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Abstract Let N(cy, c2,...,ck;n), r(ci,c2, ..., ck;n), and t(c1, ¢2, ..., ck; n) count the representations of a
positive integer n in the quadratic forms

1 <x12 + x1x2 + x%) + (x32 + X3x4 + xf) + -4 ck(x%,ﬁl —+ Xop—1X2k + x%k),

clx% + czx% + -+ ckxg,

cx1(x1+1)/24+coxo(xa+1)/2 4+ -+ cpxp(xp + 1) /2,
respectively, where c¢;’s and x;’s are integers. Using Ramanujan’s theta functions ¢(gq), ¥ (q), Borweins’
cubic theta function a(q), and simple dissecting techniques, we find relations satisfied by N(c1, ¢2, ..., ck; 1),
r(c1,c2,...,c%; 1), and t(c1, c2, ..., cok; n) when 1 < 2k < 8. We also deduce some new explicit formulas
for r(c1, c2, ¢3, c4; n) for some particular n when ¢; € {1,2,3,6, 8,9, 16, 18, 24, 48}.

Keywords Theta function - Cubic theta function - Quadratic form

Mathematics Subject Classification 11E25 - 11E20

1 Introduction and results
For positive integers ¢y, ¢, . .., ¢k, and n, let
Y e 2k 2 2
N(ci,ca, ..., cp3n) = card{(xl,xz, co, X)) € L7 | (xl + x1x2 +x2)
2 2 2 2
+ (x3 + x3x4 + x4) + -t (x2k_1 + Xok—1X2k + x2k>

=},

r(ci,ca, ..., cp;n) :=card{(x1,x2,...,xk) e 7k |c1x12+czx%~|—~-+ckx,%=n},
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xi(x;+1) te x2(xp + 1)
2 T

t(cr,c2, ..., Cp3n) = card{(xl,xz, ..., Xk) € Zk | 1

xp(xx + 1) =n}

ot e

We require Ramanujan’s theta functions ¢(g), ¥ (¢), and Borweins’ cubic theta function a(g) defined by

0 00 0o
j2 i(7 )
0@ =3 ¢ =Y TR agy = YT g

j==00 j=0 i,j==00

where ¢ € C such that |¢| < 1. The generating functions for N(cy, c3, ..., ck; n), r(ci, ¢2, ..., ck; n), and
t(cy,ca, ..., ck; n) are given by

o
ZN(C],CQ,...,Ck;YZ)qn =a(q)a(q?) --a(q%),
n=0

o]

Yorlerer . aimg" =9 (4 e (@?) -9 (¢%),
n=0

Zt(ﬁ,c‘z, caang" =9 (g) v () v (g%).
n=0

Explicit formulas for N (c1, c2; n) in terms of the divisor function o (n) defined by

d ifmeN,
o(n) = q dn

0 ifm¢N,
are known for (c1, c2) = (1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (1, 8), (1, 16), and (2, 3). For example, see
[10], [22], and [21]. Numerous relations between r(cy, ¢3, . .., ck; n) and t(cy, ¢3, . . ., c; n) are there in the lit-
erature. For a brief review when k = 4, see [17,23-27,31-33]. In this paper, employing 2-dissections of a(¢g) and
gp(q)ga(q3),we find general relations between N (cy, ¢2, ..., ck; n)andr(cy, c2, ..., cop; n), N(cy, ca, ..., ck3 1)
and f(cy, 2, ..., Ccok; n), and among N(cy, ca, ..., ck;n), r(cy,ca, ..., co; 1), and t(cy, c2, ..., ok n). As

consequences of some of the relations, we derive new formulas for r(c1, c2, ¢3, cq; n) for some particular n
when ¢; € {1,2,3,6,8,9, 16, 18, 24,48}, where | < i < 4. We present those formulas in Corollary 1. Sub-
stantial work have been carried out by many researchers to find formulas for r(cy, c2, . . ., ¢x; n) in terms of the
divisor function o (n). For references when k = 4, see [2-9,11-14,18,19,21,26-30]. We add a few more in the
list of formulas for r(cy, ¢2, ¢3, ca; n). This work has its origin in the following identity in [15]

k
r(1,1, ..., 1;8n 4+ k) = 2~ (2+( ))t(l,l,...,l;n), l<k<7.
~——— 4 ~———
k times k times

The above identity was soon extended to partitions of k for 1 < k < 7 by Adiga, Cooper, and Han in [1] and to
partitions of k = 8 by Baruah, Cooper, and Hirschhorn in [16].

