Indian J Pure Appl Math (2022) 53:492-504
https://doi.org/10.1007/s13226-021-00109-5

ORIGINAL RESEARCH

Legendre polynomials approximation method
for solving Volterra integral equations of the first kind
with discontinuous kernels

Simin Aghaei Amirkhizi - Yaghoub Mahmoudi - Ali Salimi Shamloo

Received: 1 June 2020/ Accepted: 25 May 2021/ Published online: 15 June 2021
© The Indian National Science Academy 2021

Abstract The Volterra integral equations with discontinuous kernels have an essential role in the theory of
evolving dynamical systems in economics, ecology and energetics. A new numerical scheme for solving
Volterra integral equations of the first kind with piecewise continuous kernels presented in this paper. This
type of equation has been little studied so far and the use of operational matrices for this kind of equation is
a new and cost- efficient technique. Shifted Legendre orthogonal polynomials are used to solve Volterra
integral equations with piecewise continuous kernels by transforming the main equation in to a system of
linear algebraic equations. The error estimation is presented by using bounded operator and some numerical
examples are illustrated to show the accuracy and efficiency of the presented method.

Keywords Volterra integral equation - Discontinuous kernel - Shifted Legendre polynomials -
Operational matrix - Continuous curve

1 Introduction

One of the oldest problems in mathematics is solving integral equations of the first kind that has been
lectured by many writers, but these equations with discontinuous kernels considered by only few writers
[19]. In the early twentieth century the first outcomes in research of the Volterra integral equations with
piecewise continuous kernels were derived [9]. Consequences of usage of the quadrature methods for
uniform approximation of integral equations with piecewise continuous kernels presented in [1]. A gen-
eralized quadrature formulas for solving linear integral equations of the second type in Fredholm form with
discontinuous kernels is studied in [17]. A type of the trapezoidal direct quadrature method is suggested for
solving Volterra integral equations with discontinuous kernels with two constant delays in [16]. The method
for approximation of the parametric families of solutions for this kind of equations with piecewise con-
tinuous kernels that appears in the theory of optimal control proposed in [24, 27]. Solutions of this class of
equations in the space of Sobolev-Schwartz distribution is studied by D. N. Sidorov [25]. The existence of a
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continuous solution of a system of this type of equations is studied in [26] and appropriate conditions for the
existence of only one continuous solution is obtained. The asymptotic behavior of solution of Volterra
equation of the first kind with piecewise continuous kernel is considered in [28]. In [15] a method for
development of parametric families of continuous solutions for this sort of equations is suggested. Article
[19] suggested direct quadrature scheme for solving weakly regular Volterra integral equation of the first
kind with discontinuous kernels. Also an iterative numerical method was introduced for solving this type of
equation in [19]. The existence of continuous solutions and asymptotic approximations to parametric
families of solutions of Volterra equations of the first type with piecewise smooth kernel addressed in
[27, 29]. In [2] Volterra equations of the first kind with two variable integration limits when
P(to) <to, P(to) = to studied. The numerical scheme suggested for solving Volterra convolution equation
of the first type with discontinuous kernels in [5]. Recently for solving Volterra equations with discontin-
uous kernels Taylor-collocation scheme based on the stochastic arithmetic suggested in [20].

N. Hritonenko and Y. Yatsenko in [10] offers different mathematical models employed in economics,
ecology, and environmental sciences. In different fields such as population biology, physics, engineering,
economics and demography the Volterra equations are broadly utilized [10]. D. Sidorov et al. in [30]
employed Volterra integral models to explained the storage systems. Article [31] presented the introduction
to the Volterra model of storage system. D. Sidorov et al. in [32] suggested a new model of the storages
control by usage Volterra equations. The Volterra equations dynamical models are used to keep the balance
between the load and generation usage the efficient energy storages models in renewable-energy-based grids
development. In [33] by employed novel dynamic models relying on the Volterra equations of the first kind
with discontinuous kernels a technique offered to load leveling problem.

Sufficient conditions for the existence of solution of the Volterra equation with piecewise continuous
kernels obtained by A.M. Denisov and A. Lorenzi in 1995 [6]. In [7] the ill-posedness of integrofunctional
equation with the delay functions was studied. Article [8] considered nonlinear integral equation of first type
where the unknown function is a function of two variables and the existence and uniqueness of solution
demonstrated.

