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Abstract In this work, we discuss the existence of simple waves for the two-dimensional compressible
magnetohydrodynamics equations with extended Chaplygin gas. We use the sufficient conditions for the
existence of characteristic decompositions to a general quasilinear strictly hyperbolic system and we are
able to establish that there must be a simple wave adjacent to a constant state to the above considered
system.
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1 Introduction

The Riemann invariants are very significant for finding the solution of hyperbolic system of conservation
laws [1]. It has been known that for a 2 x 2 hyperbolic system

W, +G(W), =0, xeR, t>0 (1)
here W = (wq,w;) and G(W) = (G1(W), G2(W)), can be written as
X, +Xe =0, Y, 4+ /Y, =0,

where X and Y are Riemann invariants and the eigenvalues of the system (1) are denoted by 4;(W); i = 1,2.

The simple waves play a very important role in describing the very complicated structures of two-
dimensional gas dynamics system, fluid flow problems and etc. (see [1-8]). From the invariance of X and Y,
we can conclude that the flow region adjacent to a constant state is a simple wave. But, the approach of
finding Riemann invariants has certain limitations. In general Riemann invariants may or may not exist for
more than 2 x 2 system [9]. In order to study the simple waves for hyperbolic system of conservation laws,
characteristic decomposition method is one of the powerful technique and firstly it was discussed for the
pressure-gradient system by Dai and Zhang [10] which was extended to compressible Euler system for
polytropic gas [11] and non-ideal gas [12]. The extension of very famous theorem of the Courant and
Friedrichs for a general non-reducible 2 x 2 quasi-linear hyperbolic system using characteristic decompo-
sition was studied by Hu and Sheng [13, 14]. Using these results Chen and Sheng [15] proved the existence
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of simple waves for magnetohydrodynamics model with van der Waals equation of state. Our main aim of
this work is to extend the results of Chen and Sheng [15] for a more general Chaplygin gas, which is a better
candidate for describing the astronomical phenomena, such as IA supernovae(SNIa) [16, 17], accelerated
expansion of universe and plasma physics.

With the help of observational evidences modern cosmology has been successful to show that the
expansion of universe is accelerated. The dark energy having negative pressure is the best candidate to
describe the accelerating expansion of the universe. There are several models which can be helpful to
describe dark energy of the universe. The famous Chaplygin gas equation is one of the basic equation to
describe negative pressure and many astronomical models to explain dark energy are based on it [18, 19].
The Chaplygin gas equation was extended to generalized Chaplygin gas equation [20] for obtaining results
matching with the observational data. In 2014, Naji [21] proposed extended Chaplygin gas model which has
an equation of state of the form

. B
p=Ap" — E (2)
where A and B are either constants or functions of entropy S only.
For n = 1, (2) reduces to modified Chaplygin gas equation, which was proposed by Benaoum [22].
Here, we propose a more realistic version of extended Chaplygin gas model whose equation of state is

n
(P B
p) P

where a is a constant called the van der Waals excluded volume and A and B are either constants or
functions of entropy S only. For B(S) = 0 this equation becomes co-volume equation of state [23], for
B(S) =0 and a =0 this gas behaves as polytropic perfect gas and for A(S) =0 this gas behaves as
generalized Chaplygin gas. For different Chaplygin gas models we refer [24-27] and references cited
therein.

In this work, we consider ideal magneto-fluid having no conduction and viscosity effects. Then the
unsteady compressible magnetohydrodynamics equations read as [28, 29]

op
a“rV.(/)V)—O,
0
&(pV)—I—V.(pV@V—I—pl)—,u(VxH)xH:O,
— | pE 4+ = u|H . =
5 (o 30RR) +9.v) =0,
OH
E—FVX(HXV):O,

V.H =0,
: : . : v ,

where p denotes the density, V = (u, v, w) is the velocity of fluid, E = ¢ + —— is the total specific energy
where e = e(S, p) is the specific internal energy and S is the specific entrogy, W is a constant called the
magnetic permeability and H = (H;, H,, H3) is the magnetic field vector.

We consider that the magnetic field and velocity of fluid are orthogonal to each other which follows that
V = (4,v,0) and H = (0,0, H). Further, we also assume that the variables under consideration u, v, p, p and
H do not depend on the variable z. Then using continuity equation and magnetic field equations together, we
obtain

p, + (pu),+(pv), =0,
0.

H, + (Hu)x—l—(Hv)y =

On solving these two equations we obtain
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() () +2) -

which implies that along each stream line H/p is constant. Hence, we can consider — = xp, where kg is a
positive constant [30]. These assumptions lead us to the reduced system as follows ©

p, + (pu)+(pv), =0,

U
(pu),+ (pu2 +p+ 5H2>X+(pW)y =0,

u
(o) (o) o+ (p? +p+ 5 H?) =0,

U

<pE + EHZ) +(puE + up + ,uqu)x—i-(va +vp + ,usz)y =0,
t
with equation of state of the from
p_\" B(S)
S)=A(S - 6
.3 =408 (12 ) -5 ©)

where 1 <n<3 and O<ua<1.

