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Abstract The main goal of this paper is to introduce the Euler totient function in canonical and i.p.s. hypergroup
theory. Also, we determine a way to construct finite i.p.s. hypergroups using the concept of the extension of i.p.s.
hypergroup by i.p.s. hypergroup.
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1 Introduction

Leonhard Euler introduced the arithmetic function called Euler’s function in 1763. In number theory, the Euler’s
totient function ϕ is very known. It has the property to count the positive integers up to a given integer n that are
relatively prime to n, where n is a natural number. Therefore, we can write ϕ(n) = |{m ∈ N| (m, n) = 1}|. Also,
we find the Euler’s function in group theory, where ϕ (n) represents the number of generators of the finite cyclic
group (Zn,+) [23]. Many other results related to this function are covered in Garcia [12], Hall [13]. In [23] it is
does determined the Euler’s totient function for particular classes of groups and the connection between ϕ (G),
ϕ (|G|) and |Aut (G)| is established.

The class of canonical hypergroups represents a particular case of “join space”. The join space was introduced
and studied for the first time by Prenowitz [20] and together with Jantosciak [21] analyzed branches of geometry
from another point of view. In 1970, J. Mittas [18] was the first who studied canonical hypergroups independently
from the other operations. These canonical hypergroups have a similar behavior as groups. Quasi-canonical
hypergroups (called “polygroups” by Comer) were introduced in [1], as a generalization of canonical hypergroups.
Some algebraic and combinatorial properties were developed in [2,3] by Comer. In this paper, we will study the
form of Euler’s function in canonical and i.p.s. hypergroups and we determine a way to construct finite i.p.s.
hypergroups.

The structure of our study is as follows. First, in Section 2, we fix the notations and terminology, and we recall
the basic definitions related to canonical hypergroups and Euler’s function, which will be used in the following.
We analyze the canonical hypergroup (Cn, ◦) introduced by Corsini [6] in Section 3. We noticed a connection
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684 A. C. Sonea, B. Davvaz

between the Euler’s function and the heart of hypergroup Cn (Theorems 4, 5, 6). In Section 4, we use the concept
of the extension of canonical hypergroups by canonical hypergroups. This concept was introduced in polygroup
theory, by Comer [3] and presented by Davvaz [10] (Theorem 7), and also we associated the Euler’s function to
extension (Theorem 9 ). This concept could represent a way to construct canonical hypergroups. In Section 5,
we extend the results from canonical hypergroups to i.p.s. hypergroups and the last section contains conclusions
of our study and some open problems related to it.

2 Preliminaries

We recall some basic definitions from [5].
A semihypergroup is a hypergroupoid (H, ◦) such that for all (a, b, c) ∈ H3, we have (a ◦ b)◦c = a◦(b ◦ c).

A quasihypergroup is a hypergroupoid (H, ◦) which satisfies the reproductive law: H ◦ a = a ◦ H = H , for
all a ∈ H . A hypergroup is a semyhypergroup which is also a quasihypergroup. Let (H, ◦) be a hypergroupoid.
An element e ∈ H is called an identity or unit if, for any a ∈ H , we have a ∈ a ◦ e ∩ e ◦ a. Let (H, ◦) be a
hypergroupoid, endowed with at least one identity. An element a′ ∈ H is called an inverse of a ∈ H if there is
an identity e ∈ H , such that e ∈ a ◦ a′ ∩ a′ ◦ a.

A hypergroup (H, ◦) is called a regular hypergroup, if it has at least one identity element and all elements
of H have at least one inverse. A regular hypergroup (H, ·) is called reversible if for all x, y, z ∈ H such that
x ∈ y · z it follows that y ∈ x · z′ and z ∈ y′ · x for some y′ ∈ i(y), z′ ∈ i(z).

In the following we will recall the fundamental relation β that was introduced by Koskas [15].

Definition 1 Let (H, ◦) be a hypergrupoid. We define the relation β on H , as follows:

aβb ⇔ ∃n ∈ N
∗, ∃ (x1, x2, . . . , xn) ∈ Hn : {a, b} ⊆

n∏

i=1

xi .