The general first kind integral equation considered by Volterra in 1897 in the following way [3]

t
10 -r(0) = [ At €01, (1
B

where
p(t)=qt O0<g<l.

Also [4] considered equation

B(1)
y(1) = r(z) +/O A(t,8)y(s)ds, t€][0,T], (2)

where
p(t)=qt O0<g<l.

It should be noted equations (1), (2) with variable integration limits were not treated (classified) as Volterra

integral equations with discontinuous kernel along continuous curves f3;(¢), i=1,...,n.
Consider the Volterra equation
t
/ A(t,5)y(s)ds = r(r) t€[0,7], (3)
0
where A(t,s) is piecewise continuous kernel throughout continuous curves f3;(¢) i = 1,...,n and organized
as follows
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A](l,s), ﬁO(t)<S<ﬁl(t);

Ax(t,s),  PBi(t) <s<py(1);
Alt,s) = : (4)

An(t,s),  Bui(t) <s<B,(1),
where
0=PBy(t)<pi(t)<--- <B,(t) =1,  r(0)=0.

Suppose that the kernels A;(z,s) as well as r(¢) are adequately smooth functions and continuous f;(¢) €
C'[0, T] are not decreasing, also

0<p(0)<B(0)< -+ <B, 1 (0)<1.
Obviously, equation (1) is the special case of considered equation (3) with kernel (4) when A;(z, s) are zeroes
fori=0,1,....,n— 1.

In this paper, we use shifted Legendre polynomials for solving Volterra integral equation with dis-
continuous kernel (3).

Since the shifted Legendre polynomials are orthogonal on the interval [0, 7] the operational matrix
corresponding to these polynomials reduces the number of calculations, on the other hand, for solving
Volterra integral equation with discontinuous kernels we should calculate integral in each interval of
integration that needs lots of calculations, but by using operational matrix the cost of the calculation will be
decreased. This improved the method accuracy which is the principal advantage of our method.

This paper is structured as follows: In Sect. 2 the conditions for the existence of unique solution for
equation (3) is reviewed. In Sect. 3 we describe the shifted Legendre polynomials and integration and
product operational matrices. In Sect. 4 equation (3) solved by operational matrices of shifted Legendre
polynomials. In Sect. 5 error estimation is given for the approximate solution of equation (3). We report our
numerical examples for the purpose of showing the accuracy of the suggested method in Sect. 6. And finally
the conclusion is given in Sect. 7.

2 Existence of a unique continuous solution

Rewriting equation (3) we get
n Bil1)
S [ Adesisds = o, 5)
i=1 JBii(1)

For clarity of computation, in this section we put
pi(t) = Bit, 0=pfo<pi<---<p,=1

Define the function

n—1

I(t) = |Bi) A (6,0 A, Bile) — A (2, Bi(1))]- (6)

i=1
The first theorem affords adequate conditions for the exists a unique solution for equation (5).
Theorem 1 Assume the following requirements fulfilled when t € [0,T] :

(A)  continuous functions A;(t,s), i = 1,2,...,n, B;(t) and r(t) have continuous derivatives with respect
to t.

(B) An(t7 t) 7é 0, 0= ﬂ()(t)<ﬁl(t) <. <ﬁn<t) =Lte (05 T]7 ﬂl(O) =0, F(O) =0, I(O)<1
Then equation (5) has only one local solution in C|0,1] where © > 0 is a constant.

Proof We refer the proof to [23]. O

Theorem 2 Suppose the conditions of the Theorem 1 are satisfied and furthermore assume
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min (¢t —f,_,(t)) =d > 0.

1<t<T
In this case equation (5) has only one global solution in C[0,T].

Proof We refer the proof to [23]. O

3 Legendre polynomials

Legendre polynomials play a significant role in approximation theory and numerical analysis also some
quadrature rules constructed on these polynomials, which noticeable in the theory of numerical integration
such as Gauss-Legendre rule [14].

Consider recursive formula for the Legendre polynomials

L()(l) = 1,
L (t) =1, (7)
Loi(t) = 2;’;’1‘ 1Ly (1) — 25 Loy (1), n>1.

