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Abstract Let Gn :¼ UðnÞnHn be the semidirect product of the unitary group acting by automorphisms on

the Heisenberg group Hn: It was pointed out in [5], that the unitary dual cGn of Gn is homeomorphic to the

space of admissible coadjoint orbits gzn=Gn of Gn: One of the important subset of cGn is what is called the

cortex of Gn; corðGnÞ; which is the set of all p 2 cGn that cannot be Hausdorff separated from the identity
representation 1Gn

of Gn: In the present paper, we use the orbit method of Lipsman to determine the cortex
of Gn:

Keywords Lie groups � Semidirect product � Unitary representations � Coadjoint orbits �
Cortex of locally compact groups

AMS Subject 2010 Classification 22D10-22E27-22E45

1 Introduction and preliminaries

Here (sections 1 and 2), we introduce briefly some results and notations that will be used in the sequel of this
paper. We refer the reader to the standard reference [7], for more details. Let G be a locally compact group
and bG it is dual space, that is the set of all equivalence classes of unitary irreducible representations of G. By
AðGÞ; we denote the set of all equivalence unitary representations of G. It is well-known that AðGÞ
equipped with the inner hull-kernel topology [6]. For two subsets S and T of AðGÞ; we say that S is weakly
contained in T (resp. contained), we write S � T (resp. S � T). For each finite set V of nonvoid open subset

of bG; let:

UðVÞ ¼
n

p 2 AðGÞ; suppðpÞ \ U 6¼ ; 8U 2 V
o

;

where
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suppðpÞ ¼
n

s 2 bG; s � p
o

:

Then UðVÞ form a basis for the inner hull-kernel topology. When restricted to bG; then the inner hull-kernel
topology is exactly the hul-kernel topology.

The cortex of G, cor(G), was defined in [10] as:
corðGÞ :¼

n

p 2 bG which cannot be Hausdorff separated from the identity representation 1G of G
o

: In

general, bG is far away from being a Hausdorff space. However, if G is compact, then bG is separated and
hence cor(G)¼ f1Gg: It was pointed out by Bekka and Kaniuth [2], that the structure and the determination
of the cortex of such locally compact groups may be very complicated and in particular they studied
amenable groups with finite or compact cortex. Boidol, Ludwig and Müller [3] studied cor(G) for simply
conected nilpotent Lie groups which are semidirect product RnRn: Our result Theorem 3.8 is motivated by
this last discussion. More precisely, in this paper, we determine the cortex of a so-called Heisenberg motion
groups which is introduced below.

The paper is organized as follows: In the sequel of this section, we intoduce the coadjoint orbits of the
Heisenberg motion groups and we setting some notations and useful facts which will be used throughout this
paper. Section 2 deals with the description of the unitary dual of the Heisenberg motion groups. In the last
Section, we give our main result.

We denote the Lie groups by upper case Roman letters and their corresponding Lie algebra by the
corresponding lower case Gothic letters. Let Cn (n� 1) be the n-dimensional complex vector space
equipped with the standard scalar product h:; :iCn : We denote by ð:; :ÞCn and xð:; :ÞCn the real and the
imaginary part of h:; :iCn ; respectively, i.e.

h:; :iCn ¼ ð:; :ÞCn þ ixð:; :ÞCn :

Let Hn :¼ Cn � R be the 2nþ 1-dimensional Heisenberg group over R and U(n) be the unitary group of
automorphisms of Hn preserving h:; :iCn on Cn: Note that U(n) acts on Hn via:

A � ðz; tÞ ¼ ðAz; tÞ:

Then one can form which a so-called the Heisenberg motion groups Gn :¼ UðnÞnHn equipped with the
group law

ðA1; z1; t1ÞðA2; z2; t2Þ ¼
�

A1A2; z1 þ A1z2; t1 þ t2 �
1

2
xðz1;A1z2ÞCn

�

where ðA1; z1; t1Þ; ðA2; z2; t2Þ 2 Gn:
The Lie algebra uðnÞ will be identified with its vector dual space uðnÞ� via the U(n)-invariant inner

product

hA;BiuðnÞ :¼ trðABÞ 8A;B 2 uðnÞ:

For each z 2 Cn; let z� be the linear form on Cn given by

z�ðwÞ :¼ xðz;wÞCn 8w 2 Cn:

Furthermore, one defines a map

� : Cn � Cn �!uðnÞ�

ðz;wÞ �!z� w

by

z� wðUÞ ¼ w�ðUzÞ ¼ xðw;UzÞCn 8U 2 uðnÞ:

For A 2 UðnÞ; U 2 uðnÞ and z;w 2 Cn; one can see the following equality

Az� :¼z� 	 A� ¼ ðAzÞ�

z� 	 U ¼� ðUzÞ�

z� w ¼w� z

and
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Aðz� wÞA� ¼ ðAzÞ � ðAwÞ;

where A� is the adjoint matrix of A. Hence, the dual vector space g�n will be identified with uðnÞ 
 hn; i.e;
each element ‘ 2 g�ncan be identified with an element ðU; u; xÞ 2 gn; such that

hðU; u; xÞ; ðV ;w; sÞign
¼ hU;ViuðnÞ þ u�ðwÞ þ xs 8ðB;w; sÞ 2 gn:

Then for all ðA; z; tÞ 2 Gn and all ðU; u; xÞ 2 gn; the coadjoint representation Ad�Gn
of Gn is given by the

following equality

Ad�Gn
ðA; z; tÞðU; u; xÞ ¼

�

AUA� þ z� ðAuÞ þ x

2
z� z;Auþ xz; x

�

:

Furthermore, the coadjoint orbit OGn

ðU;u;xÞ of Gn passing through the linear form (U, u, x) can then be written
as
OGn

ðU;u;xÞ ¼
n�

AUA� þ z� ðAuÞ þ x
2

z� z;Auþ xz; x
�

; A 2 UðnÞ; z 2 Cn
o

: Here, z is regarded as a

column vector and z� :¼ zt: In addition z� u 2 u�ðnÞ ffi uðnÞ is the n� n skew-Hermitian matrix i
2
ðuz� þ

zu�Þ: In particular, z� z is the skew-Hermitian matrix izz� whose entries are determined by ðizz�Þsj ¼ izszj:

2 The unitary dual and the admissible coadjoint orbits of Gn

The parametrization of the unitary dual of Gn is based on the Mackey’s theory (see [11, 12]), which states
that one has to determine the unitary irreducible representations of the Heisenberg group Hn in order to form
representations of Gn:

Let us recall a useful fact from the representation theory of the Heisenberg group (see, [5] for details).
The infinite dimensional irreducible representations of Hn are parametrized by R� :¼ Rnf0g: Let a 2 R�;

then the Kirillov orbit OHn
a of the irreducible representation ra is the hyperplane

OHn
a ¼

n

ðz; aÞ; z 2 Cn
o

:

Note that for any a 2 R�; the unitary group U(n) preserves the equivalence class of ra: The representation ra

(a 2 R�), is realized on the Fock space

F aðnÞ :¼
n

f : Cn �! C entire
�

�

�

Z

Cn
jf ðwÞj2e�

jaj
2
jwj2\1

o

:

Now, for each A 2 UðnÞ; the operator WaðAÞ : F aðnÞ �! F aðnÞ; defined by

WaðAÞf ðzÞ :¼ f ðA�zÞ

intertwines ra and ðraÞA given by

ðraÞAðz; tÞ :¼ raðAz; tÞ:

The operator Wa is called the projective intertwining representation of U(n) on the Fock space. As usual, the
dominant weights of U(n) are parametrized by sequences k ¼ ðk1; . . .; knÞ 2 Zn such that k1� k2. . .� kn:
Let ðsk;HkÞ be an irreducible representation of U(n) with highest weight k: Hence by Mackey’s theory

pðk;aÞðA; z; tÞ :¼ skðAÞ � raðz; tÞ 	WaðAÞ

is an irreducible unitary representation of Gn realized in Hk � F aðnÞ:
Associate to pðk;aÞ the linear functional uk;a :¼ ðJk; 0; aÞ 2 g�n given by

Jk :¼
ik1 . . . 0

..

