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Abstract Let G, := U(n)xH, be the semidirect product of the unitary group acting by automorphisms on
the Heisenberg group H,. It was pointed out in [5], that the unitary dual G, of G, is homeomorphic to the
space of admissible coadjoint orbits g}; /G, of G,. One of the important subset of Z}; is what is called the

cortex of G,, cor(G,), which is the set of all &= € E}; that cannot be Hausdorff separated from the identity
representation 1, of G,. In the present paper, we use the orbit method of Lipsman to determine the cortex
of G,.

Keywords Lie groups - Semidirect product - Unitary representations - Coadjoint orbits -
Cortex of locally compact groups

AMS Subject 2010 Classification 22D10-22E27-22E45

1 Introduction and preliminaries

Here (sections 1 and 2), we introduce briefly some results and notations that will be used in the sequel of this
paper. We refer the reader to the standard reference [7], for more details. Let G be a locally compact group
and G it is dual space, that is the set of all equivalence classes of unitary irreducible representations of G. By
A(G), we denote the set of all equivalence unitary representations of G. It is well-known that A(G)
equipped with the inner hull-kernel topology [6]. For two subsets S and T of A(G), we say that S is weakly
contained in T (resp. contained), we write S < T (resp. S =< T). For each finite set )V of nonvoid open subset

of é, let:
Uuy) = {n € A(G); supp(m) NU # O YU € V},

where
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heisenberg motion groups and their cortex 571

supp(n) = {‘L’ €G; 1< n}.

Then U(V) form a basis for the inner hull-kernel topology. When restricted to G , then the inner hull-kernel
topology is exactly the hul-kernel topology.

The cortex of G, cor(G), was defined in [10] as:

cor(G) 7 € G which cannot be Hausdorff separated from the identity representatlon 1 of Gj
general, G is far away from being a Hausdorff space. However, if G is compact, then G is separated and
hence cor(G)= {1¢}. It was pointed out by Bekka and Kaniuth [2], that the structure and the determination
of the cortex of such locally compact groups may be very complicated and in particular they studied
amenable groups with finite or compact cortex. Boidol, Ludwig and Miiller [3] studied cor(G) for simply
conected nilpotent Lie groups which are semidirect product Rix R". Our result Theorem 3.8 is motivated by
this last discussion. More precisely, in this paper, we determine the cortex of a so-called Heisenberg motion
groups which is introduced below.

The paper is organized as follows: In the sequel of this section, we intoduce the coadjoint orbits of the
Heisenberg motion groups and we setting some notations and useful facts which will be used throughout this
paper. Section 2 deals with the description of the unitary dual of the Heisenberg motion groups. In the last
Section, we give our main result.

We denote the Lie groups by upper case Roman letters and their corresponding Lie algebra by the
corresponding lower case Gothic letters. Let C" (n>1) be the n-dimensional complex vector space
equipped with the standard scalar product (.,.)cs.. We denote by (.,.)c» and w(.,.)cn the real and the
imaginary part of (.,.)cn, respectively, i.e.

(e = (4 )en + il )en.

Let H, := C" x R be the 2n + 1-dimensional Heisenberg group over R and U(n) be the unitary group of
automorphisms of H,, preserving (.,.)c» on C". Note that U(n) acts on H,, via:

A-(z,1) = (Az,1).

Then one can form which a so-called the Heisenberg motion groups G, := U(n)xH, equipped with the
group law

1
(A1, z21,1) (A2, 22, 12) = (AIAZ»ZI +A122, 1 + 12 _Ew(ZI,AIZZ)C”>

where (Al,Zl, l‘l), (Az,Zz,l‘z) € G,.
The Lie algebra u(n) will be identified with its vector dual space 1(n)* via the U(n)-invariant inner
product

(A,B)(,) = tr(AB) VA,B € u(n).
For each z € C", let z* be the linear form on C" given by
Z(w) == o(z,w)en Yw e C".
Furthermore, one defines a map
x : C" x C" —u(n)”
(z,w) =z xw
by
zx w(U) = w*(Uz) = o(w,Uz)cn YU € u(n).
For A € U(n), U € u(n) and z,w € C", one can see the following equality
A7 =" 0 A" = (A7)
FolU=—(Up)"

IXW=wWXZ

and
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A(z x w)A* = (A7) x (Aw),

where A* is the adjoint matrix of A. Hence, the dual vector space g will be identified with u(n) &b, i.e;
each element ¢ € g’can be identified with an element (U,u,x) € g, such that

(U, u,2), (V,w,5))g, = (U, V) + 1" (w) + x5 V(B,w,s) € g,

Then for all (A,z,t) € G, and all (U,u,x) € g,, the coadjoint representation Adg of G, is given by the
following equality

Ady, (A, 2,1)(U, 1, ) :(AUA* ¥ 2 % (Au) +§z X 7, Aul +xz,x).

