
ORIGINAL RESEARCH

Line element method of solving singular integral
equations

Anushree Samanta • Rumpa Chakraborty • Sudeshna Banerjea

Received: 7 August 2019 / Accepted: 8 June 2021 / Published online: 21 June 2021
� The Indian National Science Academy 2021

Abstract The work in this paper is concerned with application of a very simple numerical technique called
line element method to solve singular integral equations with weakly singular kernel and hypersingular
kernel. Of the integral equations considered here are first kind Abel integral equation and integral equation
with log kernel and hypersingular integral equations of first and second kind. In this method, the range of
integration as well as the interval of definition of the integral equation are discretised into finite number of
small subintervals and the unknown function satisfying the integral equation is assumed to be constant in
each small subinterval. This reduces the integral equations to a system of algebraic equations which is then
solved to obtain the unknown function in each subinterval. The method is illustrated with examples. It is
observed that a very accurate result is obtained by applying this method. The error analysis for this method
is also given.

Keywords Line element method � Abel integral equation � Integral equation with log kernel �
hypersingular integral equation � Error analysis

1 Introduction:

Integral Equations serve as an important tool in Applied Mathematics. Modeling of physical phenomena in
the language of mathematics give rise to boundary value problems with a governing differential equation
and associated boundary conditions. Using suitable procedure, the boundary value problem can be reduced
to an integral equation of first or second kind. The literature on second kind integral equation is very rich
whereas the literature on first kind integral equations is very limited. Moreover, if the kernel of the integral
equation is complicated then the analytical methods for solving the integral equation may not be available.
In this situation numerical methods are adopted. A number of numerical methods are available in the
literature viz, Galerkin method, collocation method where the unknown function satisfying the integral
equation is approximated by a polynomial. In the present paper we have applied a very simple numerical
technique viz, line element method to solve integral equations i) of first kind with weakly singular kernel,
viz, Abel integral equation and integral equation with log kernel, ii) of first and second kind with hyper-
singular kernel.
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Boundary value problems arising in Mathematical physics, particularly in solid mechanics and theory of
water waves can be reduced to singular integral equation like Abel integral equations, integral equations
with log kernel and hypersingular integral equation.The most general form of Abel Integral Equation of first
kind is given by [1] Z x

a

Kðx; tÞ/ðtÞ
ðhðxÞ � hðtÞÞa dt ¼ f ðxÞ; a\x\b; ð1Þ

where f ðaÞ ¼ 0; 0\a\1, K(x,t) is a continuous function, Kðx; xÞ 6¼ 0 and h(x) is strictly monotone
increasing and differentiable function of x on [a, b] and h0ðxÞ 6¼ 0 in [a, b]. It may be noted here that Abel
integral equations are often referred to as Volterra integral equation. A simple form of integral equation with
log kernel is given by Z 1

0

/ðtÞ ln j t � x

t þ x
jdt ¼ f ðxÞ; 0\x\1 ð2Þ

where, f(x) is a known function and

/ðtÞ�Oðjt � 1j�
1
2Þ as t! 1: ð3Þ

The integral equation (2) arises in the problem of scattering of water waves by a thin vertical barrier present
in deep water (cf. [2, 3]). The condition (3) satisfied by the unknown function /ðtÞ arises from the physics of
the problem. This condition is necessary for the uniqueness of the solution (cf. [2]).

Hypersingular integral equations serve as an important tool in solving a large class of mixed boundary
value problems arising in the crack problems in fracture mechanics, water wave scattering problems
involving barriers, diffraction of electromagnetic waves, aerodynamics problems (cf. [15, 16]). The simplest
form of hypersingular integral equation is given byZ 1

�1

/ðtÞ
ðt � xÞ2

dt ¼ f ðxÞ; �1� x� 1 ð4Þ

with

/ðtÞ�Oðj1� t2j
1
2Þ as jtj ! 1: ð5Þ

so that /ð�1Þ ¼ 0. Here the integral in equation (4) is defined in the sense of Hadamard finite part integral.
The analytical solutions of integral equation(1) with Kðx; tÞ ¼ 1 and integral equation (2) and (4) are

well known (cf. ([1]). However if the kernel of the integral equation involves singularity with complicated
form, the exact solution may not be easy to obtain in which case numerical methods are helpful. Moreover,
the integral equations (1) and (2) involve weakly singular kernel while the kernel of the integral equation (4)
involves strong singularity. It is important to note here that the integrals with weak singularity are amenable
to the numerical techniques as the integrals can be defined in ordinary Riemann sense. However the integrals
with strong singularity has to be defined in a special manner and for that reason the numerical evaluation of
integrals with strong singularity needs special attention. The exact solution of equation (4) is available in the
literature (cf. ([17]), ([1])) by function theoretic method or method based on utilizing the known solution of
Cauchy type singular integral equation of first kind. However, for solving hypersingular integral equation
with complicated kernel, Martin ([18]) suggested an elegant numerical method based on approximating the
unknown function satisfying the integral equation by Tchebychev’s polynomial.

