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Abstract Mennicke—-Newman lemma for unimodular rows was used by W. van der Kallen to give a group

structure on the orbit set lg"”g) for a commutative noetherian ring of dimension d <2n — 4. In this paper, we

generalise the Mennicke—Newman lemma for m x n right invertible matrices
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1 Introduction

Umu(R)
E,(R)
carries a group structure for n =d + 1 >3, where d is the dimension of the

Wilberd van der Kallen studied the orbit set

that the orbit set UE?E;?};)

commutative noetherian ring R. Mennicke—-Newman lemma played an important role in defining the group

Unmg..1 (R)
Eqr1(R)

2<d<2n — 4 by establishing a bijection between the orbit set
WMS,, (R), where d denotes the stable dimension of R.

In this article we study the orbit set UtnsR) g right invertible matrices Um,, ,(R). We generalise the
Mennicke-Newman lemma proved in [3] and prove the following :

for a commutative noetherian ring R. It was shown in [1]

structure on the orbit set . In [2], W. van der Kallen extended the group structure to the range

Um,(R)

and the weak Mennicke symbol

Lemma 1.1 Let R be a commutative ring of sdim d and S,T € Um, ,(R) such that d <2(n —m) — 1,
m>2,n > m. Then there exists ¢,¢ € E,(R) such that

Se1 = (X,a),Tes = (I — X, )

where X € Myxm(R), % € My (n—m)(R)-

Communicated by B. Sury.

Throughout this article we will assume R to be a commutative ring with 1 # 0.
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Umzyn (R)

The term is just an orbit set of unimodular 2 X n matrices. We expect it to have a group structure for
n>4,d <2n — 6. Indeed the analogy with algebraic topology in ([3, Section 6]) predicts an abelian group
structure for d <2n — 6. (Such analogy also gave correct predictions in [2] to get the group structure in

certain range.) In this article we study the orbit set % for a local ring R and prove that in some cases
the map

Umy,(RIX Um ,(R[X

Row,  Uma(RIX) Uy ,(R[X)
E,(R[X]) E,(R[X])

is surjective.
2 Preliminaries
Let v = (aog, ay,...,a,),w = (bo, by, ..., b,) be two rows of length r + 1 over a commutative ring R. A row

v € R™! is said to be unimodular if there is a w € R with (v,w) = X/_ja;p; = 1 and Um,;(R) will
denote the set of unimodular rows (over R) of length r 4 1.

The group of elementary matrices, denoted by E,,{(R), is a subgroup of GL,,(R) and is generated by
the matrices of the form e;;(1) = I + AE;, where 2 € R,i # j, 1 <i,j<r+1,E; € M,,{(R) whose ij"
entry is 1 and all other entries are zero. The elementary linear group E,; (R) acts on the rows of length r + 1

by right multiplication. Moreover, this action takes unimodular rows to unimodular rows and we denote set

of orbits of this action by (Zf’;%‘(g;). The equivalence class of a row v under this equivalence relation is

denoted by [v].

Definition 2.1 Mennicke symbol MS,(R),n > 2 : Following Suslin [6], we say that a Mennicke symbol of
order n on R is a map ¢ from Um,(R) to an abelian group G such that MS1 and MS2 holds:

MS1 : For every elementary matrix ¢ € E,(R) and every v € Um,(R),

we have ¢(ve) = ¢(v).

MS2 : p(x,az,...,a,) 0, az,....an) = ¢(xy,az,...,ay).
In [6], it was proved by Suslin that there exists a universal Mennicke n-symbol denoted by
ms : Um,(R) — MS,(R).
Definition 2.2 Stable range condition sr,(R) : We shall say stable range condition sr,(R) holds for R if
for any (a;,az,...,ay41) € Umy,y i (R) there exists ¢; € R such that

(a1 + c1ap1, a2 + Cap1 1, - -, Ay + Cadni1) € Umy(R).

Definition 2.3 Stable range sr (R), Stable dimension sdim (R) : We shall define the stable range of R
denoted by sr (R) to be the least integer n such that sr,(R) holds. We shall define stable dimension of R by
sdim (R) = sr (R) — 1.

3 Mennicke-Newman lemma for Um,(R)

In Borsuk’s cohomotopy groups one has the relation MS3 :

MS3 : p(x,az,...,a0)0(y,az,...,a,)
= ¢(xy,az,...,a,) if x+y=1.

Now we list a few more relations that may or may not hold.
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MS4 : ¢(f? as,...,a0)P(g, a,. . .,a,) = d(fg,az,...,a,).

MS5 : p(r,az,...,a0)p(1 +q,az,...,a,) = ¢(q,az,...,a,),

if r(14+q)=q mod (az,...,a,).

MS6 : p(x,az,...,a,) = ¢(—x a,...,ay).