Furthermore, the coadjoint orbit (’)g’}’ ) of G, passing through the linear form (U, u, x) can then be written
as
OZ’}‘“) = {(AUA* + 2% (Au) +352 X z,Au —&—x;x); AeU(n),ze€ C"}. Here, z is regarded as a

column vector and z* :=Z'. In addition z X u € u*(n) 2 u(n) is the n x n skew-Hermitian matrix £ (uz* +
zu”). In particular, z X z is the skew-Hermitian matrix izz* whose entries are determined by (izz"); = iz,Z;.

2 The unitary dual and the admissible coadjoint orbits of G,

The parametrization of the unitary dual of G, is based on the Mackey’s theory (see [11, 12]), which states
that one has to determine the unitary irreducible representations of the Heisenberg group H,, in order to form
representations of G,,.

Let us recall a useful fact from the representation theory of the Heisenberg group (see, [5] for details).
The infinite dimensional irreducible representations of H,, are parametrized by R* := R\{0}. Let a € R™,

then the Kirillov orbit (’)E:”" of the irreducible representation o, is the hyperplane
0, = {(1706), z€ C”}-

Note that for any o € R*, the unitary group U(n) preserves the equivalence class of a,. The representation o,
(o € R"), is realized on the Fock space

Fau(n) = {f : C" — C entire ‘/ [f(w)|zef‘2ﬂlwlz <oo}.
o

Now, for each A € U(n), the operator W,(A) : F,(n) — Fy(n), defined by
Wa(A)f (2) :=f(A%2)
intertwines o, and (o,), given by
(04)4(z,1) := 04(Az,1).

The operator W, is called the projective intertwining representation of U(n) on the Fock space. As usual, the
dominant weights of U(n) are parametrized by sequences 4 = (4y,...,4,) € Z" such that 1; > 4,...>4,.
Let (17, H,) be an irreducible representation of U(n) with highest weight A. Hence by Mackey’s theory

n().,ot)(AaZ7 1) :=1,(A) @ 0,4(z,1) 0 Wy(A)

is an irreducible unitary representation of G, realized in H, ® F,(n).
Associate to 7, , the linear functional ¢, , := (J;,0,2) € g given by

ily, ... 0
Ji=1 .
0 ... ik,

The finite dimensional irreducible representation of M, are the characters y,,v € C", given by
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Aoz t) = e e V(2 1) € H,.

Let U(n), be the stabilizer of the character y,, or equivalently of the vector v, under the action of U(n). For
each irreducible unitary representation p of U(n), the tensor product p ® y, is an irreducible representation
of U(n),xH, and the induced representation

Ty = indy) s (0@ 1,)

is an irreducible representation of G,. For each v = Av,A € U (n) i.e.; v and Vv belong to the same sphere
centered at 0 and of radius r:= |[v||. Hence the representation 7,,) is equivalent with T,y for any
p e U(/nYV/ such that p'(B) = p(A*BA) for any B € U(n),. It follows that one can regard the character y,
associated to the linear form v, which is identified with the vector (0, .. .,r)T € C". Denote by p, the

representation of the subgroup U(n — 1) = U(n), with highest weight u = (u;,...,1t, ;) € Z"~' and by

vy
() the representation m(, ,,) = i”dg'(lnq).xH,, (pu ® %,,)- As before, m,, is linked to the linear form Py

= (Ju,v,0) € g with

iy, ... ... 0
= : . : :
o ... iy, O
o ... 0 O

In this way, one obtains all the irreducible unitary representation of G, which are not trivial on H,. The

trivial extension of any representation T, € U (n) to the group G, is an irreducible representation that we
denote it also by 7;. Define ¢, := (J;,0,0) be the linear form associate to the representation ;.

Therefore, by Mackey’s theory, the unitary dual G of G, consists of the following types of
representations:

(1) my fort; € U( ) and o € R*;
() my, for or oy € U(n —1) and r > 0;
3 ue U( ).

Then, 6; is in bijection with the following set
(U@ x R*) U (U(n/—\l) X [R>0) U Un).

According to the representation theory of compact connected Lie groups, then we obtain that the induced
representation 7, := indg(:;l) (p,) of U(n) decomposes with multiplicity one, and the representation of U(n)
that appear in this decomposition are exactly those with the highest weight A = (1, ..., 4,) such that

M2 202y 2 g 2 Wy | > e

Definition 2.1 A linear form ¢ € g is said to be admissible if there exists a unitary character y of the
connected component of the stabilizer G,[¢] of ¢ such that dy = i(p|g (0]

A simple calculation shows that all the linear forms ¢, ,, ¢, , and ¢, are admissible (see, [5]). Using [9],
then the representations 7, ), 7(,,) and t; described above are equivalent to the representations of G,
obtained by holomorphlc induction from their respective linear forms ¢, ,, ¢, . and @,.

