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Abstract This paper studies the class of rings in which every finitely projective ideal is projective (FPP-ring
for short). We examine the transfer of this property to various context of commutative ring extensions such as
direct product, homomorphic image, trivial ring extension and amalgamation ring. Our work is motivated by an
attempt to generate new original classes of rings possessing this property.
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1 Introduction

Throughout this paper, all rings considered are commutative with unity and all modules are unital. Let R be a
ring and M be an R-module. Recall that M is finitely projective if, for any finitely generated sub-module N ,
the inclusion map N → M factors through a free module F . The notions of finitely projective modules is due
to Jones who uses the term f-projective [17]. An interesting study of finitely projective modules is also done
by Azumaya [4]. It is well known that every projective module is finitely projective and any finitely generated
finitely projective module is projective and also every finitely projective module is flat. The following diagram
summarizes the relations between the above notions of R-modules:

M is projective ⇒ M is finitely projective ⇒ M is flat.
These implications are not generally reversible, for instance the Z-module Q is finitely projective that is not
projective. Let F be any field, R = ∏

n∈N
F and K = ⊕n∈NF , R/K is R-flat since R is a von Neumann regular,

but R/K is not finitely projective by [17, p. 1611].
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580 N. Mahdou et al.

In this study, we deal with rings in which every finitely projective ideal is projective and which will be called
FPP-ring. Clearly, every Noetherian ring, FF-ring (that is a ring in which every flat ideal is finitely generated)
and FP-ring (that is a ring in which every flat ideal is projective) are FPP-rings. FFP-rings are rings in which
every flat ideal is finitely projective. The following diagram of implications summarizes the relation between the
above class of rings.

Noetherian

F F − ring

F P − ring

F P P − ring F F P − ring

�

�
����

����

For an ideal I of R, we denote by pdR(I ) the usual projective dimension of I .
For a ring R and E an R-module, the trivial ring extension of R by E (also called the idealization of E

over R) is the ring R ∝ E := {(r, e)|a ∈ R and e ∈ E} with pairwise addition and multiplication given by
(r, e)(s, f ) = (rs, r f + se). For instance, the reader may consult [3,5,19].

Let (A, B) be a pair of rings, f : A → B be a ring homomorphism and J be an ideal of B. In this setting,
we can consider the following subring of A × B:

A �� f J := {(a, f (a)+ j) | a ∈ A, j ∈ J }
called the amalgamation of A and B along J with respect to f , introduced and studied by D’Anna, Finocchiaro
and Fontana [12,20]. In particular, they have studied amalgamations in the frame of pullbacks which allowed
them to establish numerous (prime) ideal and ring-theoretic basic properties for this new construction. This
construction is a generalization of the amalgamated duplication of a ring along an ideal (introduced and studied
by D’Anna and Fontana [11,13]). The interest of amalgamation resides, partly, in its ability to cover several
basic constructions in commutative algebra, including pullbacks and trivial ring extensions (also called Nagata’s
idealizations) (cf. [21, p. 2]). For example, constructions such as the A + X B[X ], the A + X B[[X ]] and the
D+M constructions can be studied as particular cases of the amalgamation ([12, Examples 2.5 and 2.6]) and other
classical constructions, such as the CPI extensions (in the sense of Boisen and Sheldon [6]) are strictly related to
it ([12, Example 2.7 and Remark 2.8]). In [12], the authors studied the basic properties of this construction (e.g.,
characterizations for A �� f J to be a Noetherian ring, an integral domain, a reduced ring) and they characterized
those distinguished pullbacks that can be expressed as an amalgamation. Moreover, in [20], they pursued the
investigation on the structure of the rings of the form A �� f J , with particular attention to the prime spectrum,
to the chain properties and to the Krull dimension.

The aim of this paper is to investigate the transfer the FPP-ring property to various contexts of constructions
such as direct product, homomorphic image, trivial ring extensions and amalgamation rings.

2 General results

Definition 2.1 An FPP-ring is a ring in which every finitely projective ideal is projective.