MS7 : d(x,az,...,a,)" = ¢(x", ay,...,a,) for m>2.
Lemma 3.1 ([3, Lemma 3.1]) Under MS1 and MS4 | relations MS3 and MSS5 are equivalent.
Proof MS3 = MSS5 : Since r(1 4+ q) = g mod (as,...,a,), we have

r=gq(l —r) mod (az,...,ay).

d(q,ar,....a,) = P(r(l1 +q),az,...,a,)
=¢(q(1 —r)(1 +q),az,...,an)
=¢(r(1 =r)(1 +9) az, ..., an)
=¢(r(l —r),a2,...,a0)9((1 +9)" a2, ..., an)
= d(r,a,....a)d((1 = r),az,....a,)d((1+q)*, az, .. .,a,)
= ¢(r.az,...an)p(1 = r)(1+q) az,....a)
=¢(r,az,..,a,)((1 +q),az,...,a,)

Last equality holds because (1 — r)(1 4+ ¢) =1 mod (ay,...,a,).
MS5 = MS3 : Since (y,az,...,a,) € Um,(R), there exists v € R such that vy = 1 mod (ay, .. ., a,).
Since x +y = 1, we have

vx = (v—1) mod (ay,...,a).
In view of MS5 we have,
o(x,az,..,a,)0(v,az,....a,) = d(v—1,a,...,a,).
Asvy =1 mod (ay,...,a,), we have
d(x,az,...,a0)d(V, az,....a,) Py, az,...,a,)
=¢(v—lLa,...,a,).
Asv—1=vxmod (as,...,a,), one has v — 1 = (v — 1)vy = v’xy mod (ay, . . .,a,). Therefore by MSI ,
o(v—1,a,...,a,)
= o(vV’xy,a, ..., a,).
Now, we have
b(x,a, .. ,a)) Py, az, .. .,a)) POV, az,. . ., a) = G(xy,aa,. .., ay) PV, az, . . ., a,).
Thus
O(x,az, .., an) 0y, az,....a,) = d(xy,az,...,a,).

We note Mennicke-Newman lemma proved by W. van der Kallen in ( [3, Lemma 3.2]), we write a proof
here for completeness.

Lemma 3.2 Letr R be a commutative ring with sdim (R) <2n — 3. Let v,w € Um,(R). Then there exists
&,0 € E,(R) and x,y,a; € R such that
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ve = (x,dz,...,a,),w0 = (y,a2,...,a,),x+y=1.

Proof Letv = (vi,...,v),w = (wy,...,w,). We will prove the lemma in two steps, first we will show that
using elementary transformations one can make sum of first cordinates of v, w equals one. In next step using
elementary transformations we can make v; = w;,2 <i<n.

Since (vi,...,vu),w = (W1,...,w,) € Um,(R), we have
(V1Wl7 Vo, et s Vs W2, e ey Wn) € Umanl(R)-
Since sr (R) = sdim (R) + 1<2n—2, we can add multiples of viw; to va,...,v;,wa,...,w, to make
(Vay ooy Vs Way ooy W) € Umgy—2(R), ie. adding multiples of v; to v,,...,v, and multiples of w; to
W2, .., Wy We get (Va, ...V, W, .., Wy) € Umgy—2(R). Let vh, ..., v, wh,...,w, € R such that Y} , vV} +

L, wiw. = 1. vi(l —v; —wp)-multiple of i columns of v to v; for 2<i<m and for 2<;<n a
an/_; lAddfl Itipl f i col f for 2 <i d for 2 <j dd
wj’-(l — vy — wy)-multiple of j# columns of w to w; to get v +w; = 1.

Add (—w; + v;)-multiple of wi(= (1 —v;)) to w; and (—v; + w;)-multiple of vy to v;, for 2 <i<n, to get
Vi = W;.

4 Mennicke-Newman lemma for Um,, ,(R),n > m>2

In this section we prove the generalised form of Mennicke-Newman lemma.

Definition 4.1 An o € M, (R) is said to be right invertible if 3 € M,;x;n(R) such that aff = I,,. We will
denote set of all m x n right invertible matrices by Um,, ,(R).

We note a result a W. van der Kallen ([3, Lemma 3.1]) which allows us to do the row operations in a right
invertible matrix M € Um, ,(R).

Lemma 4.2 Let R be a commutative ring, m<n, n>3. The action by left multiplication of E,,(R) on

Uy y(R) - ..
E® S trivial.

Lemma 4.3 Let R be a commutative ring and S, T € Umy, ,(R) such that sdim (R) =d<2(n—m) — 1,
m>2,n > m. Then there exists ¢, € E,(R) such that

Se; = (X,a),Tea = (I — X, o)
where X € Myum(R), % € My (n—m)(R).