The paper is organized in three sections. Henceforth in this section, we state the main results. In Section
2, we refer to some identities for the theta functions and lemmas that are used to prove our results. Finally, in
Section 3, we provide the proofs of the new results.

Theorem 1 If j and k are positive odd integers, then for n > 0, we have

361(j,3j,k,3k;2n — (j +k)/2) = N(j, k;4n) — N(j, k; n), (1)
361(j,3j,k,3k;2n — (j+k—2)/2) = N(j, k; 4n + 2), 2)
r(j,3j,k,3k;2n) +321(j,3j,k,3k;n —(j +k)/2) = N(j, k; 2n), 3)
3r(j,3),k,3k;2n+1) = N(j, k; 2n + 1), “)

r(j,3j,k,3k;4n) —4t(j,3j,k,3k;2n — (j +k)/2) = N(j, k; n), 5)
41(j,3j,k,3k;2n — (j+k—=2)/2) =r(j,3j, k,3k; 4n + 2). 6)

@ Springer



674 N. D. Baruah, H. Das

When we set j = 1 and k € {3, 5} in the above theorem, we obtain some formulas for (j, 3], k, 3k; n) and
t(j, 3], k, 3k; n) for some particular n, which are already known in the literature. For example, with an additional
help from [22, Theorem 2.1, (10)], we find the formula for 7 (1, 3, 5, 15; 2n — 3) by setting j = 1l and k = 5in
(1) as

1 1
t(1,3,5,15;2n — 3) = ﬁ(0(4n) —o(n)) + g(o(4n/3) —o(n/3)) + 25—4(0(11/5)

-U(4n/5))+-%(0(n/15)—-0(4n/15))+-é(n(4n)-t100),

o0 o
where 1 (n) is defined by Z 11(n)q" :=¢q l_[(l — qj)(l _ q3j)(1 _ qu)(l _ q15j).
n=>0 j=1

Theorem 2 If only one of j and k is a positive odd integer, then for n > 0, we have

3r(j,3j,k,3k;4n) =2 N(j, k;n) + N(j, k; 4n), @)
3r(j,3j,k,3k;4n+2) = N(j, k; 4n + 2), ®)
3r(j,3j,k,3k;2n+ 1) 4+24¢(j,3),k,3k;n—(j+k—1)/2) = N(j, k;2n+1). ©)

Again, j = l and k € {2, 4} give some already available formulas. For example, with the aid of [21, Theorem
2.2], j = 1 and k = 2 in (8) give the following known formula for r(1, 2, 3, 6; 4n + 2):

r(1,2,3,6:4n 4+ 2) =20 2n+ 1) + 60 (2n + 1)/3) .

However, some casesof j € {1I,2}andk € {6, 8, 16} give new formulas. We state those in the following corollary.

Corollary 1 If

Y nmg" =q]] (1 - qzj) (1 - q‘”) (1 - qéj) (1 - qm), (10)
n=0 j=1
s o T (1—q*)" (1-¢')*
2o =iy a— =y .
then for n > 0, we have
120 (2n) — 40 (n) — 60 (4n)
4300 (4n/3) — 600 (2n/3) + 80 (n/2)
r(1,3,6,18;4n) = { +200(n/3) — 400 (n/6) if n= 0(@3), (12)
60 (4n) — 120(2n) +40(n) —8a(n/2) if n=1(3),
0 ifn=120),
0 if n=0(Q@),
r(1,3,6,18;4n+2) = { 15¢(2n+1)/3) =20 (2n+1) if n=1(3), (13)
202n + 1) if n=2(3),
1 3 3 9
r(1,3,8,24;4n) = 50(411) — 50(2}1) + 50(4n/3) + 40 (n) — Ea(Zn/3)
—To(n/2) 4+ 120(n/3) + 60 (n/4) —21o(n/6) — 8o (n/8)
+ 180 (n/12) — 240 (n/24) + 312(n), (14)

