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Abstract In the present paper, we derive conditions for real hypersurface of a nearly Kaehler S® endowed
with quarter-symmetric metric connection to be a Hopf hypersurface. By finding its geometric application

using Hopf foliation, we demonstrate that if a real hypersurface of nearly Kaehler S® endowed with quarter-
symmetric metric connection is an {-Ricci soliton then it is an {-Einstein real hypersurface and in further
geometric analysis, we prove that it is congruent to an open segment of a totally-geodesic hypersphere or

equivalently, a tube over an almost complex curve in S
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1 Introduction

Let 7 be an orientable hypersurface of R’, where the orientation is determined by a unit normal vector field
N then it is known that H concede an almost complex structure J, given by JX = A, x X, which further
satisfies d(JX,JY) = d(X,Y), for any X, Y € T,H, x € H. Here x denotes the vector cross product attained
by determining R’ along the imaginary factor of the Cayley numbers O and given by u x v = Im(uv), where
u,v € R” = ImO and d denotes inner product on R’. In particular, if 7 is a 6-dimensional unit sphere s®
then unit normal vector field A/, at x € S® becomes a vector v in R, therefore JX = v x X, X € T,S® and
furthermore, J is a nearly Kaehler structure on S(’, for details see [4].

The geometry of nearly Kaehler S® and of their submanifolds is an intensive research area in global
differential geometry. In [2], Berndt et al. studied the correlation of almost complex curves and the Hopf

hypersurfaces in S°® and proved that the geometry of these curves in S°® is associated to the Hopf hyper-

surfaces of S°®. Vrancken [26] studied special Lagrangian submanifolds of nearly Kaehler S® and classified
that the Lagrangian submanifolds concede a Sasakian structure which is compatible with the induced metric.
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Antic et al. [1] proved that a minimal 4-dimensional CR-submanifold of nearly Kaehler S® holds the
equality case of the Chen’s inequality for J-invariant. Deshmukh and Al-Solamy in [9] derived charac-

terization results for compact Hopf hypersurfaces and for totally geodesic S’ in S°. In the sequel, the real
hypersurfaces in nearly Kaehler S® were examined in [10] and showed that if the characteristic vector field &

of a compact and connected real hypersurface of nearly Kaehler S°® is harmonic and the Ricci curvature in
the direction of ¢ is non-negative then real hypersurface becomes a Hopf hypersurface and therefore

congruent to either a totally geodesic hypersphere or a tube over almost complex curve on S®. For a

Lagrangian submanifold M of nearly Kaehler S®, Sharma et al. [25] established circumstances for a
naturally induced almost contact metric structure on M by a unit vector field, to be Sasakian. Many

interesting papers have been appeared in the literature on submanifolds of a nearly Kaehler S°® (for example
see [8, 11-13, 18, 22]).

On the other hand, Hayden [19] presented the concept of metric connection with torsion for a Rie-
mannian manifold. As a generalization of semi-symmetric connection, Golab defined a quarter-symmetric
connection on a differentiable manifold in [15]. After then different manifolds admitting a quarter-sym-
metric metric connection have been extensively deduced by many geometers [20, 21, 27]. In the light of
above discussion, we study the geometry of real hypersurfaces in nearly Kaehler s® admitting a quarter-

symmetric metric connection. We show if a real hypersurface of a nearly Kaehler s® admitting a quarter-
symmetric metric connection is a {-Ricci soliton then it is an {-Einstein real hypersurface and furthermore it
is congruent to an open segment of a totally-geodesic hypersphere or equivalently, a tube over an almost
complex curve in S°.

As long as, by virtue of simpleness, all over the paper we denote quarter-symmetric metric connection by
QSMC, unless otherwise stated.

