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Abstract Mennicke–Newman lemma for unimodular rows was used by W. van der Kallen to give a group

structure on the orbit set
UmnðRÞ
EnðRÞ for a commutative noetherian ring of dimension d� 2n� 4: In this paper, we

generalise the Mennicke–Newman lemma for m� n right invertible matrices
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1 Introduction

Wilberd van der Kallen studied the orbit set
UmnðRÞ
EnðRÞ for a commutative noetherian ring R. It was shown in [1]

that the orbit set
UmnðRÞ
EnðRÞ carries a group structure for n ¼ d þ 1� 3; where d is the dimension of the

commutative noetherian ring R. Mennicke–Newman lemma played an important role in defining the group

structure on the orbit set
Umdþ1ðRÞ
Edþ1ðRÞ . In [2], W. van der Kallen extended the group structure to the range

2� d� 2n� 4 by establishing a bijection between the orbit set
UmnðRÞ
EnðRÞ and the weak Mennicke symbol

WMSnðRÞ; where d denotes the stable dimension of R.
In this article we study the orbit set

Umm;nðRÞ
EnðRÞ for right invertible matrices Umm;nðRÞ: We generalise the

Mennicke–Newman lemma proved in [3] and prove the following :

Lemma 1.1 Let R be a commutative ring of sdim d and S;T 2 Umm;nðRÞ such that d� 2ðn� mÞ � 1;
m� 2; n [ m: Then there exists e1; e2 2 EnðRÞ such that

Se1 ¼ ðX; aÞ; Te2 ¼ ðI � X; aÞ

where X 2 Mm�mðRÞ; a 2 Mm�ðn�mÞðRÞ:
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The term
Um2;nðRÞ

EnðRÞ is just an orbit set of unimodular 2� n matrices. We expect it to have a group structure for
n� 4; d� 2n� 6: Indeed the analogy with algebraic topology in ([3, Section 6]) predicts an abelian group
structure for d� 2n� 6: (Such analogy also gave correct predictions in [2] to get the group structure in

certain range.) In this article we study the orbit set
Um2;nðR½X�Þ

EnðR½X�Þ for a local ring R and prove that in some cases

the map

Row1 :
Um2;nðR½X�Þ

EnðR½X�Þ
�! Um1;nðR½X�Þ

EnðR½X�Þ

is surjective.

2 Preliminaries

Let v ¼ ða0; a1; . . .; arÞ;w ¼ ðb0; b1; . . .; brÞ be two rows of length r þ 1 over a commutative ring R. A row

v 2 Rrþ1 is said to be unimodular if there is a w 2 Rrþ1 with hv;wi ¼ Rr
i¼0aibi ¼ 1 and Umrþ1ðRÞ will

denote the set of unimodular rows (over R) of length r þ 1.
The group of elementary matrices, denoted by Erþ1ðRÞ, is a subgroup of GLrþ1ðRÞ and is generated by

the matrices of the form eijðkÞ ¼ Irþ1 þ kEij, where k 2 R; i 6¼ j; 1� i; j� r þ 1;Eij 2 Mrþ1ðRÞ whose ijth

entry is 1 and all other entries are zero. The elementary linear group Erþ1ðRÞ acts on the rows of length r þ 1
by right multiplication. Moreover, this action takes unimodular rows to unimodular rows and we denote set

of orbits of this action by
Umrþ1ðRÞ
Erþ1ðRÞ : The equivalence class of a row v under this equivalence relation is

denoted by [v].