These polynomials are orthogonal over the interval [—1, 1] with respect to the weight function w(z) = 1.
A function y(f) given on L?[—1, 1] could be expanded by the Legendre polynomial series in the following
form [13, 14]

) =) wilir),  —1<r<l, 8)

where

If the infinite series (8) is truncated up to term N then (8) is of the form
N
YO =yn() =D yili(t) =Y"W(r),  —1<t<1, (9)
i=0

where

17, V(1) = [Lo(t),Li (1), ..., Ly(1)]". (10)

The upper bound for yy(¢) as an approximation for y(z) in (9) is shown by the following theorem.

Y= [y07yla"'ayN

Theorem 3  Let yy(t) signify the least squares approximation of y(t) on the interval [—1, 1]. In this case if
yWNH(2) is continuous on the interval [—1,1], then there exists a number & in (—1,1) so that

L2 el VR ) an
iy V2N +3 (N+1)! 28+ (N4 1)1

Iy =yl =

where
1 (2N +2)!
VL (N + 1))

U1 =

Proof We refer the proof to [22].
The bivariate function A(#, s) is approximated of the form [13]

A(t,s) = PT(HAY(s), (12)
where A is the (N + 1) x (N + 1) coefficient matrix,

@ Springer




496 S. Aghaei Amirkhizi et al.

2i+12j+1
Ay — ‘+ J+ / / )L (s)dsdt. (13)
The integration of the vector function ¥(r) defined in (10) is defined by the following formula
t
/ Y(s)ds = HY(1), (14)
~1
where H is the (N 4 1) x (N 4 1) integration operational matrix which is calculated as follows [14]
o 1 -
1 1
-3 0 3
-t o |
H= (15)
o 2Nl—1 0 2N1—1
L - 2N1+1 0

The product operational matrix of two Legendre polynomials vector Y, fulfills the following relation
PP ()Y = YP(1), (16)

where Y is (N + 1) vector and Y is the (N + 1) x (N + 1) square matrix.
For example taking N = 3 the product operational matrix is in the following form [14]

Yo M 2 Y3
;o EIBURIE S 5 a7
R ORAE S wE S +4n)
5 32 51 (9y1 +4y3) Yo+
The derivative operational matrix of Legendre polynomials vector, D satisfies the following relation
¥ (1) = D¥ (1), (18)
in which D is the (N 4 1) x (N + 1) square matrix constructed in [34] for odd values of N
0 0 00 - 0 0 07
0 0 0 0 0 0
o300 - 0 0 0
D — 0 50 0 0 0], (19)
03 0 7 2N -3 0 0
L1 0 5 0 0 2N -1 0]
and for even values of N as follows
0 0 0 O 0 0 07
1 0 00 0 0 0
03 00 0 0 0
pD=|1 0 5 0 0 0 0 (20)
1 050 --- 2N-3 0 0
L0 30 7 .- 0 2N -1 0l
O
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4 Method of solution

In this section, for solving equation (5) we use the shifted orthogonal Legendre polynomials and then we
introduce operational matrix of integration and product operational matrix based on the shifted orthogonal
Legendre polynomials in order to approximate the equation (5).

By an appropriate change of variable (x = %t — 1), the range can be changed from [—1,1] to [0, T].
Therefore, the shifted orthogonal Legendre polynomials achieved as follows

pi(t) =Li(=t— 1), 0<r<T. (21)

A function yr(¢) given on L2[0, T] can be expanded by the shifted Legendre polynomials truncated series up
to term N as follows

yr(t) = yin(t Zy,p, =Y ¥r(r), 0<r<T, (22)
where
YT: [yanh'"vyN]Ta TT(t) = bo(t)’pl(t)""apN(t)}T' (23>
The integration of the vector function ¥r(¢) defined in (23) is calculated by the following formula
t
/ lIIT(S)dS =~ Hy 'PT(Z‘), (24)
0

where Hp is the (N4 1) x (N4 1) integration operational matrix of shifted Legendre polynomials
calculated as follows [18]

T
Hr =—-H. (25)
2
The product operational matrix of two shifted Legendre polynomials vector Y7, satisfies the following
relation

TT(I)'P;O)YT = Y~TlPT(t>, (26)
where Y7 is the (N + 1) x (N + 1) square matrix [21].
~ T -
Yr=37. (27)
In equation (5) we approximate the kernels A;(¢,s), i=1,...,n as follows
Ai(t,5) =2 Ain(t,5) = P7(1) A P1(s), (28)
where A;j is (N + 1) x (N + 1) coefficient matrix and
2m+12n+ 1
(Ad) ) = / / P (0)Ai(2,8)pn(s)dsdt. (29)
The error bound of A;(¢,s), i =0,...,N when approximated by shifted Legendre polynomials is shown in

next proposition.