In this paper, we are providing some preliminaries in section 2. In section 3 and 4, we prove that adjacent
to a constant state there exists a simple wave for isentropic steady system and isentropic unsteady system
respectively. In section 5, we consider full magnetohydrodynamics system utilizing the fact that the vorticity
and entropy are constants in the direction of the pseudo-flow characteristics.

2 Preliminaries

Definition 2.1 A system of the form
A]Ltg“ + Blun + Clvcf + Dlvn + E1 = 0,

7
Asug + Bouy + Cove + Davy + Eqv = 0 ( )

is called reducible if the coefficients A;, B;, C; and D; depend on u and v only and not on & and 5. If these
coefficients depend on ¢ and # also, then such a system is called non-reducible [2].

Definition 2.2 A state W is said to be adjacent to a state Wy, if in physical space there are two open sets D
and Dy having a common curve / such that W and Wy are classical solutions of hyperbolic system in
conservative form in D and Dy respectively with W and W being continuous across [ [3].

Fundamental theorem of Courant and Friedrichs
For reducible systems the flow in a region adjacent to a region of constant state is a simple wave [2].

Characteristic decompositions of general 2 x 2 quasilinear systems
Let us consider a general 2 x 2 strictly hyperbolic quasilinear system of the form

wi ayy  ap wi
()G ) Ca) e ®
wy/ \ad21 axn w2/,
such that the coefficients a;; depend upon the variables x,y, w; and w», for i,j = 1,2.
For the existence of characteristic decomposition of the system (8) Hu and Sheng [13, 14] provided
general sufficient conditions. Using the characteristic decomposition method they were able to extend the

result of Courant and Friedrichs for general non-reducible system, provided, a;;’s satisfy the following
conditions

a Ay —apAs; =0,
(a2 — an)As + axn (A —As) =0, 9)
(a —an)Ay +an(A —As) =0

where
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Ay = an, +anan, +anan,, Ay =ap, +apnan, + anan,, (10)
Az = ag1, +anaoy, + anian,, As = axn, +anan, + anan,

and w; and w, are parameters in coefficients a; = a;i(x,y, wi,w»), i,j = 1,2.

They were able to prove that if (9) holds then adjacent to a constant state the flow region is a simple
wave in which the variables (w;,w,) are constant in the direction of a family of characteristics. The
noteworthy point here is that the characteristics may not be straight lines.

In particular, if a;’s satisfy

A=Ay =A; =A4 =0, (11)

then the family of characteristics are straight lines and along them variables (w;, w,) are constant.

3 Steady magnetohydrodynamics system

Assuming the flow is smooth the isentropic steady magnetohydrodynamics system reduces to the following
form

pux + pvy +up, +vp, =0, (12)

p (s +vuy) + (py + uHH, ) p, = 0, (13)

p(uvy +wy) + (pp + uHH, ) p, = 0, (14)

with equation of state
n
P B
=A —— 15
s =a( L) -2, (15)

where 1 <n<3,0<a<1 and A, B > 0 are constant since the flow is assumed to be isentropic.
Using (13) and (14) we obtain,

+ uHH
Wiy + uv(uy +vy) + vy + (Ppp/«tp) (up, +vp,) =0 (16)

Now we assume that the flow is irrotational, i.e., v, = u,, which yields
((pp + uHH,) — u*)u, — 2uvuy + ((p, + pHH,) — v*)vy = 0
which can be written as
(@ — ) uy — 2uvuy + (coz—v Jvy =0,

Lo (17)

/dp Anp"! Boc .
_ 25 _
where 0 = (2 + b ) is called magneto-acoustic speed with ¢ = \/ % -+ e is the speed

of sound and b = / ,uicop is the Alfven speed.
The system (17) can be written in matrix form as

2 2
u —2uv " —v u
1 0?2 —u? w?—u? =0. (18)
V/x —1 0 v y

Also, on integrating the momentum equation (13) with the irrotationality condition we get the Bernoulli’s
law as

u? +1? N A(np"t — ap") Bo

2
2 - D —ap) (ar Dpr | Hop = Constant (19)
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Now, since the coefficients a;; in (18) depend only on u and v so the steady isentropic magnetohydrody-
namics system is reducible. Hence, we can directly use the theorem of Courant and Friedrichs [2] to get the
following result.

Theorem 3.1 Adjacent to a constant state, any hyperbolic state for the two-dimensional steady isentropic
irrotational magnetohydrodynamics system with an extended Chaplygin gas or a generalized Chaplygin gas
is a simple wave. Further, along a family of wave characteristics which are straight lines, physical variables
(u, v, ®) are constant.

