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Abstract The work in this paper is concerned with application of a very simple numerical technique called
line element method to solve singular integral equations with weakly singular kernel and hypersingular
kernel. Of the integral equations considered here are first kind Abel integral equation and integral equation
with log kernel and hypersingular integral equations of first and second kind. In this method, the range of
integration as well as the interval of definition of the integral equation are discretised into finite number of
small subintervals and the unknown function satisfying the integral equation is assumed to be constant in
each small subinterval. This reduces the integral equations to a system of algebraic equations which is then
solved to obtain the unknown function in each subinterval. The method is illustrated with examples. It is
observed that a very accurate result is obtained by applying this method. The error analysis for this method
is also given.

Keywords Line element method - Abel integral equation - Integral equation with log kernel -
hypersingular integral equation - Error analysis

1 Introduction:

Integral Equations serve as an important tool in Applied Mathematics. Modeling of physical phenomena in
the language of mathematics give rise to boundary value problems with a governing differential equation
and associated boundary conditions. Using suitable procedure, the boundary value problem can be reduced
to an integral equation of first or second kind. The literature on second kind integral equation is very rich
whereas the literature on first kind integral equations is very limited. Moreover, if the kernel of the integral
equation is complicated then the analytical methods for solving the integral equation may not be available.
In this situation numerical methods are adopted. A number of numerical methods are available in the
literature viz, Galerkin method, collocation method where the unknown function satisfying the integral
equation is approximated by a polynomial. In the present paper we have applied a very simple numerical
technique viz, line element method to solve integral equations i) of first kind with weakly singular kernel,
viz, Abel integral equation and integral equation with log kernel, ii) of first and second kind with hyper-
singular kernel.
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Line element method of... 529

Boundary value problems arising in Mathematical physics, particularly in solid mechanics and theory of
water waves can be reduced to singular integral equation like Abel integral equations, integral equations
with log kernel and hypersingular integral equation.The most general form of Abel Integral Equation of first
kind is given by [1]

KOO0
. i S =< W

where f(a) =0, 0<a<1, K(x,t) is a continuous function, K(x,x) # 0 and h(x) is strictly monotone
increasing and differentiable function of x on [a, b] and #'(x) # 0 in [a, b]. It may be noted here that Abel
integral equations are often referred to as Volterra integral equation. A simple form of integral equation with
log kernel is given by

/Ol¢(t)1n|§4__i|dt=f(x),0<x<1 )

where, f(x) is a known function and
() ~O0(t — 1)) ast — 1. (3)

The integral equation (2) arises in the problem of scattering of water waves by a thin vertical barrier present
in deep water (cf. [2, 3]). The condition (3) satisfied by the unknown function ¢(7) arises from the physics of
the problem. This condition is necessary for the uniqueness of the solution (cf. [2]).

Hypersingular integral equations serve as an important tool in solving a large class of mixed boundary
value problems arising in the crack problems in fracture mechanics, water wave scattering problems
involving barriers, diffraction of electromagnetic waves, aerodynamics problems (cf. [15, 16]). The simplest
form of hypersingular integral equation is given by

/1 OO 4 — ), 1< x< 1 (4)
—1(t—x)
with

$(1) ~O(|1 — ) as |t] — 1. (5)

so that ¢(£1) = 0. Here the integral in equation (4) is defined in the sense of Hadamard finite part integral.

The analytical solutions of integral equation(1) with K(x,¢) = 1 and integral equation (2) and (4) are
well known (cf. ([1]). However if the kernel of the integral equation involves singularity with complicated
form, the exact solution may not be easy to obtain in which case numerical methods are helpful. Moreover,
the integral equations (1) and (2) involve weakly singular kernel while the kernel of the integral equation (4)
involves strong singularity. It is important to note here that the integrals with weak singularity are amenable
to the numerical techniques as the integrals can be defined in ordinary Riemann sense. However the integrals
with strong singularity has to be defined in a special manner and for that reason the numerical evaluation of
integrals with strong singularity needs special attention. The exact solution of equation (4) is available in the
literature (cf. ([17]), ([1])) by function theoretic method or method based on utilizing the known solution of
Cauchy type singular integral equation of first kind. However, for solving hypersingular integral equation
with complicated kernel, Martin ([18]) suggested an elegant numerical method based on approximating the
unknown function satisfying the integral equation by Tchebychev’s polynomial.

