Indian J Pure Appl Math (2022) 53:683-695
https://doi.org/10.1007/s13226-021-00159-9

ORIGINAL RESEARCH

The Euler’s totient function in canonical hypergroups

Andromeda Cristina Sonea - Bijan Davvaz

Received: 10 May 2021 / Accepted: 12 July 2021 / Published online: 9 August 2021
© The Indian National Science Academy 2021

Abstract The main goal of this paper is to introduce the Euler totient function in canonical and i.p.s. hypergroup
theory. Also, we determine a way to construct finite i.p.s. hypergroups using the concept of the extension of i.p.s.

hypergroup by i.p.s. hypergroup.
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1 Introduction

Leonhard Euler introduced the arithmetic function called Euler’s function in 1763. In number theory, the Euler’s
totient function ¢ is very known. It has the property to count the positive integers up to a given integer n that are
relatively prime to n, where 7 is a natural number. Therefore, we can write ¢(n) = |{m € N| (m, n) = 1}|. Also,
we find the Euler’s function in group theory, where ¢ (n) represents the number of generators of the finite cyclic
group (Z,, +) [23]. Many other results related to this function are covered in Garcia [12], Hall [13]. In [23] it is
does determined the Euler’s totient function for particular classes of groups and the connection between ¢ (G),
¢ (IG|) and |Aut (G)] is established.

The class of canonical hypergroups represents a particular case of “join space”. The join space was introduced
and studied for the first time by Prenowitz [20] and together with Jantosciak [21] analyzed branches of geometry
from another point of view. In 1970, J. Mittas [18] was the first who studied canonical hypergroups independently
from the other operations. These canonical hypergroups have a similar behavior as groups. Quasi-canonical
hypergroups (called “polygroups” by Comer) were introduced in [ 1], as a generalization of canonical hypergroups.
Some algebraic and combinatorial properties were developed in [2,3] by Comer. In this paper, we will study the
form of Euler’s function in canonical and i.p.s. hypergroups and we determine a way to construct finite i.p.s.
hypergroups.

The structure of our study is as follows. First, in Section 2, we fix the notations and terminology, and we recall
the basic definitions related to canonical hypergroups and Euler’s function, which will be used in the following.
We analyze the canonical hypergroup (Cj,, o) introduced by Corsini [6] in Section 3. We noticed a connection
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684 A. C. Sonea, B. Davvaz

between the Euler’s function and the heart of hypergroup C,, (Theorems 4, 5, 6). In Section 4, we use the concept
of the extension of canonical hypergroups by canonical hypergroups. This concept was introduced in polygroup
theory, by Comer [3] and presented by Davvaz [10] (Theorem 7), and also we associated the Euler’s function to
extension (Theorem 9 ). This concept could represent a way to construct canonical hypergroups. In Section 5,
we extend the results from canonical hypergroups to i.p.s. hypergroups and the last section contains conclusions
of our study and some open problems related to it.

2 Preliminaries

We recall some basic definitions from [5].

A semihypergroup is a hypergroupoid (H, o) such that forall (a, b, ¢) € H?, we have (a o b)oc = ao(b o c).
A quasihypergroup is a hypergroupoid (H, o) which satisfies the reproductive law: H oa = a o H = H, for
all a € H. A hypergroup is a semyhypergroup which is also a quasihypergroup. Let (H, o) be a hypergroupoid.
An element e € H is called an identity or unit if, for any a € H, we havea € aoeNeoa. Let (H, o) be a
hypergroupoid, endowed with at least one identity. An element @’ € H is called an inverse of a € H if there is
an identity ¢ € H, suchthate € aoa’ Na' o a.

A hypergroup (H, o) is called a regular hypergroup, if it has at least one identity element and all elements
of H have at least one inverse. A regular hypergroup (H, -) is called reversible if for all x, y, z € H such that
x €y-zitfollowsthaty € x -z’ and z € y' - x for some y’ € i(y), 7/ €i(z).

In the following we will recall the fundamental relation g that was introduced by Koskas [15].

Definition 1 Let (H, o) be a hypergrupoid. We define the relation B on H, as follows:
n
aBb < In e N*, 3 (x1,x2, ..., x,) € H" : {a, b} C Hx,-.
i=1

This relation is studied mainly by Corsini [5], Leoreanu-Fotea [16] and Freni [11] concerning hypergroups,
Vougiouklis [24] concerning H,-groups, Davvaz concerning polygroups [10], and many others. In [11], Freni
proved that B is an equivalence relation on hypergroups. Indeed, B is the smallest equivalence relation on a
hypergroup H such that H/f is a group. Let ¢ : H — H/f be the canonical projection.