In this paper we shall adopt a very simple method viz Line Element Method to solve the integral
equations (1), (2) and (4). The Line element method (LEM) adopted here is based on Boundary Element
Method. Boundary Element Method (BEM) is a powerful computational technique which provides solution
to a wide range of scientific and engineering problems (cf. [6–13]). Boundary element method is usually
applied to obtain numerical solution of a boundary value problems arising in mathematical physics. The
advantage of BEM is that i) it is easier to apply than the more traditional finite element method , ii) only the
boundary of the domain needs to be discretised.

The application of Line element method (LEM) in solving integral equations was initiated by Banerjea
et al ([4]). They illustrated with examples, the application of LEM to obtain the solutions of Fredholm and
Volterra integral equations of second kind. In their work, the convergence analysis of the method was not
discussed. They applied LEM to reduce the integral equations to a system of linear algebraic equations. In
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the present approach, following Banerjea et al ([4]), the range of integration of the given integral equation is
divided into finite number of line elements. Next, discretizing the interval of definition into same number of
line elements, the given integral equation is reduced to a system of algebraic equations over the line
elements. It may be mentioned that the coefficient matrix of the system of linear equations associated with
the Abel integral equation is a lower triangular matrix. Solving the system of linear algebraic equations, the
unknown function is evaluated on each line element. Some examples are considered here for illustrating the
method. It is observed that use of this method produces very accurate results. The error analysis of the
method is discussed here.

2 Method of solution

2.1 Solution of the Abel integral equation

Most general form of Abel integral equation is given by equation (1). To find the unknown function /ðxÞ
satisfying the integral equation (1) for different x in the region of definition, we shall apply here Line
Element Method(LEM). We first consider the small line element joining the points a0 and a1 where a0 ¼ a
and a1 ¼ a0 þ c; where c is a very small positive number. If t1 is a point on this line element, then t1 can be
written as

t1 ¼ ga1 þ ð1� gÞa0; 0� g� 1:

Consequently equation (1) becomes Z 1

0

cKða1; t1Þ/ðt1Þ
ðhða1Þ � hðt1ÞÞa

dg: ¼ f ða1Þ; ð6Þ

According to LEM ([6]), we consider the function /ðtÞ as constant throughout the very small line element
joining the points a0 and a1 and write /1 ¼ /ðt1Þ. Then equation(51) reduces to

/1

Z 1

0

cKða1; t1Þ
ðhða1Þ � hðt1ÞÞa

dg: ¼ f ða1Þ: ð7Þ

Alternately we can write as,

H11/1 ¼ f1; ð8Þ

where

H11 ¼
Z 1

0

cKða1; t1Þ
ðhða1Þ � hðt1ÞÞa

dg; f1 ¼ f ða1Þ: ð9Þ

Hence,

/1 ¼
f1

H11

: ð10Þ

Again taking x ¼ a2 where a2 ¼ a1 þ c, the equation (1) becomesZ a1

a0

Kða2; tÞ/ðtÞ
ðhða2Þ � hðtÞÞa dt þ

Z a2

a1

Kða2; tÞ/ðtÞ
ðhða2Þ � hðtÞÞa dt ¼ f ða2Þ: ð11Þ

If tj is a point on the line element joining the points aj�1 and aj, j ¼ 1; 2; then we can write tj as

tj ¼ gaj þ ð1� gÞaj�1; j ¼ 1; 2; 0� g� 1:

Then equation (11) becomes
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Z 1

0

cKða2; t1Þ/ðt1Þ
ðhða2Þ � hðt1ÞÞa

dgþ
Z 1

0

cKða2; t2Þ/ðt2Þ
ðhða2Þ � hðt2ÞÞa

dg ¼ f ða2Þ; ð12Þ

According to the assumption of LEM , we choose /j ¼ /ðtjÞ; j ¼ 1; 2 as constants (unknown) for
tj 2 ½aj�1; aj�. Using this assumption, equation (10) can be written as

X2

j¼1

H2j/j ¼ f2 ð13Þ

where

H2j ¼
Z 1

0

cKða2; tjÞ
ðhða2Þ � hðtjÞÞa

dg; j ¼ 1; 2; f2 ¼ f ða2Þ: ð14Þ

It is noted that the matrix associated with the system of linear equations (8) and (13) is a lower triangular
matrix. Hence solving equation (13), we obtain

/2 ¼
f2 � H21/1

H22

ð15Þ

where /1 is known from equation (10). Proceeding similarly, /ðxÞ can be found numerically at x ¼ ai where
ai ¼ a0 þ ic; i ¼ 1; 2; ::n. At i-th step,with all the previous assumptions, equation (1) takes the form