Proof We will prove it by induction on m. Let m =2 and S,T € Um,,(R). In view of Lemma 3.2, using

elementary transformation we can make s;; + #;; = 1. Thus S and T looks like
a S;p ... 8 l—a tp ... 1
S = [ ! ] T = { "l
$21 §22 ... 82, 153} tr ... Iy

Upon adding (—sa; — #p;)-times first row of S to the second row of S and (—s; — 1 )-times first row of T to
the second row of 7, we may assume that S and 7 looks like

S:[a S12 ... S]n:|7T:|:1—a tp, ... I1n:|
g S22 ... S -8 o ... Iy

for some g € R. (Note that other entries in second row of S and 7 will also change but by abuse of notations
we are keeping them same.)

Since g, s2,...,5, and —g,t, ..., s, are unimodular rows, we have
(523, s S2ns 123, -+ oy on, S22, 8) € Umizy_2(R).

In view of ([8, Corollary 9.4]), we may add multiples of g to su3,...,84,53,...,t, to make
ht (S237 ey S 13,y t2n) >2n—4>d+ 1. Thus (5237 e S, 123, .y lzn) € Um2n74(R). Thus there
eXiSt Shs, .. ., Shy, Ih3, - - - 15, € R such that
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52383 + +++ + SanSh, + 1a3tyy 4+ + fanty, = 1.

Multiply each j* (3 <j<n) column of § by (1 —txn — s»)sy; and each j” (3 <j<n) column of T by
(1 =ty — Szz)t'zj and add to their 2nd column respectively. Thus sum of 22 entries of S and T
=53 + 27:3(1 —ty — S22)S’2jS2j + 1 + 27:3(1 — Iy — S22)t/2jt2j =1.

We add (—sy, — #12)-multiple of first column to the second column in both S and T to get 51, + 1, = 0.
Observe that still one has s,, + 1, = 1. Therefore S and T looks like

S:|:a S12 813 ... S],,:|7T:|:1—a —S12 L3 ... l‘1n:|.
g S» 523 ... S —g l—s» 3 ... Iy
Next we will make later columns of S and T to be equal. Add ! —ga} (s13 — t13) + [l—s? } (523 — t3) tO
— —sn
the third column of T and add {;] (=13 +t3) + {iu} (—s23 + 123) to the third column of S to get their
2

third columns equal. Similarly other columns of S and T can be made equal. Thus S and T looks like

a Si2 S13 ... Sin 1—a — 812 S13 ... Sin
s=— [ },T— { .
8 S22 823 ... S —8 L—sn 83 ... S,

Set X = {g 212] to get the desired result in the case m = 2.
22
Now by induction hypothesis assume that the result holds for all S,7 € Uny ,(R),k<m. Let S,T €
Um,, »(R). By induction hypothesis we may assume that S and 7 looks like

Y I-Y
o P S|
aml Am2 Am3 .. Amp bml me bm3 e bmn

for some Y = (y;) € M(u—1m—1)(R) and f € M(,,_1 —(m—1))(R). Multiply first row of S by (—bu1 — ay1) and
add it to the m" row of S and multiply first row of T by (—b,,; — a,,1) and add it to the m™ row of T to get
a1 = —by. After this we multiply i row of S by (—b,,; — a,,;) and add it to the m™ row of S and multiply
i™ row of T by (—b; — a,;) and add it to the m” row of T to make a,,; = —b;,2 <i<m — 1. (Note that
during these operations a,,;, b,,; will change but by the abuse of notation we are writing them as a,,;, b,,; and
they do satisfy a,,; = —bpi, | <i<m—1.)

Since (am1, dmay A3y - - -, Amn) € Umy(R) and the last row of T

(_amh —Am2, —Am3, - - -» —Amm—1, bmrm R} bmn) € Umn(R)a we have

(AmmBrums Qmms1s - - - Ay Orams 1y« - s Doy Am1s - - -, Amm—1) 1S also unimodular.

Thus in view of ([8, Corollary 9.4]), we may assume that ht (@ i1, - - - Gmns Dmsts - - o, byn) > 2(n —
m) >d + 1. Therefore we have

(@mms1s -+ @mny Dumsts - -+ bun) € Uniy(u_py (R). Thus there exist elements

a a b b € R such that

mm+1 9 Ymny Ymom+19 0 Ymn

/ / / /
Amm+1 41 +o-t Amnyy, + bm7m+1bm7m+l +ot bm’lbmn =1L

Multiply (m + i)’h, for i > 1, column of S by aﬁmm +i(1 = @ym — byyy) and add it to the m™ column of S.
Similarly multiply (m + i)™, for i > 1, column of T by Bl asi(1 = dmm — byy) and add it to the m™ column
of T to get ayyy + by = 1. '

In the next step, add (—s;, — t;,)-multiple of i column to the m™ column in both S and 7, for
1<i<m—1 to get sy, = —tiy. Here sj,, t;, denotes the im™ entry in the matrix S and T respectively for
1 <i<m— 1. Observe that still one has a,,, + b,;, = 1. Thus S and T looks like

S=[X o, T=[1-X o |
for some X € M,,,(R) and oy, 00 € My n—m(R). Let
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Ayl .- Al bimyr ... by
o = : Co]yoe =
Amm+1 -+ Gmn bm7m+] s bmn

By column operations we perform

aymti — A1 i + Ot
+ X : in S
A m+i —Amm+i + bm,eri
and
b1t A1 yi — D1y
+(I-X) : in T
bm‘m+i Ammn+i — bm,eri

for 1 <i<n — m, to make later columns in S and 7 equal. This completes the proof.