Definition 2 [5,8] The heart of a hypergroup H is the set wy = {x € H| ¢y (x) = 1}, where 1 is the identity
of the group H/B.

In the following, we will present some properties of Euler’s totient function in group theory [23].
Let (G, -) be a group and a € G. The Euler’s totient function it is represented as

¢(G) = {a € G| o(a) = exp(G)}], ey

where o(a) is the order of the element a from the finite group G and the exponent of a group G, noticed by
exp(G), is defined as the least common multiple of the orders of all elements of the group. If there is no least
common multiple, the exponent is taken to be zero. For example, if G = (Z,,, +), then ord(a) = m. Let’s
enumerate some properties of Euler’s totient function from group theory:

(1) ¢1isnotan injective function, more exactly if G| and G are two groups such that ¢ (G1) = ¢ (G2), itdoesn’t
imply that G| = G». For example, we have ¢ (Z3) = ¢ (Z4) = 2, but Z3 #* Z4.

(2) If G is a cyclic group, then ¢ (G) = ¢ (|G]) .

(3) Let G be a finite group with exp (G) = m, m € N*. Then ¢ (G) = ¢ (m) k, where k represents the number
of cyclic subgroups order m in G. The next lemma presents the multiplication property of Euler’s totient
function.

Lemma 1 If{G;};_1 is a family of finite groups of coprime orders, then we have

k k
¢ <]‘[G,-> =[JeGo.
i=1 i=1
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The Euler’s totient function in canonical hypergroups 685

We conclude this section with some examples involving remarkable groups: the dihedral group D>, the
symmetric group S, and the alternating group A,,n > 2.

If G =S, respectively G = A, n > 2,

(@) ¢ (Sp) =0,n>3;

(b) ¢ (Ap) =0,n = 4.

(¢) G = Dy, if nis odd, then ¢ (D2,) = 0 and for n even, we have ¢ (D2,) = ¢ (n), foralln > 3.

Definition 3 [5,19] We say that the element x from H is called periodic, if there is k € N such that x* C wy.
If the next relation hold on
p(x) = min{k € N| x* C wp}, @)
we say that  is the period of x. In a similar way as in group theory, the Euler’s totient function has the next form

¢(H) = [{x € H|p(x) = exp(H)}|,
where exp(H ) represents the least common multiple of the periodicity of all elements of the hypergroup H.

Definition 4 [18] (H, o) is a canonical hypergroup, if it satisfies the following conditions:

(1) H is a commutative hypergroup;

(2) H has one scalar identity, i.e ¢ o x = x o ¢ = x, for any x from hypergroup;

(3) Any element x from H, admits an unique inverse, i.e |i (x)| = 1, where i (x) represents the set of inverse’s
x element;

(4) H isreversible: if y € a o x, there is a’ € i(a) such that x € @’ o y and if x € y o a, exists a’ € i(a) such
thaty € x od’.

If a, b are elements of a hypergroupoid (H, o), then we denote a/b = {x € H | a € x o b}. A commutative
hypergroup (H, o) is called a join space [20,21] if the following condition holds for all elements a, b, ¢, d of H:

a/lbNcfd #0 = aodNboc # .
The next result characterize the canonical hypergroups.

Proposition 1 (Theorem 166 in [5]) Let H be canonical hypergroup, if it is a join space endowed with a scalar
identity.

3 The canonical hypergroup (C,, o)

In the theory of canonical hypergroups, Corsini [6] introduced the hypergroup (C,, o) in the following way.

Let (Cy, o), n € N* be a canonical hypergroup, where C,, = {eq, e1, ..., exn)}, and
n
- 3 ne ZN,
k) = { 1l e N4 1.

For the pair (s, ) such that s < k(n), t < k(n), we consider
esoe = {ey, ep}v

where v =min{s +¢,n — (s + 1)}, p = |s — 1.

More results for canonical hypergroup (C,, o) are given by Leoreanu, [17]. She studied the subhypergroups
of (C,, o) and established in which condition the theorem of Lagrange could be applied. We give here some
results and we prove that the Euler’s function associated to the canonical hypergroup C,, is equal to the heart of
Cy.

Theorem 1 [17]Ifr € {0, 1, ..., k(n)} such that (r,n) = 1, then
C,=<e >.