In this paper we shall adopt a very simple method viz Line Element Method to solve the integral
equations (1), (2) and (4). The Line element method (LEM) adopted here is based on Boundary Element
Method. Boundary Element Method (BEM) is a powerful computational technique which provides solution
to a wide range of scientific and engineering problems (cf. [6-13]). Boundary element method is usually
applied to obtain numerical solution of a boundary value problems arising in mathematical physics. The
advantage of BEM is that i) it is easier to apply than the more traditional finite element method , ii) only the
boundary of the domain needs to be discretised.

The application of Line element method (LEM) in solving integral equations was initiated by Banerjea
et al ([4]). They illustrated with examples, the application of LEM to obtain the solutions of Fredholm and
Volterra integral equations of second kind. In their work, the convergence analysis of the method was not
discussed. They applied LEM to reduce the integral equations to a system of linear algebraic equations. In
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the present approach, following Banerjea et al ([4]), the range of integration of the given integral equation is
divided into finite number of line elements. Next, discretizing the interval of definition into same number of
line elements, the given integral equation is reduced to a system of algebraic equations over the line
elements. It may be mentioned that the coefficient matrix of the system of linear equations associated with
the Abel integral equation is a lower triangular matrix. Solving the system of linear algebraic equations, the
unknown function is evaluated on each line element. Some examples are considered here for illustrating the
method. It is observed that use of this method produces very accurate results. The error analysis of the
method is discussed here.

2 Method of solution
2.1 Solution of the Abel integral equation

Most general form of Abel integral equation is given by equation (1). To find the unknown function ¢(x)
satisfying the integral equation (1) for different x in the region of definition, we shall apply here Line
Element Method(LEM). We first consider the small line element joining the points ag and a; where ay = a
and a; = ag + 7, where 7 is a very small positive number. If #; is a point on this line element, then #; can be
written as

t1 =nay + (1 —n)ag, 0<n<1.
Consequently equation (1) becomes

/O yK(a"”)(b(“)dn.:f(al), (6)

(h(ar) = h(1))"

According to LEM ([6]), we consider the function ¢(¢) as constant throughout the very small line element
joining the points ag and a; and write ¢; = ¢(¢;). Then equation(51) reduces to

' yK(ay,n) _ 7
d)l /() (h(al) _h(tl))vdrl _f(al)' ( )
Alternately we can write as,

Hy ¢, = fi, (8)

where
" K(a,n) _ 9
iy = [ G dn. fi = fla) ©)

Hence,

_ N

b= (10)

Again taking x = a, where a; = a; + y, the equation (1) becomes

“ K, 1)(1) © K)o .o
L G+ ], e e =@ (1

If ¢ is a point on the line element joining the points a;_; and a;, j = 1,2, then we can write f; as
tj = Tl(lj—f— (1 - 1’])(,11;1,_]. = 1,23 0§’7§ 1.

Then equation (11) becomes
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/1 vK (az, 1) p(t1) d11+/1 VK (az, 1) (1) dn = flas), (12)

(h(az) = h(1))" (h(az) = h(t2))"
According to the assumption of LEM , we choose ¢; = ¢(1),j =1,2 as constants (unknown) for
tj € [aj_1,a;]. Using this assumption, equation (10) can be written as

2
sz(,bj :fZ (13)
=
where
B U 9K (as, 1) . A _
H = | T S = b2 =Sl "

It is noted that the matrix associated with the system of linear equations (8) and (13) is a lower triangular
matrix. Hence solving equation (13), we obtain

b, :fz — Hy ¢,

hy (15)

where ¢, is known from equation (10). Proceeding similarly, ¢»(x) can be found numerically at x = a; where
a; =ap+1iy, i =1,2,..n. At i-th step,with all the previous assumptions, equation (1) takes the form

S Hydy =i i=1,2,cn (16)
J=1
where
1
'})K(Cl,’,lj) . . ;
H; = / T adn, =12, .0 )= 1,2, .0 f; :f(ai)' (17)
" Jo (h(a) — (1))

with ¢; = ¢(1;) as constant through the line element [a;_1, ;] and
ti =mna; + (1 —n)ai—, 0<n<1.