. . .
. ..

.

0 . . . ikn

0

B

B

@

1

C

C

A

:

The finite dimensional irreducible representation of Hn are the characters vv; v 2 Cn; given by
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vvðz; tÞ :¼ e�iðv;zÞCn 8ðz; tÞ 2 Hn:

Let UðnÞv be the stabilizer of the character vv; or equivalently of the vector v, under the action of U(n). For
each irreducible unitary representation q of UðnÞv the tensor product q� vv is an irreducible representation
of UðnÞvnHn and the induced representation

pðq;vÞ :¼ ind
UðnÞnHn

UðnÞvnHn
ðq� vvÞ

is an irreducible representation of Gn: For each v
0 ¼ Av;A 2 UðnÞ i.e.; v and v

0
belong to the same sphere

centered at 0 and of radius r :¼ kvk: Hence the representation pðq;vÞ is equivalent with pðq0 ;v0 Þ for any

q
0 2 dUðnÞv0 such that q

0 ðBÞ ¼ qðA�BAÞ for any B 2 UðnÞv0 : It follows that one can regard the character vr

associated to the linear form vr which is identified with the vector ð0; . . .; rÞT 2 Cn: Denote by ql the

representation of the subgroup Uðn� 1Þ ¼ UðnÞvr
with highest weight l ¼ ðl1; . . .;ln�1Þ 2 Zn�1 and by

pðl;rÞ the representation pðql;vrÞ ¼ indGn

Uðn�1ÞnHn
ðql � vvr

Þ: As before, pl;r is linked to the linear form ul;r :

¼ ðJl; vr; 0Þ 2 g�n with

Jl :¼

il1 . . . . . . 0

..

. . .
. ..

. ..
.

0 . . . iln�1 0

0 . . . 0 0

0

B

B

B

B

@

1

C

C

C

C

A

:

In this way, one obtains all the irreducible unitary representation of Gn which are not trivial on Hn: The

trivial extension of any representation sk 2 bUðnÞ to the group Gn is an irreducible representation that we
denote it also by sk: Define uk :¼ ðJk; 0; 0Þ be the linear form associate to the representation sk:

Therefore, by Mackey’s theory, the unitary dual bGn of Gn consists of the following types of
representations:

(1) pðk;aÞ for sk 2 dUðnÞ and a 2 R�;

(2) pðl;rÞ for ql 2 dUðn� 1Þ and r [ 0;

(3) sk 2 dUðnÞ:
Then, cGn is in bijection with the following set

�

dUðnÞ � R�
�

[
�

dUðn� 1Þ � R[ 0

�

[ dUðnÞ:

According to the representation theory of compact connected Lie groups, then we obtain that the induced
representation pl :¼ ind

UðnÞ
Uðn�1ÞðqlÞ of U(n) decomposes with multiplicity one, and the representation of U(n)

that appear in this decomposition are exactly those with the highest weight k ¼ ðk1; . . .; knÞ such that

k1� l1� k2� l2. . .� kn�1� ln�1� kn:

Definition 2.1 A linear form u 2 g�n is said to be admissible if there exists a unitary character v of the
connected component of the stabilizer Gn½u
 of u such that dv ¼ iujgn½u
:

A simple calculation shows that all the linear forms uk;a;ul;r and uk are admissible (see, [5]). Using [9],
then the representations pðk;aÞ; pðl;rÞ and sk described above are equivalent to the representations of Gn

obtained by holomorphic induction from their respective linear forms uk;a;ul;r and ur:

Denote by OGn

ðk;aÞ;O
Gn

ðl;rÞ and OGn

k the coadjoint orbits associated to the linear forms uk;a;ul;r and ur;
respectively. Denote by gzn � g�n the set of all the admissible linear form on gn and denote by gzn=Gn the
corresponding set in the orbit space. Then we have the Kirillov-Lipsman bijection