Proposition 1 Assume A(t, s) be an adequately smooth function on L*[0, 1] that estimated by Legendre
polynomial as A(t,s) = YT (1)A¥(s) so an upper bound to approximate the error is as follows

HA(“ $) - TT(I)AW(‘Y)HQ = <2N(1\1/W+ 2+ 22(N1+ 1)!)>’ (30)

where
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v max NTA(1, s) max NTA(1,s)
=max R A L
t5)e01]x[0,1]  ONFTL T (r5)eo,1]x[0,1]  OsNT!

62N+2A(I’ S) }

’ (tﬁs)er[{)l.all]xx [0,1] OrN+19sN+1
Proof We refer the proof to [11]. ]
Substituting (28) in (5) gives

zn: /ﬁm(t)) P (1) A; P (s) VT (s) Yrds = r(t), (31)

it is possible to reduced equation (31) in this way
i(

n B
wI(r) ZAiYT /ﬂ ) Py (s)ds = r(1). (32)
i=1 i1

We approximate [; /3-[,<:Zt) Yr(s)ds in the following way

Bi(1) Bi(1) Bia(1)
/ Vr(s)ds :/ Yr(s)ds —/ Yr(s)ds,
Bia (1) 0 0

Hr¥r (ﬁﬂ-(ﬂ) —Hr¥r (ﬁiq(t)) =Hr ('pT (ﬁ,-(t)) (33)

- ¥r (ﬂil@)) )
and by substituting (33) in equation (32) we have
Vi)Y ArH; (sv (8:) - s (ﬂ,-1<t))> = r(1). (34)
i=1

Now we collocate (34) in 7o, t, . . ., fy the roots of shifted Legendre polynomial p,(¢). Let us substituted
t=1t, j=0,1,...,N in (34), this gives us a systems of linear equations with N + 1 unknowns and N + 1
equations

aﬂ?(a)iAiY}HT(%(ﬁi(t») - svr(ﬁi_luj))) = (1), J=01, N, (35)

which can be solved easily by appropriate software.

5 Error estimation

In equation (5) let Ajy(t,s) i=1,...,n and ry(7) be Legendre approximation of kernels A;(¢,s), =

1,...,n and r(¢) respectively. Also let yy(¢) be approximate solution of equation (5) correspond to kernels
An(t,s), i=1,....n and ry(7) that is
n Bi(t)
> / ()A,N(t, s)yn(s)ds = ry(1). (36)
i=1 i1

We define operators Z and Zy as follows

n pi1)
Zy()) =Y /ﬁ Ailt, 9)y(s)ds, (37)
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n Bi(1)
Za() =Y / | Al (s (38)

Since A;(t,s), i=1,...,n and r(¢r) are continuous functions on [0, 7] , then they are bounded. Also
Ain(t,s), i=1,...,nand ry(t) are continuous and bounded on [0, 7] and A;y(z,s) — A;(t,s), ry(t) —
r(f) as N — oo. With Theorem 1 the operator Z is invertible, then it satisfy the condition of the following
theorem

Theorem 4 Assume U and V are Banach spaces and suppose Z : U — V is a bounded operator which is
linear and Z7' : V — U is a bounded inverse which is an isomorphism. Suppose the bounded operators
Zn : U — V is convergent |Zx — Z|| — 0,N — oc. So, for adequately large N and accurately for the
whole N with

Iz 2z - Z)] <1, (39)
there exist the operators Z;Jl : V. — U which are bounded by
s — (40)
127 (Zx - 2)||
By solving the following equations
Zy=r and Znyn=ry (41)
the approximate error is in the following form
e A R s 42)
1 —[|Z7(Zn - Z)
Proof We refer the proof to [12]. O

In the second side of equation (42), ||Znx — Z|| — 0 and ||ry — r|| — 0 as N — oo, therefore yy — y as
N — oo.

6 Numerical Examples

In this section various numerical examples are presented in order to illustrate the accuracy of the suggested
scheme.

In [19, 20, 27] these examples solved by using the number of nodes, but in this paper polynomial order is
used.

We can’t use of higher order polynomial because it increases the error and rounding error.