2 Preliminaries

Let (J,d) be a nearly Kaehler structure on a nearly Kaehler 6-sphere S°®, where J and d are the almost
complex structure and the almost Hermitian metric on S respectively. Then (86, J,d) is a nearly Kaehler
manifold and satisfies

(Vx)X = 0and d(JX,JY) = d(X,Y),

for X, Y € X(S®) where V denotes the Levi-Civita connection with respect to d and X(S°) denotes the Lie
algebra of smooth vector field on S®. In[12], Ejiri defined a skew-symmetric (1, 2)-tensor field G on s® by
G(X,Y) = (VxJ)Y and this tensor field satisfies
g(x,JY) = -JG(X,Y),
(VxO)(Y,Z2) =d(Y,JZ)X + d(X,Z)JY —d(X,Y)JZ,
for any X,Y,Z € X(S°).
Assume that M be an orientable real hypersurface of nearly Kaehler S®. Let V be the connection on M

induced from the connection V of the nearly Kaehler S® and d be the induced metric tensor on M of d. Next,
the fundamental Gauss and Weingarten formulae are

VxY = VxY + Y(X,Y), VxN = —A\X, (2.1)

for any X,Y € X(M), N € ¥(M)", where Y(X,Y) is a symmetric bilinear form, known as the second
fundamental form and A denotes the shape operator of M. It should be noted that Y(X, Y) = d(AX,Y)N, we
take A X as AX for simplicity. Symbolized by R the curvature tensor of the induced connection V of the
real hypersurface M then fundamental Gauss and Codazzi equations are stated by

R(X,Y)Z =d(Y,Z)X — d(X,Z)Y + d(AY,Z)AX — d(AX,Z)AY,

(VxA)Y = (VyA)X,
for any X,Y,Z € X(M), where (VxA)(Y) = Vx(AY) — A(VxY). The expression for the Ricci tensor Ric
and the scalar curvature S of real hypersurface M can derived as

(2.2)
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Ric(X,Y) = 4d(X,Y) + tr(A)d(AX, Y) — d(AX, AY),

5 =204 () — A, 3)

where ||A||* = tr(A?).

For a unit normal vector field A/ of a real hypersurface of nearly Kaehler S°, a unit vector field
¢ € X(M), known as Hopf vector field, is define by ¢ = —JA with dual 1-form {(X) = d(X, ¢). Then any
vector X € X(M) can be written as JX = ¢X + {(X)N, where ¢X stands for the tangential element of JX.

Using the property J? = —T then it follows that
¢’ =-1+{0 (H=1,
d(¢X, ¢Y) + {X)L(Y) =d(X,Y),

for any X,Y € X(M) and hence (¢, £, {,d) becomes an almost contact metric structure on M, see [3]. For
nearly Kaehler S°®, we know G(X,X) = 0,X € X(M) then it implies that

(Vx¢)X = {(X)AX — d(AX,X)¢,  d(Vx¢ X) =d(PAX, X), (2.4)
and further using J¢ = N, we have
Vxé = ¢pAX — G(X,N). (2.5)
Using the definition of G with Gauss and Weingarten formulae, we state the consequent lemma.
Lemma 2.1. Let M be a real hypersurface of nearly Kaehler S® then
(Vx$)Y = G(X, V)" + {(Y)AX — d(AX, Y)¢, (2:6)
for any X,Y € X(M).

3 Nearly Kaehler s® admitting QSMC

A quarter-symmetric connection [15] D on Riemannian manifold (M,d) is a linear connection whose
torsion tensor 7 meets

T(X,Y) = {(Y)p(X) — {(X)o(Y). (3.1)

Furthermore, if the linear connection D is not a metric connection then it is known as a quarter symmetric
non-metric connection. Since the idea of lightlike submanifolds has interaction with various conclusions on
event horizons of the Kruskal and Kerr black holes, electromagnetic and radiation fields and asymptotically
flat spacetimes therefore Garima et al. [14] recently studied the radical screen transversal lightlike sub-
manifolds of an indefinite Kaehler manifold admitting a quarter-symmetric non-metric connection.