Equation (14) is a system of linear equations which forms a lower triangular matrix. Thus solving equation
(14), we obtain

. fl . _ﬁ_Z;;%Hlld)j 18
“H, ¢i_T (18)

2.2 Solution of integral equation with log kernel

b

A simple form of integral equation with log kernel is given by equation (2) and (3). In order to find the
unknown function ¢(x) for different x in the region of definition numerically, we apply the Line Element
Method(LEM). According to the method, we divide the range of integration [a, b] into n line elements,
where the end points of j-th line element is a;_; and aj, j=1,2,....n, with ap =0, a, =1, a; = ap + j&, j =
1,2,...n and & = % Thus [a,b] = Ji_,[aj-1,;]. Consequently integral equation (2) can be written as
follows

Z/j B0l = (), 0<x<1 (19)
=1 Jaj

If ¢ = ¢; is a point on the line joining the points a;_; and a;, then #; can be written as
ti=naj+ (1 —n)aj_, 0<n<1.

Hence equation (19) becomes
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n 1
' —x
z/ 9l nl P

Writing x = x;, i=1,2,...,n, for i-th line element joining the points a;_;, a;, the equation (20) becomes

n 1 R
> [ eotwymi i an = fx) e
j=1 S

ldn,=f(x),0<x<1 (20)

According to LEM, we assume that the value of ¢(¢) is constant throughout the small line element joining
the points a;_; and a;, so that gbj = ¢(t;), a constant (cf. [6]). Then equation(21) reduces to

ZHz:f%:ﬁ,i: 1,2,...,n )
=1
where
/ 5ln t+ l|d fi=fx),i=1,2,...,nj=1,2,...n (23)

It may be noted here that the integral in equation (23) is a weakly singular integral and it can be evaluated
numerically. The equation (22) is a system of linear equation solving which we get the numerical values of

O(x),i=1,2..n.
2.3 Solution of hypersingular integral equation

We consider the simple hypersingular integral equation of first kind of the form

1
/ <f>(r)2 d = f(x), —-1<x<1 (24)
—1(t—x)
with condition (5) so that ¢(+£1) = 0. The exact solution of equation (24) is given by (cf. [17])
1
— [x — 1|
x) = ~/—1f(t) log[l —xt+ /{1 =) (1= tz)}] dt. (25)

Noting the condition (5), we assume
() =V1—1 Y1) (26)

where /(¢) is a regular function. Now replacing (26) in equation (24), we get

Vi_g
[y s as @)
Now we subdivide the range of integration [-1,1] into n number of line elements.i.e.,
[~1,1] = UZ1[@j-1, 4] with ag = —1 and a, = 1. Here we take

. a, —ap .
a;=ao+jh, h= "n 0,]:1,...n.

Consequently equation (27) can be written as follows.
" / VIZP Y
lj (t - x)z
Now for t belonging to j” line element joining the points aj—1 and a;, we write t = t;, so that

ti=na;+ (1 —n)aj—1, 0<n<1.

= flx), —-1<x<1 (28)

Hence equation (28) becomes
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IN

Z/O—t]w(t)dn—f(x), 1< x< 1 (29)

3
= (4 — x)

Now, for x belonging to the line element joining the points @, and a;, where i = 1, ...n we write x = x;, SO
that equation (29) becomes

n h/l—4¢ :
/Oltjl/j(g) dn = f(x;) (30)

(4 —x)°

Here we assume that /(#;) = y; as constant in j™ line element joining the points a;_, a;, the equation (30)
reduces to

j=1

STKiwi=f, i=1,23..n (31)
=
where,
1hy/1—1¢
j
K= [ Y an. sl =4 2
o (f—xi)

