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Abstract Analytic element method plays a crucial role to solve fluid flow problems in porous media having
isotropic hydraulic conductivity. Flow problems in anisotropic domains can be modeled by means of an equivalent
isotropic domains by appropriate scaling of the coordinate transformation. Once analytic solutions are obtained
for the equivalent isotropic domain, they can be mapped back to the original anisotropic domain. In this article
we use a suitable coordinate transformation to solve the problem of potential flow in anisotropic domain. If the
standard analytic solution for steady radial flow towards a well is considered with coordinate transformation, the
resulting solutions correctly models the far field but they do not meet the constant head boundary condition at
the boundary of a well. This is a significant drawback if one is interested in the flow field close to the well or
wish to estimate the head at the pumping well. In this paper, using conformal mapping, we develop a technique
to overcome this difficulty on the boundary of the well.

Keyword Analytic elementary method - Conformal mappings - Complex potential - Stream function -
Anisotropic aquifer

Mathematics Subject Classification 76M40 - 76505

1 Introduction

In hydrology, the stream that gets filtrated into the ground is typically referred as the groundwater flow and the
same is present in almost all the geological formations [1,2]. Groundwater is found inside cracks of rocks, spaces
in the soil, sand etc. The area where groundwater fills these spaces, is often refereed as phreatic or saturated
zone. Groundwater moves slowly through the layer of soil or rocks which are referred as aquifers. The rate of
flow inside an aquifer depends on the hydraulic conductivity or permeability of the soil [3,4]. Permeability is
the measure of ease at which flow can penetrate inside the aquifers. If the pores are interconnected then the
permeability of the aquifer is large while if the pores are disconnected the corresponding permeability of the
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aquifer is very low. The arbitrary orientation of the pore spaces or layer formation inside an aquifer causes
anisotropy. Very often aquifers exhibit a layered structure. In most of the cases aquifers are horizontally layered
and hence the horizontal hydraulic conductivity is larger than the vertical conductivity. The granular structure of
the soils inside an aquifer causes anisotropy.

Conformal mapping techniques are very useful in the study of fluid flow problems (see [5]). Aleman and Con-
stantin [5] considered the fluid flow problem on a convex domain, satisfying an interesting geometric property.
This provided a good approach towards obtaining explicit solutions to the incompressible two-dimensional Euler
equations by means of conformal map. It is important to note that with the help of harmonic and conformal map-
ping properties, Constantin and Martin [6] obtained a complete classification of all two dimensional fluid flows.
Recently Khulman and Neuman [7] considered analytic elementary method (AEM) to solve two-dimentional
steady flow problem inside an aquifer having isotropic hydraulic conductivity. However, in most of the cases
groundwater flow inside an aquifer exhibits anisotropic hydraulic conductivity. Isotropic domain refers to an
aquifer having equal hydraulic conductivity in all the directions; while anisotropic domain refers to an aquifer
having different hydraulic conductivity in different directions. Flow in an anisotropic domain may be modeled
with a similar technique, except that the analytic function must be written in terms of scaled coordinates instead
of the actual coordinates. Writing the governing steady-flow equations in terms of scaled coordinate results into
Laplace or Poisson equation. Solution of this equation can be solved via AEM. The solution technique given
by Thiem [8] (very often referred as Thiem solution) is generally used to find the solution of groundwater flow
equation inside an aquifer. It gives a solution of the Laplace equation for the radial flow to a well subject to the
constant head condition at the well radius. However, when Theim solution [8] is applied to anisotropic situation,
one can get the solution after a suitable transformation but the solution does not meet the constant head condition
due to an elliptic boundary in the transformed coordinate system. For such a situation, a conformal map can be
used which maps the exterior of the elliptic well onto the exterior of a circle [9]. Fitts [10] derived the exact solu-
tion for two-dimensional flow to a well in an anisotropic domain where the hydraulic conductivities are restricted
to only principle directions. However, when the hydraulic conductivities make an angle (very often refereed as
anisotropic angle) with the horizontal direction, the situation becomes more complex. In this situation by some
suitable coordinate transformation, one can get the Thiem solution, but the boundary of the circular well becomes
an ellipse with an orientation in the new coordinate system which does not meet the constant head boundary
condition. In the present paper, we consider the hydraulic conductivities varying along all the directions. We first
give a transformation which takes the circular well to an elliptic one in the transformed coordinate system which
is inclined to positive x-axis. Consequently, we apply a rotation which takes the inclined ellipse to an ellipse
having its principle axes along horizontal and vertical directions. Though these cases will be discussed in details
later, reader may refer Fig. 2 to gain proper understanding.

