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Abstract The Volterra integral equations with discontinuous kernels have an essential role in the theory of
evolving dynamical systems in economics, ecology and energetics. A new numerical scheme for solving
Volterra integral equations of the first kind with piecewise continuous kernels presented in this paper. This
type of equation has been little studied so far and the use of operational matrices for this kind of equation is
a new and cost- efficient technique. Shifted Legendre orthogonal polynomials are used to solve Volterra
integral equations with piecewise continuous kernels by transforming the main equation in to a system of
linear algebraic equations. The error estimation is presented by using bounded operator and some numerical
examples are illustrated to show the accuracy and efficiency of the presented method.

Keywords Volterra integral equation � Discontinuous kernel � Shifted Legendre polynomials �
Operational matrix � Continuous curve

1 Introduction

One of the oldest problems in mathematics is solving integral equations of the first kind that has been
lectured by many writers, but these equations with discontinuous kernels considered by only few writers
[19]. In the early twentieth century the first outcomes in research of the Volterra integral equations with
piecewise continuous kernels were derived [9]. Consequences of usage of the quadrature methods for
uniform approximation of integral equations with piecewise continuous kernels presented in [1]. A gen-
eralized quadrature formulas for solving linear integral equations of the second type in Fredholm form with
discontinuous kernels is studied in [17]. A type of the trapezoidal direct quadrature method is suggested for
solving Volterra integral equations with discontinuous kernels with two constant delays in [16]. The method
for approximation of the parametric families of solutions for this kind of equations with piecewise con-
tinuous kernels that appears in the theory of optimal control proposed in [24, 27]. Solutions of this class of
equations in the space of Sobolev-Schwartz distribution is studied by D. N. Sidorov [25]. The existence of a
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continuous solution of a system of this type of equations is studied in [26] and appropriate conditions for the
existence of only one continuous solution is obtained. The asymptotic behavior of solution of Volterra
equation of the first kind with piecewise continuous kernel is considered in [28]. In [15] a method for
development of parametric families of continuous solutions for this sort of equations is suggested. Article
[19] suggested direct quadrature scheme for solving weakly regular Volterra integral equation of the first
kind with discontinuous kernels. Also an iterative numerical method was introduced for solving this type of
equation in [19]. The existence of continuous solutions and asymptotic approximations to parametric
families of solutions of Volterra equations of the first type with piecewise smooth kernel addressed in
[27, 29]. In [2] Volterra equations of the first kind with two variable integration limits when
bðt0Þ\t0; bðt0Þ ¼ t0 studied. The numerical scheme suggested for solving Volterra convolution equation
of the first type with discontinuous kernels in [5]. Recently for solving Volterra equations with discontin-
uous kernels Taylor-collocation scheme based on the stochastic arithmetic suggested in [20].

N. Hritonenko and Y. Yatsenko in [10] offers different mathematical models employed in economics,
ecology, and environmental sciences. In different fields such as population biology, physics, engineering,
economics and demography the Volterra equations are broadly utilized [10]. D. Sidorov et al. in [30]
employed Volterra integral models to explained the storage systems. Article [31] presented the introduction
to the Volterra model of storage system. D. Sidorov et al. in [32] suggested a new model of the storages
control by usage Volterra equations. The Volterra equations dynamical models are used to keep the balance
between the load and generation usage the efficient energy storages models in renewable-energy-based grids
development. In [33] by employed novel dynamic models relying on the Volterra equations of the first kind
with discontinuous kernels a technique offered to load leveling problem.

Sufficient conditions for the existence of solution of the Volterra equation with piecewise continuous
kernels obtained by A.M. Denisov and A. Lorenzi in 1995 [6]. In [7] the ill-posedness of integrofunctional
equation with the delay functions was studied. Article [8] considered nonlinear integral equation of first type
where the unknown function is a function of two variables and the existence and uniqueness of solution
demonstrated.