Definition 2.1 Mennicke symbol MSnðRÞ; n� 2 : Following Suslin [6], we say that a Mennicke symbol of
order n on R is a map / from UmnðRÞ to an abelian group G such that MS1 and MS2 holds:

MS1 : For every elementary matrix e 2 EnðRÞ and every v 2 UmnðRÞ;
we have /ðveÞ ¼ /ðvÞ:
MS2 : /ðx; a2; . . .; anÞ/ðy; a2; . . .; anÞ ¼ /ðxy; a2; . . .; anÞ:

In [6], it was proved by Suslin that there exists a universal Mennicke n-symbol denoted by
ms : UmnðRÞ �! MSnðRÞ:

Definition 2.2 Stable range condition srnðRÞ : We shall say stable range condition srnðRÞ holds for R if
for any ða1; a2; . . .; anþ1Þ 2 Umnþ1ðRÞ there exists ci 2 R such that

ða1 þ c1anþ1; a2 þ c2anþ1; . . .; an þ cnanþ1Þ 2 UmnðRÞ:

Definition 2.3 Stable range sr ðRÞ; Stable dimension sdim ðRÞ : We shall define the stable range of R
denoted by sr ðRÞ to be the least integer n such that srnðRÞ holds. We shall define stable dimension of R by
sdim ðRÞ ¼ sr ðRÞ � 1:

3 Mennicke–Newman lemma for UmnðRÞ

In Borsuk’s cohomotopy groups one has the relation MS3 :

MS3 : /ðx; a2; . . .; anÞ/ðy; a2; . . .; anÞ
¼ /ðxy; a2; . . .; anÞ if xþ y ¼ 1:

Now we list a few more relations that may or may not hold.
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MS4 : /ðf 2; a2; . . .; anÞ/ðg; a2; . . .; anÞ ¼ /ðf 2g; a2; . . .; anÞ:
MS5 : /ðr; a2; . . .; anÞ/ð1þ q; a2; . . .; anÞ ¼ /ðq; a2; . . .; anÞ;
if rð1þ qÞ � q mod ða2; . . .; anÞ:
MS6 : /ðx; a2; . . .; anÞ ¼ /ð�x; a2; . . .; anÞ:
MS7 : /ðx; a2; . . .; anÞm ¼ /ðxm; a2; . . .; anÞ for m� 2:

Lemma 3.1 ([3, Lemma 3.1]) Under MS1 and MS4 ; relations MS3 and MS5 are equivalent.

Proof MS3 ) MS5 : Since rð1þ qÞ � q mod ða2; . . .; anÞ; we have

r � qð1� rÞ mod ða2; . . .; anÞ:

/ðq; a2; . . .; anÞ ¼ /ðrð1þ qÞ; a2; . . .; anÞ
¼ /ðqð1� rÞð1þ qÞ; a2; . . .; anÞ
¼ /ðrð1� rÞð1þ qÞ2; a2; . . .; anÞ
¼ /ðrð1� rÞ; a2; . . .; anÞ/ðð1þ qÞ2; a2; . . .; anÞ
¼ /ðr; a2; . . .; anÞ/ðð1� rÞ; a2; . . .; anÞ/ðð1þ qÞ2; a2; . . .; anÞ
¼ /ðr; a2; . . .; anÞ/ðð1� rÞð1þ qÞ2; a2; . . .; anÞ
¼ /ðr; a2; . . .; anÞ/ðð1þ qÞ; a2; . . .; anÞ:

Last equality holds because ð1� rÞð1þ qÞ � 1 mod ða2; . . .; anÞ:
MS5 ) MS3 : Since ðy; a2; . . .; anÞ 2 UmnðRÞ; there exists v 2 R such that vy � 1 mod ða2; . . .; anÞ:

Since xþ y ¼ 1; we have

vx � ðv� 1Þ mod ða2; . . .; anÞ:

In view of MS5 we have,

/ðx; a2; . . .; anÞ/ðv; a2; . . .; anÞ ¼ /ðv� 1; a2; . . .; anÞ:

As vy � 1 mod ða2; . . .; anÞ; we have

/ðx; a2; . . .; anÞ/ðv2; a2; . . .; anÞ/ðy; a2; . . .; anÞ
¼ /ðv� 1; a2; . . .; anÞ:

As v� 1 � vx mod ða2; . . .; anÞ; one has v� 1 � ðv� 1Þvy � v2xy mod ða2; . . .; anÞ: Therefore by MS1 ,

/ðv� 1; a2; . . .; anÞ
¼ /ðv2xy; a2; . . .; anÞ:

Now, we have

/ðx; a2; . . .; anÞ/ðy; a2; . . .; anÞ/ðv2; a2; . . .; anÞ ¼ /ðxy; a2; . . .; anÞ/ðv2; a2; . . .; anÞ:

Thus

/ðx; a2; . . .; anÞ/ðy; a2; . . .; anÞ ¼ /ðxy; a2; . . .; anÞ:

We note Mennicke–Newman lemma proved by W. van der Kallen in ( [3, Lemma 3.2]), we write a proof
here for completeness.