The main objective of this paper is to present an analytical solution to the problem of two-dimensional flow to a
well with hydraulic conductivities varying along all the directions. The solution is derived by a suitable coordinate
transformation while using conformal map to meet the constant head condition at the boundary of the well. We
discuss two cases: (a) the horizontal hydraulic conductivity is larger than the vertical hydraulic conductivity (b)
the vertical hydraulic conductivity is larger than the horizontal hydraulic conductivity. Corresponding to these
two cases, we present solution and flow phenomena such as streamlines, potential lines and the corresponding
changes in the shape of the boundary of the well with different anisotropic ratio and anisotropic angle. We observe
that the anisotropic ratio and angle show significant effect on the shape change of the boundary of the well.

2 Mathematical Formulation

Consider a circular well in an aquifer that is homogeneous but anisotropic with respect to horizontal hydraulic
conductivity (see Fig. 1). We assume the center of the circular well as the origin O and the radius of the circular
well is Ry . Also we assume that the hydraulic conductivities K, and K, parallel to x and y-axis make an angle
o with the principle axes. Corresponding to this inclination the resultant hydraulic conductivity matrix K is given
by (see [1,11])

K — K. cos’a + Kysin®a (K, — Ky) sina cosa )
- \(Ky — Ky)sinacoso szinzw—l—l(ycos2 '
We assume that the flow through the aquifer is governed by Darcy equation [1] given by ¢ = —KV#h, where

q is the volume flux, / is head of the aquifer and K is hydraulic conductivity matrix. We use ¢ = (gx, gy) in
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wel Ky Kx

(a) (b)

Fig. 1 (a) A circular well in an anisotropic aquifer (cross-sectional view) (b) Wellbore of radius R,, shown in shaded region

Cartesian coordinate system so that the above Darcy equation in component form is given by

oh oh oh oh

qx = _Kxxa - nya; qy = _nya - Kyy@-

Here

Ky = Kycos® o + Ky sin®a; Ky, = K, cos® a + K, sin® ;
Kyy = Kyx = (Ky — Ky)sina cosa.

Assuming incompressible flow, the equation of continuity is given by

99 94y
ax dy

=0.

Combining Darcy’s equation and equation of continuity, we obtain

3%h 3%h 3%h
Kxxﬁ + (Kxy + ny)_axay + Kyym =0. @)
Substituting the expressions for Ky, Ky, Ky and K, in (2), we get
3%h 3%h
(K, cos® o + K, sin’ o)—5 +2(Ky — Ky) sina cos o
dx2 ’ 9ydx
3%h

+ (K, cos?a + K, sin? o) =0. 3)

0y?

Equation (3) is not the usual Laplace equation and is typically referred as anisotropic Laplace equation. However,
this can be reduced to Laplace equation by suitable coordinate transformation. We will discuss the corresponding
solution methodology in the forthcoming section.

3 Methodology and Solution

We use the following lemma to find the solution in transformed coordinate system.

Lemma 3.1 Let F = u + iv be a conformal mapping from Q C C onto Q2| = F(2) and F has continuous first
and second order partial derivatives. Then, for ¢ (x,y) = ®(u, v) withu = u(x, y) and v = v(x, y), we have

Ap = |F' ()P A,

where A is the Laplace operator. In particular, A¢ = 0 if and only if A® = 0.
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Casel: K, > K,
Without loss of generality, let us consider the center of the circular well at the origin and denote the radius
of the well as Ry . Thus the equation of the circular well is of the form

x* +y* =R}, )
Let us consider the following transformation
X=x—ay and Y = by, (%)
where ¢ = KKy sinacosa gy VD The quantity D is defined as

K sin” a+Ky cos? o Ky sin® a+Ky cos2a

. Kxcosza—i—l(ysin%z(Kx—Ky)sinacosa .