Remark 2.2 (1) Let R be an integral domain. Then R is an FPP-domain if and only if every ideal finitely
projective is finitely generated;

(2) Let (R,M) be a local ring. Then R is an FPP-ring if and only if every ideal finitely projective is principal.

Our first result in this section examines the stability of FPP-ring property under direct product.

Proposition 2.3 Let (Ri )i=1,...,n be a family of commutative rings. Then R = ∏n
i=1 Ri is an FPP-ring if and

only if so are Ri ’s.

The proof of this proposition requires the following lemma.
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When every finitely projective... 581

Lemma 2.4 [20, Lemma 2.5] Let (Ri )i=1;2 be a family of rings and (Mi )i=1;2 be an Ri -module for i = 1; 2.
Then,

pdR1×R2(M1 × M2) = sup{pdR1(M1); pdR2(M2)}.
Proof of Proposition 2.3 the proof is done by induction on n and it suffices to check it for n = 2. Assume that
R is an FPP-ring and let I be a finitely projective ideal of R1, we claim that I × R2 is a finitely projective
ideal of R. Indeed, let J × R2 be a finitely generated subideal of I × R2. Clearly J is a finitely generated
subideal of I , then there exists a free R1-module F ∼= R p

1 for some positive integer p, a morphism h : J → R p
1

and a morphism g : R p
1 → I such that idJ = g ◦ h. Consider the morphisms h′ : J × R2 → (R1 × R2)

p

defined by h′(( j, r)) = (h( j), (r)i=1,...,p) for every ( j, r) ∈ J × R2 and g′ : (R1 × R2)
p → I × R2 where

g′(((ri , si ))i=1,...,p) = (g((ri )i=1,...,p), s1), so for every ( j, r) ∈ J × R2 we have:

( j, r) = (g ◦ h( j), r)

= g′((h( j), (r)i=1,...,p))

= g′ ◦ h′(( j, r))

thus idJ×R2 = g′ ◦ h′. From assumption, I × R2 is projective. Since 0 = pd(I × R2) = sup(pd(I ), pd(R2)) =
pd(I ), that is, I is a projective ideal and so R1 is an FPP-ring. With similar arguments as previously, we show
that R2 is also an FPP-ring.
Conversely, suppose that each Ri is an FPP-ring and let I × J be a finitely projective ideal of R. We claim that
I (resp.,J ) is a finitely projective ideal of R1 (resp., R2). Indeed, let I1 be a finitely generated subideal of I .
Clearly, I1 × 0 is a finitely generated subideal of I × J , so there exists a free module F ∼= (R1 × R2)

p for some
finite index p, a morphism h : I1 × 0 → (R1 × R2)

p and a morphism g : (R1 × R2)
p → I × J such that

idI1×0 = g ◦ h. Consider the morphisms h′ : I1 → R p
1 defined by h′(i1) = π(h(in j (i1))) for every i1 ∈ I1 and

g′ : R p
1 → I where g′((rk)k=1,..,p) = π ′(g(in j ′((rk)k=1,...,p))), for every (rk)k=1,...,p ∈ R p

1 where in j , in j ′, π
and π ′ are defined by the following diagram:

I1 I1 × 0 I × J I

(R1 × R2)
p

(R1)
p

in j idI1×0 π ′

h g

πin j ′
h′ g′

� � �

�
�
�	 





�

�

�

�
�

�
�

�
�

�
�

�	 


















�

thus g′ ◦ h′ = g′ ◦ π ◦ h ◦ in j = π ′ ◦ g ◦ h ◦ in j = π ◦ idI1×0 ◦ in j = idI1 , as desired. Similarly, we show that
J is also finitely projective. Therefore, I and J are projectives (as R1 and R2 are FPP-rings). So, by Lemma 2.4,

pdR1×R2(I × J ) = sup{pdR1(I ); pdR2(J )} = 0.

