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Abstract Let S(x) be the number of square-full integers not exceeding x and let �(x) be the error term in the

asymptotic formula for S(x). Under the Riemann hypothesis, we get that �(x) � x
328
2333 , which improves the

exponent 121
860 obtained by Liu [6].
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1 Introduction and main results

A positive integer n is called square-full if p2|n for every prime factor p of n. Let S(x) be the number of
square-full numbers not exceeding x . In 1935, Erdös and Szekeres [5] first showed that

S(x) = ζ( 3
2 )

ζ(3)
x

1
2 + O(x

1
3 +ε),

where ζ(s) is the Riemann zeta function.
In 1958, Bateman and Grosswald [2] proved the best unconditional result

S(x) = ζ( 3
2 )

ζ(3)
x

1
2 + ζ( 2

3 )

ζ(2)
x

1
3 + O(x

1
6 e−c(log3 x/ log log x)

1
5
).

They also noted that any improvement in the exponent 1
6 would imply a “Quasi-Riemann Hypotheis”, which is

ζ(s) �= 0 for Re s > 1 − δ(δ > 0).
Let�(x) be the error term in the asymptotic formula for S(x), Balasubramanian, Ramachandra and Subbarao

[3] first proved that�(x) = �(x
1

10 ). Many authors are interesting to the true order of magnitude of�(x). Under

the Riemann Hypothesis, Suryanarayana and Sitaramachandra [10] first showed that �(x) � x
13
81 .

The results progress in this aspect are listed in the Table 1.
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628 D. Wang

Table 1 �(x) � xθ

References Year θ

Balasubramanian, Ramachandra and Subbarao [3] 1988 11
72 = 0.152777 · ··

Nowak and Schmier [8] 1988 151
992 = 0.152217 · ··

Cao [4] 1998 1
7 = 0.142857 · ··

Wu [11] 2001 12
85 = 0.141176 · ··

Liu [6] 2016 121
860 = 0.140697 · ··

In this paper we obtain the following:

Theorem 1 Assume the RH holds, then for any ε > 0 we have

�(x) = O(x
328
2333 +ε), 328/2333 = 0.1405915 · · · .

Notation. f (x) � g(x) and f (x) = O(g(x)) means that there is a positive constant C such that | f (x)| �
C |g(x)|. The symbol m ∼ M means that M < m � 2M and we write L = log x .

Applying the idea of Montgomery and Vaughan [7] studying the analogous problem for square-free integers,
Nowak and Schmeier [8] established (under the Riemann hypothesis)

�(x) =
∑

m�y

μ(m)�(2, 3; x/m6)+ O(x
1
4 +ε/y), (1.1)

where μ(n) is the Möbius function,

�(2, 3; x) = −
∑

n�x
1
5

{
ψ((x/n3)

1
2 )+ ψ((x/n2)

1
3 )

}
+ O(1), (1.2)

ψ(t) = {t} − 1
2 and {t} is the fractional part of t .

In (1.1), we assume y = x
1
4 −θ , where θ is the upper bound we need to prove, then it is sufficient to prove

∑

m�x
1
4 −θ

μ(m)�(2, 3; x/m6) � xθ+ε . (1.3)

Nowak [9] proved that

∑

m2n3�x
(m,n)∈N

2

1 = ζ(
3

2
)x

1
2 + ζ(

2

3
)x

1
3 + O(x

4301
33109 +ε).

Applying �(2, 3; x) � x
4301
33109 +ε , we have

∑

m�x
33109θ−4301

7303

μ(m)�(2, 3; x/m6) � xθ+ε .