Xi

j¼1

Hij/j ¼ fi; i ¼ 1; 2; ::::; n ð16Þ

where

Hij ¼
Z 1

0

cKðai; tjÞ
ðhðaiÞ � hðtjÞÞa

dg; i ¼ 1; 2; :::; n; j ¼ 1; 2; :::i; fi ¼ f ðaiÞ: ð17Þ

with /i ¼ /ðtiÞ as constant through the line element ½ai�1; ai� and

ti ¼ gai þ ð1� gÞai�1; 0� g� 1:

Equation (14) is a system of linear equations which forms a lower triangular matrix. Thus solving equation
(14), we obtain

/1 ¼
f1

H11

; /i ¼
fi �

Pi�1
j¼1 Hij/j

Hii

ð18Þ

2.2 Solution of integral equation with log kernel

A simple form of integral equation with log kernel is given by equation (2) and (3). In order to find the
unknown function /ðxÞ for different x in the region of definition numerically, we apply the Line Element
Method(LEM). According to the method, we divide the range of integration [a, b] into n line elements,
where the end points of j-th line element is aj�1 and aj, j=1,2,.....n, with a0 ¼ 0, an ¼ 1, aj ¼ a0 þ jn; j ¼
1; 2; :::::n and n ¼ an�a0

n . Thus ½a; b� ¼
Sn

j¼1½aj�1; aj�. Consequently integral equation (2) can be written as

follows

Xn

j¼1

Z aj

aj�1

/ðtÞ ln j t � x

t þ x
jdt ¼ f ðxÞ; 0\x\1 ð19Þ

If t ¼ tj is a point on the line joining the points aj�1 and aj, then tj can be written as

tj ¼ gaj þ ð1� gÞaj�1; 0� g� 1:

Hence equation (19) becomes
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Xn

j¼1

Z 1

0

n/ðtjÞ ln j
tj � x

tj þ x
jdg;¼ f ðxÞ; 0\x\1 ð20Þ

Writing x ¼ xi, i=1,2,...,n, for i-th line element joining the points ai�1; ai, the equation (20) becomes

Xn

j¼1

Z 1

0

n/ðtjÞ ln j
tj � xi

tj þ xi
jdg;¼ f ðxiÞ ð21Þ

According to LEM, we assume that the value of /ðtÞ is constant throughout the small line element joining
the points aj�1 and aj, so that /j ¼ /ðtjÞ; a constant (cf. [6]). Then equation(21) reduces to

Xn

j¼1

Hij/j ¼ fi; i ¼ 1; 2; ::::; n ð22Þ

where

Hij ¼
Z 1

0

n ln j tj � xi

tj þ xi
jdg; fi ¼ f ðxiÞ; i ¼ 1; 2; :::; n; j ¼ 1; 2; :::; n ð23Þ

It may be noted here that the integral in equation (23) is a weakly singular integral and it can be evaluated
numerically. The equation (22) is a system of linear equation solving which we get the numerical values of
/ðxiÞ; i ¼ 1; 2:::n:

2.3 Solution of hypersingular integral equation

We consider the simple hypersingular integral equation of first kind of the formZ 1

�1

/ðtÞ
ðt � xÞ2

dt ¼ f ðxÞ; �1� x� 1 ð24Þ

with condition (5) so that /ð�1Þ ¼ 0. The exact solution of equation (24) is given by (cf. [17])

/ðxÞ ¼
Z 1

�1

f ðtÞ log½ jx� tj
1� xt þpfð1� x2Þð1� t2Þg� dt: ð25Þ

Noting the condition (5), we assume

/ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

wðtÞ ð26Þ

where wðtÞ is a regular function. Now replacing (26) in equation (24), we get
Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

wðtÞ
ðt � xÞ2

dt ¼ f ðxÞ; �1� x� 1 ð27Þ

Now we subdivide the range of integration ½�1; 1� into n number of line elements.i.e.,
½�1; 1� ¼

Sn
j¼1½aj�1; aj� with a0 ¼ �1 and an ¼ 1: Here we take

aj ¼ a0 þ jh; h ¼ an � a0

n
; j ¼ 1; :::n:

Consequently equation (27) can be written as follows.