Lemma 3.2 Let R be a commutative ring with sdim ðRÞ� 2n� 3: Let v;w 2 UmnðRÞ: Then there exists
e; d 2 EnðRÞ and x; y; ai 2 R such that
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ve ¼ ðx; a2; . . .; anÞ;wd ¼ ðy; a2; . . .; anÞ; xþ y ¼ 1:

Proof Let v ¼ ðv1; . . .; vnÞ;w ¼ ðw1; . . .;wnÞ: We will prove the lemma in two steps, first we will show that
using elementary transformations one can make sum of first cordinates of v, w equals one. In next step using
elementary transformations we can make vi ¼ wi; 2� i� n:

Since ðv1; . . .; vnÞ;w ¼ ðw1; . . .;wnÞ 2 UmnðRÞ; we have

ðv1w1; v2; . . .; vn;w2; . . .;wnÞ 2 Um2n�1ðRÞ:

Since sr ðRÞ ¼ sdim ðRÞ þ 1� 2n� 2; we can add multiples of v1w1 to v2; . . .; vn;w2; . . .;wn to make
ðv2; . . .; vn;w2; . . .;wnÞ 2 Um2n�2ðRÞ; i.e. adding multiples of v1 to v2; . . .; vn and multiples of w1 to
w2; . . .;wn we get ðv2; . . .; vn;w2; . . .;wnÞ 2 Um2n�2ðRÞ: Let v02; . . .; v0n;w

0
2; . . .;w0n 2 R such that

Pn
i¼2 viv

0
i þPn

j¼2 wjw
0
j ¼ 1: Add v0ið1� v1 � w1Þ-multiple of ith columns of v to v1 for 2� i� n and for 2� j� n add

w0jð1� v1 � w1Þ-multiple of jth columns of w to w1 to get v1 þ w1 ¼ 1:

Add ð�wi þ viÞ-multiple of w1ð¼ ð1� v1ÞÞ to wi and ð�vi þ wiÞ-multiple of v1 to vi; for 2� i� n; to get
vi ¼ wi:

4 Mennicke–Newman lemma for Umm;nðRÞ; n [ m� 2

In this section we prove the generalised form of Mennicke–Newman lemma.

Definition 4.1 An a 2 Mm�nðRÞ is said to be right invertible if 9b 2 Mn�mðRÞ such that ab ¼ Im: We will
denote set of all m� n right invertible matrices by Umm;nðRÞ:
We note a result a W. van der Kallen ([3, Lemma 3.1]) which allows us to do the row operations in a right
invertible matrix M 2 Umm;nðRÞ:
Lemma 4.2 Let R be a commutative ring, m\n; n� 3: The action by left multiplication of EmðRÞ on
Umm;nðRÞ

EnðRÞ is trivial.

Lemma 4.3 Let R be a commutative ring and S;T 2 Umm;nðRÞ such that sdim ðRÞ ¼ d� 2ðn� mÞ � 1;
m� 2; n [ m: Then there exists e1; e2 2 EnðRÞ such that

Se1 ¼ ðX; aÞ; Te2 ¼ ðI � X; aÞ

where X 2 Mm�mðRÞ; a 2 Mm�ðn�mÞðRÞ:
Proof We will prove it by induction on m. Let m ¼ 2 and S;T 2 Um2;nðRÞ: In view of Lemma 3.2, using
elementary transformation we can make s11 þ t11 ¼ 1. Thus S and T looks like

S ¼
a s12 . . . s1n

s21 s22 . . . s2n

� �

; T ¼
1� a t12 . . . t1n

t21 t22 . . . t2n

� �

:

Upon adding ð�s21 � t21Þ-times first row of S to the second row of S and ð�s21 � t21Þ-times first row of T to
the second row of T, we may assume that S and T looks like

S ¼
a s12 . . . s1n

g s22 . . . s2n

� �

;T ¼
1� a t12 . . . t1n

�g t22 . . . t2n

� �

for some g 2 R: (Note that other entries in second row of S and T will also change but by abuse of notations
we are keeping them same.)