r(1,3,16,48; 4n) = %0(4n) — %0(21’1) — 20(411/3) + 40 (n) + ga(Zn/S)
— 9 (n/2) — 120 (n/3) + 140 (n/4) + 270 (n/6) — 120 (n/8)
4+ 60 (n/12) 4+ 160 (n/16) 4+ 360 (n/24) + 480 (n/48)
+3w3(n),
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120 2n) — 40 (n) — 60 (4n) + 300 (4n/3)
—600(2n/3) + 8a(n/2) 4+ 200 (n/3)
r(2,3,6,9; 4n) = { —400 (n/6) ifn= 0(3), (16)
0 fn=1(0),
60 (4n) — 120 (2n) + 40 (n) — 8o (n/2) ifn= 2(@3),
20(2n + 1) ifn= 0(3),
r(2,3,6,9;4n +2) = {156 (2n 4+ 1)/3) =20 (2n+ 1) ifn= 1(3), a7
0 ifn= 2(3).
Theorem 3 If j and k are positive odd integers, then for n > 0, we have
9Or(j,j,3j,3j,k,3k;4n) =8 N (j, j,k;n) + N (J, j, k; 4n),
9r(j,j,3j,3j,k,3k;4n +2) =N (j, j, k;4n +2),
3r(j,Jj,3j,3),k,3k;2n+1)+1921¢(j, j,37,3),k,3k;n — 2j +k —1)/2)
=N, j, k2n+1).
Theorem 4 If j and k are positive odd integers, then for n > 0, we have
9r(j,Jj,3j,3j,k, k,3k,3k;4n) + 1152 ¢ (j, j,3],3], k, k, 3k, 3k; 2n — j — k)
=8N, j k. k;n)+ N (j, j, k, k; 4n), (18)
9r(j,Jj,3j.3j,k, k,3k,3k;4n +2) + 1152 ¢ (j, j,3],3], k, k,3k,3k;2n — j —k + 1)
=N(j,j k. k;4n+2). (19)

2 Preliminaries

In this section, we bring up some theta function identities and a few theorems that are required while proving

our theorems and corollaries.
The following lemma states the 2-dissections of a(q) and ¢ (q) ¢ (q3).

Lemma 1 (120, p. 192 and p. 210]) We have
v -a) 0y () ()
()=o) 4200 () (1)
Lemma 1 gives the following important identity.
a@) =0 @e (7)) +49v (%) v (4°).

In the next lemma, we have the odd and the even parts of ¢ (¢) ¢ (¢°%).

Lemma 2 ([20, p. 219, Section 25.2]) We have

9@ (q3) —9(=q)¢ (—q3) = 4qy (qz) W (qé) :
9@ (q3) +o(-9)¢ (—q3) =2¢ (q4) ¢ (q‘z) +8q*y (q8> W <q24) .

We need the following two lemmas to prove Corollary 1.

(20)

ey

(22)

(23)

(24)
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Lemma 3 ([10, Theorems 16, 17]) For n > 0, we have

—60(n) + 120(n/2) 4+ 300 (n/3)
N1 6:n) = —600 (n/6) z:fnz 0 (mod 3), 25)
60(n) — 120 (n/2) if n= 1 (mod3),
0 if n= 2 (mod3),
—60(n) + 120(n/2) 4+ 300 (n/3)
NQ.3in) = —600 (n/6) z:fnz 0 (mod 3), 26)
0 if n= 1 (mod3),
60(n) — 120 (n/2) if n= 2 (mod3).
Lemma 4 ([21, Theorem 2.2]) For n > 0, we have
2 9 9 27
N(1,8;n) = ga(n) — 50(11/2) + 50(n/3) + 90 (n/4) — 70(n/6) — 120 (n/8)
4+ 270 (n/12) — 360 (n/24) + grz(n), 27
2 9 9 27
N(1,16;n) = ga(n) — Eo(n/Z) — 50(11/3) +90(n/4) + 70(}1/6) — 180 (n/8)
— 270 (n/12) + 240 (n/16) + 540 (n/24) + 720 (n/48) + ;tgg(n), (28)
where t2(n) and t3(n) are defined at (10) and (11), respectively.
We end this section defining the extraction operator Us,+, which acts on a power series Z A(n)q" for
n=0

integers 0 <r < s as

Usn+r (Z A(n)q”) = ZA(SI’! +r)q".

n=0 n=0

3 Proofs of the main results

Proof of Theorem I Throughout the proof, we assume j and k to be positive odd integers. By (20), we have

riN(j, k;n)q" =a (qf') a (qk) =a (q4j) a <q4k) +6q’a (q4k) " <q2j) v (qu)
+6¢%a (q4j) " <q2k> v (qék) + 367y (qzj) " (qéj) ’ <q2k)

X U (q6k) .