Example 1 Assume the Volterra equation of the first type with discontinuous kernel considered as follows
[27]

g ’ 258
1 41— - LA L
/0 (1 41—s)y(s)ds /% y(s)ds 108 81

with exact solution y(t) =#*, t € [0,2]. We solved this example with the proposed method. Figure 1
shows the graph of exact and numerical solution. Figure 2 represents the behavior of absolute error for
N =5.
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0o—o—°

0.5 1 15 2

Fig. 1 The graph of exact solution (solid) and approximate solution (doted) for Example 1 with N =5

1e-23

\

\\
-\

05 1 15 2
t

Fig. 2 The behavior of absolute error for Example 1 with N =5

Example 2 Let us consider the following integral equation [20]

t

/0 U 4 14 s)y(s)ds + / "2 4 t5)y(s)ds + / (1+ 1+ )y(s)ds

4 2

B 3146 n 1099¢° n 271t

40960 20480 8192
with exact solution y(f) = %, t € [0,2]. Figure 3 shows the graph of exact and numerical solution. Fig-
ure 4 represents the behavior of absolute error for N = 5.

Example 3 We consider the following equation [27]

L 2 4
9 9 !

5 11 5478
41— - 2 — SAlL
/0 (1+1—s)y(s)ds l y(s)ds é y(s)ds —I—/% y(s)ds 26044 T 2187

9

with exact solution y(f) =2, ¢ € [0,2]. Figure 5 shows the graph of exact and numerical solution. Fig-
ure 6 represents the behavior of absolute error for N = 6.

@ Springer



Legendre polynomials approximation method... 501

Fig. 3 The graph of exact solution (solid) and approximate solution (doted) for Example 2 with N = 5

2e-22 -

1e-22 4

Fig. 4 The behavior of absolute error for Example 2 with N = 5

0%

Fig. 5 The graph of exact solution (solid) and approximate solution (doted) for Example 3 with N = 6
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502

2e-16

1e-16 /
/f \-«‘\\
_
‘ 2

Fig. 6 The behavior of absolute error for Example 3 with N = 6

Example 4 Consider the following Volterra equation of the first type with piecewise continuous kernels

[19]
Z(t +s5— 1)y(s)ds

8

/j(l + 1+ 5)y(s)ds + f(z +15)y(s)ds + /

4

t
—4/ y(s)ds
3t
t
(161 + 69¢% + 15¢') — exp ) (©* = 131 + 12) + exp(r) (4 — 16t +28)

1 1
—m<‘4‘§

3t
+exp <E> (14t + 20) — 32exp(2t)>, t €[0,2],
l,t € [0,2] is the exact solution. Figure 7 shows the graph of exact and numerical solution.

_ exp(2t)—
y(t) ==F5—

Figure 8 represents the behavior of absolute error for N = 12. Table 1 shows computed absolute pointwise
error in some points of [0, 2] for different N.

pb—o—0 O
05 1
t

Fig. 7 The graph of exact solution (solid) and approximate solution (doted) for Example 4 with N = 12
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| ~—_
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Fig. 8 The behavior of absolute error for Example 4 with N = 12

Table 1 The behavior of absolute error for Example 4

05

t N=12 N=15 N=18

0 0.953368 x 10~ 0.252360 x 10~ 0.356205 x 10~
0.2 0.332140 x 103 0.119281 x 10~ 0.182885 x 1078
0.4 0.414841 x 1073 0.107098 x 1075 0.188184 x 1078
0.6 0.410956 x 1073 0.131476 x 1075 0.194542 x 1078
0.8 0.520395 x 1073 0.145191 x 1075 0.222767 x 1078
1.0 0.560464 x 1073 0.172407 x 107 0.271295 x 1078
1.2 0.708131 x 1073 0.204177 x 1075 0.310216 x 1078
1.4 0.805630 x 1073 0.239551 x 1075 0.372167 x 1078
1.6 0.100650 x 102 0.298183 x 1073 0.460013 x 108
1.8 0.112994 x 102 0.343026 x 105 0.548677 x 1078
2.0 0.744063 x 1073 0.638003 x 1075 0.290103 x 1078

7 Conclusion

In this study we employed shifted Legendre orthogonal polynomials to solve Volterra integral equation of
the first kind with discontinuous kernel. We modified the operational matrix of integration method for
discontinuous functions and then we convert the main problem to a system of linear equations. Utilizing a
small number of approximation N we obtained more accurate results. The main advantage of our method is

its simplicity in use and high accuracy.
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