Denote by O (’)G (1) and O " the coadjoint orbits associated to the linear forms ¢, ,, ¢, . and @,,
respectively. Denote by g, Ca the set of all the admissible linear form on g, and denote by g,il /G, the
corresponding set in the orbit space. Then we have the Kirillov-Lipsman bijection

K: : gﬁ/Gn —>6\n
G/X
0, 7,

between the space of admissible coadjoint orbits and the unitary dual of G,,.
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Let W be the subspace of u(n) generated by the matrices z X v,, then the space gfl /Gy is the set of all
orbits:

0%, {(AJAA* + i%zz*,ocz, oc); zeC’Ae U(")}7

og | :{ (A(J,, + W)A*,Av,,O); Ac U(n)}
and
O :{(AJ,lA*,O, 0), A€ U(n)}.

Now, we are able to present our main result in the following Section.

3 The cortex of G,

We keep the notations of the preceding Sections. Let us recall some results about the branching rules of
compact connected Lie groups. Let T, and T,,_; be maximal tori respectively in U(n) and U(n — 1). Their
corresponding Lie algebras are denoted by t,, and t,,_;; We denote by W,, and W,,_; the Weyl groups of U(n)
and U(n — 1) associated respectively to the tori 7, and 7,_;. Any element A € P, takes pure imaginary
values on t,, where P, is the integral weight lattice of T,. Hence such an element /. € P, can be considered
as an element of (it,)". Let C;} be a positive Weyl chamber in (it,)", and we define the set P}, of dominant

integral weights of T, by P/ := P, N C}. For 4 € P}, denote by OU " the U(n)- coadjoint orbit passing

through the vector —il. It was proved by Kostant in [8], that the projection of O on t; is a convex
polytope with vertices —i(w./) for w € W, and that is the convex hull of —i(W,,.4). For the same manner,
we fix a positive Weyl chamber C;” , in t;_, and we define the set P, of dominant integral weights of T,.

Denote by g the C-linear extension of both the natural projection of u(n)" onto 1(n — 1)" and the natural

projection of t; onto t;_,. We have the following result .

Lemma 3.1 If u= q(s.\) with s € W,, then t; = indgéz)_])(py).

We refer to [1], for the proof of this Lemma.

It was pointed out in [5], that the Kirillov-Lipsman mapping K is a homeomorphism. For any ¢ € g, let
7, be the corresponding irreducible representation of G, via the homeomorphism K. According to [2], one
introduces the cortex Cor(g}) of gt as:

Cor(gt) = {hmAd* (80)¥i; (1), C G, (¥y), C g} suchthat lim¥y = 0} and one has my € cor(G,) if

and only if W € Cor(g}). Then one can ask the naturel question: By using Cor(g}), it is possible to
determine cor(G,)? A positive answer to this question is given in Theorem 3.8 below.

Lemma 3.2 Let G be a unimodular Lie group with Lie algebra g and let §* be the vector dual space of g.
We denote §* /G the space of coadjoint orbits and by p,, : * — g /G the canonical projection. We equip
this space with the quotient topology, i.e., a subset V in §*/G is open if and only ifp;l(V) is open in g".
Therefore, a sequence (O G) of elements in §*/G converges to the orbit O° in §*/G if and only if for any
1 € OY there exist I € (’)k , k€N, such that l = Ilim I.

k—400
A proof of this Lemma can be found in [4, p. 17].

(A “k))k converges to the orbit OG” in g} /G, if and only if

lim ox = 0 and the sequence (OG" )>k satisfies one of the following conditions:

(i) For k large enough, oy > 0, /11 >i’{ > At >A >/1,, >) and hm ock/l =0.
(if) For k large enough, oy <0, Al > >/1k > .. >A 12> At >) >/1 and llmockl =0.

Lemma 3.3 A sequence of coadjoint orbits (OG&

Lemma 3.4 A sequence of coadjoint orbits ((’) (iﬂk y ))k converges to the orbit (’)G” m a; t /G, if and only if
3Otk
lilzn o = 0 and the sequence <(’)8"k } ))k satisfies one of the following condltlons.
L0k
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(i) For k large enough, o > 0, X = w Vje{l...,n—1} and limoy 2 =0
(ii) For k large enough, a<0,/; = p;_; Vj € {2...,n} and lilfnkcxk)fl‘ =0

For the proof of the Lemmas 3.3 and 3.4, we refer the reader to the standard reference [5].
Lemma 3.5 Forr>0and p, € U(n/—\l), we have
() & cor(Gy).