Thus we may suppose x
33109θ−4301

7303 < m � x
1
4 −θ in (1.1). By

33109θ − 4301

7303
> 0,

and

33109θ − 4301

7303
<

1

4
− θ,

we easily get 0.1299 · ·· < θ < 0.151607 · · · .
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On the distribution of square-full integers 629

Combining (1.2) and (1.3), and splitting the range of m, n into dyadic intervals, we have

R(M, N ) :=
∑

m∼M

μ(m)
∑

n∼N

ψ((x/mu1 nu2)
1

u3 ) � xθ+ε,

where (u1, u2, u3) = (6, 3, 2), (6, 2, 3), x
33109θ−4301

7303 < M � x
1
4 −θ ,M6 N 5 � x,M N � xθ . Noticing that

M6 N 5 � x implies (x/M6 N 2)
1
3 � (x/M6 N 3)

1
2 .

In this paper, we use the method of Wu [11] and Liu [6], choose the better exponent pairs by calculating, and
make a small improvements for �(x).

2 Some lemmas

Wu [11] first established some general estimates for R(M, N ) by using the triple exponential sums and four-
dimemsional exponential sums estimation.

Lemma 2.1 Let (u1, u2, u3) ∈ N
3 and G := (x/Mu1 N u2)

1
u3 . If (κ, λ) be an exponent pair, then

R(M, N ) �
{(

G1+κM2+κ+λN 1+κ)
1

3+2κ + M N
1
2

}
L2. (2.1)

R(M, N ) �
{(

Gκ+λM2+κ+λN 1+κ)
1

2+2κ+λ + (G M)
1
2 + M N

1
2

}
L2. (2.2)

R(M, N ) �
{(

G6 M24 N 13
) 1

28 + (G M3 N 2)
1
4 + (G2 M4 N )

1
5 + (G2 M20 N 9)

1
20

}
L3. (2.3)

R(M, N ) �
{(

G4 M22 N 15
) 1

26 + (G M3 N 2)
1
4 + M

3
4 N + M N

11
18

}
L3. (2.4)

Proof See Lemma 3.1 of Wu [11]. ��
Lemma 2.2 Let (u1, u2, u3) ∈ N

3 and G := (x/Mu1 N u2)
1

u3 . If (κ1, λ1) be an exponent pair, then

R(M, N ) �
{
(G M N )

1
2 + (G2 M3)

1
4 + (M5 N 3)

1
6 + M +

(
Gκ1 Mλ1 N 1+κ1

) 1
1+κ1

}
xε . (2.5)

Proof Applying the Fourier expansion of ψ(t), we can write for any H > 0

R(M, N ) = −
∑

m∼M

μ(m)
∑

n∼N

∑

0<|h|�H

e(h(x/mu1 nu2)
1

u3 )/2π ih

+ O

⎛

⎝
∑

m∼M

∑

n∼N

∑

h �=0

ρhe(h(x/mu1 nu2)
1

u3 )+ M N L/H

⎞

⎠ ,

where ρh � min{(log H)/H, H/|h|2}. Define

T (M, N , H) := H−1
∑

h∼H

ρh

∑

m∼M

am

∑

n∼N

e(h(x/mu1 nu2)
1

u3 ),

where am = μ(m) or 1 and |ρh | � 1, we have for any H > 0,

R(M, N ) � {M N/H + max
H0�H

|T (M, N , H0)| +
∑

k�0

|T (M, N , 2k H)/2k |}L . (2.6)

If am = 1, by applying the exponent pair (κ1, λ1) to the sum over m and by estimating the sums over h, n
trivially, we find

T (M, N , H0) � (H0G)κ1 N Mλ1−κ1 + G−1 M N H−1
0 . (2.7)
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630 D. Wang

Applying Vaughan’s identity, Wu [11] has proved that

T (M, N , H0) �
{
(G M N )

1
2 + (G2 M3)

1
4 + (M5 N 3)

1
6 + M

}
xε . (2.8)

Combining (2.7) and (2.8), and G−1 M N H−1
0 � M , since G � N , we have

T (M, N , H0) � (G M N )
1
2 + (G2 M3)

1
4 + (M5 N 3)

1
6 + M + (H0G)κ1 N Mλ1−κ1 . (2.9)