For i =, the integral in Kj; has strong singularity and so it is not amenable to numerical techniques.
However to evaluate Kj;, can be evaluated analytically and for this we write
d
K. =—G:
122 dxl 122

where

41—t
G = / Lod.
aj—1 (‘xi - tl)
It is easy to evaluate G;; so that K;; can be evaluated as
N {ln | (Aixi — p(xi)) (Aim1xi — q(x2)) | }
1 —x? (Aixi — q(x:)) (Ai-1xi — p(x7))
RN { pla) o aw) _ pln) q(xi) (33)

Xi

Aixi — p(x;) Aixi — q(x;) Ai_1x; — p(x;) Aim1xi — q(x;)
1

— sin"'a; 4+ sin"'a;;
where
Ai:#; px)=14+V1—x*; gx)=1—-vV1—x2

1+ +/1—a?

1

(34)

Thus knowing Kj;, the system of linear equation (31) can be solved to obtain the unknown values of /s for
each x;e[a;_1,q;]. Finally from equation (26), the function ¢(x) can be known. A simple hypersingular
integral equation of second kind is given by

(b(x)—/lm(x)’;) d = f(x), -1<x<1 (35)

(t—x
with ¢(+1) = 0 and s(x, #) is a known well behaved function. Noting the condition ¢(£1) = 0, we assume

G(1) = V1= (1) (36)

where (¢) is a regular function. Following the same procedure for solving first kind hypersingular integral
equation, the second kind hypersingular integral equation (35) can be reduced to a system of algebraic
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equations. The solution of the system of algebraic equations produces the solution of the hypersingular
integral equation (35).

In the next section we shall illustrate the method described through some examples.
3 Numerical results

3.1 Abel integral equation

Example 1:
We consider the Abel integral equation

i t 4 ;
/0 jj%dt—g x2,0<x<1 (37)
Here ¢(x) = x is the exact solution. Following the procedure discussed in section 2.1, taking y = .1 and
y = .01 respectively, we obtain the values of ¢(x). Some representative values of ¢(x) are given in the
table(1) and table(2) below.

Example 2:

We consider the following Abel integral equation which arises in connection with the problem of
scattering of water waves by a vertical barrier partially immersed in deep water (cf. [5]).

T (1)
0o Va2 —12

The exact solution of this Abel integral equation is ¢(f) = 1. Following the procedure discussed in sec-
tion 2.1, and taking the length of each line element y = .1 and y = .01 respectively, the unknown function
¢(x) is obtained for different values of x where x € [0, 1]. Some representative values of ¢(x) are given in
table(3) and table(4) respectively below.

From Tables 1 and 2 for example 1, and from Tables 3 and 4 for example 2, it is observed that as y
increases 10~! times, the absolute error also increases by 10! times. However, for 7 = 0.1, the absolute
error in example 1 is of order 10~* while in example 2 it is of order 107, Thus it is observed that line
element method is simple and fairly accurate method.

dt =x,0<x<1 (38)

3.2 Integral equation with log kernel

We consider the integral equation (2, 3) with f(x) = nx given by

! r—x
11 dt = 0 1. 39
/0 ¢(>n|t+x| e, 0<x< (39)

The above integral equation arises in connection with the problem of scattering of water waves by a vertical

barrier partially immersed in deep water (cf. [3]) whose exact solution is ¢(x) = —\/%. Since the
. . .. . —X

unknown function ¢(x) satisfies the condition (3), so we write

Table 1 Comparative study of the exact result and present result

values of x Solution Absolute Error
¢exact ¢approx
0.1 0.1 0.0954336 4.56639% 1073
0.2 0.2 0.1953010 4.69879x 1073
0.3 0.3 0.2952450 4.75550%x 1073
0.4 0.4 0.395211 4.78890x 1073
0.5 0.5 0.495189 4.81149% 1073
0.6 0.6 0.595172 4.82812x1073
0.7 0.7 0.695153 4.84100x 1073
0.8 0.8 0.795149 4.85136x1073
0.9 0.9 0.89514 4.85993 %1073
1.0 1.0 0.995133 4.86717x1073
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Table 2 Comparative study of the exact result and present result