D = . . = K,K,. 6
(Ky — Ky)sinacosa Kycos®a + K, sin’ « Ty ©)
Let us define K’ = % as the anisotropic ratio so that we have
(7 — 1) sinacosa N

and b=

a =

1

< sin” a + cos? !

& sin®a + cos2a’
Under the above coordinate transformation, (3) reduces to

3%h
yy 8Y2

9%h

e +b’K

(@*Kyy —2aKyy + Kyx) =0. (7

Substituting a, b, Kx, K, and K, and rearranging the terms, equation (7) reduces to

9 KKah+a KKBh _o ®
ax "V M ax ay " ey ) T

Using the standard analytic elementary approach, the discharge potential ® is defined in terms of aquifer param-
eters and /, so that the following equations hold

9 KK oh d 9 KK oh ©)
— = ,— and — = —.
ax — T ax ay — oy
In view of (9), from (8), we get the Laplace equation for & as
P> 9%
— 4+ — =0. 10
X2 * Y2 (10

Now we follow the shape of the circular well that changes under the coordinate transformation. In the (x, y)
coordinate system, we assume that the boundary of the well is circular in shape and it is given by (4). Under the
transformation (5), the circle is converted to

(1+a?) y2

2
2 :RW, (1)

x2+2%xy +

which is an equation of a conic. It is our aim to find the geometric structure of the conic. Let us consider the
following quantities:

1 ¢ 0 | e
A=lelid o | p=|, L
N ’ — |a (+a)
0 0 —R} bov

Using a and b we verify that A < 0 and D > 0. So the conic is elliptic in nature and the center of the ellipse
is at the origin. Therefore, under the coordinate transformation given in Eq. (5), equation (3) that is valid in a
circular domain ( see Eq. (4)) gets converted to the Laplace equation (10) that is valid in an elliptic domain (see
(Eq. 11)).
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To discuss our main results, we have to find the length of the axes, focal length and position of the axes of
the ellipse given by (11). Let Iy and I'; be the length of semi major and semi minor axes of the ellipse (11).
Then I'y and I'; are the roots of of the following equation

1+a> 1 1 1 2
[;TZ_E} [R—z‘ﬁ} = R a2
w w w
where Ry is the radius of circular well in z-plane, a and b are defined as before. On simplification of (12), we
obtain
I 4 (1 +a® + bHRYT? + b°Rj, = 0. (13)

Hence from (13), we get

RZ
2= 20 (A 4a® 46 £V +a 527 =452 (14)

Thus values of square of the semi-major and semi-minor axes of the ellipse given by (11) are

R2
=20 (A +a+0) + VA +a 527 —4p?),
R2
3= 20 (A +a+6) -+ @+ 527 =42, (15)

respectively. Correspondingly, focal length of the ellipse is

o\ 12
f=T (1—%) =RW(\/(1+a2+b2)2—4b2>1/2. (16)

1

The equation of the major and minor axes of the ellipse (11) are given by
1 1 a
= T | ¥ty =0,
(RW I ) Ry, b
( L ) T 0 17)
B )T Y=Y
R, T} R2,b

respectively. Let 6 be the angle between the major axis of the ellipse and the positive X -axis. Thus from equation

(17), we obtain
R3b (1 1
tanf = w ~ 5 |
a I Ry,

which has the pictorial representation in Fig. 2.
Case2: K, < K,

For this case, we consider a different transformation since the focal length of the ellipse becomes imaginary
if we use the previous coordinate transformation. Hence, we use the following transformation

X =bx and Y =y —ax, (18)