It follows that I × J is projective. Thus, R is an FPP-ring, as desired. �

In the next result, we show that in a FPP-ring, if I ⊗R S is a projective ideal of S, then I is a projective ideal

of R.

Theorem 2.5 Let f : R → S be a ring homomorphism making S a faithfully flat finitely generated R-module.
Assume that R is an FPP-ring. If I is an ideal of R and I ⊗R S is a projective ideal of S, I is a projective ideal
of R.

Before proving this result, we recall the following lemma.

Lemma 2.6 [9, Lemma 5] Let R be a subring of a ring S and let M be a flat left R-module. Assume that S ⊗R M
is finitely projective over S. Then M is finitely projective.
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582 N. Mahdou et al.

Proof of Theorem 2.5 Assume that R is an FPP-ring and let I ⊗R S be a projective ideal of S. Then I ⊗R S
is finitely projective. Since I ⊗R S is flat and S is R-faithfully flat, then I is flat. By Lemma 2.6, I is finitely
projective ideal of R. Consequently, I is projective, as desired. �


Our next result establishes the transfer of FPP-ring property to a particular homomorphic image.

Proposition 2.7 Let R be a ring and I be a pure ideal of R such that R/I is isomorphic to a subring of R. If R
is an FPP-ring, then so is R/I .

Proof Let J/I be a finitely projective ideal of R/I . Using the fact that the following sequence 0 → I → J →
J/I → 0 is exact and the fact that J/I and I are R-flat ideals (as I is pure), it follows that J is flat. By Lemma 2.6,
J is a finitely projective ideal of R and so J is projective since R is an FPP-ring. Therefore, J/I = J ⊗R R/I
is projective. Hence, R/I is an FPP-ring. �

Remark 2.8 It is worthwhile to mention that the converse of Proposition 2.7 does not hold even if I is finitely
generated. Indeed, if I is a nonzero proper ideal of R such that R/I isomorphic to a subring R1 of R, then R
is the product of two rings. The identity element e of R1 is a non trivial idempotent since I e = 0 and I is the
annihilator of e. So, I = R(1 − e) := R2. Consequently, if R/I is an FPP-ring and R2 is not an FPP-ring, then
R is not an FPP-ring by Proposition 2.3.

3 Transfer of FPP-ring property to the trivial ring extension

In this section, we study the transfer of FPP-property to the trivial ring extension. Let A be a ring, I be an
ideal of A, M be an A-module. All along this section, R = A ∝ M will denote the trivial ring extension of
A by the A-module M . Recall that an ideal H of R is homogeneous if H = I ∝ N , where I is an ideal
of A and N a submodule of M . In this case I M ⊆ N , I = {a ∈ A|(a,m) ∈ H f or some m ∈ M} and
N = {m ∈ M |(a,m) ∈ H f or some a ∈ A}. A principal ideal R(a,m) is homogeneous if and only if
R(a,m) = Aa ∝ (Am + aM). In [3, Theorem 3.3], Anderson and Winders show that every ideal of R is
homogeneous if and only if every principal ideal of R is homogeneous and if A is an integral domain, then every
ideal of R is homogeneous if and only if M is divisible, that is M = aM for all a ∈ A − {0}. The first result of
this section establishes conditions under which some trivial extensions of rings inherit the FPP-ring property.

Theorem 3.1 Let A be a ring, I be an ideal of A, M be an A-module and R = A ∝ M. Assume that every
finitely projective ideal has the form I ∝ I M and M is a flat module. If A is an FPP-ring, then so is R.

The proof of the previous theorem involves the following lemmas.

Lemma 3.2 [2, Theorem 9(1)] Let R be a ring, M an R-module, I ∝ N a homogeneous ideal of R = A ∝ M. If
I is a finitely generated ideal of A and N a finitely generated submodule of M then I ∝ N is finitely generated.
Conversely, if I ∝ N is finitely generated then I is finitely generated. Assuming further that M is finitely
generated, then N is finitely generated.