values of x Solution Absolute Error
¢exact d)z\ppmx

0.1 0.1 0.0995133 4.86716x10~*
0.2 0.2 0.199503 4.90624x 1074
0.3 0.3 0.299508 4.92335x10~*
0.4 0.4 0.399507 4.93355x10~*
0.5 0.5 0.499506 4.94055%x10~*
0.6 0.6 0.599505 4.94639x10~*
0.7 0.7 0.699505 4.9505x107*

0.8 0.8 0.799505 4.95375x10~*
0.9 0.9 0.899504 4.95536x10~*
1.0 1.0 0.999504 4.95757x10~*

Table 3 Comparative study of the exact result and present result

values of x Solution Absolute Error
¢exact ¢approx

0.1 1 1.00000 6.49833 x 10~8
0.2 1 1.00000 430718 x 1078
0.3 1 1.00000 3.14319 x 1078
04 1 1.00000 3.3801 x 1078

0.5 1 1.00000 4.13483 x 1078
0.6 1 1.00000 4.48594 x 10~8
0.7 1 1.00000 4.07682 x 1078
0.8 1 1.00000 5.07618 x 1078
0.9 1 1.00000 6.13094 x 10~8
1.0 1 1.00000 6.67634 x 1078

Table 4 Comparative study of the exact result and present result

values of x Solution Absolute Error

(rbexact (zbapprox
0.1 1 1.00000 9.38194 x 107°
0.2 1 1.00000 2.75213 x 10~8
0.3 1 1.00000 2.23096 x 10~8
0.4 1 1.00000 2.73001 x 10~8
0.5 1 1.00000 2.93306 x 1078
0.6 1 1.00000 2.29234 x 10~8
0.7 1 1.00000 2.07567 x 10~8
0.8 1 1.00000 2.11109 x 108
0.9 1 1.00000 2.37410 x 10~8
1.0 1 1.00000 2.42862 x 1078

Y (x)
P(x) = :
1 —x
where /(x) is a regular function. Thus the given integral equation reduces to
1
r—x t
/ In | | (40 dr =mx, 0<x<l1. (40)
0 t+x /1 —t¢

The exact solution of the given integral equation is ¢(x) = — 7=, (cf. [3]) so that Y(x) = v e

Following the procedure discussed in section 2.2, the domain [0, 1] is discretized into 10 and 100 line
elements respectively, taking ¢ = 0.1, 0.01, so that we get different values of ¥(x) in different line seg-
ments. Some representative values of ¢(x) are given in table(5) and table(6) for £ = 0.1 and & = 0.01
respectively. It is observed from Table 5 that the order of absolute error is 10~ for ¢ = 0.1. This indicates
that for 10 line elements, the results are fairly accurate. However it is observed from Table 6 that the order
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of absolute error is 1076 for ¢ = 0.01. This shows that the Line Element method gives fairly accurate results
and as ¢ is decreases by 10! times the absolute error decreases by 1072 times.

3.3 Hypersingular Integral Equation

Example 1: Here we consider the hypersingular integral equation (24) when f(x) = 1

1
t
/L)zdtzl, 1< x< 1 (41)
—1(t—x)
with
(1)~ O(|1 =P asi] — 1. (42)
The exact solution of equation (41) is given by ( equation (25) with f(x) = 1)
1
Ox) = —=V1—x% (43)
T
According to the substitution used in equation (26), we obtain  (x) = —%. Following the procedure

discussed in section 2.3, we discretise the domain [—1, 1] into 20 and 200 line elements respectively so that
the length of each subinterval 4 = 0.1, 0.01 respectively. Some representative values of y(x) are given for
both cases in Table 7 and table 8 respectively.

It is observed from table 7 that the error is of order 10712 when 4 = 0.1, ie for 20 line elements. This
shows the method adopted here is very simple, effective and produces quite accurate result. Table 8 shows
that the error is of order 10~ or 10713 for & = 0.01, ie for 200 line elements. Hence it is observed that as A
increases by 107! times, the absolute error increases by 1072/ 107! times.