Proof Letr>0 and p, € U(n/—\l). Then if 7, € cor(G,), it follows that the linear form ¢, ) :=
(J4,vr,0) € Cor(gy*). Then there exist two sequences (Ag, z(k),x) € G, and ¥y := (fi, , Bi) € g, such
that

g
«—0 (3.1)
and

Ada, (Ak7z(k)7xk)lpk7>(p(u,r)' (32)
Now, suppose that the sequence (‘Fy), is of type ¢ ). i.e.; Wi = (Jux, vy, 0). Using (3.2), one gets in
particular,

Akv,kTvr.

Hence

7k = WAgv | —r = ]| £0

which is contradict with the fact (3.1).
If the sequence (*¥'x); is of type ¢ ,, . Since Cor(gt) is U(n)-invariant, then we show from Lemma 3.2
and the convergence (3.2) that, '

1 Gy — Gy
MmO = O,

It follows by Lemma 3.4 that,
2
ock/lﬁ? —E7é0f0r o >0
and
2
ockxllf7> ) # 0 for o <O.

Then we get a contradiction from the fact (3.1).

Lemma 3.6 Let o € R* and v, € U(n). Then
T & cor(Gy).

Proof By the absurd, we assume that 7(; ) € cor(G,). Then as before, there exist (Ax,z(k),x;) € G, and
Pk ) = (2%,0,) € gt, such that

@(;ﬁ,ak)T’O (3.3)
and
Adg, (A, 2(K); X) @ (4 ) == P 2.0 (3.4)
From (3.4), it follows,
o0 #0
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which is impossible from the fact (3.3). ]
Proposition 3.7 The cortex of G, is contained in the following subset

{z€ Ui 2= (21,0,...,0,), 2120, 4y <0}.
Proof Let m, € cor(G,), then by Lemma 3.5 and 3.6 the linear form ¢ should be ¢;. Again, we use the

fact that Cor(g}) is U(n)-invariant, ie., for each B € U(n),pp, := Bo,B* = (BJ,B*,0,0) € Cor(g},).
Hence there exist (A, z(k),xx) € G, and ¢, € g}, such that

Q=0 (3.5)
and
Adg, (Akﬂz(k)axk)q)kT’q)B,l' (3.6)
By Lemma 3.2 and (3.6), it follows that
Ogi— OF (3.7)

in gt/G,.
Case 1. If the sequence ¢, is of type (J;,0,0), then we deduce from (3.7), that,

AkJZkAZ?JA. (3.8)
Compactness of U(n) allows us to assume that the sequence (Ay), converges to some A € U(n). It follows
from (3.8), that

];}:TA*J,{A. (39)

1.e.;

;J‘TAd;;(n) (A%) 1. (3.10)

It is well-known that there exists an element s in the Weyl group Wy, of U(n), such that Adz,( (AL =

n)
s - . Since the weights A* and 2 are contained in the set iC&n) and since each Wy ,)-orbit in u(n)” intersects

the closure iCZ(n) in exactly one point, it follows that k=) fork large enough. Combining (3.5) and (3.10),
we obtain 4 = 0.
Case 2. If ¢; = (J,x,v,,,0). Then we obtain from (3.7), that

2(k) X (Agvp)— 2. (3.11)
Without loss of generality, we may assume that (A), converges to A € U(n). Hence
(Akz(K)) x vi,——Adyy,) (A7) 2. (3.12)
Furthermore, there exists w € Wy ,), such that Ad*U<n)(A*)/1 = w - A. Then from (3.12), one gets,
0=gqg(w-2). (3.13)
By Lemma 3.1, we deduce from (3.13), that,
v < indy ) (o). (3.14)
1.e.;
M=...= o1 =0and 1, >0, 1, <0.

Case 3. If ¢, = (J;x,0,0). Then we obtain from (3.5),
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(3¢, 0, 06) —0. (3.15)
Then for k large enough ¥ =0, and from (3.6), we deduce that,
O, —o 0% (3.16)
Then, it follows from Lemma 3.3, that we have,
If >0, h=...=2,=0and 1, >0 (3.17)
and
If <0, /1 =...= A1 =0and 2, <0. (3.18)
Hence, we conclude that cor(G,) is contained in the following subset
{u cUM); A= (21,0,...,0,2), 21>0, Jn <o}
This completes the proof of the proposition. O

Now, we can state the main result of this paper.

Theorem 3.8 We have:
cor(Gy) = {U e UMn): 7= (71,0,...,0,7), 11 >0, i go}.
Proof Proposition 3.7 tells us that

cor(G,) C {‘u € U/(;i\); 2= (41,0,...,0,4,), 4

v
=
N
3
IN
=]
—

Since G, is amenable, then by Lemma 1.7 in [2], one gets the converse inclusion. Indeed, we have
supp(indZEZL)(lU(n,]))) = supp(znd ((n) . (Lym—1)x, )) C cor(Gy).

Then the proof of the theorem is now given. O
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