Xn

j¼1

Z aj

aj�1

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

wðtÞ
ðt � xÞ2

dt ¼ f ðxÞ; �1� x� 1 ð28Þ

Now for t belonging to jth line element joining the points aj�1 and aj, we write t ¼ tj, so that

tj ¼ gaj þ ð1� gÞaj�1; 0� g� 1:

Hence equation (28) becomes
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Xn

j¼1

Z 1

0

h
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

j

q
wðtjÞ

ðtj � xÞ2
dg ¼ f ðxÞ; �1� x� 1 ð29Þ

Now, for x belonging to the line element joining the points ai�1 and ai, where i ¼ 1; :::n we write x ¼ xi, so
that equation (29) becomes

Xn

j¼1

Z 1

0

h
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

j

q
wðtjÞ

ðtj � xiÞ2
dg ¼ f ðxiÞ ð30Þ

Here we assume that wðtjÞ ¼ wj as constant in jth line element joining the points aj�1; aj, the equation (30)
reduces to

Xn

j¼1

Kij wj ¼ fi; i ¼ 1; 2; 3:::::; n ð31Þ

where,

Kij ¼
Z 1

0

h
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

j

q

ðtj � xiÞ2
dg ; f ðxiÞ ¼ fi: ð32Þ

For i ¼ j, the integral in Kii has strong singularity and so it is not amenable to numerical techniques.
However to evaluate Kii, can be evaluated analytically and for this we write

Kii ¼
d

dxi
Gii

where

Gii ¼
Z ai

ai�1

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

i

p
ðxi � tiÞ

dti:

It is easy to evaluate Gii so that Kii can be evaluated as

Kii ¼
xiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
i

p �
�

ln j
�
Aixi � pðxiÞ

��
Ai�1xi � qðxiÞ

�
�
Aixi � qðxiÞ

��
Ai�1xi � pðxiÞ

� j
�

� 1

xi
�
�

pðxiÞ
Aixi � pðxiÞ

þ qðxiÞ
Aixi � qðxiÞ

� pðxiÞ
Ai�1xi � pðxiÞ

� qðxiÞ
Ai�1xi � qðxiÞ

�

� sin�1 ai þ sin�1 ai�1

ð33Þ

where

Ai ¼
aiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

i

pq ; pðxÞ ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p

; qðxÞ ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p

ð34Þ

Thus knowing Kii, the system of linear equation (31) can be solved to obtain the unknown values of w0is for
each xi�½ai�1; ai�. Finally from equation (26), the function /ðxÞ can be known. A simple hypersingular
integral equation of second kind is given by

/ðxÞ �
Z 1

�1

/ðtÞsðx; tÞ
ðt � xÞ2

dt ¼ f ðxÞ; �1� x� 1 ð35Þ

with /ð�1Þ ¼ 0 and s(x, t) is a known well behaved function. Noting the condition /ð�1Þ ¼ 0, we assume

/ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

wðtÞ ð36Þ

where wðtÞ is a regular function. Following the same procedure for solving first kind hypersingular integral
equation, the second kind hypersingular integral equation (35) can be reduced to a system of algebraic
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equations. The solution of the system of algebraic equations produces the solution of the hypersingular
integral equation (35).

In the next section we shall illustrate the method described through some examples.

3 Numerical results

3.1 Abel integral equation

Example 1:
We consider the Abel integral equationZ x

0

/ðtÞffiffiffiffiffiffiffiffiffiffi
x� t
p dt ¼ 4

3
x

3
2; 0\x\1 ð37Þ

Here /ðxÞ ¼ x is the exact solution. Following the procedure discussed in section 2.1, taking c ¼ :1 and
c ¼ :01 respectively, we obtain the values of /ðxÞ. Some representative values of /ðxÞ are given in the
table(1) and table(2) below.

Example 2:
We consider the following Abel integral equation which arises in connection with the problem of

scattering of water waves by a vertical barrier partially immersed in deep water (cf. [5]).Z x

0

t/ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � t2
p dt ¼ x; 0\x\1 ð38Þ

The exact solution of this Abel integral equation is /ðtÞ ¼ 1. Following the procedure discussed in sec-
tion 2.1, and taking the length of each line element c ¼ :1 and c ¼ :01 respectively, the unknown function
/ðxÞ is obtained for different values of x where x 2 ½0; 1�. Some representative values of /ðxÞ are given in
table(3) and table(4) respectively below.

From Tables 1 and 2 for example 1, and from Tables 3 and 4 for example 2, it is observed that as c
increases 10�1 times, the absolute error also increases by 10�1 times. However, for c ¼ 0:1; the absolute

error in example 1 is of order 10�3 while in example 2 it is of order 10�8: Thus it is observed that line
element method is simple and fairly accurate method.