Since g; s22; . . .; s2n and �g; t22; . . .; t2n are unimodular rows, we have

ðs23; . . .; s2n; t23; . . .; t2n; s22t22; gÞ 2 Um2n�2ðRÞ:

In view of ([8, Corollary 9.4]), we may add multiples of g to s23; . . .; s2n; t23; . . .; t2n to make
ht ðs23; . . .; s2n; t23; . . .; t2nÞ� 2n� 4� d þ 1: Thus ðs23; . . .; s2n; t23; . . .; t2nÞ 2 Um2n�4ðRÞ: Thus there

exist s023; . . .; s02n; t
0
23; . . .; t02n 2 R such that
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s23s023 þ � � � þ s2ns02n þ t23t023 þ � � � þ t2nt02n ¼ 1:

Multiply each jth (3� j� n) column of S by ð1� t22 � s22Þs02j and each jth (3� j� n) column of T by

ð1� t22 � s22Þt02j and add to their 2nd column respectively. Thus sum of 22th entries of S and T

¼ s22 þ
Pn

j¼3ð1� t22 � s22Þs02js2j þ t22 þ
Pn

j¼3ð1� t22 � s22Þt02jt2j ¼ 1:

We add ð�s12 � t12Þ-multiple of first column to the second column in both S and T to get s12 þ t12 ¼ 0:
Observe that still one has s22 þ t22 ¼ 1: Therefore S and T looks like

S ¼
a s12 s13 . . . s1n

g s22 s23 . . . s2n

� �

; T ¼
1� a � s12 t13 . . . t1n

�g 1� s22 t23 . . . t2n

� �

:

Next we will make later columns of S and T to be equal. Add
1� a
�g

� �

ðs13 � t13Þ þ
�s12

1� s22

� �

ðs23 � t23Þ to

the third column of T and add
a
g

� �

ð�s13 þ t13Þ þ
s12

s22

� �

ð�s23 þ t23Þ to the third column of S to get their

third columns equal. Similarly other columns of S and T can be made equal. Thus S and T looks like

S ¼
a s12 s13 . . . s1n

g s22 s23 . . . s2n

� �

;T ¼
1� a � s12 s13 . . . s1n

�g 1� s22 s23 . . . s2n

� �

:

Set X ¼ a s12

g s22

� �

to get the desired result in the case m ¼ 2:

Now by induction hypothesis assume that the result holds for all S; T 2 Umk;nðRÞ; k\m: Let S; T 2
Umm;nðRÞ: By induction hypothesis we may assume that S and T looks like

S ¼
Y b

am1 am2 am3 . . . amn

� �

;T ¼
I � Y b

bm1 bm2 bm3 . . . bmn

� �

;

for some Y ¼ ðyijÞ 2 Mðm�1;m�1ÞðRÞ and b 2 Mðm�1;n�ðm�1ÞÞðRÞ: Multiply first row of S by ð�bm1 � am1Þ and

add it to the mth row of S and multiply first row of T by ð�bm1 � am1Þ and add it to the mth row of T to get

am1 ¼ �bm1: After this we multiply ith row of S by ð�bmi � amiÞ and add it to the mth row of S and multiply

ith row of T by ð�bmi � amiÞ and add it to the mth row of T to make ami ¼ �bmi; 2� i�m� 1: (Note that
during these operations ami; bmi will change but by the abuse of notation we are writing them as ami; bmi and
they do satisfy ami ¼ �bmi; 1� i�m� 1:)