Inserting into (2.6) and optimising H over (0,∞) yield the required result. ��

Lemma 2.3 Let (u1, u2, u3) = (6, 3, 2) and G := (x/Mu1 N u2)
1

u3 , then

x−εR(M, N ) � (x3 M−2 N−1)
1

20 + (x M−1 N−1)
1
6 + (x3 M2 N 2)

1
24 + (x7 M5 N 3)

1
55

+ (x4 M N )
1

30 + (x5 M13 N )
1
43 + (x M2 N 3)

1
12 + (x M N−1)

1
7

+ (x3 N−5)
1
18 + (x M4)

1
10 + (x11 M24 N−1)

1
90 + (x2 M6 N )

1
18 + x0.14. (2.10)

Proof Applying (3.2) and (3.3) of Liu [6], we have

x−εR(M, N ) � x0.14 + (H2G3 M6 N 2)
1
8 + (H2G2 M3)

1
4 + (H6G6 M14 N 5)

1
18 + (H13G14 M34 N 11)

1
42

+ (H8G8 M17 N 5)
1

22 + (H9G10 M34 N 7)
1

34 + (H2G2 M6 N 4)
1

10 + (H3G3 M6 N−1)
1
6

+ (H G2 M6 N )
1
6 + (H2G2 M8 N )

1
8 + (H11G11 M34 N 5)

1
34 + (H4G4 M14 N 3)

1
14 + M N

H
.

(2.11)

Noticing that M6 N 5 � x implies (x/M6 N 2)
1
3 � (x/M6 N 3)

1
2 . All exponents of G in (2.11) are positive, we

only need to consider the worst case (u1, u2, u3) = (6, 3, 2), and optimising H over (0,∞) yield the required
result. ��
Lemma 2.4 (ε + 89

560 , ε + 369
560 ) and (ε + 13

84 , ε + 55
84 ) are exponent pairs.

Proof See Theorem 6 of Watt [12] and Theorem 6 of Bourgain [1]. ��

3 Proof of Theorem 1

Since (x/M6 N 2)
1
3 � (x/M6 N 3)

1
2 , all exponents of G in Lemma 2.1 and Lemma 2.2 are positive, we only need

to consider the worst case (u1, u2, u3) = (6, 3, 2). Taking G = x
1
2 /M3 N

3
2 in (2.1), (2.2) and (2.5), (κ, λ) and

(κ1, λ1) are two exponent pairs, we get

R(M, N ) �
{(

x1+κM−2−4κ+2λN−1−κ)
1

2(3+2κ) + M N
1
2

}
L2. (3.1)

R(M, N ) �
{(

xκ+λM−4κ−4λ+4 N−κ+2−3λ
) 1

2(2+2κ+λ) + (x M−4 N−3)
1
4 + M N

1
2

}
L2. (3.2)

x−εR(M, N )

� (x M−4 N−1)
1
4 + (x M−3 N−3)

1
4 + (M5 N 3)

1
6 + M +

(
x
κ1
2 N 1− κ1

2 Mλ1−3κ1
) 1

1+κ1 . (3.3)

Since M � x
1
4 −θ , 0.1299 < θ < 0.151608, we have M � x0.1201. Since M6 N 5 � x, we have (M5 N 3)

1
6 �

(x3 M7)
1

30 � x0.1280234. Inserting this into (3.3) and combining with (3.1), we have

x−εR(M, N ) �
(

x1+κM−2−4κ+2λN−1−κ)
1

2(3+2κ) + B1 + B2 + B3 + x0.1280234, (3.4)
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On the distribution of square-full integers 631

where B j := min{χ,C j }, χ := M N
1
2 ,C1 := (x M−4 N−1)

1
4 ,C2 := (x M−3 N−3)

1
4 ,

C3 :=
(

x
κ1
2 N 1− κ1

2 Mλ1−3κ1

) 1
1+κ1 . It is easy to deduce that

B1 � (χ7C4
1)

1
11 = (x2 M6 N 5)

1
22 � x

3
22 ,

B2 � (χ3C2
2 )

1
5 = (x M3)

1
10 � x0.13604,

B3 �
(
χ3+6κ1− 5λ1

2 C1+κ1
3

) 1

4+7κ1− 5λ1
2 � x

κ1+ 1
2 − λ1

4

4+7κ1− 5λ1
2 .