3.2 Integral equation with log kernel

We consider the integral equation (2, 3) with f ðxÞ ¼ px given byZ 1

0

/ðtÞ ln j t � x

t þ x
jdt ¼ px; 0\x\1: ð39Þ

The above integral equation arises in connection with the problem of scattering of water waves by a vertical
barrier partially immersed in deep water (cf. [3]) whose exact solution is /ðxÞ ¼ � xffiffiffiffiffiffiffiffi

1�x2
p : Since the

unknown function /ðxÞ satisfies the condition (3), so we write

Table 1 Comparative study of the exact result and present result

values of x Solution Absolute Error

/exact /approx

0.1 0.1 0.0954336 4.56639�10�3

0.2 0.2 0.1953010 4.69879�10�3

0.3 0.3 0.2952450 4.75550�10�3

0.4 0.4 0.395211 4.78890�10�3

0.5 0.5 0.495189 4.81149�10�3

0.6 0.6 0.595172 4.82812�10�3

0.7 0.7 0.695153 4.84100�10�3

0.8 0.8 0.795149 4.85136�10�3

0.9 0.9 0.89514 4.85993�10�3

1.0 1.0 0.995133 4.86717�10�3
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/ðxÞ ¼ wðxÞffiffiffiffiffiffiffiffiffiffiffi
1� x
p ;

where wðxÞ is a regular function. Thus the given integral equation reduces toZ 1

0

ln j t � x

t þ x
j wðtÞffiffiffiffiffiffiffiffiffiffi

1� t
p dt ¼ px; 0\x\1: ð40Þ

The exact solution of the given integral equation is /ðxÞ ¼ � xffiffiffiffiffiffiffiffi
1�x2
p ; (cf. [3]) so that wðxÞ ¼ � xffiffiffiffiffiffi

1þx
p :

Following the procedure discussed in section 2.2, the domain [0, 1] is discretized into 10 and 100 line
elements respectively, taking n ¼ 0:1; 0:01, so that we get different values of wðxÞ in different line seg-
ments. Some representative values of /ðxÞ are given in table(5) and table(6) for n ¼ 0:1 and n ¼ 0:01

respectively. It is observed from Table 5 that the order of absolute error is 10�4 for n ¼ 0:1: This indicates
that for 10 line elements, the results are fairly accurate. However it is observed from Table 6 that the order

Table 2 Comparative study of the exact result and present result

values of x Solution Absolute Error

/exact /approx

0.1 0.1 0.0995133 4.86716�10�4

0.2 0.2 0.199503 4.90624�10�4

0.3 0.3 0.299508 4.92335�10�4

0.4 0.4 0.399507 4.93355�10�4

0.5 0.5 0.499506 4.94055�10�4

0.6 0.6 0.599505 4.94639�10�4

0.7 0.7 0.699505 4.9505�10�4

0.8 0.8 0.799505 4.95375�10�4

0.9 0.9 0.899504 4.95536�10�4

1.0 1.0 0.999504 4.95757�10�4

Table 3 Comparative study of the exact result and present result

values of x Solution Absolute Error

/exact /approx

0.1 1 1.00000 6:49833� 10�8

0.2 1 1.00000 4:30718� 10�8

0.3 1 1.00000 3:14319� 10�8

0.4 1 1.00000 3:3801� 10�8

0.5 1 1.00000 4:13483� 10�8

0.6 1 1.00000 4:48594� 10�8

0.7 1 1.00000 4:07682� 10�8

0.8 1 1.00000 5:07618� 10�8

0.9 1 1.00000 6:13094� 10�8

1.0 1 1.00000 6:67634� 10�8

Table 4 Comparative study of the exact result and present result

values of x Solution Absolute Error

/exact /approx

0.1 1 1.00000 9:38194� 10�9

0.2 1 1.00000 2:75213� 10�8

0.3 1 1.00000 2:23096� 10�8

0.4 1 1.00000 2:73001� 10�8

0.5 1 1.00000 2:93306� 10�8

0.6 1 1.00000 2:29234� 10�8

0.7 1 1.00000 2:07567� 10�8

0.8 1 1.00000 2:11109� 10�8

0.9 1 1.00000 2:37410� 10�8

1.0 1 1.00000 2:42862� 10�8
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of absolute error is 10�6 for n ¼ 0:01: This shows that the Line Element method gives fairly accurate results

and as n is decreases by 10�1 times the absolute error decreases by 10�2 times.

3.3 Hypersingular Integral Equation

Example 1: Here we consider the hypersingular integral equation (24) when f ðxÞ ¼ 1Z 1

�1

/ðtÞ
ðt � xÞ2

dt ¼ 1; �1� x� 1 ð41Þ

with

/ðtÞ�Oðj1� t2j
1
2Þ as jtj ! 1: ð42Þ

The exact solution of equation (41) is given by ( equation (25) with f ðxÞ ¼ 1)

/ðxÞ ¼ � 1

p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p

: ð43Þ

According to the substitution used in equation (26), we obtain wðxÞ ¼ � 1
p : Following the procedure

discussed in section 2.3, we discretise the domain ½�1; 1� into 20 and 200 line elements respectively so that
the length of each subinterval h ¼ 0:1; 0:01 respectively. Some representative values of wðxÞ are given for
both cases in Table 7 and table 8 respectively.