This relation is studied mainly by Corsini [5], Leoreanu-Fotea [16] and Freni [11] concerning hypergroups,
Vougiouklis [24] concerning Hν-groups, Davvaz concerning polygroups [10], and many others. In [11], Freni
proved that β is an equivalence relation on hypergroups. Indeed, β is the smallest equivalence relation on a
hypergroup H such that H/β is a group. Let ϕH : H → H/β be the canonical projection.

Definition 2 [5,8] The heart of a hypergroup H is the set ωH = {x ∈ H | ϕH (x) = 1}, where 1 is the identity
of the group H/β.

In the following, we will present some properties of Euler’s totient function in group theory [23].
Let (G, ·) be a group and a ∈ G. The Euler’s totient function it is represented as

ϕ(G) = |{a ∈ G| o(a) = exp(G)}|, (1)

where o(a) is the order of the element a from the finite group G and the exponent of a group G, noticed by
exp(G), is defined as the least common multiple of the orders of all elements of the group. If there is no least
common multiple, the exponent is taken to be zero. For example, if G = (Zn,+), then ord(â) = n

gcd(a,n)
. Let’s

enumerate some properties of Euler’s totient function from group theory:

(1) ϕ is not an injective function, more exactly if G1 and G2 are two groups such that ϕ (G1) = ϕ (G2), it doesn’t
imply that G1 = G2. For example, we have ϕ (Z3) = ϕ (Z4) = 2, but Z3 �= Z4.

(2) If G is a cyclic group, then ϕ (G) = ϕ (|G|) .

(3) Let G be a finite group with exp (G) = m, m ∈ N
∗. Then ϕ (G) = ϕ (m) k, where k represents the number

of cyclic subgroups order m in G. The next lemma presents the multiplication property of Euler’s totient
function.

Lemma 1 If {Gi }i=1,k is a family of finite groups of coprime orders, then we have

ϕ

(
k∏

i=1

Gi

)
=

k∏

i=1

ϕ (Gi ) .
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The Euler’s totient function in canonical hypergroups 685

We conclude this section with some examples involving remarkable groups: the dihedral group D2n , the
symmetric group Sn and the alternating group An, n ≥ 2.

If G = Sn respectively G = An , n ≥ 2,
(a) ϕ (Sn) = 0, n ≥ 3;
(b) ϕ (An) = 0, n ≥ 4.

(c) G = D2n , if n is odd, then ϕ (D2n) = 0 and for n even, we have ϕ (D2n) = ϕ (n), for all n ≥ 3.

Definition 3 [5,19] We say that the element x from H is called periodic, if there is k ∈ N such that xk ⊆ ωH .

If the next relation hold on

p(x) = min{k ∈ N| xk ⊆ ωH }, (2)

we say that k is the period of x . In a similar way as in group theory, the Euler’s totient function has the next form

ϕ(H) = |{x ∈ H |p(x) = exp(H)}|,
where exp(H) represents the least common multiple of the periodicity of all elements of the hypergroup H .

Definition 4 [18] (H, ◦) is a canonical hypergroup, if it satisfies the following conditions:
(1) H is a commutative hypergroup;
(2) H has one scalar identity, i.e e ◦ x = x ◦ e = x, for any x from hypergroup;
(3) Any element x from H , admits an unique inverse, i.e |i(x)| = 1, where i(x) represents the set of inverse’s

x element;
(4) H is reversible: if y ∈ a ◦ x , there is a′ ∈ i(a) such that x ∈ a′ ◦ y and if x ∈ y ◦ a, exists a′ ∈ i(a) such

that y ∈ x ◦ a′.

If a, b are elements of a hypergroupoid (H, ◦), then we denote a/b = {x ∈ H | a ∈ x ◦ b}. A commutative
hypergroup (H, ◦) is called a join space [20,21] if the following condition holds for all elements a, b, c, d of H :

a/b ∩ c/d �= ∅ �⇒ a ◦ d ∩ b ◦ c �= ∅.