K : gzn=Gn �!cGn

OGn
u �!pu

between the space of admissible coadjoint orbits and the unitary dual of Gn:
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Let W be the subspace of uðnÞ generated by the matrices z� vr; then the space gzn=Gn is the set of all
orbits:

OGn

ðk;aÞ ¼
n�

AJkA� þ i
a
2

zz�; az; a
�

; z 2 Cn;A 2 UðnÞ
o

;

OGn

ðl;rÞ ¼
n�

AðJl þWÞA�;Avr; 0
�

; A 2 UðnÞ
o

and

OGn

k ¼
n

ðAJkA�; 0; 0Þ; A 2 UðnÞ
o

:

Now, we are able to present our main result in the following Section.

3 The cortex of Gn

We keep the notations of the preceding Sections. Let us recall some results about the branching rules of
compact connected Lie groups. Let Tn and Tn�1 be maximal tori respectively in U(n) and Uðn� 1Þ: Their
corresponding Lie algebras are denoted by tn and tn�1; We denote by Wn and Wn�1 the Weyl groups of U(n)
and Uðn� 1Þ associated respectively to the tori Tn and Tn�1: Any element k 2 Pn takes pure imaginary
values on tn; where Pn is the integral weight lattice of Tn: Hence such an element k 2 Pn can be considered

as an element of ðitnÞ�: Let Cþn be a positive Weyl chamber in ðitnÞ�; and we define the set PþK of dominant

integral weights of Tn by Pþn :¼ Pn \ Cþn : For k 2 Pþn ; denote by OUðnÞ
k the U(n)-coadjoint orbit passing

through the vector �ik: It was proved by Kostant in [8], that the projection of OUðnÞ
k on t�n is a convex

polytope with vertices �iðw:kÞ for w 2 Wn; and that is the convex hull of �iðWn:kÞ: For the same manner,
we fix a positive Weyl chamber Cþn�1 in t�n�1 and we define the set Pþn�1 of dominant integral weights of Tn:

Denote by q the C-linear extension of both the natural projection of uðnÞ� onto uðn� 1Þ� and the natural
projection of t�n onto t�n�1. We have the following result .

Lemma 3.1 If l ¼ qðs:kÞ with s 2 Wn; then sk � ind
UðnÞ
Uðn�1ÞðqlÞ:

We refer to [1], for the proof of this Lemma.
It was pointed out in [5], that the Kirillov-Lipsman mapping K is a homeomorphism. For any u 2 gzn; let

pu be the corresponding irreducible representation of Gn via the homeomorphism K: According to [2], one

introduces the cortex CorðgznÞ of gzn as:

CorðgzÞ ¼
n

lim
k

Ad�GðgkÞWk; ðgkÞk � G; ðWkÞk � gzn such that lim
k

Wk ¼ 0
o

and one has pW 2 corðGnÞ if

and only if W 2 CorðgznÞ: Then one can ask the naturel question: By using CorðgznÞ; it is possible to
determine corðGnÞ? A positive answer to this question is given in Theorem 3.8 below.

Lemma 3.2 Let G be a unimodular Lie group with Lie algebra g and let g� be the vector dual space of g.
We denote g�=G the space of coadjoint orbits and by p

G
: g� �! g�=G the canonical projection. We equip

this space with the quotient topology, i.e., a subset V in g�=G is open if and only if p�1
G
ðVÞ is open in g�.

Therefore, a sequence ðOG
k Þk of elements in g�=G converges to the orbit OG in g�=G if and only if for any

l 2 OG, there exist lk 2 OG
k , k 2 N, such that l ¼ lim

k�!þ1
lk.

A proof of this Lemma can be found in [4, p. 17].