It is observed from table 7 that the error is of order 10�12 when h ¼ 0:1, ie for 20 line elements. This
shows the method adopted here is very simple, effective and produces quite accurate result. Table 8 shows

that the error is of order 10�14 or 10�13 for h ¼ 0:01, ie for 200 line elements. Hence it is observed that as h
increases by 10�1 times, the absolute error increases by 10�2= 10�1 times.

Table 5 Comparative study of the exact result and present result

Interval values
of x

Solution Absolute
Error

/exact /approx

[0, .1] 0.05 -0.04795 -0.0489828 1.8775�10�4

[.1, .2] 0.15 -0.139876 -0.140246 3:6984� 10�4

[.2, .3] 0.25 -0.223607 -0.233996 3:8875� 10�4

[.3, .4] 0.35 -0.301232 -0.301656 4:2373� 10�4

[.4, .5] 0.45 -0.373705 -0.374181 4:7631� 10�4

[.5, .6] 0.55 -0.441771 -0.442329 5:5872� 10�4

[.6, .7] 0.65 -0.506024 -0.506716 6:9189� 10�4

[.7, .8] 0.75 -0.566947 -0.567915 9:6860� 10�4

[.8, .9] 0.85 -0.624932 -0.625988 1:0552� 10�3

[.9, 1] 0.95 -0.680309 -0.689418 9:1088� 10�3

Table 6 Comparative study of the exact result and present result

Interval values
of x

Solution Absolute Error

/exact /approx

[0.05, 0.06] 0.055 -0.0535472 -0.0535511 3:91519� 10�6

[0.15, 0.16] 0.155 -0.144225 -0.144229 3:91375� 10�6

[0.25, 0.26] 0.255 -0.227624 -0.227628 4:02584� 10�6

[0.35, 0.36] 0.355 -0.304971 -0.304975 4:30648� 10�6

[0.45, 0.46] 0.455 -0.377207 -0.377212 4:80107� 10�6

[0.55, 0.56] 0.555 -0.445069 -0.445075 5:61181� 10�6

[0.65, 0.66] 0.655 -0.509146 -0.509153 6:97712� 10�6

[0.75, 0.76] 0.755 -0.569913 -0.569922 9:5418� 10�6

[0.85, 0.86] 0.855 -0.627761 -0.627777 1:57518� 10�5

[0.95, 0.96] 0.955 -0.683015 -0.683065 4:99048� 10�5
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Example 2:
The hyper singular integral equation of second kind is given by

/ðxÞ � að1� x2Þ
1
2

p

Z 1

�1

/ðtÞ
ðt � xÞ2

dt ¼ f ðxÞ; �1� x� 1 ð44Þ

with /ð�1Þ ¼ 0, which is known as the elliptic wing case of Prandtl’s equation, for which að[ 0Þ is a

known constant and f ðxÞ ¼ ð2pk
b Þð1� x2Þ

1
2, k , bð[ 0Þ are known constants (cf. [19]). For simplicity we take

b ¼ p, k ¼ 1, a ¼ p
2b in (44) so that f ðxÞ ¼ 2ð1� x2Þ

1
2.

Because of the condition /ð�1Þ ¼ 0, we assume

/ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

wðtÞ ð45Þ

where wðtÞ is a regular function. Now replacing (45) in equation (44), we get

wðxÞ ¼ 2þ 1

2p

Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

wðtÞ
ðt � xÞ2

dt ð46Þ

Generalizing the procedure discussed in section 2.3 for 2nd kind hypersingular integral equation, we
discretise the domain ½�1; 1� into 20 line elements.Some representative values of wðxÞ are given in Table 9 .

A second method based on approximating the unknown function wðtÞ in the equation (46) by Chebyshev
polynomial is described below.

wðtÞ ffi
XN

n¼0

an UnðtÞ ð47Þ

Table 7 Comparative study of the exact result and present result

Intervals values of
x

Solution Absolute Error

/exact /approx

[.9, 1.0],½�1;�:9� ±0.95 �1=p -0.31831 1:77747� 10�12

[.7, .8],½�:8;�:7� ±0.75 �1=p -0.31831 2:01006� 10�12

[.5, .6],½�:6;�:5� ±0.55 �1=p -0.31831 2:16993� 10�12

[.3, .4],½�:4;�:3� ±0.35 �1=p -0.31831 2:32203� 10�12

[.1, .2],½�:2;�:1� ±0.15 �1=p -0.31831 2:54963� 10�12

Table 8 Comparative study of the exact result and present result

Intervals values of
x

Solution Absolute Error

/exact /approx

[.95, .96],½�:96;�:95� ±0.955 �1=p -0.31831 6:96221� 10�14

[.75, .76],½�:76;�:75� ±0.755 �1=p -0.31831 8:24729� 10�14

[.55, .56],½�:56;�:55� ±0.555 �1=p -0.31831 1:06742� 10�13

[.35, .36],½�:36;�:35� ±0.355 �1=p -0.31831 1:50419� 10�13

[.15, .16],½�:16;�:15� ±0.155 �1=p -0.31831 2:45437� 10�13

Table 9 Numerical values

values of x wapprox

±0.955 1.33333
±0.755 1.33333
±0.555 1.33333
±0.355 1.33333
±0.155 1.33333
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where Un is Chebyshev polynomial of 2nd kind.
Now From Abramowitz and Stegun (cf. [20] ), we know that

Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

UnðtÞ
x� t

dt ¼ p Tnþ1ðxÞ ð48Þ

where Tn is Chebyshev polynomial of 1st kind.Now differentiating both side of equation (48) with respect to
x , we get

Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

UnðtÞ
ðx� tÞ2

dt ¼ �pðnþ 1Þ UnðxÞ ð49Þ

Now substituting (47) in (46), and using the relations (48) and (49), we get

XN

n¼0

anAnðxÞ ¼ 2; �1\x\1: ð50Þ

where AnðxÞ ¼ nþ3
2

UnðxÞ.Now choosing N þ 1 values of x, we get a system of linear equation, solving which
we get the coefficients an and then wðxÞ. To compare the result with solution obtained by boundary element
method, here we take N ¼ 19, and xi same as the example (46).The results by Chebyshev polynomial
approximation is given in Table 10.

From Tables 9 and 10 it is observed that results obtained by two method agree with each other.

4 Convergence of the Line element method to solve integral equation with regular kernel

In this section we shall establish the convergence (cf. [14] ) of the line element method of solution of
Fredholm integral equation of second kind. The proof of convergence for first kind integral equation follows
similarly.

A second kind integral equation is given by

/ðxÞ ¼ f ðxÞ þ k
Z b

a

Kðx; tÞ/ðtÞdt; a\x\b: ð51Þ

which can be alternately written as

/ðxÞ ¼ f ðxÞ þ kðK/ÞðxÞ; a\x\b; ð52Þ

where

ðK/ÞðxÞ ¼
Z b

a

Kðx; tÞ/ðtÞdt ð53Þ

Following Banerjea et al[ [4]], we approximate ðK/ÞðxÞ in equation (53) using line element method as
ðKn/ÞðxÞ, given by

ðK/ÞðxÞ ’ ðKn/ÞðxÞ ¼
Xn

j¼1

Z 1

0

Kðx; tjÞ/ðtjÞðaj � aj�1Þdg ð54Þ

where Kn : C½a; b� ! C½a; b� is a finite rank operator and

Table 10 Numerical values

values of x wapprox

±0.955 1.33333
±0.755 1.33333
±0.555 1.33333
±0.355 1.33333
±0.155 1.33333
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tj ¼ gaj þ ð1� gÞaj�1; 0� g� 1:

where aj and aj�1 are the end point of j-th line element.
Replacing ðK/ÞðxÞ from equation (54) into equation (51) we obtain nth approximation /nðxÞ to /ðxÞ as

/nðxÞ ¼
Xn

j¼1

Z 1

0

Kðx; tjÞ/ðtjÞðaj � aj�1Þdgþ f ðxÞ ð55Þ

To obtain f/nðxÞg we evaluate /nðxÞ from (55) at x ¼ xk where xk belongs to the line element joining
ðak�1; akÞ: Thus

/nðxkÞ ¼
Xn

j¼1

Z 1

0

Kðxk; tjÞ/nðtjÞðaj � aj�1Þdgþ f ðxkÞ ð56Þ

Considering /nðxkÞ 
 /nk to be constant in kth line element, the equation (56) can be reduced to the
following system of linear algebraic equations

Xn

j¼1

Hij/nj ¼ fi; i ¼ 1; 2; ::::; n ð57Þ

where Hij ¼ dij �
R 1

0
Kðxi; tjÞðaj � aj�1Þdg If equation (57) has unique solution then equation (55) provides

an interpolant

/nðxÞ ¼
Xn

j¼1

Z 1

0

Kðx; tjÞ/ðtjÞðaj � aj�1Þdgþ f ðxÞ ð58Þ

of f/mðxÞgn
m¼1:

To prove the convergence of the f/mðxÞgn
m¼1; we use the Brakhage’s lemma (cf. [14]) given as follows.