The general first kind integral equation considered by Volterra in 1897 in the following way [3]

rðtÞ � rð0Þ ¼
Z t

bðtÞ
Aðt; sÞyðsÞds; t 2 ½0; T �; ð1Þ

where

bðtÞ ¼ qt 0\q\1:

Also [4] considered equation

yðtÞ ¼ rðtÞ þ
Z bðtÞ

0

Aðt; sÞyðsÞds; t 2 ½0; T�; ð2Þ

where

bðtÞ ¼ qt 0\q\1:

It should be noted equations (1), (2) with variable integration limits were not treated (classified) as Volterra
integral equations with discontinuous kernel along continuous curves bi tð Þ; i ¼ 1; . . .; n.

Consider the Volterra equationZ t

0

Aðt; sÞyðsÞds ¼ rðtÞ t 2 ½0; T�; ð3Þ

where A t; sð Þ is piecewise continuous kernel throughout continuous curves bi tð Þ i ¼ 1; . . .; n and organized
as follows
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A t; sð Þ ¼

A1 t; sð Þ; b0 tð Þ\s\b1 tð Þ;
A2 t; sð Þ; b1 tð Þ\s\b2 tð Þ;
..
.

An t; sð Þ; bn�1 tð Þ\s\bn tð Þ;

8>>>><
>>>>:

ð4Þ

where

0 ¼ b0 tð Þ\b1 tð Þ\ � � �\bn tð Þ ¼ t; r 0ð Þ ¼ 0:

Suppose that the kernels Ai t; sð Þ as well as r tð Þ are adequately smooth functions and continuous bi tð Þ 2
C1 0;T½ � are not decreasing, also

0\b
0

1 0ð Þ� b
0

2 0ð Þ� � � � � b
0

n�1 0ð Þ\1:

Obviously, equation (1) is the special case of considered equation (3) with kernel (4) when Aiðt; sÞ are zeroes
for i ¼ 0; 1; . . .; n� 1:

In this paper, we use shifted Legendre polynomials for solving Volterra integral equation with dis-
continuous kernel (3).

Since the shifted Legendre polynomials are orthogonal on the interval [0, T] the operational matrix
corresponding to these polynomials reduces the number of calculations, on the other hand, for solving
Volterra integral equation with discontinuous kernels we should calculate integral in each interval of
integration that needs lots of calculations, but by using operational matrix the cost of the calculation will be
decreased. This improved the method accuracy which is the principal advantage of our method.

This paper is structured as follows: In Sect. 2 the conditions for the existence of unique solution for
equation (3) is reviewed. In Sect. 3 we describe the shifted Legendre polynomials and integration and
product operational matrices. In Sect. 4 equation (3) solved by operational matrices of shifted Legendre
polynomials. In Sect. 5 error estimation is given for the approximate solution of equation (3). We report our
numerical examples for the purpose of showing the accuracy of the suggested method in Sect. 6. And finally
the conclusion is given in Sect. 7.

2 Existence of a unique continuous solution

Rewriting equation (3) we get

Xn

i¼1

Z bi tð Þ

bi�1 tð Þ
Ai t; sð Þy sð Þds ¼ r tð Þ: ð5Þ

For clarity of computation, in this section we put

bi tð Þ ¼ bit; 0 ¼ b0\b1\ � � �\bn ¼ 1:

Define the function

IðtÞ ¼
Xn�1

i¼1

jb0iðtÞ A�1
n t; tð Þj jAi t;biðtÞð Þ � Aiþ1 t; biðtÞð Þj: ð6Þ

The first theorem affords adequate conditions for the exists a unique solution for equation (5).

Theorem 1 Assume the following requirements fulfilled when t 2 0;T½ � :
(A) continuous functions Ai t; sð Þ; i ¼ 1; 2; . . .; n; bi tð Þ and r tð Þ have continuous derivatives with respect

to t.
(B) An t; tð Þ 6¼ 0; 0 ¼ b0 tð Þ\b1 tð Þ\ � � �\bn tð Þ ¼ t; t 2 0;Tð �; bi 0ð Þ ¼ 0; r 0ð Þ ¼ 0; I 0ð Þ\1:

Then equation (5) has only one local solution in C 0; s½ � where s [ 0 is a constant.