Since ðam1; am2; am3; . . .; amnÞ 2 UmnðRÞ and the last row of T
ð�am1;�am2;�am3; . . .;�am;m�1; bmm; . . .; bmnÞ 2 UmnðRÞ, we have
ðammbmm; am;mþ1; . . .; amn; bm;mþ1; . . .; bmn; am1; . . .; am;m�1Þ is also unimodular.
Thus in view of ([8, Corollary 9.4]), we may assume that ht ðam;mþ1; . . .; amn; bm;mþ1; . . .; bmnÞ� 2ðn�

mÞ� d þ 1: Therefore we have
ðam;mþ1; . . .; amn; bm;mþ1; . . .; bmnÞ 2 Um2ðn�mÞðRÞ: Thus there exist elements
a0m;mþ1; . . .; a0mn; b

0
m;mþ1; . . .; b0mn 2 R such that

am;mþ1a0m;mþ1 þ � � � þ amna0mn þ bm;mþ1b0m;mþ1 þ � � � þ bmnb0mn ¼ 1:

Multiply ðmþ iÞth; for i� 1; column of S by a0m;mþið1� amm � bmmÞ and add it to the mth column of S.

Similarly multiply ðmþ iÞth; for i� 1; column of T by b0m;mþið1� amm � bmmÞ and add it to the mth column

of T to get amm þ bmm ¼ 1:
In the next step, add ð�sim � timÞ-multiple of ith column to the mth column in both S and T, for

1� i�m� 1 to get sim ¼ �tim: Here sim; tim denotes the imth entry in the matrix S and T respectively for
1� i�m� 1: Observe that still one has amm þ bmm ¼ 1: Thus S and T looks like

S ¼ X a1½ �; T ¼ I � X a2½ �

for some X 2 Mm;mðRÞ and a1; a2 2 Mm;n�mðRÞ: Let
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a1 ¼

a1;mþ1 . . . a1n

..

. ..
.

am;mþ1 . . . amn

2

6
6
4

3

7
7
5; a2 ¼

b1;mþ1 . . . b1n

..

. ..
.

bm;mþ1 . . . bmn

2

6
6
4

3

7
7
5:

By column operations we perform

a1;mþi

..

.

am;mþi

2

6
6
4

3

7
7
5þ X

�a1;mþi þ b1;mþi

..

.

�am;mþi þ bm;mþi

2

6
6
4

3

7
7
5 in S

and

b1;mþi

..

.

bm;mþi

2

6
6
4

3

7
7
5þ ðI � XÞ

a1;mþi � b1;mþi

..

.

am;mþi � bm;mþi

2

6
6
4

3

7
7
5 in T

for 1� i� n� m, to make later columns in S and T equal. This completes the proof.

5 Some results about the orbit
Um2;nðRÞ

EnðRÞ

In [3], W. van der Kallen has studied the orbit set
Um2;nðRÞ

EnðRÞ . The map

Row1 :
Um2;nðRÞ

EnðRÞ
�! Um1;nðRÞ

EnðRÞ

associates to the orbit of a matrix the orbit of its first row. In this section, we will prove some results about

the orbit set
Um2;nðR½X�Þ

EnðR½X�Þ for a local ring R.

Lemma 5.1 Let R be a local noetherian ring of dimension d; d� 2; 1
d! 2 R: Let n� d þ 1, then the map

Row1 :
Um2;nðR½X�Þ

EnðR½X�Þ
�! Um1;nðR½X�Þ

EnðR½X�Þ

is surjective.