The next result characterize the canonical hypergroups.

Proposition 1 (Theorem 166 in [5]) Let H be canonical hypergroup, if it is a join space endowed with a scalar
identity.

3 The canonical hypergroup (Cn, ◦)

In the theory of canonical hypergroups, Corsini [6] introduced the hypergroup (Cn, ◦) in the following way.
Let (Cn, ◦), n ∈ N

∗ be a canonical hypergroup, where Cn = {e0, e1, . . . , ek(n)}, and

k(n) =
{ n

2 , n ∈ 2N;
n−1

2 , n ∈ 2N + 1.

For the pair (s, t) such that s ≤ k(n), t ≤ k(n), we consider

es ◦ et = {ev, ep},
where v = min{s + t, n − (s + t)}, p = |s − t |.

More results for canonical hypergroup (Cn, ◦) are given by Leoreanu, [17]. She studied the subhypergroups
of (Cn, ◦) and established in which condition the theorem of Lagrange could be applied. We give here some
results and we prove that the Euler’s function associated to the canonical hypergroup Cn is equal to the heart of
Cn .

Theorem 1 [17] If r ∈ {0, 1, . . . , k(n)} such that (r, n) = 1, then

Cn =< er > .

Corollary 1 If n be a natural prime number, then Cn has only improper subhypergroups.
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686 A. C. Sonea, B. Davvaz

Theorem 2 If n = 2p, where p is a natural prime number, with p �= 2, then hypergroups Cn satisfy the
Lagrange’s theorem.

Remark 1 The only proper subhypergroups of the canonical hypergroup Cn has the next form, see [17].

S1 = {e0, ep}, S2 =
{

e2i | i ∈
{

0, 1, 2, . . . ,
p − 1

2

}}
. (3)

The Remark 1 is useful for us to calculate the Euler’s totient function, when n = 2p, p is a natural prime
number.

Theorem 3 Let (Cn, ◦) be a canonical hypergroup, when n = 2p, p is a natural prime number, then

ϕ (Cn) = |ωCn |, for all n ∈ N.

Proof We use the definition of Euler’s function in context of canonical hypergroups. More exactly, this function
represents the number of the elements which have the periodicity equal with the exponent of hypergroup. So, we
can write in the following way

ϕ (Cn) = | {e j ∈ Cn : p(e j ) = exp (Cn)
} |,

where

p(e j ) = min{k ∈ N
∗ : ek

j ⊆ ωCn , j ∈ {0, 1, . . . , p}}.
It is known that ωCn is a subhypergroup of the hypergroup Cn and according to Corollary 1, we want to prove
that ωCn = S2.

We notice that e0 is the identity of the canonical hypergroup Cn , because

es ∈ es ◦ e0 ∩ e0 ◦ es , for alls ∈ {0, 1, . . . , p} equivalent with es ∈ {ev, ep} ∩ {ep, ev},
for any s ∈ {0, 1, . . . , p}, where v = min{s, n − s}, p = |s − 0| = s. We notice that s ≤ n

2 = p, implies that
v = min{s, n − s} = s. So, es ◦ e0 = e0 ◦ es = es , for any s ∈ {0, 1, . . . , p}. Using the definition for the heart
of hypergroup, we have ωCn = β∗(e0) = {e j ∈ Cn| e jβe0}. We wish to check that ωCn = S2, so we show that

e2i ∈ ωCn , i ∈
{

0, 1, 2, . . . ,
p−1

2

}
and ep /∈ ωCn . So, we have

e2i ∈ ωCn ⇔ e2iβe0 ⇔ ∃m ∈ N
∗, ∃ e j1 , e j2 , . . . , e jm ∈ Cn : {e2i , e0} ⊆

m∏

s=1

e js .

We consider e j1 = e j2 = ei , then we obtain

ei ◦ ei = {ev, ep}, v = min{i + i, n − (i + i)}, p = |i − i | = 0.

v = min{2i, n − 2i}, p = 0.