Table 5 Comparative study of the exact result and present result

Interval values Solution Absolute
of x Error
¢exuct ¢appr()x

[0, .1] 0.05 -0.04795 -0.0489828 1.8775x10~*
[.1,.2] 0.15 -0.139876 -0.140246 3.6984 x 10~*
[.2,.3] 0.25 -0.223607 -0.233996 3.8875 x 1074
[.3, 4] 0.35 -0.301232 -0.301656 4.2373 x 10~
[.4,.5] 0.45 -0.373705 -0.374181 47631 x 107*
[.5, .6] 0.55 -0.441771 -0.442329 5.5872 x 1074
[.6,.7] 0.65 -0.506024 -0.506716 6.9189 x 10~*
[.7, .8] 0.75 -0.566947 -0.567915 9.6860 x 1074
[.8, .9] 0.85 -0.624932 -0.625988 1.0552 x 1073
[.9, 1] 0.95 -0.680309 -0.689418 9.1088 x 1073

Table 6 Comparative study of the exact result and present result

Interval values Solution Absolute Error
of x
(/)exact (/)approx

[0.05, 0.06] 0.055 -0.0535472 -0.0535511 3.91519 x 10~
[0.15, 0.16] 0.155 -0.144225 -0.144229 3.91375 x 10~
[0.25, 0.26] 0.255 -0.227624 -0.227628 4.02584 x 10~°
[0.35, 0.36] 0.355 -0.304971 -0.304975 4.30648 x 107°
[0.45, 0.46] 0.455 -0.377207 -0.377212 4.80107 x 107
[0.55, 0.56] 0.555 -0.445069 -0.445075 5.61181 x 107
[0.65, 0.66] 0.655 -0.509146 -0.509153 6.97712 x 10~°
[0.75, 0.76] 0.755 -0.569913 -0.569922 9.5418 x 107

[0.85, 0.86] 0.855 -0.627761 -0.627777 1.57518 x 107
[0.95, 0.96] 0.955 -0.683015 -0.683065 4.99048 x 107
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Example 2:
The hyper singular integral equation of second kind is given by

1= 1
R T B U EPEy (44)
T —1(t—x)
with ¢(£1) = 0, which is known as the elliptic wing case of Prandtl’s equation, for which a( > 0) is a

known constant and f(x) = (%)(1 - xz)%, k, B( > 0) are known constants (cf. [19]). For simplicity we take

p=m k=1 0=4%in (44) so that f(x) = 2(1 — x*)2.
Because of the condition ¢(£1) = 0, we assume

¢(1) = V1= Y1) (45)
where /(¢) is a regular function. Now replacing (45) in equation (44), we get
1 Vi
y) =24 L [ YIZPV0 (46)

2n ), (t—)c)2

Generalizing the procedure discussed in section 2.3 for 2nd kind hypersingular integral equation, we
discretise the domain [—1, 1] into 20 line elements.Some representative values of y/(x) are given in Table 9 .

A second method based on approximating the unknown function (#) in the equation (46) by Chebyshev
polynomial is described below.

W) =D ay Un(t) (47)

n=0

Table 7 Comparative study of the exact result and present result

Intervals values of Solution Absolute Error
X
d)exact (f)approx
[.9, 1.0],[-1,—.9] +0.95 —1/n -0.31831 1.77747 x 10712
[.7, .81,[—.8,—.7] +0.75 —1/n -0.31831 2.01006 x 10712
[.5, .6],]—.6,—.5] +0.55 —1/n -0.31831 2.16993 x 10712
[.3, 41,[—.4,—.3] +0.35 —1/n -0.31831 2.32203 x 10712
[.1, .2],[-.2,—.1] +0.15 —1/n -0.31831 2.54963 x 10712