Corollary 1 Ifn be a natural prime number, then C,, has only improper subhypergroups.
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Theorem 2 If n = 2p, where p is a natural prime number, with p # 2, then hypergroups C, satisfy the
Lagrange’s theorem.

Remark 1 The only proper subhypergroups of the canonical hypergroup C,, has the next form, see [17].

—1
Sl:{eanp}’SZZ{eZilie{Oslyza---,pT}}- (3)

The Remark 1 is useful for us to calculate the Euler’s totient function, when n = 2p, p is a natural prime
number.

Theorem 3 Let (Cy,, o) be a canonical hypergroup, when n = 2p, p is a natural prime number, then
¢ (Cy) = |wc,|, foralln € N.

Proof We use the definition of Euler’s function in context of canonical hypergroups. More exactly, this function
represents the number of the elements which have the periodicity equal with the exponent of hypergroup. So, we
can write in the following way

9 (Cp) = {ej € Cu: plej) =exp(C)} 1,
where
plej) =minfk e N*: &b Cwe,, j € {0, 1,.... p}}.

It is known that wc, is a subhypergroup of the hypergroup C, and according to Corollary 1, we want to prove
that wc, = S».
We notice that e is the identity of the canonical hypergroup C,,, because

es €egoegNegoeg, foralls € {0,1,..., p} equivalent with eg € {ey, ep} N {ep, ey},
forany s € {0, 1, ..., p}, where v = min{s, n — s}, p = |s — 0] = 5. We notice that s < % = p, implies that
v=min{s,n — s} =s. S0, e, 0e9g =¢poe; =eg forany s € {0, 1, ..., p}. Using the definition for the heart
of hypergroup, we have wc, = B*(eg) = {e; € C,| ejBeo}. We wish to check that wc, = S2, so we show that

e € wc,,i € {0, 1,2,..., %4} and ¢, ¢ wc,. So, we have

m
e € wc, & esifeg < Im e N*, Jej,ej,,...,ej, € Cy:{er, e} C l_[ejx.

s=1
We consider e, = e, = e;, then we obtain
ejoej ={ey,epl,v=min{i +i,n— (@ +0}, p=1i —i|=0.
v = min{2i,n — 2i}, p=0.

We notice that min{2i, n — 2i} = 2i if and only if 2i < n — 2i, equivalent with i < g, which is true, because
i < pT_l < % Therefore,

: p—1
eioei:{e%,eO}sle 0,],2,...,_ s
p—1

ie,ey €wc,, i € [O, 1,2,..., T} results S2 € wc, .

In what follows, we want to prove that the element e, where p is a prime number, p > 2 does not belong to
the heart of canonical hypergroup Cj,. So, we suppose that ¢, € wc, and according to Definition 2 we conclude
that there exists m € N*, ¢;,, e;,, ..., €;, € Cy such that

m
{eo, ep} - neij'

j=1
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The Euler’s totient function in canonical hypergroups 687

For the beginning, we consider m = 2. So, we get ¢y € ¢;, o ¢;, and e, € ¢;, o e;,, Where ¢;; 0 ¢;, = {ey, e/},
v =min{i| + iz, n — (i1 +i2)}, t = €}j,—iy|- We notice that if i; and i> have the same parity, then v and ¢ are
even and if 7 and i» have the different parities, then v and ¢ are odd. The set {e,, ¢;} contains elements with the
same parity, which leads to ep and e, does not belong to ¢;, o e;,, because p is an odd number. Now, if m = 3,
we have {eg, ep} C e; oe;, oe;y. Wenote ¢ o e, = A,

ej,o0e,0e,=Aoce; = U (ez oejy).
e;€A

So, {eg, ep} C € e, 0 e, o e, implies that exists e, e; € A such thateg € e; o ¢;; and ¢, € e o e;;. To obtain
ey € e; o e;; whence results that z = i3 or n = z + i3. If we have z = i3 then e, € ey o e;. Then the elements
of A have the same parity, so we can state that ey o e; contains elements with even number index, then e, ¢
es o e;. Now, we analyze the case when n = z + i3 and we know that n is an even number, so z and i3 are both
even or odd which implies that s, z and i3 have the same parity. Also, in this case, e, ¢ es o ej;. Form > 3,

m
[lei; = Boei,, where B =e¢;, o...0e;, | and the process is the same as in case m = 3. In conclusion, for

Jj=1
n = 2p, p prime number, p > 3, ¢, ¢ wc,. Therefore,

p+1
wc, = = |oc,| =1%] = —

Now we check that all elements with odd number index have the periodicity 2. Let ezj+1 € Cy, j €

{o.1.2,.... 25 ana

p(esz) = min {k e N*: e§j+1 - wcn].