Lemma 3.3 Let A be a ring, I an ideal of A, M an A-module, N a submodule of M and R = A ∝ M. If I ∝ N
is a finitely projective ideal of R, then I is a finitely projective ideal of A.

Proof Suppose that I ∝ N is a finitely projective ideal and let K be a finitely generated subideal of I . Clearly,
K ∝ K M is a finitely generated subideal of I ∝ N which is a finitely projective ideal of R. So, there exists a free
R-module F ∼= R p for some integer p, a morphism f : K ∝ K M → R p and a morphism g : R p → I ∝ N
such that idK∝K M = g ◦ f . Consider h′ : K → Ap defined by h′(a) = π(h((a, 0))) and g′ : Ap → I defined
by g′((aq)q=1,...,p) = π ′(g(in j ′((aq)q=1,...,p))), where in j ′, π and π ′ are defined by the following diagram:

K K ∝ K M I ∝ N I

R p

Ap

in j idK∝K M π ′

h g

πin j ′
h′ g′

� � �

�
�
�	 





�

�

�

�
�

�
�

�
�

�
�

�	 


















�
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When every finitely projective... 583

thus g′ ◦ h′ = g′ ◦ π ◦ h ◦ in j = π ′ ◦ g ◦ h ◦ in j = π ′ ◦ idK∝K M ◦ in j = idK , as desired. �

Lemma 3.4 [2, Theorem 8(2)] Let A be a ring, M an A-module, I an ideal of A and R = A ∝ M. If I ∝ I M
is a projective ideal of R, then I is projective. The converse is true if M is flat.

The next lemma show that if R = A ∝ M is an FPP-ring, then each homogeneous finitely projective ideal
has necessary the form I ∝ I M .

Lemma 3.5 Let A be a ring, M an A-module, I an ideal of A and R = A ∝ M. Assume that R is an FPP-ring.
If I ∝ N is a finitely projective ideal of R, then N = I M.

Proof This follows from [2, Lemma 6(1)] and the fact that R is an FPP-ring.

Proof of Theorem 3.1 Assume that every finitely projective ideal has the form I ∝ I M and M is a flat module
and A is an FPP-ring. Let I ∝ I M be a finitely projective ideal of R. By Lemma 3.3, I is a finitely projective
ideal of A. Since A is an FPP-ring, then I is a projective ideal of A and so I ∝ I M is projective by Lemma 3.4.
Hence, R is an FPP-ring, as desired. �

Remark 3.6 Let (A,M) be a local ring which contains at least one proper finitely projective ideal I , M an
A-module such that MM = 0 et R = A ∝ M. Then R is never an FPP-ring since R contains no proper
projective ideal and I ∝ 0 ∼= I is a finitely projective ideal of R.

As an immediate consequence of Theorem 3.1, we obtain the next corollary.

Corollary 3.7 Let D be an integral domain, M a divisible flat module and R = D ∝ M. If D is an FPP-ring,
then so is R.

As applications of Corollary 3.7, we provide new original examples of FPP-rings which are not Noetherian.

Example 3.8 Let A be an FPP-domain, K = q f (A), M be a nonzero K -vector space such that dim(M) = ∞
and R = A ∝ M. Then:

(1) R is an FPP-ring;
(2) R is not Noetherian.

Proof (1) By Corollary 3.7, R is an FPP-ring.
(2) With similar arguments as [19, Theorem 3.1(1)], we show that R is not coherent. Indeed, let 0 �= f ∈ M
and L = (A ∝ M)(0, f ). Then it is easy to see that the principal ideal L is not finitely presented; and therefore
A ∝ M is not coherent and so A ∝ M is not Noetherian. �

Example 3.9 Let D = Z, M = Q

∞ (that is M has an infinite dimension) and R = D ∝ M. Then by Corollary 3.7
R is an FPP-ring which is not Noetherian (as M is a D-module that is not finitely generated).

