÞHdt

�
Z T

0

ðM�hnðtÞ; eðvðtÞ � �unðtÞÞÞHdt

þ
Z T

0

jðð�unðtÞ; �unðtÞ; �hnðtÞÞ; vðtÞ � �unðtÞÞdt

>

Z T

0

ð �f nðtÞ; vðtÞ � �unðtÞÞV dt;

for all v 2 L2ð0;T ; VÞ such that vðtÞ 2 K a.e. t 2 ½0;T �. Passing to limit in this inequality, we conclude that
Z T

0

ðFeðuðtÞÞ; eðvðtÞ � uðtÞÞÞH dtþ
Z T

ðE�ruðtÞ; eðvðtÞ � uðtÞÞÞH dt

�
Z T

0

ðMhðtÞ; eðvðtÞ � uðtÞÞÞH þ
Z T

0

jððuðtÞ;uðtÞ; hðtÞÞ; vðtÞ � uðtÞÞ dt

>

Z T

0

ðf ðtÞ; vðtÞ � uðtÞÞV dt:

Then, we deduce that the triplet ðu;u; hÞ satisfies the following inequality

ðFeðuÞ; eðv� uÞÞH þ ðE�ru; eðv� uÞÞH � ðMh; eðv� uÞÞH þ jððu;u; hÞ v� uÞ > ðf; v� uÞV; ð114Þ

for all v 2 K a.e. t 2 ½0; T �. Then, we apply the Green formula to the inequality (114), as done in [11], to
obtain that the triplet ðu;u; hÞ satisfies (34), and Therefore, ðu;u; hÞ is a solution of the problem (PV).

7 Conclusion

In this paper, we have shown the existence of a solution to the quasi-static unilateral contact problem with a
dry friction law for linear thermo-piezo-elastic materials under a small enough friction coefficient. As well
known the problem of uniqueness of the solution still remains open. Indeed, the uniqueness of a solution is
not expected because of the strong coupling in the constitutive laws and boundary conditions. Moreover,
contrary to problems taking into account viscous effects, passing to the cas limit when the viscosity vanishes
results in a drop in the regularity and smoothness of the solutions, and may also result in the loss of
uniqueness [30]. Technically, if x1 and x2 are solutions of the problem (PV), we have encountered many
difficulties to show that kx1 � x2kW1;1ð0;T;XÞ ¼ 0, even if the friction bound �l and the the time size are small
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enough. Generally speaking, the loss of uniqueness of solutions can be associated with a loss of validity of
the static or quasi-static approximations and the presence of dynamic instabilities [18]. In last, we notice
here that estimating on how small �l has to be to ensure existence of solutions is also an interesting and
difficult open problems [13, 14].

On another hand, it will be seen that adding viscosity to the models leads to a substantial increase in the
regularity or the smoothness of the solutions, and this allows for further analysis [30]. This remark may be
used to study the uniqueness of solution of the proposed model, by adding a very small viscosity term to the
thermo-piezo-elastic constitutive laws. An important continuation of this paper consists in adding viscosity
to the model, in including numerical simulations, and it will be presented in a forthcoming work.

References

1. A. Amassad, K.L. Kuttler, M. Rochdi and M. Shillor, Quasi-static thermoviscoelastic contact problem with slip dependent
friction coefficient, Mathematical and Computer Modeling. 36(7-8)(2002), 839-854.

2. L.-E. Andersson, A quasistatic frictional problem with normal compliance, J. Nonlinear Anal., 16(1991), 407-428.
3. R.C. Batra and J.S. Yang, Saint-Venant’s principle in linear piezoelectricity, J. Elasticity 38(1995), 209-218.
4. H. Benaissa, El-H. Essoufi and R. Fakhar, Analysis of a Signorini problem with nonlocal friction in thermo-piezoelec-

tricity, Glasnik Matematički. 51(2)(2016), 391-411.
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21. S. Migórski, A. Ochal and M. Sofonea, Analysis of a piezoelectric contact problem with subdifferential boundary con-

dition, Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 144A(2014), 1007-1025.
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