(Kx—Ky)sinacosa _ D
K cos?a+Ky sin’ « and b = K, cos? a+K ) sin® o
similar analysis as in the case of K, > K, we get the governing equation in Z-plane (please refer to Fig. 2) as

where a = . The quantity D is defined as in equation (6). Following

5 9%h ) 3%h
b K _+(Cl KXX—Zany—I—Kyy)m

xx 5x2 =0. (19)
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- X
z-plane
Uy
Y
aW ) @X
U-plane Z-plane
Fig. 2 Coordinate transformation under conformal map
Thus the corresponding Laplace equation for & is
GRS R
— + — =0. 20
X2 + Y2 20)

In the (x, y) coordinate system the boundary is circular in shape. Under the coordinate transformation (18), this
gets converted to

(14 a%
b2
which is an equation of a conic. By the previous technique, it is not difficult to show that the conic (21) is an

ellipse. The focal length of the ellipse (21) is same as the one given in (16).
Let 6 be the angle between the major axis of the ellipse (21) and the positive X-axis (please refer to Fig. 2).

Then
Rb (1 1+a?
tanf = —W - - # .
a \T} Ryb?

a
X2+25XY+Y2 = R}, Q21

An important observation is that the angle of inclination 6 takes different form depending on Cases 1 and 2. We
now discuss the solution procedure.
The general solution of the Laplace equation

GRES N GRES
ax2  oy?2
can be written in terms of the complex potential 2(Z) = ®+i W, as a function of complex variables Z = X +iY,

where @ is the discharge potential and W is the stream function. The complex form of the radial flow solution in
terms of Z is of the form

=0, (22)

Q:gan—i—D, (23)
21

where Q is the discharge of the well and D is a real constant. Equation (22) does not meet the constant ®
boundary condition at the well as the shape of the boundary of the well in the (X, Y) coordinate system is
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elliptical. The condition that @ is constant at the boundary can be met using a suitable conformal mapping that
maps the exterior of the elliptic boundary in the Z plane onto the exterior of a circular boundary in another plane,
say U plane.

B Construction of conformal mapping that maps the elliptical boundary to a circular boundary

We have already indicated that the well is having elliptical boundary in (X, Y) coordinate system (i.e, in Z
plane). The boundary of the well is given by (11) or (21) and the major axis of the ellipse makes an angle 6 with
the positive X axis. Thus by suitable transformation from Z plane to Z plane, we can consider the major axis
of the transformed ellipse (i.e, the ellipse in Z -plane ) along the positive X direction and the minor axis of the
transformed ellipse along the positive Y direction. The transformation from Z plane to Z plane is as follows:

Z=e"27, (24)

which is a conformal transformation. The exterior of the elliptic boundary in the 7 plane can be mapped to the
exterior of a circular boundary in the U plane by the following conformal transformation:

U TN A A
U(Z)=5(Z+\/Z—f Z+ 1), (25)

where f is the focal length of the ellipses glven by equation (11) and (21).
We first show that the conformal map U (2) maps an ellipse in Z- plane onto a circle in U-plane. To prove
our claim, we fist construct the inverse map of U (2). A simple computation gives us

U(IZ) f2< ' NZ+ ) 20

Hence from equations (25) and (26), we obtain

R 12
ZWU) = (U + ﬁ) 27

which is the inverse map of U (Z). We will now verify that under the map Z, circle in the U -plane corresponds
to an ellipse in the Z-plane. Let [U| = Ry be any circle in U-plane having center at origin with radius Ryy. Then
for fixed Ry, any arbitrary point on the circle is U = Rye'’ where 0 < ¢t < 2. By using U = Rye'’ in (27),

we get
5 ; r? f? . 2 .
7 = Rye'! _ | =(R — ) cost Ry — —— ) sint,
< ve' + 4Rye'! vt 4Ry ti v 4Ry

f? 5 f?
X = (RU + W) cost, Y = <RU — W) sint. (28)

1% 1%

so that we have

Hence, from (28) we get

~

X2 y?
+ =
2\? 2\
(RU + 4RU) (RU - 4RU)

which is an equation of ellipse having major axis along the positive X direction and minor axis is along the
positive Y direction. Thus we proved that under the inverse map of U, the image of circle in U-plane is an ellipse
in Z -plane which implies that the image of an ellipse in Z -plane is a circle in U-plane.