Remark 3.10 Let A be a ring, M an A-module, N a nonzero submodule of M and R = A ∝ M. If A is a domain,
then 0 ∝ N is a non finitely projective ideal since it is not P-flat by [7, Lemma 2.8]. Recall that M is said to be
P-flat if for any (r,m) ∈ R × M such that rm = 0, m ∈ (0 : r)M. If M is flat, then M is P-flat. In the case R is
an FPP-ring, 0 ∝ N is a non finitely projective ideal since it is not projective.

4 FPP-ring property in amalgamated algebra

To avoid unnecessary repetition, let us fix notation for the rest of the paper. Let (A, B) be a pair of rings,
f : A → B be a ring homomorphism and J be an ideal of B. All along this section, R := A �� f J will
denote the amalgamation of A and B along J with respect to f . Let I be an ideal of A. Notice that I �� f J :=
{(i, f (i)+ j)/ i ∈ I, j ∈ J } is an ideal of R. Our main result of this section establishes the transfer of FPP-ring
property to A �� f J .

Theorem 4.1 Assume that R = A �� f J . Then the following statements hold:

(1) If R is an FPP-ring, then so is A;
(2) Assume that f is injective, J is f (A)-projective module and every finitely projective ideal of R has the

form I �� f J with f (I )J = 0. Then R is an FPP-ring if and only if so is A.

The proof of this theorem is based on the following lemmas which are of independent interest.
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Lemma 4.2 With the notation introduced at the beginning of the present section, I is a finitely generated ideal
of A if and only if I �� f f (I )J is a finitely generated ideal of R.

Proof Assume that I = 〈i1, . . . , in〉 is a finitely generated ideal of A and let
(
a, f (a)+ ∑m

k=1 f (bk) jk
) ∈ I �� f

f (I )J . Then:

(a, f (a)+�m
k=1 f (bk) jk) = (�n

i=1αi il , f (�n
l=1αl il)+�m

k=1 f (�n
l=1βk,l il) jk)

= (�n
l=1αl il , �

n
l=1 f (αl) f (il))+ (0, �m

k=1�
n
l=1 f (βk,l) f (il) jk)

= �n
l=1(αl , f (αl))(il , f (il))+�n

l=1(0, �
m
k=1 f (βk) jk)(il , f (il))

= �n
l=1[(αl , f (αl))+ (0, �m

k=1 f (βk) jk)](il , f (il)),

As desired.
Conversely, suppose that I �� f f (I )J = 〈(i1, f (i1) + j1), . . . , (in, f (in) + jn)〉, we claim that I =<

i1, . . . , in >. Indeed, let a ∈ I . Then (a, f (a)) ∈ I �� f f (I )J and so:

(a, f (a)) = �n
l=1(αl , f (αl)+ βl)(il , f (il)+ jl)

= (�n
l=1αl il , �

n
l=1( f (αl)+ βl)( f (il)+ jl)).

Hence, a = �n
l=1αl il , which completes the proof of the lemma. �


Lemma 4.3 I is a finitely projective ideal of A if and only if I �� f J is finitely projective ideal of R.

Proof Suppose that I is a finitely projective ideal and let K be a finitely generated subideal of I �� f J . Clearly,
T = {a ∈ A|(a, f (a) + j) ∈ K f or some j ∈ J } is a finitely generated subideal of I . From assumption,
there exist a free A-module F ∼= An for some integer n and two morphisms h : T → An and g : An → I such
that idT = g ◦ h. Consider h′ : K → Rn defined by h′((a, f (a)+ j)) = (h(a), f n(h(a))+ ( j, 0, . . . , 0)) and
g′ : Rn → I �� f J defined by g′(((ai )i=1,...,n, f n((ai )i=1,...,n+( ji )i=1,...,n)) = (g((ai )i ), f (g((ai )i ))+∑

i ji ).
Now, let (a, f (a)+ j) ∈ K , we have:

(a, f (a)+ j) = (g ◦ h(a), f (g ◦ h(a))+ j)

= (g(h(a)), f (g(h(a)))+ j)