Using the operators Us,+1 and Uy, in the above identity, we find that
° . . . .
Do NGk 2n+1g" = 609" 2a (%) v (a7) v (4) + 644" (¢7)
n=0
x ¥ (q") W (q3") : 29)
Y NG ki2n)g" =a (qu) a (q2k> + 36902y (qf) v (q3’) W (q") ¥ (q3k>
n=0

oo (0.¢]
=Y NG kin)g™ +36 > 1(j.3]. k. 3k n)g"tItH/2, (30)
n=0 n=0
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Relations among representations. .. 677

respectively. Now, comparing the coefficients of the even and the odd powers of ¢ in (30), we obtain (1) and (2),
respectively.
Next, using (22), we have

a( a(d")+a(-a)a(-a"
=o(@)e (V) e (d") e () +o(-a)o (-a7) o (-¢")o (~a*
+32qf+kw(q2f)w(q6f)w(qz")w %) +497v (a*) v (4°) (¢ (4
<0 (¢%) =0 (=a") v (=a%)) +aa"v () v (a*) (¢ (') ¢ (¢)
—v(=d)e(-a")).
a(d’)a(d") +a(-a’)a(-d
=<p(qj)<p(q3j)<p(q")w ‘

(a™) +¢
+ 647y (6¥) v () v (4*)

equivalently,
oo oo oo )
DONG ki 2mg™ =Y (3], k, 3k 2m)q> +32) 1), 3, k. 3ks myg? I,
n=0 n=0 n=0

The above identity readily gives (3).
Using (22) again, we have

which by (24) becomes

o o0
D ONGL ki 2n+ g™t =Y " r (), 3), k, 3k; 2n + 1g>" !
n=0 n=>0

+4q7y (qu) W (q6j) ¢ (q‘”‘) ¢ (qm‘) + 167ty <q2j> W (q6j> W (qgk)
X <q24k) +4gkg (q4j) @ (q12j> " (qZk) v (q6k> 1 16¢%+y (qu)

<y (a9)v () v (o).

Employing Uy, in the above identity, we arrive at

o0 o0
S ONG.ki2n+Dg" = r(j.3j.k 3k 20+ 1g"
n=0 n=0

a0 (o) () () (52) 10057502 () (0¥)

< (q*) w (a') + 4920 (¢7) 0 () v (4*) w ()
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678 N. D. Baruah, H. Das

R (1) (0) () ()

which, due to (22), reduces to

o0 0
SNk 20+ 1g" =D r( 3.k 3k 20+ Dg” + 49U (¢*) v (o)
n=0 n=0

x v (%) + 4% (4% ) v (%) v (4¥).

Therefore, from (29) and the above, we deduce that

00 00 00
2

E N(j, k;2n + 1)g" = E r(j,3j,k,3k;2n + 1)q" + = E N(j, k;2n + 1)g",

n=0 n=0 3 n=0

which gives (4).
Finally, we prove (5) and (6) as follows. With the help of (21), we have

S 3k kg = o (a7 o () () 0 (¢4)
n=0
=a(a)a(a*)+20'v () (a*)a(a*) + 2" () v (a)

x a (q‘”) +4g7 Y (qu) v (qﬁj) v (612") W (q“‘) ,

which, on applying Uy, results in

o oo oo
D ()i 3) k. 3k 2" =Y NG ks m)g® +4qUTORY 1.3, k. 3k n)g".
n=0 n=0 n=0

Now, comparing the coefficients of the even and the odd powers of ¢ in the above identity, we obtain (5) and (6),
respectively. O

Proof of Theorem 2 'We assume the integers j and k to be odd and even, respectively. By (20), we have
> N(.king" =a (q’) a (q") =a (614’) a (q‘”‘) +6q’a (614") W (qu) W (416’)
n=0

+64%a (4*7) v (a%) v (a*) + 3647y (¢) v (%)

X ¥ (qzk) ¥ (qﬁ") :

Employing Uy, and Uy, in the above identity, we find that

SONG k20" = a (¢ ) a (%) + 66 (427) v () w (). a1
n=0
= C AN no_ (GJ-1/2 2k j 3j
;)N(J,k, 2n + Dg" = 6¢Y~D"a (q )Iﬂ (q’) v (q ’)
+36g D2y (1) yr (37) v (4*) w (). (32)
Also by (21), we have
ir(j, 3j.k3kimg" = ¢ (a7) @ (a7) @ (4*) ¢ ()
n=0
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b)) ) 5 () ¢ () +205 (0) (0
o) s () )5 0°) ().