We notice thatezj 1 0e2j11 = {emin{4j+2,n,(4j+2), eo}, but n is an even number, so we can say that 4 j 4+ 2 and
n — (4j + 2) are even numbers, so

—1
exjr10exj41 S wc,.forany j € {0, 1,2,..., pT}

In conclusion, all the elements with even number index have the periodicity equal with 2, which leads to
exp(Cy) =2 and

p+1
w(Cn)=T=|wc,,I.

This completes the proof. O

Remark 2 We notice that p is not necessary a prime number, because we proved that the elements with odd number

index do not belong to the heart of the canonical hypergroup C,, and the elements with even number index satisfies

the condition: {ey;, eg} € ¢; o ¢;, which leads ez € wc,,i € {0,1,...,[5]}. when [x] represents the whole

part of x. Also, the periodicity for the elements with odd number index still the same: 511 0 €211 € wc,, for
any j e {0.1.2..... [ 5]},

So, we have the following results.
Theorem 4 Ifn = 2p, p is an odd number then ¢ (C,) = |, |.
Theorem S Ifn = 2p, p is an even number, then ¢ (C,) = |C,| — |wc, |.

Theorem 6 If n is an odd number, then ¢ (C,) = |C,| = |wc, .
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688 A. C. Sonea, B. Davvaz

Proof Suppose thatn = 2p + 1, p is a natural number, p > 1. Then C,, = {eg, ey, ..., exm)}, k(n) = % This
yields that C, = {ep, e, ..., e,}. We consider the following sets:

Eo={ex.ie [01[%]}} |
Ei = {e2j+1,j c {0,1,..., [p%]”

We notice that C, = Eo U E and we want to prove that all the elements belongs to wc,. For the elements from
Ey, we proceed as in Theorem 3. We have,

eioe; = {ey,e0) = ey € wc,, 1 € [0,1,2,...,[%]}.

We have Ey C wc, . For the elements which are in the set £, we will show that the next relation hold on

: p—1
{egj+1,eo}:ep_joe,,_j, ] € {0,1,..., I:Ti“

ep—j o ep—j = {emin2p—2j:n—Q2p-2))} » €|p—j—p+il}
= {emin{2p—2j:2p+1-(2p—2/)} » €0}-
= {emin{2p—2j,1+2j} > €0}

We suppose that min{2p — 2j, 1 +2j} = 2p — 2j, which is equivalent to the inequality 2p —2j < 1 +2j, i.e.
2p—1

j = =E—=Ttis known that j < [PT_I] < pT_l,then

jip—1<2p—1'
2 4

We obtain min{2p — 2j, 1 +2j} = 2j + 1. In conclusion,

. p—1
{esz,eO} =ep,j Oepfj,] S {O, 1,..., |:T:|} = E1 g @cC, -

Therefore, C, = Eg U E1 C wc,, but wc, is a subhypergroup of the canonical hypergroup C,. So, C,, = ac,.
We can state that all the elements has the periodicity equal to one, which leads to ¢ (C,,) = |Cy| = |oc,|. O

Example 1 Letn = 9. So, p = 4 and Co9 = {eo, €1, €2, €3, e4}.

o e ey e e3 ey
€ €0 ey e e3 ey
e el {eo, e} {e1, e3} {e2, eq) {e3, eq)
e e {e1, e3} {eo, e4} {e1, eq} {e2, e3}
e3 e3 {ea, eq} {e1, eq} {eo, e3} {e1, e2}
e ey {e3, eq} {e2, e3} {e1, e2} {eo, e1}

We notice that

{e1,e0} = es0eq4 = €1 € wcy;
{ez,ep} = e30e3 = €3 € wg,y.

For the elements from Ey, we have {ey;, eg} = ¢; o ¢;, i € {0, 1, 2} whence results eq, €2, e4 € wc,. Therefore,
wcy = Cg and ¢ (C9) = [Co| = |wcy| = 5.
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4 The extension of canonical hypergroup by canonical hypergroup

In this section, we use the extension of polygroups by polygroups [3] in cano-nical hypergroup theory. Also,
in [22] it is calculated the commutativity degree of this extension. We can see the extension as a new way to
construct canonical and i.p.s. hypergroups.