Proof In view of ([4, Remark 1.4.3]), we may assume that R is a reduced ring. Let n ¼ d þ 1: In view of (
[4, Theorem 2.4]), every unimodular row of length d þ 1 over R[X] is completable to an invertible matrix of
determinant 1, thus the map is surjective. Now let n [ d þ 1: Let v ¼ ðv1; . . .; vdþ1; vdþ2; . . .; vnÞ 2
UmnðR½X�Þ: In view of ([4, Proposition 1.4.4]), we can elementarily transform v to a vector u ¼
ðu1ðXÞ; u2ðXÞ; c3; . . .; cdþ1; cdþ2; . . .; cnÞ 2 UmnðR½X�Þ such that cn is a non-zero-divisor,
ci 2 R and 3� i� n:

Let I be an ideal of R generated by cdþ2; . . .; cn. Let � denotes the ideal modulo I[X]. Since R is a local

ring of dimension d, dim ðRIÞ� d and it is a local ring. If dim ðRI Þ ¼ d; then in view of Rao’s result ([4,

Theorem 2.4]), we can complete ðu1ðXÞ
�

; u2ðXÞ
�

; c3
�
; . . .; cdþ1

� Þ to a matrix in R
�
½X� of determinant 1. If

dim ðRIÞ\d; then in view of ([7, Theorem 7.2]), we can complete ðu1ðXÞ
�

; u2ðXÞ
�

; c3
�
; . . .; cdþ1

� Þ to a matrix of

determinant 1 (In this case we can actually complete it to an elementary matrix). Let us assume that matrix

M
�
2 SLdþ1ðR

�
½X�Þ be a completion of ðu1ðXÞ

�
; u2ðXÞ
�

; c3
�
; . . .; cdþ1

� Þ: Lift the matrix M
�

to a matrix M 2
Mdþ1ðR½X�Þ whose first row is given by the vector ðu1ðXÞ; u2ðXÞ; c3; . . .; cdþ1Þ. As det ðM

�
Þ ¼ 1

�
; we may

choose bdþ2; . . .; bn 2 R½X� such that
Pn�d�1

j¼2 ðcdþjbdþjþ1 � cdþjþ1bdþjÞ ¼ det ðMÞ � 1: Thus the following

matrix is in
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u1ðXÞ u2ðXÞ c3 . . . cdþ1 cdþ2 . . . cn

m21 m22 m23 . . . m2;dþ1 bdþ2 . . . bn

� �

2 Um2;nðR½X�Þ

and the class of this matrix is the preimage of ½v� ¼ ½u�: Thus the map is surjective.

Lemma 5.2 Let R be a local noetherian ring of dimension 3; 1
2
2 R: Let n� 3, then the map

Row1 :
Um2;nðR½X�Þ

EnðR½X�Þ
�! Um1;nðR½X�Þ

EnðR½X�Þ

is surjective.

Proof In view of ([4, Remark 1.4.3]), we may assume that R is a reduced ring. Let n ¼ 3: Then in view of
([5, Theorem 3.1]) every unimodular row of length 3 over R[X] is completable to an invertible matrix of
determinant 1, thus the map is surjective. Now let n [ 3: Let v ¼ ðv1; . . .; v3; . . .; vnÞ 2 UmnðR½X�Þ: In view
of ([4, Proposition 1.4.4]), we can elementarily transform v to a vector u ¼ ðu1ðXÞ; u2ðXÞ; c3; . . .; . . .; cnÞ 2
UmnðR½X�Þ such that ci 2 R; 3� i� n and c3 is a non-zero-divisor.

Let I be an ideal of R generated by c4; . . .; cn. Let � denotes the ideal modulo I[X]. Since dim ðRI Þ� 3; we

can complete ðu1ðXÞ
�

; u2ðXÞ
�

; c3
�
; Þ to a matrix M

�
. Lift the matrix M

�
to a matrix M whose first row is given by

the vector ðu1ðXÞ; u2ðXÞ; c3Þ. As det ðM
�
Þ ¼ 1

�
; we may choose b4; . . .; bn 2 R½X� such that

Pðn�1Þ=2
j¼2 ðc2ib2iþ1 � c2iþ1b2iÞ ¼ det ðMÞ � 1: Thus the following matrix is in

Um2;nðR½X�Þ :
u1ðXÞ u2ðXÞ c3 c4 . . . cn

m21 m22 m23 b4 . . . bn

� �

and the class of this matrix is the preimage of ½v� ¼ ½u�: Thus the map is surjective.
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