Proof We refer the proof to [23]. h

Theorem 2 Suppose the conditions of the Theorem 1 are satisfied and furthermore assume
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min
s� t�T

t � bn�1 tð Þð Þ ¼ d [ 0:

In this case equation (5) has only one global solution in C 0; T½ �.
Proof We refer the proof to [23]. h

3 Legendre polynomials

Legendre polynomials play a significant role in approximation theory and numerical analysis also some
quadrature rules constructed on these polynomials, which noticeable in the theory of numerical integration
such as Gauss-Legendre rule [14].

Consider recursive formula for the Legendre polynomials

L0 tð Þ ¼ 1;

L1 tð Þ ¼ t;

Lnþ1 tð Þ ¼ 2nþ1
nþ1

tLn tð Þ � n
nþ1

Ln�1 tð Þ; n� 1:

ð7Þ

These polynomials are orthogonal over the interval �1; 1½ � with respect to the weight function w tð Þ ¼ 1.
A function y(t) given on L2½�1; 1� could be expanded by the Legendre polynomial series in the following

form [13, 14]

yðtÞ ¼
X1
i¼0

yiLiðtÞ; �1� t� 1; ð8Þ

where

yi ¼
2iþ 1

2

Z 1

�1

yðtÞLiðtÞdt:

If the infinite series (8) is truncated up to term N then (8) is of the form

yðtÞ ffi yNðtÞ ¼
XN

i¼0

yiLiðtÞ ¼ YTWðtÞ; �1� t� 1; ð9Þ

where

Y ¼ ½y0; y1; . . .; yN �T ; WðtÞ ¼ ½L0ðtÞ; L1ðtÞ; . . .;LNðtÞ�T : ð10Þ

The upper bound for yNðtÞ as an approximation for y(t) in (9) is shown by the following theorem.

Theorem 3 Let yNðtÞ signify the least squares approximation of y tð Þ on the interval �1; 1½ �. In this case if

yðNþ1ÞðtÞ is continuous on the interval ½�1; 1�, then there exists a number n in �1; 1ð Þ so that

ky� yNk ¼
1

lNþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

2N þ 3

r
jyðNþ1ÞðnÞj
ðN þ 1Þ! �

ffiffiffi
p
p

2Nþ1

jyðNþ1ÞðnÞj
ðN þ 1Þ! ;

ð11Þ

where

lNþ1 ¼
1

2Nþ1

ð2N þ 2Þ!
ððN þ 1Þ!Þ2

:

Proof We refer the proof to [22].
The bivariate function A(t, s) is approximated of the form [13]

Aðt; sÞ ffi WTðtÞAWðsÞ; ð12Þ

where A is the ðN þ 1Þ 	 ðN þ 1Þ coefficient matrix,
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Aij ¼
2iþ 1

2

2jþ 1

2

Z 1

�1

Z 1

�1

LiðtÞAðt; sÞLjðsÞdsdt: ð13Þ

The integration of the vector function WðtÞ defined in (10) is defined by the following formulaZ t

�1

WðsÞds ffi HWðtÞ; ð14Þ

where H is the ðN þ 1Þ 	 ðN þ 1Þ integration operational matrix which is calculated as follows [14]

H ¼

1 1

� 1
3

0 1
3

� 1
5

0 1
5

. .
. . .

. . .
.

� 1
2N�1

0 1
2N�1

� 1
2Nþ1

0

2
66666666664

3
77777777775
: ð15Þ

The product operational matrix of two Legendre polynomials vector ~Y ; fulfills the following relation

WðtÞWTðtÞY ¼ ~YWðtÞ; ð16Þ

where Y is ðN þ 1Þ vector and ~Y is the ðN þ 1Þ 	 ðN þ 1Þ square matrix.
For example taking N ¼ 3 the product operational matrix is in the following form [14]

~Y ¼

y0 y1 y2 y3

y1

3
y0 þ 2y2

5
2y1

3
þ 3y3

7
3y2

5

y2

5
2y1

5
þ 9y3

35
y0 þ 2y2

7
1
15
ð9y1 þ 4y3Þ

y3

7
9y2

35
1
21
ð9y1 þ 4y3Þ y0 þ 4y2

15

2
66664

3
77775: ð17Þ

The derivative operational matrix of Legendre polynomials vector, D satisfies the following relation

W
0 ðtÞ ¼ DWðtÞ; ð18Þ

in which D is the ðN þ 1Þ 	 ðN þ 1Þ square matrix constructed in [34] for odd values of N

D ¼

0 0 0 0 � � � 0 0 0

1 0 0 0 � � � 0 0 0

0 3 0 0 � � � 0 0 0

1 0 5 0 � � � 0 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 3 0 7 � � � 2N � 3 0 0

1 0 5 0 � � � 0 2N � 1 0

2
666666666664

3
777777777775

; ð19Þ

and for even values of N as follows

D ¼

0 0 0 0 � � � 0 0 0

1 0 0 0 � � � 0 0 0

0 3 0 0 � � � 0 0 0

1 0 5 0 � � � 0 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

.