Let V be the Levi-Civita connection on nearly Kaehler S®. If we take

DyY = VxY + {(Y)pX — d($X,Y)E, (3.2)

fo; any X, Y e X(Sﬁ), then on using (3.2) with the law that Visa torsign—less metric connection, that is,
(Vxd)(Y,Z) =0 and T = 0, where T is a torsion tensor of connection V, we obtain

(Dxd)(Y,Z) =0, (3.3)

for X,Y,Z € %(SG) and the torsion tensor T of connection D satisfies (3.1). Thus from (3.1) and (3.3), it is

clear that D (given by (3.2)) becomes a QSMC on nearly Kaehler s®. _
Let M be a real hypersurface of a nearly Kaehler s® admitting a QSMC D. Let D be the induced linear

connection on M from D. Then Gauss and Weingarten formulae are
DyY = DxY + Y(X,Y), DxN = —AX, (3.4)

for any X,Y € X¥(M),N € X(M)", where Y(X, Y) is a symmetric bilinear form of M. On using (3.4) in (3.3),
we attain
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(Dxd)(Y,Z) =0, (35)

for any X, Y,Z € X(M) and the torsion tensor 77 of the induced connection D also satisfies (3.1). Thus from

(3.5), it follows that the induced connection D on the real hypersurface M of the nearly Kaehler s®
admitting a QSMC, is also a QSMC.
Furthermore, using (3.2) for X, Y € X(M) we state the following lemma.

Lemma 3.1. Let M be a real hypersurface of the nearly Kaehler s® admitting QSMC. Then
Dyxé = pAX — G(X,N) + d(AX,E)N + ¢X,

(Dxn)Y = d($pAX, Y) + d($X, Y) — d(¥,G(X,N)). (3.6)

Use (2.1) and (3.4) in (3.2) and then compare the tangential and normal elements, we respectively attain

DyxY = VxY + {(Y)$X — d(¢X, V)¢, Y(X,Y) = Y(X,Y), (3.7)

X,Y € X(M). Then using (2.4), (3.2) and (3.6) with above relations, we have the consequent important
lemma.

Lemma 3.2. Let M be a real hypersurface of the nearly Kaehler s® admitting QSMC. Then

() (Dxd)X = ((OAX — d(AX,X)E + d(AX, pAIN + (X)X — d(X, X)&,

(ii) (Dx¢)X = {(X)AX — d(AX,X)¢ + {(X)X — d(X, X)¢,

(iii) d(Dxé,X)=d(¢AX,X), and in particular {(Dx&) =0,

for X,Y € X(M).

Let £ and £ denotes the Lie derivatives of the metric with Levi-Civita connection V and the QSMC D,

respectively. Then using Corollary 2.2 of [9] and the assertion (ii) of the Lemma 3.2, we have the conse-
quent observation.

Lemma 3.3. Let M be a real hypersurface of the nearly Kaehler S® deformed by QSMC D. Let (¢,¢,¢,d)

be the almost contact structure on M then ||L:d|| = ||L:d||, where (L:d)(X,Y) =d((¢A — AP)X,Y).
Moreover, the characteristic vector field & is a Killing vector field if and only if ¢ commutes with the shape
operator A.

4 Hopf Hypersurfaces of nearly Kaehler S°

When almost complex structure J is applied to the normal bundle of the real hypersurface M then we obtain
a distribution on M which further induces a one-dimension foliation, called Hopf foliation. Next, the real
hypersurface M is a Hopf hypersurface if this Hopf foliation is totally geodesic (or, V:& = 0) or corre-
spondingly, the integral curves of ¢ are geodesic of M. In [2], Berndt et al. showed that V:£ =0 is
equivalent to A¢ = aé, for some real number o. Thus if the characteristic vector field ¢ of the real

hypersurface M in a nearly Kaehler S® is an eigenvector for A, then M is a Hopf hypersurface.
We have the following result using geometric application of totally geodesicness of Hopf foliation.

Theorem 4.1. Let M be a real hypersurface of nearly Kaehler s® admitting QSMC D. Then following
assertions are equivalent

(i) M is a Hopf hypersurface.
(i) D =0.
(iii) (Degp)é = 0.