LetHi=<Hy, e, ' >, Ho=< H>, -, e,” ! > be two canonical hypergroups of which elements have been
renamed, so that H; N H, = {e}, where e is the identity of canonical hypergroups H; and Ho.

Definition 5 A system H[H>] is called the extension of canonical hypergroup H; by canonical hypergroup H>
if:

HilHal= < M, %, e,” >,
where
M = H; UH,, elze, xlzx_l,e*xzx*ezx,foranyxGM.

For any x, y € M\{e}, we have

X-y X,y € H
X x € Hy,ye H
Xxy= y x€H ,ye H “

Xy x,yeHyy#x!
x-yUH, x,y€Hy, y=x"

If we consider H; = {e,ay,ap,...,a,—1} and Hy = {e, by, b>,...,byu_1}, where n, m € N* | we can
illustrate in the next table

e ai dn—1 by bi bip—1
e e a [ by b; bin—1
ay aj ayay aya,_| by b; b1
ap—1 an—1 ap—1ai Ap—1ap—1 by b; b1
by by by by b1by ‘ b1b; U Hy ‘ b1by—1 ‘
b; b; b; b; b;by U H; [ b; b; biby_1
bm—l b/n—l bm—l bm—l bm—lbl [ bm—lbi [ bm—lbm—l l

Without loss the generality, we suppose that for i fixed, b; = bl_1 and for each element b, there is a unique
element by such that b; = bk_l withi, j,ke l,m—1.

Theorem 7 If Hi= < Hy,-,e,”' > and H» = < Ha, -, e,”! > are two cano-nical hypergroups, then H1[H>]
is a canonical hypergroup.

Proof First of all we prove that H[H>] is a hypergroup, i.e.,
(D:(axb)yxc=ax*(b=*c),
for any a, b, ¢ € H{[H>] and
(2):axHi[H2] = Hi[H2] * a,

for any a € H[H>]. We remark that the behavior of polygroups is a similar to that of canonical hypergroups,
so the proof of associativity is similar to that one for polygroups [2]. Therefore, we analyze the relation (2) and
the commutativity.
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690 A. C. Sonea, B. Davvaz

For the commutativity of “x”, we have x * y = y % x, for any x, y € M. As H| and H, are canonical
hypergroups, it follows thatx - y =y -x,forany x, y € Hyandx -y =y -x,forany x,y € Hy. If x € H; and
y € Hy,thenx*y = yand y*x = y so we equality holds. Now, if x € H>, y € H; weobtainxxy = y*xx = x.
Also, if x, y € Hy, where x # y~! and y # x~! the equality is obvious. Remains to show that if y = x~! it
follows that x = y~!. We have

y = x~!, which impliese € y - x,1.e. x € y_1 -e, SOX = y_l.

Therefore, for x, y € Hp, where x = y_l it follows that x * y = y % x. In conclusion, H[H>] is commutative.
The second condition:

axHi[Ha] = Hi[Ha] xa = Hi[H2], forany a € H{[H>]. 5)
So, we can write in the following
axM=M*xa=M,foranya € M.
We have

a*M:U(a*b): U(a*b) U U(a*b)

beM beH, beH,

Ifa € Hy,then |J (a*b) = Hy, because H; is a hypergroup and

beH;
U @spy=J@ b= Jb=H.

beH, beH, beH,

So, in this case we obtain a *x M = Hy U Hy = M. The condition M x a = M follows from the commutativity
relation “«”. If a € Ha, then |J (a - b) = Ha, because Hs is a hypergroup, and

beH,
U @snr=|J @nlJ (a *cfl) - [Hz\(a : a*l)] U [(a g Hl]
beH, b#a~!
=H,UH =M.
Consequently, we have a « M = M xa = M, for any a € M. This completes the proof. O

In what follows, we establish a connection between the hearts of canonical hypergroups H1 , H> and H[H2].

Theorem 8 If Hi= < Hj, -, e, V> and Hy = < Hy, -, e, > are canonical hypergroups, then w1, =
Hy Uwy,.

Proof First of all, we show that
Hy U wy, € oryH,)- (6)

Letx € Hi Uwyy,, itfollows thatx € Hj orx € wy,. If x € Hy, we notice that exists z1, zo € Hy withz; = Zz_l
such that

{e,x} Czy *22_1 =1z ~z1_1 U H| = X € WK, [H,]-

If x € wyy,. Using the definition from the heart of hypergroup implies that there are by, by, ..., b, € Hy, p > 1
as

{e,x} S biby...bp.