Thus the composition U o Z:Z—>U maps the exterior of the ellipse in Z plane to the exterior of the circle
in U plane conformally. As the Laplace operator is invariant under the conformal transformation (by Lemma
3.1), the exact solution is the radial flow solution in terms of the complex variables U, given by

QU) = gan—i—D (29)

)

@ Springer



624 N. Ghosh et al.

The solution is evaluated as 2 (U(z(Z(z)))), where z = x + iy, using (5), (18), (24), (25) and (29).
Let Q(U) = ¢y + iyy. If the constant head at the boundary of the circle, i.e., ¢y = ¢o on the boundary
|U| = Ry is admitted, then one can get the corresponding potential and stream function as

du = gﬁf In(U) +¢o, Vv = gSIH(U). (30)
2 2
For the numerical simulation we take O = —1 since the flow is assumed towards the well, and constant head

¢o = 1.

4 Results and Discussion

We have plotted the contours of streamlines and potential lines for both the cases. We see that for both the cases the
equipotential lines form concentric ellipses. We see that the constant head condition is met at the boundary of the

(a) (b)

Fig. 3 (a) Potential (dashed) and streamline (solid) for K’ = 1/5, « = 7 /3 (b) Shape of the boundary of the well in transformed
coordinate for « = /3 and different anisotropic ratio

~ e

|_ K'=1’ K=2--- K|=4|

(a) (b)

Fig. 4 (a) Potential (dashed) and streamline (solid) for K’ = 4, « = 7/4 (b) Shape of the boundary of the well for @ = 7 /4 and
different anisotropic ratio K’
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o] .
[ X=02—K=1--K=4]

(a) (b)

Fig. 5 (a) Shape of the boundary of the well for K’ = 4 for different anisotropic angle (b) Shape of the boundary of the well for
o = 0 and different anisotropic ratio

ellipse (please refer to Fig. 3a). We see that when the horizontal hydraulic conductivity is larger than the vertical
hydraulic conductivity and when the anisotropic angle « is not equal to 0 or 7 /2, the principle axis (having length
I'1) of the ellipse makes an obtuse angle 6 with the X-axis. As the horizontal hydraulic conductivity increases,
the inclination of the principle axis to the X-direction increases (see Fig. 3b). However, one can see an opposite
scenario when the vertical hydraulic conductivity is larger than the horizontal hydraulic conductivity, i.e., K’ > 1
(see Fig. 4a and 4b). For this case the principle axis (having length I'1) makes an acute angle with the X-axis
(see Fig. 4b). For the isotropic situation, i.e., K = 1 one can get the boundary of the well as a circle which meets
the constant head condition. For the case when o = 0 or /2, i.e., the hydraulic conductivity is only restricted
or changes along the principle direction only and one may observe that the principle axis makes an angle, i.e.,
6 = 0 and 7 /2 respectively (see Fig. 5a and 5b).

5 Conclusion

An exact solution for the flow in a two-dimensional anisotropic domain with hydraulic conductivity varying in
all directions is derived. Suitable coordinate transformation is used to transform the anisotropic Darcy equation
to Laplace equation. We see that in the transformed coordinate system, the boundary of the well is an ellipse. A
suitable conformal map is used to meet the constant head boundary condition. This conformal mapping takes the
exterior of an ellipse onto the exterior of a circle in different plane. Using this conformal map the corresponding
solution of anisotropic Darcy equation is derived which meets the constant head boundary condition. We see
that the anisotropic ratio and angle show a significant effect on the flow characteristics and shape changes of the
well boundary. Some particular cases are discussed. Solution methodology presented in this study can be used
as a mathematical tool for solving groundwater flow in anisotropic domain.
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