1 0 5 0 � � � 2N � 3 0 0

0 3 0 7 � � � 0 2N � 1 0

2
666666666664

3
777777777775

: ð20Þ

h
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4 Method of solution

In this section, for solving equation (5) we use the shifted orthogonal Legendre polynomials and then we
introduce operational matrix of integration and product operational matrix based on the shifted orthogonal
Legendre polynomials in order to approximate the equation (5).

By an appropriate change of variable ðx ¼ 2
T t � 1Þ, the range can be changed from ½�1; 1� to [0, T].

Therefore, the shifted orthogonal Legendre polynomials achieved as follows

piðtÞ ¼ Lið
2

T
t � 1Þ; 0� t� T : ð21Þ

A function yTðtÞ given on L2½0; T� can be expanded by the shifted Legendre polynomials truncated series up
to term N as follows

yTðtÞ ffi yTNðtÞ ¼
XN

i¼0

yipiðtÞ ¼ YT
T WTðtÞ; 0� t� T ; ð22Þ

where

YT ¼ ½y0; y1; . . .; yN �T ; WTðtÞ ¼ ½p0ðtÞ; p1ðtÞ; . . .; pNðtÞ�T : ð23Þ

The integration of the vector function WTðtÞ defined in (23) is calculated by the following formulaZ t

0

WTðsÞds ffi HTWTðtÞ; ð24Þ

where HT is the ðN þ 1Þ 	 ðN þ 1Þ integration operational matrix of shifted Legendre polynomials
calculated as follows [18]

HT ¼
T

2
H: ð25Þ

The product operational matrix of two shifted Legendre polynomials vector ~YT , satisfies the following
relation

WTðtÞWT
TðtÞYT ¼ ~YTWTðtÞ; ð26Þ

where ~YT is the ðN þ 1Þ 	 ðN þ 1Þ square matrix [21].

~YT ¼
T

2
~Y: ð27Þ

In equation (5) we approximate the kernels Aiðt; sÞ; i ¼ 1; . . .; n as follows

Aiðt; sÞ ffi AiNðt; sÞ ¼ WT
TðtÞAiWTðsÞ; ð28Þ

where Ai is ðN þ 1Þ 	 ðN þ 1Þ coefficient matrix and

ðAiÞmn ¼
2mþ 1

t

2nþ 1

t

Z t

0

Z t

0

pmðtÞAiðt; sÞpnðsÞdsdt: ð29Þ

The error bound of Aiðt; sÞ; i ¼ 0; . . .;N when approximated by shifted Legendre polynomials is shown in
next proposition.

Proposition 1 Assume A(t, s) be an adequately smooth function on L2½0; 1� that estimated by Legendre
polynomial as Aðt; sÞ ffi WTðtÞAWðsÞ so an upper bound to approximate the error is as follows

���Aðt; sÞ �WTðtÞAWðsÞ
���

2
� M

2NðN þ 1Þ! ð2þ
1

22ðN þ 1Þ!Þ
� �

; ð30Þ

where
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M ¼max

�
max

ðt;sÞ2½0;1�	½0;1�

oNþ1Aðt; sÞ
otNþ1

; max
ðt;sÞ2½0;1�	½0;1�

oNþ1Aðt; sÞ
osNþ1

; max
ðt;sÞ2½0;1�	½0;1�

o2Nþ2Aðt; sÞ
otNþ1osNþ1

�
:

Proof We refer the proof to [11]. h

Substituting (28) in (5) gives

Xn

i¼1

Z bi tð Þ

bi�1 tð Þ
WT

TðtÞAiWTðsÞWT
TðsÞYTds ¼ rðtÞ; ð31Þ

it is possible to reduced equation (31) in this way

WT
TðtÞ

Xn

i¼1

Ai
~YT

Z bi tð Þ

bi�1 tð Þ
WTðsÞds ¼ rðtÞ: ð32Þ

We approximate
R bi tð Þ

bi�1 tð ÞWTðsÞds in the following wayZ bi tð Þ

bi�1 tð Þ
WTðsÞds ¼

Z bi tð Þ

0

WTðsÞds�
Z bi�1 tð Þ

0

WTðsÞds;

HTWT

�
biðtÞ

	
� HTWT

�
bi�1ðtÞ

	
¼ HT

 
WT

�
biðtÞ

	

�WT

�
bi�1ðtÞ

	!
;

ð33Þ

and by substituting (33) in equation (32) we have

WT
TðtÞ

Xn

i¼1

Ai
~YTHT

 
WT

�
biðtÞ

	
�WT

�
bi�1ðtÞ

	!
¼ rðtÞ: ð34Þ

Now we collocate (34) in t0; t1; . . .; tN the roots of shifted Legendre polynomial pnþ1ðtÞ. Let us substituted
t ¼ tj; j ¼ 0; 1; . . .;N in (34), this gives us a systems of linear equations with N þ 1 unknowns and N þ 1
equations

WT
TðtjÞ

Xn

i¼1

Ai
~YT HT

 
WT

�
biðtjÞ

	
�WT

�
bi�1ðtjÞ

	!
¼ rðtjÞ; j ¼ 0; 1; � � � ;N; ð35Þ

which can be solved easily by appropriate software.

5 Error estimation

In equation (5) let AiNðt; sÞ i ¼ 1; . . .; n and rNðtÞ be Legendre approximation of kernels Aiðt; sÞ; i ¼
1; . . .; n and r(t) respectively. Also let yNðtÞ be approximate solution of equation (5) correspond to kernels
AiNðt; sÞ; i ¼ 1; . . .; n and rNðtÞ that is

Xn

i¼1

Z bi tð Þ

bi�1 tð Þ
AiN t; sð ÞyN sð Þds ¼ rN tð Þ: ð36Þ

We define operators Z and ZN as follows

ZyðtÞ ¼
Xn

i¼1

Z bi tð Þ

bi�1 tð Þ
Ai t; sð Þy sð Þds; ð37Þ
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ZNyNðtÞ ¼
Xn

i¼1

Z bi tð Þ

bi�1 tð Þ
AiN t; sð ÞyN sð Þds: ð38Þ

Since Aiðt; sÞ; i ¼ 1; . . .; n and r(t) are continuous functions on [0, T] , then they are bounded. Also
AiNðt; sÞ; i ¼ 1; . . .; n and rNðtÞ are continuous and bounded on [0, T] and AiNðt; sÞ ! Aiðt; sÞ; rNðtÞ !
rðtÞ as N !1: With Theorem 1 the operator Z is invertible, then it satisfy the condition of the following
theorem

Theorem 4 Assume U and V are Banach spaces and suppose Z : U ! V is a bounded operator which is

linear and Z�1 : V ! U is a bounded inverse which is an isomorphism. Suppose the bounded operators
ZN : U ! V is convergent kZN � Zk ! 0;N !1. So, for adequately large N and accurately for the
whole N with

kZ�1ðZN � ZÞk\1; ð39Þ

there exist the operators Z�1
N : V ! U which are bounded by

kZ�1
N k�

kZ�1k
1� kZ�1ðZN � ZÞk

: ð40Þ

By solving the following equations

Zy ¼ r and ZNyN ¼ rN ð41Þ

the approximate error is in the following form

kyN � yk� kZ�1k
1� kZ�1ðZN � ZÞk

fkðZN � ZÞyk þ krN � rkg: ð42Þ

Proof We refer the proof to [12]. h

In the second side of equation (42), kZN � Zk ! 0 and krN � rk ! 0 as N !1, therefore yN ! y as
N !1:

6 Numerical Examples

In this section various numerical examples are presented in order to illustrate the accuracy of the suggested
scheme.

In [19, 20, 27] these examples solved by using the number of nodes, but in this paper polynomial order is
used.