Thus

x−εR(M, N ) �
(

x1+κM−2−4κ+2λN−1−κ)
1

2(3+2κ) + x
3

22 + x

κ1+ 1
2 − λ1

4

4+7κ1− 5λ1
2 . (3.5)

Similarly from (3.2) and (3.3), we deduce

x−εR(M, N ) �
(

xκ+λM−4κ−4λ+4 N−κ+2−3λ
) 1

2(2+2κ+λ) + (x M−4 N−3)
1
4 + x

3
22 + x

κ1+ 1
2 − λ1

4

4+7κ1− 5λ1
2 . (3.6)

Let

f (κ1, λ1) = κ1 + 1
2 − λ1

4

4 + 7κ1 − 5λ1
2

= 1

7 + 2−3λ1
4κ1+2−λ1

,

taking some different exponent pairs, we have the following results (Tables 2, 3).
Obviously taking (κ1, λ1) = ( 1

2 ,
1
2 ) or ( 13

31 ,
16
31 ) in (3.5) and (3.6) is the better choice, we find

x−εR(M, N ) �
(

x1+κM−2−4κ+2λN−1−κ)
1

2(3+2κ) + x0.14. (3.7)

x−εR(M, N ) �
(

xκ+λM−4κ−4λ+4 N−κ+2−3λ
) 1

2(2+2κ+λ) + (x M−4 N−3)
1
4 + x0.14. (3.8)

Since M N � xθ > x0.14, x
33109θ−4301

7303 < M , we get M � x0.04577, therefore

(x M−4 N−3)
1
4 � (x0.58 M−1)

1
4 � x0.1335575 � x0.14.

Inserting into (3.8), we deduce

x−εR(M, N ) �
(

xκ+λM−4κ−4λ+4 N−κ+2−3λ
) 1

2(2+2κ+λ) + x0.14. (3.9)

Taking G = x
1
2 /M3 N

3
2 in (2.3), (2.4), we have

R(M, N ) �
{
(x3 M6 N 4)

1
28 + (x M14 N 6)

1
20 + (x N )

1
8 + (x M−2 N−2)

1
5

}
L3. (3.10)

Table 2 (κ1, λ1)

(κ1, λ1) ( 1
2 ,

1
2 ) ( 13

84 ,
55
84 ) ( 89

560 ,
369
560 ) ( 11

30 ,
16
30 ) ( 13

31 ,
16
31 )

κ1+ 1
2 − λ1

4

4+7κ1− 5λ1
2

0.14 0.14248 · ·· 0.14261 · ·· 0.14012 · ·· 0.14

Table 3 (κ1, λ1)

(κ1, λ1) ( 97
251 ,

132
251 ) ( 13

40 ,
22
40 ) ( 1

6 ,
2
3 ) ( 2

7 ,
4
7 ) ( 4

18 ,
11
18 )

κ1+ 1
2 − λ1

4

4+7κ1− 5λ1
2

0.14005 · ·· 0.14030 · ·· 0.14285 · ·· 0.140625 0.14137 · ··
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632 D. Wang

R(M, N ) �
{
(x2 M10 N 9)

1
26 + (x N )

1
8 + M

3
4 N + M N

11
18

}
L3. (3.11)

Combing (3.10) and (3.11), we can deduce

R(M, N ) �
{
(x3 M6 N 4)

1
28 + (x M14 N 6)

1
20 + (x N )

1
8 + F1 + F2 + F3

}
L3,

where Fj := min{σ,G j }, σ := (x M−2 N−2)
1
5 ,G1 := (x2 M10 N 9)

1
26 ,G2 := M

3
4 N , G3 := M N

11
18 . It is easy

to get

F1 � (σ 45G52
1 )

1
97 = (x13 M2)

1
97 � x0.136497,

F2 � (σ 5G2
2)

1
7 = (x2 M−1)

1
14 � x0.1395879,

F3 � (σ 55G36
3 )

1
91 = (x11 M14)

1
91 � x0.1393561,

here we use x0.04577 < M � x0.1201.