5 Some results about the orbit U;":'(r;e(f )
In [3], W. van der Kallen has studied the orbit set % . The map
Umy (R Umi ,(R
Row; : 2 (R) min(R)

E.R)  EuR)

associates to the orbit of a matrix the orbit of its first row. In this section, we will prove some results about

the orbit set %@]}?) for a local ring R.
Lemma 5.1 Let R be a local noetherian ring of dimension d,d > 2,% €R. Let n>d + 1, then the map
Umy,(R|IX Umy ,(R|X
Row, - Uma(RIX) Uiy (RIX)
Eq(R[X]) Eq(R[X])

is surjective.

Proof In view of ([4, Remark 1.4.3]), we may assume that R is a reduced ring. Let n = d + 1. In view of (
[4, Theorem 2.4]), every unimodular row of length d + 1 over R[X] is completable to an invertible matrix of

determinant 1, thus the map is surjective. Now let n>d+ 1. Let v= (vi,...,Vgi1,Va12,---,Vn) €
Um,(R[X]). In view of ([4, Proposition 1.4.4]), we can elementarily transform v to a vector u =
(1 (X),u2(X), €3, -+, Cat1,Cat2y - - -sCn) € Umy(R[X])  such  that ¢, is a  non-zero-divisor,

ci€ERand 3<i<n.

Let I be an ideal of R generated by c;.2, ..., c,. Let — denotes the ideal modulo /[X]. Since R is a local
ring of dimension d, dim (¥) <d and it is a local ring. If dim (§) = d, then in view of Rao’s result ([4,
Theorem 2.4]), we can complete (u1(X),uz(X),c3,...,¢411) to a matrix in I_?[X] of determinant 1. If

dim (%) <d, then in view of ([7, Theorem 7.2]), we can complete (u;(X), uz(X),c3, ..., Cat1) to a matrix of
determinant 1 (In this case we can actually complete it to an elementary matrix). Let us assume that matrix
M € SL;.1(R[X]) be a completion of (u;(X),uz(X),c3,...,cqar1). Lift the matrix M to a matrix M €
M1 (R[X]) whose first tow is given by the vector (u;(X),uz(X),c3,...,cqav1). As det (M) = 1, we may
choose b4z, - .., by € R[X] such that Zj':zd 71(cd+jbd+j+1 — Cg4j41bayj) = det (M) — 1. Thus the following
matrix is in
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u(X) wmX) c NS c oG
1(X) w(X) o d+1 d+2 "| € Uman(RIX))
may my M3 ... Magrr bayr ... by
and the class of this matrix is the preimage of [v] = [u]. Thus the map is surjective.

Lemma 5.2 Let R be a local noetherian ring of dimension 3,% € R. Let n > 3, then the map

Row,  Uma(RIX) U, (RX)
- Eu(RIX]) E,(RIX])

is surjective.

Proof 1In view of ([4, Remark 1.4.3]), we may assume that R is a reduced ring. Let n = 3. Then in view of
([5, Theorem 3.1]) every unimodular row of length 3 over R[X] is completable to an invertible matrix of
determinant 1, thus the map is surjective. Now let n > 3. Let v = (vy,...,v3,...,v,) € Um,(R[X]). In view
of ([4, Proposition 1.4.4]), we can elementarily transform v to a vector u = (1 (X), u2(X),¢3,...,...,¢y) €
Um,,(R[X]) such that ¢; € R,3<i<n and c3 is a non-zero-divisor.

Let I be an ideal of R generated by cy, . . ., ¢,. Let — denotes the ideal modulo /[X]. Since dim (?) <3, we

can complete (u;(X), u>(X), c3,) to a matrix M. Lift the matrix M to a matrix M whose first row is given by
the vector (u;(X),up(X),c3). As det (M)=1, we may choose by,....b, € RX] such that
Z(i;l)/z(cﬁbgiﬂ — C2i41b2i) = det (M) — 1. Thus the following matrix is in

j
w(X) wX) i e ... ooy

Umy (R X]) :
2a(RIX]) may my  my by ... b,

and the class of this matrix is the preimage of [v] = [u]. Thus the map is surjective.
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