Proof.  For the structural vector field £ and using (3.6), we have
d(D:E,Y) = d(PAE, Y) — d(G(E,N), Y). (4.1)

Assume that M is a Hopf hypersurface then 7555 = 0 or A¢ = o, for some real number o. This implies that
d(pA&)Y) = —al(¢pY) = 0 and using (2.1) with the fact that & = —JN, we have G(¢,N) = 0.
Hence from (4.1), we obtain

@ Springer




488 P. Bansal, R. Kumar

d(D:&,Y) =0, for Y € (M),

which implies that ¢ is a geodesic vector field and (i) implies (ii).

Conversely, let £ be a geodesic vector field, that is, Dz = 0, then on taking inner product with ¥ € X(M)
and then using (3.6), we get d(¢pA&,Y) =0 for any ¥ € X(M).

This implies that ¢AE = 0.

Hence we have

A¢ =d(AE ¢S,

which shows that M is a Hopf hypersurface and therefore (if) implies (7).
Next, let M be a Hopf hypersurface then on replacing X by ¢ in (i) of the Lemma 3.2 and then using

A& = o, we obtain (f)gqﬁ)é =0 and (i) implies (iii).

Conversely, (D:¢)& = 0 implies that A& = d(A¢E, £)E, that is, M is a Hopf hypersurface and therefore
(iii) implies (7). O
Theorem 4.2. Let M be a real hypersurface of a nearly Kaehler s® admitting QSMC D. Assume that M
satisfies the Codazzi equation with the induced QSMC D then M is a Hopf hypersurface.

Proof. Using the assumption of the theorem, we have (DxA)Y = (DyA)X.

Then from (3.7), we obtain (VxA)Y + ((AY)pX — d(pX,AY)E — {(Y)APX + d (X, Y)AE = (VyA)X
HLAX)PY — d($Y, AX)E — L(X)ADY +d(§Y, X)AL.

Using (2.2) and then on putting X = £, we obtain {(A&)pY — d(¢pY, AE)E — ApY = 0.

On taking inner product of this expression with &, one can get

for any Y € X(M) and this implies that ¢ A& = 0, this further implies A¢ = d(A¢E, &)&. Hence M becomes a
Hopf hypersurface and proof is complete. O

Let R and R be the curvature tensors with respect to the induced QSMC D and the induced connection V,
respectively. Then using (2.6) and (3.7), we get

R(X,Y)Z = R(X,Y)Z + {d(Z,VxE) +d(Z,$X)}Y — {d(Z,VyE) +d(Z,$Y)} X
— {2d(G(X,Y)",2) + {(V)d(AX, Z) — {(X)d(AY, Z)}¢
+U2){26(X, Y)" + L(Y)AX — ((X)AY}
+ d(¢X,Z)Vyé — d($pY,Z)VxE, (4.2)
for X,Y,Z € X(M) and it is easy to verify from (4.2) that
R(X,Y)E = R(X,Y)E+2G(X,Y)" + {(Y)AX — {(X)AY
— {2d(G(X, Y)", &) + L(Y){(AX) — {(X)L(AY))E,
R(E,Y)Z =R(E,Y)Z +d(Z, pAE)PY + {(2){2G(¢, V) + L(Y)AE — AY}
— {2d(9(¢,Y)",2) + U(Y)d(AE, Z2) — d(AY, Z)}¢ — d($Y, Z) HAL.

Consider a local orthonormal frame {e,‘}?:1 of X(M) a local orthonormal frame {es = N} of X(M™).
Further, it is known that

Zd(x7 e;)d(Y,e)) = d(X,Y),

d(9(X,Y),Z) = —d(9(X,2),Y),
d(g(ehN)a ei) = - (g(eivei)aN) =0,
d(/\)(7 Y) = d(X, AY), andd((b/\ei, 6,‘) = O7
for any X, Y € X(M). In view of these facts and on taking inner product of (4.2) with W € X(M) and then on

contracting the resulting expression with respect to X and W, we derive the expression for the Ricci
curvature as
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Ric(Y,Z) = Ric(Y.Z) — d(APZ, $Y) — d(pY, $Z) + L(Y)(Z)tr(A)