Hence
R(M, N ) �

{
(x3 M6 N 4)

1
28 + (x M14 N 6)

1
20 + (x N )

1
8 + x0.1395879

}
L3. (3.12)

Taking (κ1, λ1) = ( 13
31 ,

16
31 ) in (3.3), we obtain

x−εR(M, N ) � (x M−4 N−1)
1
4 + (x M−3 N−3)

1
4 + (x13 M−46 N 49)

1
88 + x0.1280234. (3.13)

Taking (κ, λ) = ( 4
18 ,

11
18 ) in (3.7), we get

x−εR(M, N ) � (x11 M−15 N−11)
1

62 + x0.14. (3.14)

Combining (3.12), (3.13) and (3.14), we have

x−εR(M, N ) � I1,1 + I1,2 + I1,3 + I2,1 + I2,2 + I2,3 + (x N )
1
8 + x0.14,

where I j,k := min{ψ, L j ,Mk}, ψ := (x11 M−15 N−11)
1

62 , L1 := (x3 M6 N 4)
1
28 , L2 := (x M14 N 6)

1
20 , M1 :=

(x M−4 N−1)
1
4 ,M2 := (x M−3 N−3)

1
4 ,M3 := (x13 M−46 N 49)

1
88 . It is easy to deduce that I2,3 plays the decisive

role.

I1,1 � (ψ155L203
1 M6

1 )
1

364 = x
29
208 � x0.139424,

I1,2 � (L21
1 M4

2 )
1
25 = (x13 M6)

1
100 � x0.1366,

I1,3 � (ψ14818L17374
1 M264

3 )
1

32456 = x
9059

64912 � x0.13955···,

I2,1 � (ψ155L145
2 M64

1 )
1

364 = x
29
208 � x0.139424,

I2,2 � (L2
2 M5

2 )
1
7 = (x3 M8)

1
28 � x0.138572,

I2,3 � (ψ29822L12410
2 M2816

3 )
1

45048 = x
12655
90096 � x0.1404612···,

here we use x0.04577 < M � x0.11.

Finally we obtain

x−εR(M, N ) � (x N )
1
8 + x0.1404612···. (3.15)

Here we have done a bunch of calculations. We take different exponent pairs in (3.3) and (3.7), for the special
item I2,3, we have the following results (Tables 4, 5).

Combining (3.7), (3.9) and (3.15), we obtain

x−εR(M, N ) �

⎧
⎪⎪⎨

⎪⎪⎩

(
x1+κM−2−4κ+2λN−1−κ) 1

2(3+2κ) + x0.14 := T1 + x0.14,
(
xκ+λM−4κ−4λ+4 N−κ+2−3λ

) 1
2(2+2κ+λ) + x0.14 := T2 + x0.14,

(x N )
1
8 + x0.1404612··· := T3 + x0.1404612···.

(3.16)

min(T1, T2) � T4. (3.17)
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On the distribution of square-full integers 633

Table 4 I2,3

( 4
18 ,

11
18 ) ( 89

560 ,
369
560 ) ( 13

84 ,
55
84 )

ψ (x11 M−15 N−11)
1

62 (x649 M−738 N−649)
1

3716 (x97 M−110 N−97)
1

556

L2 (x M14 N 6)
1

20 (x M14 N 6)
1

20 (x M14 N 6)
1

20

M3 (x13 M−46 N 49)
1
88 (x13 M−46 N 49)

1
88 (x13 M−46 N 49)

1
88

I2,3 x0.1404612··· x0.141546··· x0.14147···

Table 5 I2,3

( 4
18 ,

11
18 ) ( 89

560 ,
369
560 ) ( 13

84 ,
55
84 )