= g′((h(a), f n(h(a))+ ( j, 0, . . . , 0))

= g′ ◦ h′((a, f (a)+ j)),

as desired.
Conversely, suppose that I �� f J is a finitely projective ideal and let K be a finitely generated subideal of

I . By Lemma 4.2, K �� f f (K )J is a finitely generated subideal of I �� f J . So, there exist a free R-module
F ∼= R p for some integer p and two morphisms h : K �� f f (K )J → R p and g : R p → I �� f J such that
idK�� f f (K )J = g ◦ h. Consider h′ : K → Ap defined by h′(a) = π(h(in j (a))) and g′ : An → I defined by
g′((ai )i=1,...,n) = π ′(g(in j ′((ai )i=1,...,n))) where in j , in j ′, π and π ′ are defined by the following diagram:

K K �� f f (K )J I �� f J I

R p

Ap

in j idK�� f f (K )J π ′

h g

πin j ′

h′ g′

� � �

�
�

��	 






�

�

�

�
�

�
�

�
�

�
�

�
�

�	 























�

thus g′ ◦ h′ = g′ ◦ π ◦ h ◦ in j = π ′ ◦ g ◦ h ◦ in j = π ′ ◦ idK�� f f (K )J ◦ in j = idK , as desired. �
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Lemma 4.4 The following assertions hold:

(1) If I �� f J is a projective ideal of R, then I is a projective ideal of A;
(2) Suppose that f is injective and J is f (A)-projective module. If I is a projective ideal of A and f (I )J = 0,

then so is I �� f J .

Proof (1) Let I �� f J be a projective ideal of R. By the Dual Basis Lemma [16, Lemma 3.23], there exist a family
of R-morphisms (αq)q∈Q ⊆ Hom(I �� f J, R) and a family of elements ((iq , f (iq)+ jq))q∈Q ⊆ I �� f J
such that for every (i, f (i)+ j) ∈ I �� f J we have:

∗ αq((i, f (i)+ j)) = 0 except for some finite number of q ∈ Q;
∗ (i, f (i)+ j) = ∑

q∈Q αq((i, f (i)+ j))(iq , f (iq)+ jq).
For each q we consider ψq : I → A such that for all i ∈ I , ψq(i) = π(αq(in j (i))) where π : R → A is the
canonical surjection and in j : A → R is the natural injection. It is easy to show that ψq ’s are A-morphisms.
Thus, for every i ∈ I we obtain:

(i, f (i)) =
∑

q∈Q

αq((i, f (i)))(iq , f (iq)+ jq)

=
∑

q∈Q

αq(in j (i))(iq , f (iq)+ jq)

which implies that i = ∑
q∈Q π(αq(in j (i)))iq = ∑

q∈Q ψq(i)iq . Clearly, ψq(i) = 0 except for some finite
number of q ∈ Q. Hence, I is projective, as desired.

(2) Let I be a projective ideal of A. By the Dual Basis Lemma [16, Lemma 3.23], there exist a family of A-
homomorphisms (αq)q∈Q ⊆ Hom(I, A) and a family of elements (iq)q∈Q ⊆ I such that for every i ∈ I we
have:

∗ αq(i) = 0 except for some finite number of q ∈ Q;
∗ i = ∑

q∈Q αq(i)iq .

For each q we define ψq : I �� f J → R such that for all (i, f (i) + j) ∈ I �� f J , ψq((i, f (i) + j)) =
in j (αq(π((i, f (i) + j)))) where π : R → A is the canonical surjection and in j : A → R is the natural
injection. Obviously, ψq ’s are R-homomorphisms since αq ’s, π and in j are A-homomorphisms. Since J is
f (A)-projective, there exist a family of f (A)-homomorphisms (βp)p∈P ⊆ Hom(J, f (A)) and a family of
elements ( jp)p∈P ⊆ J such that for every j ∈ J we have:

∗ βp( j) = 0 except for some finite number of p ∈ P;
∗ j = ∑

p∈P βp( j) jp.