~2d(0(Y,2),8) - L(Y)E(AZ), (43)
and then using (2.3), we furthermore have
Ric(Y,Z) = 4d(Y,Z) + tr(N)d(AY,Z) — d(AY,AZ) — d(APZ, pY) — d(pY, $pZ) (4.4)

+ {NL2)r(A) = 2d(G(Y, 2), ) = {(Y){(AZ),

where Ric(Y,Z) and Ric(Y, Z) are the Ricci tensors of the induced QSMC D and the induced connection V,
respectively. On contracting (4.3) with respect to Y and Z then the scalar curvature of the hypersurface M
with respect to the QSMC, denoted by S, is given by

S=S—d(Ade;, pe;) — 4+ 1r(A) —d(AE,§),

where S is the scalar curvature of the induced connection V. Hence we have the consequent important
observation.

Theorem 4.3. Let M be a real hypersurface of nearly Kaehler S® endowed by QSMC D such that
¢OA = A¢. Then the scalar curvatures S and S satisfies S = S — 4, that is, S <S.

Corollary 4.4. A totally geodesic real hypersurface of nearly Kaehler s® admitting a QSMC D has the
constant scalar curvature S.

5 n-Ricci soliton on the real hypersurface

In 1982, Hamilton [16] proposed the concept of the Ricci soliton (which appear as the restraint of the
solutions of the Ricci flow) to determine a standard metric on a differentiable manifold. Then Ricci flow
became a highly influential mechanism in the research of Riemannian manifolds, mainly to a great extent for
manifolds with positive curvature. A Ricci soliton (g, V, 1) on a Riemannian manifold (M, g) is a gener-
alisation of an Einstein metric satisfying (see also [17])

Lyg + 2Ric +2)g =0,

such that Ric is the Ricci curvature of M, Ly is the Lie-derivative operator along the vector field V on M and
A is a real number. It is interesting to see the behaviour of the Ricci flow near a singularity. Ricci solitons
have been examined in the contexts of complex, contact and paracontact geometries [25]. Cho and Kimura
[6] considered a real hypersurface in a non-flat complex space form and obtained the non-existence results
concerning the Ricci soliton and analyzed #n-Ricci soliton on real hypersurface in a non-flat complex space
form. Further, Calin and Crasmareanu [5] taken in the framework of the Hopf hypersurface and solved the
Eisenhart query of determining one geometric property called as parallel symmetric covariant tensor fields.
It is known that y#-Ricci solitons are the generalization of the Ricci soliton and therefore in this section we

study n-Ricci soliton on a real hypersurface M of a nearly Kaehler s® admitting QSMC.

Definition 5.1. [6] A Riemannian manifold (M, d) is said to be {-Einstein if there exist 4, & € R so that its
Ricci curvature tensor field Ric satisfy

Ric = Ad + p{ ® (.
The {-Einstein manifold is also known as quasi-Einstein [23, 24]. M is known as {-Ricci soliton if
1,5 - -
3 (L:d)(X,Y) + Ric(X,Y) + 2d(X,Y) + ul(X){(Y) = 0, (5.1)
holds, where L is the operator of Lie derivative along the vector field &. In particular, M is a Ricci soliton if

1 =0 and it is known as shrinking (resp. steady, expanding) if 2<0 (resp. =0, > 0), see [7]. In the

subsequent part, we study results of (-Ricci solitons on the real hypersurface of a nearly Kaehler S°
admitting QSMC.
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Theorem 5.2. Let M be a {-Ricci soliton real hypersurface of a nearly Kaehler s® deformed by QSMC D.
Then M is an (-Einstein real hypersurface if and only if the tensor field ¢ and the shape operator A
commutes with each other.