Table 8 Comparative study of the exact result and present result

Intervals values of Solution Absolute Error
X
d)exact (r/)appmx
[.95, .96],[—.96, —.95] +0.955 —1/z -0.31831 6.96221 x 10714
[.75, .761,[-.76, —.75] +0.755 —1/n -0.31831 8.24729 x 10714
[.55, .56],[—.56, —.55] +0.555 —1/n -0.31831 1.06742 x 10~13
[.35, .36],[—.36, —.35] +0.355 —1/n -0.31831 1.50419 x 10713
[.15, .16],[—.16,—.15] +0.155 —1/n -0.31831 2.45437 x 10713

Table 9 Numerical values

values of x W approx

+0.955 1.33333
+0.755 1.33333
+0.555 1.33333
+0.355 1.33333
+0.155 1.33333
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Table 10 Numerical values

values of x W approx
+0.955 1.33333
+0.755 1.33333
+0.555 1.33333
+0.355 1.33333
+0.155 1.33333
where U, is Chebyshev polynomial of 2nd kind.
Now From Abramowitz and Stegun (cf. [20] ), we know that
V1—1 Uy
/ ; V-2 G dt =7 Tpy1(x) (48)
X —

where T}, is Chebyshev polynomial of 1st kind.Now differentiating both side of equation (48) with respect to
X , we get

/ ”I;ﬂIU D gt = —n(n+1) Un(x) (49)

Now substituting (47) in (46), and using the relations (48) and (49), we get

Zan a(x) =2, —1<x<l. (50)

n=0

where A, (x) = 53 U, (x).Now choosing N + 1 values of x, we get a system of linear equation, solving which

we get the coefficients a, and then ¥(x). To compare the result with solution obtained by boundary element
method, here we take N = 19, and x; same as the example (46).The results by Chebyshev polynomial
approximation is given in Table 10.

From Tables 9 and 10 it is observed that results obtained by two method agree with each other.

4 Convergence of the Line element method to solve integral equation with regular kernel

In this section we shall establish the convergence (cf. [14] ) of the line element method of solution of
Fredholm integral equation of second kind. The proof of convergence for first kind integral equation follows
similarly.

A second kind integral equation is given by

o(x) —f(x)+i/bK(x,t)¢(t)dt,a<x<b. (51)
which can be alternately written as
O(x) =f(x) + A(K)(x),a<x<b, (52)
where
b
(k9 = [ Klx.p(or (53)

Following Banerjea et al[ [4]], we approximate (K¢)(x) in equation (53) using line element method as
(K.¢)(x), given by

(K$)() ~ (K, / (5, 5)(25) (a5 — aj 1)y (54)

where K, : Cla,b] — Cla,b] is a finite rank operator and
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ti=mna;+ (1 —n)aj_;, 0<n<1.

where a; and a;_; are the end point of j-th line element.
Replacing (K¢)(x) from equation (54) into equation (51) we obtain n™ approximation ¢, (x) to ¢(x) as

6o =Z | K0)06)(0; -~ a-an -+ (55)

To obtain {¢,(x)} we evaluate ¢,(x) from (55) at x = x; where x; belongs to the line element joining
(ak,l,ak). Thus

bz =Y | K0 0)a - aoan-+sa) (56)

Considering ¢, (x;) = ¢,; to be constant in k™ line element, the equation (56) can be reduced to the
following system of linear algebraic equations

ZHljd)nj =fii=12,...,n (57)
=

where H;; = d;; — fol K (x;,t;)(aj — aj—1)dn If equation (57) has unique solution then equation (55) provides
an interpolant

AEEDS | 6000~ - 12 (58)

of {h,, ()} -
To prove the convergence of the {¢,,(x)}
Brakhage’s Lemma
Let K : V — V be a bounded linear operator and K,, : V — V be a sequence of finite rank operators such

that K,,(x) — K(x), VxeV. If | (K — K,,)K,, ||— 0 as n — oo then Vn sufficiently large (I — K,,) " exists and

(¢ =) llx < 1K) —Kpdp || -
Now (K¢)(x) and (K,¢)(x) are defined by equations (54) and (53). Thus

:1:1, we use the Brakhage’s lemma (cf. [14]) given as follows.