4 Pseudo-steady magnetohydrodynamics system

Let us denote U = (u— &) and V = (v — 1) as pseudo-flow velocity. Then assuming that the flow is
isentropic and smooth, we can write the magnetohydrodynamics system in self-similar plane

(&) = <)—; ,%) The reduced equation of magnetohydrodynamics are as follows

Up:+ Vp, + pU: + pUy +2p =0, (20)
1
;(pp+uHHp)p§+UU¢+VU,1+U:0, (21)
1
5 (pp + uHH,)p, + UV + VU, + V =0, (22)

with the equation of state

p(p) —A<1 _pap)n—%

where 1 <n<3and O<ua<1.
Using (21) and (22) we obtain

+ uHH
U2U: + UV(Uy + Vi) + V2V, + (’%) (Ups +Vp,) + (U +V*) = 0. (23)
Now using (23) and assuming that the flow is irrotational, i.e., v¢ = u,, we obtain

(0* = U*)ug — 2UVuy + (® — V?)v, =0,

Ve =

Uy,
/d| Anp"! B
where o = (¢ + bz)% is called magneto-acoustic speed with ¢ = d_]? = \/ e peninn afl is the speed
of sound and b = \/uxjp is called Alfven speed. p (1—ap) p

Similar to the steady case, we can rewrite (24) in the following form

u -2U0V w? — V? u
()+ prye i ()—o (25)
V/e -1 0 V /oy

Clearly, in this case the system is non-reducible, since the coefficients a; now depend upon u, v, £ and 7 as
well.

Now, since the flow is assumed to be irrotational, so there exist a scalar potential ¢ such that ¢, = U and
¢, =V.

Now integrating (21) with respect to ¢ and using irrotationality condition we obtain the pseudo-Ber-
noulli’s law as follows:

U? + V2 N A(np"' —ap") ([ Bu
2 (n—1)1-ap)" \o+1

1
) 5 + wip + ¢ = Constant. (26)

o+1

Now taking p as a function of u and v, i.e., p = p(u,v), we have
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pe = Pyl + pyve

which on comparing with momentum equations and using the irrotationality condition gives p, =

2
%(é—u) and pVZ%(n—V)-

Now dlfferentlatmg (26) with respect to £ and 1, we can easily obtain p; = p, = 0, which clearly shows

that (0?). = (@*), = 0.
Then by direct computation we have,

—2U0V —20V —2UV w? — V?
A = 3 2 2 > T2 2
(@ =027 ), \(0?=U?)" J\o"=U"), \o"=U"/,
é

2V(w? — U* +4UV) 4UV 2V

(0?2 — U2)? (02 — 12} o =12

:O7

A= (ZRUVN(Z20V w® — V2 [ 20V
2\ 2 0= U02) \o? - 12) \o? - 12,
_ 2U(w? - V) 2U(w* - V?)
(=02 (0? = U2

=0,
A3 =0,
Ay =0.

(27)

Hence, the coefficients of the system satisfies the relation in (11). Hence, we directly have the following

result.

Theorem 4.1 In self-similar plane adjacent to a constant state, the flow region for the two-dimensional
irrotational isentropic unsteady magnetohydrodynamics system with an extended Chaplygin gas or a
generalized Chaplygin gas is a simple wave. Further, along a family of wave characteristics which are

straight lines, physical variables (u,v,®) are constant.

5 Full Magnetohydrodynamics system

The full magnetohydrodynamics system in self-similar plane reduces to

(u—Epe+ v —n)p, +pluz +v,) =0,
pp + 1HH,

(= Eue + (v = myuy +=——==0,
(1= & + (v — v, + L2 (28)
(u—Eez+ (v—n)ey —i—% (ug +vy) =0
where e is the internal energy which can be defined as
n—1
- () (%) )
We call O; = (u— &)0s+ (v—1)0, as pseudo-flow characteristic direction. Then, without loss of

generality, if we take A(S) = B(S) then the system (28) becomes
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Osp + p(us +vy) =0,

HH
Ou +M =0,
HH,
axv +pﬂ +5 p — 0, (29)

pn+ct _ (1 _ ap)"
p(1 = ap)(np™+* + a(1 — ap)"™")

Using energy and continuity equation in self-similar plane, we can obtain by direct computation

Osp + (Mé + Vﬂ) =0.

p

0| —————1| =0.
AT (0
L—ap) p*

So that the flow along the pseudo-flow direction is isentropic as the entropy is constant along pseudo-flow
direction.
Also if we denote Q = v, — u,, then we have

-+ uHH <+ WHH,p,
0+ (), + (1), + (p> #p ppy> _<p It fp> _0 (1)
x y

P

3, (%) =0 (32)

so that the flow is irrotational also along pseudo-flow direction.
Hence, along the pseudo-flow direction, flow is irrotational and isentropic, so that we have following
result using the result of last section.

which in self-similar plane gives

Theorem 5.1 For the full magnetohydrodynamics system with an extended Chaplygin gas or generalized
Chaplygin gas, if pseudo-flow characteristics extend into a constant state, then in self-similar plane,
adjacent to a constant state there exist a simple wave. And along a family of wave characteristics which are
straight lines, physical variables (u,v, ®) are constant.

6 Conclusions

In this paper we derived the existence of simple waves adjacent to a constant state for magnetohydrody-
namics system with extended Chaplygin gas. These results are helpful to explain solutions of flow problems
related to astronomical phenomena. Our equation of state is an unique realistic extension of extended
Chaplygin gas equation available in literature. In future based on these results we will discuss the interaction
of simple waves for some special kind of initial data which will turn our problem eventually into a two-
dimensional Riemann problem. In particular, we will study gas expansion problem from a wedge.
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