ψ (x11 M−15 N−11)
1

62 (x649 M−738 N−649)
1

3716 (x97 M−110 N−97)
1

556

L2 (x M14 N 6)
1

20 (x M14 N 6)
1

20 (x M14 N 6)
1

20

M3 (x M−4 N 3)
1
6 (x M−4 N 3)

1
6 (x M−4 N 3)

1
6

I2,3 x0.140505··· x0.141584··· x0.14151···

By Lemma 2.3, we get

x−εR(M, N ) � (x3 M−2 N−1)
1

20 + (x M−1 N−1)
1
6 + (x3 M2 N 2)

1
24 + (x7 M5 N 3)

1
55

+ (x4 M N )
1

30 + (x5 M13 N )
1
43 + (x M2 N 3)

1
12 + (x M N−1)

1
7

+ (x3 N−5)
1
18 + (x M4)

1
10 + (x11 M24 N−1)

1
90 + (x2 M6 N )

1
18 + x0.14

:=
∑

1�i�13

Pi .

(3.18)

Combining (3.16) to (3.18), we deduce

x−εR(M, N ) � min(T1, T2, T3, T4)+ xθ , θ = 328

2333
.

Using the result of Bourgain [1] and taking (κ, λ) = ( 13
84 ,

55
84 ), T4 = (x118 N−63)

1
779 , we can deduce that P3 plays

the decisive role.

min(P1, T2, T3) � min(x
164
1138 N

−42
1138 , T3) � x0.13975576···.

min(P2, T2, T3) � min(x
66
441 N

−37
441 , T3) � x0.1397557···.

min(P3, T1, T4) � min(x
262
1876 N

13
1876 , T4) � x

328
2333 = x0.1405915···.

min(P4, T1, T3) � min(x
251
1766 N

−31
1766 , T3) � x0.1400198···.

min(P5, T1, T4) � min(x
537
3856 N

13
3856 , T4) � x0.1397522···.

min(P6, T1, T3) � min(x
1811
11958 N

−1151
11958 , T3) � x0.139941···.

min(P7, T1, T4) � min(x
152
1216 N

68
1216 , T4) � x0.1358234···.

min(P8, T1, T3) � min(x
207
1326 N

−207
1326 , T3) � x0.138832···.

min(P9, T3) � x0.1379310···.
min(P10, T1, T3) � min(x

498
3324 N

−388
3324 , T3) � x0.1378344···.

min(P11, T1, T3) � min(x
3538

23244 N
−2438
23244 , T3) � x0.139796···.

min(P12, T1, T3) � min(x
802
5316 N

−472
5316 , T3) � x0.140123···.

Finally, we obtain

R(M, N ) � x
328
2333 +ε . (3.19)

We make a little improvement by changing 121
860 = 0.1406976 · ·· to 328

2333 = 0.1405915 · ··.
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Table 6 θ

( 4
18 ,

11
18 ) ( 89

560 ,
369
560 ) ( 13

84 ,
55
84 )

T1 (x11 M−15 N−11)
1

62 (x649 M−738 N−649)
1

3716 (x97 M−110 N−97)
1

556

T2 (x15 M12 N−1)
1

110 (x229 M204 N−38)
1

1667 (x68 M64 N−10)
1

498

T3 (x N )
1
8 (x N )

1
8 (x N )

1
8

T4 (x17 N−7)
1

114 (x50233 N−26740)
1

331385 (x118 N−63)
1

779

κ + λ− 1
2 0.3333 · ·· 0.3178 · ·· 0.3095 · ··

θ 121
860 = 0.140697 · ·· 199

1415 = 0.140636 · ·· 328
2333 = 0.140591 · ··

Using the similar method and taking (κ, λ) = ( 89
560 ,

369
560 ), (

4
18 ,

11
18 ), finally we get the following results (Table

6).
Note that from the table, we find that κ + λ− 1

2 plays an important role. The smaller it is, the better bound
we have for R(M, N ).
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