Proof.  Assume that M be a {-Ricci soliton real hypersurface of a nearly Kaehler S® deformed by QSMC D
then using the Lemma 3.3, (5.1) becomes

Ric(X,¥) = 3 d(($A ~ AP)X.Y) — d(X,¥) ~ kC(X)L(¥) (52)

for X, Y € X(M). If ¢ and A commutes with each other then (5.2) reduces to

Ric(X,Y) = =2d(X,Y) — pl(X){(Y),

hence M is an {-Einstein real hypersurface. Conversely, assume that M is {-Einstein real hypersurface then

Ric(X,Y) = c1d(X,Y) + c2{(X){(Y), for constants ¢; = —4 and ¢; = —p. Then from (5.1), with setting
X =Y, wegetd((¢pA — Ap)X,X) = 0, for any X € X(M). Then on using the non-degeneracy of the tangent
bundle, assertion follows. O

Theorem 5.3. Let M be an orientable connected real hypersurface of a nearly Kaehler s® deformed by

QSMC D. If M is an {-Ricci soliton with potential vector field &, then M is a Hopf hypersurface and hence
congruent to an open segment of totally geodesic hypersphere or equivalently a tube over almost complex

curve in the nearly Kaehler s®.

Proof Let M be {-Ricci soliton then from (5.2), we have Ric(¢, &) = —(4 + u) and also from (4.4), we
have Ric(&, &) = 4 + tr(A)d(AE, &) — ||AE|]* + tr(A) — d(AE, ). Therefore

Dot A= —tr(A)d(AE, &) + [|AE]? — tr(A) + d(AE, &). (5.3)
Since M is {-Ricci soliton then on using (4.4) in (5.1), it follows that
0— %d((qﬁl\ —AG)X,Y) + (A+3)d(X,Y) + (u+ )IX)(Y)
— d(AX,AY) = L(X)L(AY) + tr(A]d(AX, ¥) + LX)L(Y)) (5.4)
—d(AQY, $pX) —2d(G(X,Y), &).

On an orientable hypersurface M of a nearly Kaehler S°, define D = Ker{ = {X € X(M) : {(X) = 0}. Then
clearly D is a 4-dimensional smooth distribution on M and invariant under J. We define two vector field
U,V eI (D) by U=D: =V and Al =V 4+ d(AE, E)E. Then using (2.5), it is obvious that

U=¢V, V=-¢U, [lU=|V|". (5.5)
On putting X = £ in (5.4) and using the expression A¢ = V + d(A¢, £)¢, it follows that
0= Jd($(V +d(AZ,2),¥) + (4 ot ANY) + (A ((V +d(AZ, 8, ¥) + L))

and further using (5.3), we have

0= ¢(V+d(A& &) +2{(—tr(A)d(AE, &) + | AE|)* + d(AE, &) )¢
+ 2tr(A)(V +d(AE E)E) = 2(V + d(AE, &) — 2A(V + d(AE, €)€).

From above expression, we can derive
1
AV =S U + |[VIPE+ {r(A) = 1 = d(AE O}V, (5.6)
Similarly on taking ¥ = & in (5.4) and using the expression A = V + d(A¢&, )&, we get

AV :%U+ IVIPE + {tr(A) — d(AZ, E)}V. (5.7)
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On equating (5.6) and (5.7), we obtain V = 0, this together with equation (5.5), yields that U = 0. This
implies that A¢ = d(A¢E, &), i.e., M is a Hopf hypersurface and consequently using the Theorem 2 at page
244 of [2], the proof of the theorem is complete. O

Corollary 5.4. Let M be a totally geodesic real hypersurface of a nearly Kaehler SH deformed by QSMC

D.

Then Ricci soliton M is shrinking.

Proo.f Replace X by ¢ in (5.4) and then using the assumption of Ricci soliton, that is, u = 0, we obtain

%d(q&Af, Y)+ (A+4)LY) +tr(A{d(AEY) +L(Y)} —d(AE,AY) — {(AY) = 0.

Further on substituting ¥ = £ in the above expression, it leads to

L= | AE| — 4+ L(AE) — tr(A) {1 + {(AO)}.

Since M is totally geodesic real hypersurface therefore A = —4 <0 and it completes the proof. (]
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