Because e € b1by...b,, means that exist i, j € {1,2,..., p} such that b; = bj_l. We consider z; = by,
ke{l,2,..., p}and

SZZl*ZZ*"'*Zi—l*ZH—l*"'*Zj—l*Zj+1*"'*Zp
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The Euler’s totient function in canonical hypergroups 691

and
S (zi *Z;l) = (Z]Zz...ziflzi ...Zp) U (S * Hy)
= (Z1Z2...z,’_1z,~ ...zp) us
=2Z2122---Zi—-1%i ---2p-
So, thereis zx € M, zx = by, k € {1,2, ..., p} with the next property

fe,x} Sz1*za% - %2y = X € OH, [Ha

Therefore, Hy U wyy, € ww,[H,]- In what follows, we prove the second inclusion:

WH, [Hy) € HI Uon,. (N
Let x € wp,H,]> means that exists z1, 22, ..., zp € M such that
{e,x} Szrkzok - %27, (8)
We analyze several cases. If forany i € {1, 2, ..., p}, we have z; € Hj, the relation 8 becomes

{e,x} Cz1z2...2p = x € H.

If thereis j € {1,2,...,s},s < p,suchthatz; € Hy and z; € Hy,i # j. The indexes could be renumbered.
ZI*ZZ*"'*Zp:(Zl*"-*zj)*(zj-‘rl 'Z./'-‘,-Z""'Zp):Zl*"'*zjv
€ Hy € H
because, if we consider A = zy *--- %z, B =241 -2j42- - - zp and using the relation’s “x”" definition, we
have
AxB= |J @xb)y=|Ja=A.
acA,beB acA

The relation 8 becomes
{e,x} Szy*---x2zj.
e € 71 x -+ x z;, it follows that there are k, [ € {1,2, ..., j} such that zx = Zf], SO

—1
zl*-~->|<zj:(zl~-~zk_1-Zk+1'Zl—l'Zl+1""Zj)*(Zk*Zk ).

We proceed in a similar manner as in the previous case where x € wy,. Therefore we get that exists z; € H>,
jel{l,2,...,s},s < psuch that

le,x}Szi-22- - 2j = X € wp,.

If z; € Hp,foranyi € {1, 2, ..., p}, then proceeding analogously we have x € wy,. S0, @, 1,1 € HiUwn,.
Consequently, we have

WH [Hy] = H1 U wy,.
This completes the proof. O

We wish to apply Euler’s function for the extension. Itis necessary to find a connection between the periodicity
of elements from H[H2] and H,.

Proposition 2 The periodicity of elements from canonical hypergroup H1[Hz3] is the same as the periodicity of
elements from canonical hypergroup H

P(X)H, Hy1 = P(X)H,, forall x € Hs.
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692 A. C. Sonea, B. Davvaz

Proof We recall the definition of periodicity as it follows p(x) = min{k € N*|x¥ C wy)}. So, according to
canonical hypergroup H;[H>], the definition has the next form

p(x) = minfk € N*[x* C w34} ©)
= minf{k € N*|x* € H U WH, }-
We note p(x)#,(H,] = m . Forx € H; we have p(x) = 1, butif x € Hp\ H; we obtain x™ C Hy U wyy,. If x™

C wn,, then p(x)3, = m, which implies p(x)#,[H,] = P(x)#,. In the case x™ C H; we using the definition
of “x” and we have only the situation when

xxx ' =x-xTVUH = {0} UHy,ie p() ) = 2-
But
x-x7 P = {0} C oy, ie p(x)p, =2.

So p(xX)1,[H,] = P(X)H,, for any x € Ha. o
In what follows, we give the connection between ¢ (H1[H2]) and ¢ (H>) .

Theorem 9 Let Hi= < Hy, -, e, >and Hy, = < Ha, -, e, > be canonical hypergroups, then ¢ (H1[H3]) =
¢ (H2).

Proof The proof is based on Theorem 8 and Proposition 2. From the Proposition 2, we can remark that the
elements from H; has the periodicity one and for calculate the Euler’s totient function in H[H>] it is necessary
only the elements from canonical hypergroup H,. Therefore, exp (H1[H2]) = exp (H2) and we obtain

e(Hi[H2]) = l{x € M : p(x) = exp (Hi[H2D}I
= |{x € Hy: p(x) = exp (H2)}|
=9 (H).