Lemma 3.3 A sequence of coadjoint orbits
�

OGn

ðkk ;akÞ

�

k
converges to the orbit OGn

k in gzn=Gn if and only if

lim
k

ak ¼ 0 and the sequence
�

OGn

ðkk ;akÞ

�

k
satisfies one of the following conditions:

(i) For k large enough, ak [ 0; k1� kk
1. . .� kn�1� kk

n�1� kn� kk
n and lim

k
akk

k
n ¼ 0:

(ii) For k large enough, ak\0; kk
1� k1� kk

2� k2. . .� kk
n�1� kn�1� kk

n� kn and lim
k

akk
k
1 ¼ 0:

Lemma 3.4 A sequence of coadjoint orbits
�

OGn

ðkk ;akÞ

�

k
converges to the orbit OGn

ðl;rÞ in gzn=Gn if and only if

lim
k

ak ¼ 0 and the sequence
�

OGn

ðkk ;akÞ

�

k
satisfies one of the following conditions:
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(i) For k large enough, ak [ 0; kk
j ¼ lj 8j 2 f1. . .; n� 1g and lim

k
akk

k
n ¼ 0

(ii) For k large enough, ak\0; kk
j ¼ lj�1 8j 2 f2. . .; ng and lim

k
akk

k
1 ¼ 0

For the proof of the Lemmas 3.3 and 3.4, we refer the reader to the standard reference [5].

Lemma 3.5 For r [ 0 and ql 2 dUðn� 1Þ; we have

pðl;rÞ 62 corðGnÞ:

Proof Let r [ 0 and ql 2 dUðn� 1Þ: Then if pðl;rÞ 2 corðGnÞ; it follows that the linear form uðl;rÞ :¼
ðJl; vr; 0Þ 2 Corðgn

zÞ: Then there exist two sequences ðAk; zðkÞ; xkÞ 2 Gn and Wk :¼ ðfk; ‘k;bkÞ 2 gzn; such
that

Wk�!
k

0 ð3:1Þ

and

Ad�Gn
ðAk; zðkÞ; xkÞWk�!

k
uðl;rÞ: ð3:2Þ

Now, suppose that the sequence ðWkÞk is of type uðlk ;rkÞ: i.e.; Wk ¼ ðJlk ; vrk
; 0Þ: Using (3.2), one gets in

particular,

Akvrk
�!

k
vr:

Hence

rk ¼ kAkvrk
k�!

k
r ¼ kvrk 6¼ 0

which is contradict with the fact (3.1).
If the sequence ðWkÞk is of type uðkk ;akÞ: Since CorðgznÞ is U(n)-invariant, then we show from Lemma 3.2

and the convergence (3.2) that,

lim
k
OGn

ðkk;akÞ
¼ OGn

ðl;rÞ:

It follows by Lemma 3.4 that,

akk
k
n�!

k
� r2

2
6¼ 0 for ak [ 0

and

akk
k
1�!

k
� r2

2
6¼ 0 for ak\0:

Then we get a contradiction from the fact (3.1).

Lemma 3.6 Let a 2 R� and sk 2 dUðnÞ: Then

pðk;aÞ 62 corðGnÞ:

Proof By the absurd, we assume that pðk;aÞ 2 corðGnÞ: Then as before, there exist ðAk; zðkÞ; xkÞ 2 Gn and

uðkk ;akÞ :¼ ðkk; 0; akÞ 2 gzn; such that

uðkk ;akÞ�!k 0 ð3:3Þ

and

Ad�Gn
ðAk; zðkÞ; xkÞuðkk ;akÞ�!k uðk;aÞ: ð3:4Þ

From (3.4), it follows,

ak�!
k

a 6¼ 0
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which is impossible from the fact (3.3). h

Proposition 3.7 The cortex of Gn is contained in the following subset
n

sk 2 dUðnÞ; k ¼ ðk1; 0; . . .; 0; knÞ; k1� 0; kn� 0
o

:

Proof Let pu 2 corðGnÞ; then by Lemma 3.5 and 3.6 the linear form u should be uk: Again, we use the

fact that CorðgznÞ is U(n)-invariant, i.e., for each B 2 UðnÞ;uB;k :¼ BukB� ¼ ðBJkB�; 0; 0Þ 2 CorðgznÞ:
Hence there exist ðAk; zðkÞ; xkÞ 2 Gn and uk 2 gzn; such that

uk�!
k

0 ð3:5Þ

and

Ad�Gn
ðAk; zðkÞ; xkÞuk�!