Consider ψp : I �� f J → R such that for all (i, f (i) + j) ∈ I �� f J , ψp((i, f (i) + j)) =
in j ′(βp(π

′((i, f (i) + j)))) for every p ∈ P where π ′ : R → A defined by π ′((a, f (a) + j)) = j
for all (a, f (a) + j) ∈ R and in j ′ : f (A) → R defined by in j ′( f (a)) = (a, f (a)) which is well defined
since f is injective. Clearly, for each p ∈ P and j ∈ J there exists a j

p ∈ A such that βp( j) = f (a j
p). Now,

let (i, f (i)+ j) ∈ I �� f J . Then:

(i, f (i)+ j) = (i, f (i))+ (0, j)

= (
∑

q∈Q
αq(i)iq ,

∑

q∈Q
f (αq(i)) f (iq)+ (0,

∑

p∈P
βp( j) jp)

=
∑

q∈Q
(αq(i), f (αq(i)))(iq , f (iq))+

∑

p∈P
(a j

p, βp( j))(0, jp)

=
∑

q∈Q
inj (αq(i))(iq , f (iq))+

∑

p∈P
(a j

p, f (a j
p))(0, jp)

=
∑

q∈Q
inj (αq(π((i, f (i)+ j))))(iq , f (iq))+

∑

p∈P
in j ′( f (a j

p)(0, jp)

=
∑

q∈Q
ψq((i, f (i)+ j))(iq , f (iq))+

∑

p∈P
in j ′(βp(π

′((i, f (i)+ j))))(0, jp)

=
∑

q∈Q
ψq((i, f (i)+ j))(iq , f (iq))+

∑

p∈P
ψp((i, f (i)+ j))(0, jp).

One can easily check that ψk((i, f (i) + j)) = 0 except for some finite number of k ∈ P ∪ Q since so are
αq ’s and βp’s and the fact that f is injective. Hence, I �� f J is projective, as desired. �
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Proof of Theorem 4.1 (1) Let I be a finitely projective ideal of A. By Lemma 4.3, I �� f J is a finitely projective
ideal of R. Since R is an FPP-ring, then I �� f J is a projective ideal of R and so by assertion (1) of Lemma
4.4, I is a projective ideal of A, as desired.

(2) It suffices to prove the if part. Let K be a finitely projective ideal of R. From assumption, K = I �� f J .
Applying Lemma 4.3, I is a finitely projective ideal of A. Along with the hypothesis A is an FPP-ring, we
get I a projective ideal. Since J is a projective module of f (A), we obtain I �� f J is a projective ideal by
Lemma 4.4(2) and so R is an FPP-ring.

�

The next corollary is an immediate consequence of Theorem 4.1 on the transfer of FPP-ring property to

duplications.

Corollary 4.5 Let A be a ring, I an ideal of A and R = A �� I .

(1) If R is an FPP-ring, then so is A;
(2) Assume that I is projective and every finitely projective ideal of R contains 0× I . Then, R is an FPP-ring

if and only if so is A.

As another application of Theorem 4.1, we complete Theorem 3.1 of Sect. 3.

Corollary 4.6 Let A be a ring, I be an ideal of A, M be an A-module and R := A ∝ M be the trivial ring
extension of A by M.

(1) If R is an FPP-ring, then so is A;
(2) Assume that every finitely projective ideal has the form I ∝ I M and M is a flat module. Then R is an

FPP-ring if and only if so is A.

Proof (1) Consider f : A ↪→ R the injective ring homomorphism defined by f (a) = (a, 0), for every a ∈ A,
J := 0 ∝ E be an ideal of R. Clearly, f −1(J ) = 0. Therefore, by [12, Proposition 5.1 (3)], f (A)+ J = A ∝
0 + 0 ∝ E = A ∝ E = B � A �� f J . Hence, by application to Theorem 4.1(1), we have the desired result.
(2) The result follows directly by combining assertion (1) above and Theorem 3.1(1). �
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