Again, applying U, and U, 41 in the above identity, we have

S 34k 3k 20" = a () a (%) + 26 () v () w (). (33)
n=0

= .. . n_ o Gi=0/2, ( 2k j 3j

D or 3k 3k 2n £ g =24 a(a®) v (a7) v ()

400502 () v () v () v (%) @
Now, from (31) and (33), we obtain

o0 o) oo
33 r(j.3).k. 3k 2" =2 NG kim)g™ + Y N(j. ki 2n)q".
n=0 n=0 n=0

Comparing the coefficients of the even and the odd powers of ¢ in the above equality, we deduce (7) and (8),
respectively.
Finally, from (32) and (34), we have

(0.¢] oo
33 r(j.3j.k 3k 2n 4+ 1)g" +24 > 1(j, 3j, k. 3kin)g"UTRD2
n=0 n=0

o
=Y N(j.ki2n+1)q",
n=0
which gives (9). |

Proof of Corollary 1 Since, the proofs are quite evident, we provide the following chart, along with the fact that
o (n) is a multiplicative function and o (2) = 3, which indicates the identities used to prove the formulas. O

Formulas Used identities
(12) (7) and (25)
(13) (8) and (25)
(14) (7) and (27)
(15) (7) and (28)
(16) (7) and (26)
(17) (8) and (26)

Proof of Theorems 3 and 4 The proofs of both the theorems are similar, therefore we prove Theorem 4 only.
Throughout the proof, we let j and & to be odd positive integers. By (20), we have

SNG. ki =a (¢7) o (o)
n=0
— 42 <q4j> a2 (q4k> + 36q2ja2 <q4k) Ipz (qu) 1/fz <q6j> + 36q2ka2 (q4j>
% 1//2 (qzk) 1/fz <q6k) + 144qj+ka <q4j)a <q4k) " (q2j> " <q6j> " (q2k)
X ¥ (q6k> +432q2j+ka <q4k) w2 (q2j) w2 (q()j) " (qZk) " (q6k)
+432qj+2ka (q4j) " <q2j) " (qu) wz (qZk) 1#2 <q6k) 4 12qka2 (q4j)
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680 N. D. Baruah, H. Das
ad)w () (%) + 2000 () ()8 () v (o)
+ 12964272k (qu) e <q6j> e (q2k) w2 <q6k> .
Using U», in the above identity, we obtain
iN(j, j ok, k:2n)g" = a® (qzj> a? (qZk) +36g7a® ( ) W2 (q/) v
n=0
()2 () ) £ )0 02) () )

x v (a*) v (¢%) + 129607492 (a7) y? () v (a*) ¥ (4. (35)

Also from (21), we have

o0
> rGJ 3735k k3 3k g = 0% (a7) 2 (67) 0 () 0 (4)
n=0

)0 ) ) ) 0 ) )
x 2 (¢%) + 1697 a (¢4 ) a (4%) v (4 ) v v
+164%a () y? () ¥ () v () ¥
1607 a () (47 (a*7) 2 (¢) v?
+agta® (V) a () v () v (%) + 40’
2 ) ) ) )

which, on employing Uy, gives

’;r(],],3j,3],k,k,3k,3k; " =a*(g*) a* (g )+4q a* (¢*) v? (¢/)

() )2 100 ) )
< () (a) (a*) w (a%) + 16092 (o) 0 () 92 (o)
x 2 (¢%).

From (35) and the above identity, we obtain

Q
N
BN
A~
~
—
Q
)
~~
)
o~
ES
—
<
—~
)
)
~.
—
<
—~
S}
=
~
N—

oo oo
9> (. J. 34, 34, ko k. 3k, 3ks 2n)q" + 1152745 (7, . 34, 34, k. k. 3k, 3k; n)g"
n=0 n=0

o o
=8> N(j. j. k. kimg™ + > N(j. j. k. k: 2n)q".
n=0 n=>0

Comparing the coefficients of the even and the odd powers of ¢ in the above identity, we deduce (18) and (19),
respectively. O
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