We notice that min{2i, n − 2i} = 2i if and only if 2i ≤ n − 2i , equivalent with i ≤ p
2 , which is true, because

i ≤ p−1
2 ≤ p

2 . Therefore,

ei ◦ ei = {e2i , e0}, i ∈
{

0, 1, 2, . . . ,
p − 1

2

}
,

i.e., e2i ∈ ωCn , i ∈
{

0, 1, 2, . . . ,
p−1

2

}
results S2 ⊆ ωCn .

In what follows, we want to prove that the element ep, where p is a prime number, p > 2 does not belong to
the heart of canonical hypergroup Cn . So, we suppose that ep ∈ ωCn and according to Definition 2 we conclude
that there exists m ∈ N

∗, ei1 , ei2 , . . . , eim ∈ Cn such that

{eo, ep} ⊆
m∏

j=1

ei j .
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The Euler’s totient function in canonical hypergroups 687

For the beginning, we consider m = 2. So, we get e0 ∈ ei1 ◦ ei2 and ep ∈ ei1 ◦ ei2 , where ei1 ◦ ei2 = {ev, et },
v = min{i1 + i2, n − (i1 + i2)}, t = e|i1−i2|. We notice that if i1 and i2 have the same parity, then v and t are
even and if i1 and i2 have the different parities, then v and t are odd. The set {ev, et } contains elements with the
same parity, which leads to e0 and ep does not belong to ei1 ◦ ei2 , because p is an odd number. Now, if m = 3,
we have {e0, ep} ⊆ ei1 ◦ ei2 ◦ ei3 . We note ei1 ◦ ei2 = A,

ei1 ◦ ei2 ◦ ei3 = A ◦ ei3 =
⋃

ez∈A

(ez ◦ ei3).

So, {e0, ep} ⊆ ∈ ei1 ◦ ei2 ◦ ei3 implies that exists ez, es ∈ A such that e0 ∈ ez ◦ ei3 and ep ∈ es ◦ ei3 . To obtain
e0 ∈ ez ◦ ei3 whence results that z = i3 or n = z + i3. If we have z = i3 then ep ∈ es ◦ ez . Then the elements
of A have the same parity, so we can state that es ◦ ez contains elements with even number index, then ep /∈
es ◦ ez . Now, we analyze the case when n = z + i3 and we know that n is an even number, so z and i3 are both
even or odd which implies that s, z and i3 have the same parity. Also, in this case, ep /∈ es ◦ ei3 . For m > 3,

m∏
j=1

ei j = B ◦ eim , where B = ei1 ◦ . . . ◦ eim−1 and the process is the same as in case m = 3. In conclusion, for

n = 2p, p prime number, p > 3, ep /∈ ωCn . Therefore,

ωCn = S2 ⇒ |ωCn | = |S2| = p + 1

2
.

Now we check that all elements with odd number index have the periodicity 2. Let e2 j+1 ∈ Cn , j ∈{
0, 1, 2, . . . ,

p−1
2

}
and

p
(
e2 j+1

) = min
{

k ∈ N
∗ : ek

2 j+1 ⊆ ωCn

}
.

We notice that e2 j+1 ◦ e2 j+1 = {
emin{4 j+2,n−(4 j+2), e0

}
, but n is an even number, so we can say that 4 j + 2 and

n − (4 j + 2) are even numbers, so

e2 j+1 ◦ e2 j+1 ⊆ ωCn ,for any j ∈
{

0, 1, 2, . . . ,
p − 1

2

}
.

In conclusion, all the elements with even number index have the periodicity equal with 2, which leads to
exp(Cn) = 2 and

ϕ (Cn) = p + 1

2
= |ωCn |.

This completes the proof. ��
Remark 2 We notice that p is not necessary a prime number, because we proved that the elements with odd number
index do not belong to the heart of the canonical hypergroup Cn and the elements with even number index satisfies
the condition: {e2i , e0} ⊆ ei ◦ ei , which leads e2i ∈ ωCn , i ∈ {

0, 1, . . . ,
[ p

2

]}
, when [x] represents the whole

part of x . Also, the periodicity for the elements with odd number index still the same: e2 j+1 ◦ e2 j+1 ⊆ ωCn , for

any j ∈
{

0, 1, 2, . . . ,
[

p−1
2

]}
.