This completes the proof. O

Corollary 2 If all the elements have the periodicity equal to one, then results that w1, = H1 U Ha, which
implies ¢ (Hi1[H21) = |Hi| + [H2| — L.

Remark 3 This method could represent a way to construct finite canonical hypergroups and an essential instru-
ment for deducting how is there form. In this method, we could determine only a part of them.

5 The Euler’s totient function in i.p.s. hypergroups

In this section, we introduce a new class of canonical hypergroups, i.e., i.p.s hypergroups. The name, given
by Corsini [5], originally comes from Italy, when i.p.s. means “identita parziale scalare”, in English represents
“partial scalar identity”. Corsini obtained the form of i.p.s. hypergroup to the cardinal with order 9, [4,6,7].
Also, Cristea [9] studied the fuzzy grade for i.p.s. hypergroups. In what follows, we will give the terminology
connected with the notion of identity in a hypergroup (H, o) .

Let (H, o) be a hypergroup. An element x € H is called scalar, if [x o y| = |[yox| = 1,forany y € H. An
element e € H is called the partial identity at left( at right), if exists x € H suchthatx € eox/ x € x oe. An
element u € H is called partial identity of x, if x € u o x U x o u. An element u € H is called scalar partial
identity of x,if x Exou > x =xouU, X EUoXx => X =UOX.

We denote by I, (x) the set of all partial identities of x, by I, (x) the set of all partial scalar identities of x,
and by Sc(H) the set of all scalars of H. So, I5(x) = I,(x) N Sc (H).

Definition 6 A hypergroup (H, o) is called i.p.s. hypergroup, if it is a canonical hypergroup and satisfies the
following condition:

X €aox =x=aoux,foranya,xin H.

Proposition 3 [14] If (H, o) be an i.p.s. hypergroup, then
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(1) For any element x in H, the set x o x~ ! is a subhypergroup of H.

(2) For any element x in H, x different by x # 0 : x scalar in H or exists u in Sc (H) \{0} such thatu € x ox~".
Moreover, |Sc (H) | > 2.

(3) If x is a scalar from H, then 0 € I,(x). Otherwise, 1,5 (x) € Sc (H)Nx o x~Vand therefore |15 (x)| > 2.

Proposition 4 Let (H, o) be an i.p.s. hypergroup. For any scalar u in H and for any element x in H, it exists
and is unique y from H, such thatu € x o y.

In the previous section, we obtained that canonical hypergroup extension by canonical hypergroup is also a
canonical hypergroup, Theorem 7. Also, we see that there is a strong connection between canonical hypergroups
and i.p.s. hypergroup, so we aim to prove that the extension of i.p.s. hypergroup by i.p.s. hypergroup is an i.p.s.
hypergroup.

Theorem 10 IfH = < Hy,-,e,”' > and H> = < H>, -, e,”' > are i.p.s. hypergroups, then H1[H2] is an i.p.s.
hypergroup.

Proof Weknow that (H, o) isani.p.s. hypergroup if (H, o) is a canonical hypergroup and it satisfies the condition
X €Eaox = x = aox,forany a, x in H. Using Theorem 7 and Definition 6 we obtained that H[H>] is a
canonical hypergroup. Therefore, we want to prove the following relation: if x € a % x, then x = a * x, where
x,a belongsto M and M = Hy U Hj.

We will analyze many cases. We consider a, x in Hj, then the condition x € a * x becomes to x € a - x, but
‘H1 is an i.p.s. hypergroup, which means that x = a - x = a % x. Let a in H; and x in H> and using the way of
definition “x”, thena x x = x. Fora € Hy and x € Hj,thenaxx = a,sox € axx ifandonly ifx =a = e.In
this case, we obtain x = a * x. If we consider that a, x belongs to H, with x # a~L. In this situation, the relation
X € a * x becomes to x € a - x. We know that H; is an i.p.s. hypergroup, which means that x =a -x = a * x.
The last case represents a, x are from H, with x = a~!, then x € a % x could be write thusa~! € a-a~1 U Hi.
If a # e, itis obvious that a! ¢ Hj , because a belongs to H,. So, the only possibility is alea-a!, whence
a~'=a-a"' duetoi.p.s. hypergroup H, . We obtain a~! = ¢, means thata = x = e. So, the relation x € ax
with x = a~! holds on if and only if @ = x = e which conclude to x = a * x. Therefore, H[H>] is an i.p.s.
hypergroup. O