We can’t use of higher order polynomial because it increases the error and rounding error.

Example 1 Assume the Volterra equation of the first type with discontinuous kernel considered as follows
[27] Z t

3

0

ð1þ t � sÞyðsÞds�
Z t

t
3

yðsÞds ¼ t4

108
� 25t3

81
;

with exact solution yðtÞ ¼ t2; t 2 ½0; 2�: We solved this example with the proposed method. Figure 1
shows the graph of exact and numerical solution. Figure 2 represents the behavior of absolute error for
N ¼ 5:

123

Legendre polynomials approximation method... 499



Example 2 Let us consider the following integral equation [20]Z t
4

0

ð1þ t þ sÞyðsÞdsþ
Z t

2

t
4

ð2þ tsÞyðsÞdsþ
Z t

t
2

ð1þ t þ sÞyðsÞds

¼ 31t6

40960
þ 1099t5

20480
þ 271t4

8192
;

with exact solution yðtÞ ¼ t3

8
; t 2 ½0; 2�: Figure 3 shows the graph of exact and numerical solution. Fig-

ure 4 represents the behavior of absolute error for N ¼ 5:

Example 3 We consider the following equation [27]
Z t

9

0

ð1þ t � sÞyðsÞds�
Z 2t

9

t
9

yðsÞds� 2

Z 4t
9

2t
9

yðsÞdsþ
Z t

4t
9

yðsÞds ¼ 11t4

26244
þ 547t3

2187
;

with exact solution yðtÞ ¼ t2; t 2 ½0; 2�: Figure 5 shows the graph of exact and numerical solution. Fig-
ure 6 represents the behavior of absolute error for N ¼ 6:

0

1

2

3

4

0.5 1 1.5 2
t

Fig. 1 The graph of exact solution (solid) and approximate solution (doted) for Example 1 with N = 5

5e–24

1e–23

0.5 1 1.5 2
t

Fig. 2 The behavior of absolute error for Example 1 with N = 5
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0

0.2

0.4

0.6

0.8

1

0.5 1 1.5 2

t

Fig. 3 The graph of exact solution (solid) and approximate solution (doted) for Example 2 with N = 5

0

1e–22

2e–22

0.5 1 1.5 2

t

Fig. 4 The behavior of absolute error for Example 2 with N = 5

0

1

2

3

4

0.5 1 1.5 2
t

Fig. 5 The graph of exact solution (solid) and approximate solution (doted) for Example 3 with N = 6
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Example 4 Consider the following Volterra equation of the first type with piecewise continuous kernels
[19]

Z t
8

0

ð1þ t þ sÞyðsÞdsþ
Z t

2

t
8

ð2þ tsÞyðsÞdsþ
Z 3t

4

t
2

ðt þ s� 1ÞyðsÞds

� 4

Z t

3t
4

yðsÞds

¼ 1

128
�4� 1

8
ð16t þ 69t2 þ 15t3Þ � exp

t

4

� 	
t2 � 13t þ 12

 �

þ expðtÞ 4t2 � 16t þ 28

 ��

þexp
3t

2

� �
ð14t þ 20Þ � 32expð2tÞ

�
; t 2 ½0; 2�;

yðtÞ ¼ expð2tÞ�1

8
; t 2 ½0; 2� is the exact solution. Figure 7 shows the graph of exact and numerical solution.

Figure 8 represents the behavior of absolute error for N ¼ 12. Table 1 shows computed absolute pointwise
error in some points of [0, 2] for different N.

0

1e–16

2e–16

0.5 1 1.5 2
t

Fig. 6 The behavior of absolute error for Example 3 with N = 6

0

2

4

6

0.5 1 1.5 2

t

Fig. 7 The graph of exact solution (solid) and approximate solution (doted) for Example 4 with N = 12
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7 Conclusion

In this study we employed shifted Legendre orthogonal polynomials to solve Volterra integral equation of
the first kind with discontinuous kernel. We modified the operational matrix of integration method for
discontinuous functions and then we convert the main problem to a system of linear equations. Utilizing a
small number of approximation N we obtained more accurate results. The main advantage of our method is
its simplicity in use and high accuracy.
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