k
uB;k: ð3:6Þ

By Lemma 3.2 and (3.6), it follows that

OGn
uk
�!

k
OGn

k ð3:7Þ

in gzn=Gn:
Case 1. If the sequence uk is of type ðJkk ; 0; 0Þ; then we deduce from (3.7), that,

AkJkk A�k�!
k

Jk: ð3:8Þ

Compactness of U(n) allows us to assume that the sequence ðAkÞk converges to some A 2 UðnÞ: It follows
from (3.8), that

Jkk�!
k

A�JkA: ð3:9Þ

i.e.;

kk�!
k

Ad�UðnÞðA�Þk: ð3:10Þ

It is well-known that there exists an element s in the Weyl group WUðnÞ of U(n), such that Ad�UðnÞðA�Þk ¼
s � k: Since the weights kk and k are contained in the set iCþUðnÞ and since each WUðnÞ-orbit in uðnÞ� intersects

the closure iCþUðnÞ in exactly one point, it follows that kk ¼ k for k large enough. Combining (3.5) and (3.10),

we obtain k ¼ 0:
Case 2. If uk ¼ ðJlk ; vrk

; 0Þ: Then we obtain from (3.7), that

zðkÞ � ðAkvrk
Þ�!

k
k: ð3:11Þ

Without loss of generality, we may assume that ðAkÞk converges to A 2 UðnÞ: Hence
�

A�kzðkÞ
�

� vrk
�!

k
Ad�UðnÞðA�Þk: ð3:12Þ

Furthermore, there exists w 2 WUðnÞ; such that Ad�UðnÞðA�Þk ¼ w � k: Then from (3.12), one gets,

0 ¼ q w � kð Þ: ð3:13Þ

By Lemma 3.1, we deduce from (3.13), that,

sk � ind
U nð Þ
U n�1ð Þ 1U n�1ð Þ

� �

: ð3:14Þ

i.e.;

k2 ¼ . . . ¼ kn�1 ¼ 0 and k1� 0; kn� 0:

Case 3. If uk ¼ ðJkk ; 0; akÞ: Then we obtain from (3.5),
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ðJkk ; 0; akÞ�!
k

0: ð3:15Þ

Then for k large enough kk ¼ 0; and from (3.6), we deduce that,

OGn

kk ;ak
�!

k
OGn

k : ð3:16Þ

Then, it follows from Lemma 3.3, that we have,

If ak [ 0; k2 ¼ . . . ¼ kn ¼ 0 and k1� 0 ð3:17Þ

and

If ak\0; k1 ¼ . . . ¼ kn�1 ¼ 0 and kn� 0: ð3:18Þ

Hence, we conclude that corðGnÞ is contained in the following subset
n

sk 2 dUðnÞ; k ¼ ðk1; 0; . . .; 0; knÞ; k1� 0; kn� 0
o

:

This completes the proof of the proposition. h

Now, we can state the main result of this paper.

Theorem 3.8 We have:

corðGnÞ ¼
n

sk 2 dUðnÞ; k ¼ ðk1; 0; . . .; 0; knÞ; k1� 0; kn� 0
o

:

Proof Proposition 3.7 tells us that

corðGnÞ �
n

sk 2 dUðnÞ; k ¼ ðk1; 0; . . .; 0; knÞ; k1� 0; kn� 0
o

:

Since Gn is amenable, then by Lemma 1.7 in [2], one gets the converse inclusion. Indeed, we have

supp
�

ind
UðnÞ
Uðn�1Þð1Uðn�1ÞÞ

�

¼ supp
�

ind
UðnÞnHn

Uðn�1ÞnHn
ð1Uðn�1ÞnHn

Þ
�

� corðGnÞ:

Then the proof of the theorem is now given. h
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