Remark 4 Let Hy = (H),-,0,7') , Hy = (H,-,0,7!) be i.p.s. hypergroups, where H; = {0, 1,2, 3} and
Hy ={0,4,5, 6}. The tables for i.p.s. hypergroups H and H> are the following

Hi: - 0 1 2 3

0 0 1 2 3

1 0 3

2 1 3

3 {0,1,2)
Ho: . 0 4 5 6

0 0 4 5 6

4 {0, 5} 4 6

5 0 6

6 {0,4,5)

So, using the definition (5) of “x”, we obtain the next representation for H[H>]:
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We prove that the i.p.s. hypergroup H1[H>] is isomorph to the following i.p.s hypergroup, which was
determined by Corsini [7]
where Hs = H\{6} and H = {0, 1,2, 3,4, 5, 6}.

We consider the function f : H{[H2] — H
f(x) =x, x € Hy;
f@ =5, f(5) =4, f(6)=6.

Hi[Hal: * 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 0 3 4 5 6
2 I 3 4 5 6
3 {0,1,2) 4 5 6
4 0,5} U H; 4 6
5 (0} U H, 6
6 (0,4, 5} U H,

We notice that for any x, y € H; we have the relation f(x xy) = f(x) - f(y).If x € Hy and y € H, then
f(xxy)= f(y) = f(x)- f(y). We will analyze what happens when x, y € H>.

H . 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 0 3 4 5 6
2 1 3 4 5 6
3 {0, 1,2} 4 5 6
4 {0,1,2,3} 5 6
5 {0,1,2,3,4} 6
6 Hg

fdx4)= f({0,1,2,3,5}) = Uf(x) ={0,1,2,3,4},
A xeA
f@-f4)=5-5=1{0,1,2,3,4}.
@5 =fH=5 fA- f5)=5-4=5
fAx6)=f(6)=6; f(4)-f(6)=5-6=6;
fG6%5=7(0,1,2,3) =] f(x =10,1,2,3},
———

YeB xeB

f5) - f(5) =4-4=1{0,1,2,3}.
f(5%x6) = f(6)=6, f(5) - f(6)=4-6=6.
f(6%6) = f(He) = U f(x)=1{0,1,2,3,4,5});

xe€Hg

F(6)- f(6) =6-6=Hs=10,1,2,3,4,5).

Therefore we can state that f(xxy) = f(x)* f(y),forany x, y € Hi[H>] and f(0) = 0, where O is the identity
for i.p.s. hypergroups H and H2, then we have a strongly homomorphism. Moreover, f is a bijective function.
In consequence, the i.p.s. hypergroups (H1[Hz>], *) and (H, -) are isomorphic.

In conclusion, the extension of i.p.s. hypergroup by i.p.s. hypergroup represents an easy way to construct finite
i.p.s. hypergroups, also we obtain similar results in context of i.p.s. hypergroups as for canonical hypergroups.

Proposition 5 The periodicity of elements from i.p.s. hypergroup H[H>] is the same as the periodicity of
elements from i.p.s. hypergroup H
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Proposition 6 If Hi= < Hy,-,e,”' > and Hy = < H», -, e,”' > are i.p.s. hypergroups, then ¢(H{[H2]) =
¢ (H2).

6 Conclusions and future researches

In this paper, we generalize Euler’s function in a hypergroup context. More precisely, we choose the canonical
hypergroup and i.p.s. hypergroups. We use the periodicity of an element from hypergroup instead of the order of
an element from a group. So, according to Definition 3 we have to use the heart of hypergroup, which is essential
for our proves. For canonical hypergroup (C,,, o) we obtain a strong connection between the Euler’s function and
the heart of C,,. In polygroup theory exists the principle of the extension polygroups by polygroups and we remark
that the canonical hypergroups and polygroups have similar behavior, so this is the reason for which analyze
the concept of the extension in the context of canonical hypergroups. For this extension, we established equality
between arithmetic function associated with the extension H[H>] and H;. Also, we study i.p.s. hypergroups,
and we remark that the extension represents a way to construct finite i.p.s. hypergroups, which is very useful.

In the future, we want to determine a connection between ¢ (H) and ¢ (|H|), where H is a canonical
hypergroup and to establish a relationship between ¢ (K) and ¢ (H), where K represents the subhypergroup of
H .
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