(K- K)KIOW =Y (@ —arn) [ Bxy)glopan (59
where
E,(x,t;) = / K(x,s)K(s,t;)ds — i:(ak - akl)/o K (x, s¢)K (sk, 1;)dC. (60)

where s = (1 — {)ax—1 + {ax
Now it is easy to see that

n

1
I (K= KK e < max S (=) [ 1Bl (61)
xela, =

Thus to show that || (K — K,,)K, ||cc— 0 as n — oo it is sufficient to show that {E,(x,7)} is a uniformly
bounded equicontinuous set of functions which are pointwise convergent to zero so that by Ascoli Arzela’s
theorem it can be asserted that {E,(x,#)} uniformly to zero.

Now Equation (60) shows that {E,(x,7)} is point wise convergent and converges to zero.

We first show that {E,(x, )} is uniformly bounded sequence. From equation (60) we have

|Ea(x,5)| < 2(b = a)|K (x, 1 < 2(b —a) max K, D <M (62)
x,t)ela,b] x|a,b

where M is a constant, showing that {E,(x,7)} is uniformly bounded. To show that {E,(x,7)} is
equicontinuous we write
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|EI1(xa t) - En(yvz)| < |En(x7 t) - En(yvt)l + ‘En(yv t) - E,,(y,z)l. (63)
Now, using equation (60) it can be easily shown that
[En(or,1) = En(y,1)] < 2(b — @) max [K(x, s) = K(y, 5)]. (64)

where Kk = MaXx y )e[a,5]x[ap] K (¥, )| Similarly

En(,1) = En(y, 2)| < 2(b — a)x max |K (s, 1) — K(s,2)|. (65)

sela,b)

Since K(x, f) is uniformly continuous, so for ¢ > 0, the following holds.
|K(x,s) — K(y,s)|<¢/2k(b —a) whenever |x—y|<d; and |K(y,t) — K(y,z)|<e/2x(b —a) when-
ever |t — z|<J,. Thus choosing & = min(d,,0,) we have

|En(xa t) - E,,(y,z)| <e (66>

This shows that {E,(x,7)} is equicontinuous. Thus {E,(x,?)} satisfies all the conditions of Ascoli Arzela’s
theorem. Hence by Brakhage’s Lemma the we can say that ¢, — ¢ as n — oo. (cf. [14])

Now the convergence of the interpolent {¢,,(x)}, _, for singular integral equation can be proved exactly
in the similar manner as described above except for the fact that only difficulty arises in evaluating the
singular integral occurring in the relation

1
Hii =1 ((lj — Cljfl)/ K(X[,l,‘)dl/]
0

given in equation (57).
For weakly singular integral equation, the weakly singular integral appearing in the expression for H;; in
equation (57) is amenable to the numerical techniques and can be evaluated numerically. However for

hypersingular integral equation the singular integral f()] K (x;, t;)dn appearing in the expression for H;; cannot

be evaluated numerically but can be evaluated analytically and the analytical expression is given in equation
(33).

5 Conclusion

A simple numerical technique, viz, line element method is employed here to solve Abel integral equations,
integral equation with log kernel and hypersingular integral equation of first kind. For all three types of
integral equations, the discretization of range of integration as well as the interval of definition of the
integral equations into small line elements, yields a system of linear equations. For Abel integral equation,
the matrix associated with the system of linear equations is a lower triangular matrix from which it is very
simple to obtain the solution. For log integral equation and hypersingular integral equation, the matrix
associated with the system of linear equations is a normal dense matrix whose inversion can be obtained by
standard procedure.

Some numerical examples are considered for all the integral equations. It is observed that in each
example, that

i) the the method is very simple to implement numerically,

ii) the absolute error is fairly small even for 10 line elements. This shows the efficiency of the method.

iii) as the number of line elements increases by 10 times, the absolute error decreases by 1072/ 107!
times.

This shows that the Line Element Method is a very efficient method and yields very accurate results for
solving weakly singular integral equations as well as hypersingular integral equations.
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