Brakhage’s Lemma
Let K : V ! V be a bounded linear operator and Kn : V ! V be a sequence of finite rank operators such

that KnðxÞ ! KðxÞ; 8x�V : If k ðK � KnÞKn k! 0 as n!1 then 8n sufficiently large ðI � KnÞ�1
exists and

k ð/� /nÞ k1 � k K/� Kn/ k1 :
Now ðK/ÞðxÞ and ðKn/ÞðxÞ are defined by equations (54) and (53). Thus

fðK � KnÞKng/ðxÞ ¼
Xn

j¼1

ðaj � aj�1Þ
Z 1

0

Enðx; tjÞ/ðtjÞdg; ð59Þ

where

Enðx; tjÞ ¼
Z b

a

Kðx; sÞKðs; tjÞds�
Xn

k¼1

ðak � ak�1Þ
Z 1

0

Kðx; skÞKðsk; tjÞdf: ð60Þ

where sk ¼ ð1� fÞak�1 þ fak

Now it is easy to see that

k ðK � KnÞKn k1 � max
xe½a;b�

Xn

j¼1

ðaj � aj�1Þ
Z 1

0

jEnðx; tjÞjdg ð61Þ

Thus to show that k ðK � KnÞKn k1! 0 as n!1 it is sufficient to show that fEnðx; tÞg is a uniformly
bounded equicontinuous set of functions which are pointwise convergent to zero so that by Ascoli Arzela’s
theorem it can be asserted that fEnðx; tÞg uniformly to zero.

Now Equation (60) shows that fEnðx; tÞg is point wise convergent and converges to zero.
We first show that fEnðx; tÞg is uniformly bounded sequence. From equation (60) we have

jEnðx; tjÞj � 2ðb� aÞjKðx; tj2 � 2ðb� aÞ max
ðx;tÞ�½a;b��½a;b�

jKðx; tÞj2 � M ð62Þ

where M is a constant, showing that fEnðx; tÞg is uniformly bounded. To show that fEnðx; tÞg is
equicontinuous we write
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jEnðx; tÞ � Enðy; zÞj � jEnðx; tÞ � Enðy; tÞj þ jEnðy; tÞ � Enðy; zÞj: ð63Þ

Now, using equation (60) it can be easily shown that

jEnðx; tÞ � Enðy; tÞj � 2ðb� aÞj max
s�½a;b�
jKðx; sÞ � Kðy; sÞj: ð64Þ

where j ¼ maxðx;tÞ�½a;b��½a;b� jKðx; tÞj Similarly

jEnðy; tÞ � Enðy; zÞj � 2ðb� aÞj max
s�½a;b�
jKðs; tÞ � Kðs; zÞj: ð65Þ

Since K(x, t) is uniformly continuous, so for e [ 0, the following holds.
jKðx; sÞ � Kðy; sÞj\e=2jðb� aÞ whenever jx� yj\d1 and jKðy; tÞ � Kðy; zÞj\e=2jðb� aÞ when-

ever jt � zj\d2: Thus choosing d ¼ minðd1; d2Þ we have

jEnðx; tÞ � Enðy; zÞj � e: ð66Þ

This shows that fEnðx; tÞg is equicontinuous. Thus fEnðx; tÞg satisfies all the conditions of Ascoli Arzela’s
theorem. Hence by Brakhage’s Lemma the we can say that /n ! / as n!1: (cf. [14])

Now the convergence of the interpolent f/mðxÞgn
m¼1 for singular integral equation can be proved exactly

in the similar manner as described above except for the fact that only difficulty arises in evaluating the
singular integral occurring in the relation

Hii ¼ 1� ðaj � aj�1Þ
Z 1

0

Kðxi; tiÞdg

given in equation (57).
For weakly singular integral equation, the weakly singular integral appearing in the expression for Hii in

equation (57) is amenable to the numerical techniques and can be evaluated numerically. However for

hypersingular integral equation the singular integral
R 1

0
Kðxi; tiÞdg appearing in the expression for Hii cannot

be evaluated numerically but can be evaluated analytically and the analytical expression is given in equation
(33).

5 Conclusion

A simple numerical technique, viz, line element method is employed here to solve Abel integral equations,
integral equation with log kernel and hypersingular integral equation of first kind. For all three types of
integral equations, the discretization of range of integration as well as the interval of definition of the
integral equations into small line elements, yields a system of linear equations. For Abel integral equation,
the matrix associated with the system of linear equations is a lower triangular matrix from which it is very
simple to obtain the solution. For log integral equation and hypersingular integral equation, the matrix
associated with the system of linear equations is a normal dense matrix whose inversion can be obtained by
standard procedure.

Some numerical examples are considered for all the integral equations. It is observed that in each
example, that

i) the the method is very simple to implement numerically,
ii) the absolute error is fairly small even for 10 line elements. This shows the efficiency of the method.
iii) as the number of line elements increases by 10 times, the absolute error decreases by 10�2= 10�1

times.
This shows that the Line Element Method is a very efficient method and yields very accurate results for

solving weakly singular integral equations as well as hypersingular integral equations.
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