So, we have the following results.

Theorem 4 If n = 2p, p is an odd number then ϕ (Cn) = |ωCn |.
Theorem 5 If n = 2p, p is an even number, then ϕ (Cn) = |Cn| − |ωCn |.
Theorem 6 If n is an odd number, then ϕ (Cn) = |Cn| = |ωCn |.
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688 A. C. Sonea, B. Davvaz

Proof Suppose that n = 2p + 1, p is a natural number, p ≥ 1. Then Cn = {e0, e1, . . . , ek(n)}, k(n) = n−1
2 . This

yields that Cn = {e0, e1, . . . , ep}. We consider the following sets:

E0 =
{

e2i , i ∈
{

0, 1, . . . ,
[ p

2

]}}

E1 =
{

e2 j+1, j ∈
{

0, 1, . . . ,

[
p − 1

2

]}}
.

We notice that Cn = E0 ∪ E1 and we want to prove that all the elements belongs to ωCn . For the elements from
E0, we proceed as in Theorem 3. We have,

ei ◦ ei = {e2i , e0} ⇒ e2i ∈ ωCn , i ∈
{

0, 1, 2, . . . ,
[ p

2

]}
.

We have E0 ⊆ ωCn . For the elements which are in the set E1, we will show that the next relation hold on

{e2 j+1, e0} = ep− j ◦ ep− j , j ∈
{

0, 1, . . . ,

[
p − 1

2

]}

ep− j ◦ ep− j = {emin{2p−2 j ,n−(2p−2 j)} , e|p− j−p+ j |}
= {emin{2p−2 j ,2p+1−(2p−2 j)} , e0}.
= {emin{2p−2 j ,1+2 j} , e0}.

We suppose that min{2p − 2 j, 1 + 2 j} = 2p − 2 j , which is equivalent to the inequality 2p − 2 j ≤ 1 + 2 j , i.e.

j ≥ 2p−1
4 . It is known that j ≤

[
p−1

2

]
≤ p−1

2 , then

j ≤ p − 1

2
<

2p − 1

4
.

We obtain min{2p − 2 j, 1 + 2 j} = 2 j + 1. In conclusion,

{e2 j+1, e0} = ep− j ◦ ep− j , j ∈
{

0, 1, . . . ,

[
p − 1

2

]}
⇒ E1 ⊆ ωCn .

Therefore, Cn = E0 ∪ E1 ⊆ ωCn , but ωCn is a subhypergroup of the canonical hypergroup Cn . So, Cn = ωCn .
We can state that all the elements has the periodicity equal to one, which leads to ϕ (Cn) = |Cn| = |ωCn |. ��
Example 1 Let n = 9. So, p = 4 and C9 = {e0, e1, e2, e3, e4}.

◦ e0 e1 e2 e3 e4
e0 e0 e1 e2 e3 e4
e1 e1 {e0, e2} {e1, e3} {e2, e4} {e3, e4}
e2 e2 {e1, e3} {e0, e4} {e1, e4} {e2, e3}
e3 e3 {e2, e4} {e1, e4} {e0, e3} {e1, e2}
e4 e4 {e3, e4} {e2, e3} {e1, e2} {e0, e1}

We notice that

{e1, e0} = e4 ◦ e4 ⇒ e1 ∈ ωC9;
{e3, e0} = e3 ◦ e3 ⇒ e3 ∈ ωC9 .

For the elements from E0, we have {e2i , e0} = ei ◦ ei , i ∈ {0, 1, 2} whence results e0, e2, e4 ∈ ωC9 . Therefore,
ωC9 = C9 and ϕ (C9) = |C9| = |ωC9 | = 5.
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The Euler’s totient function in canonical hypergroups 689

4 The extension of canonical hypergroup by canonical hypergroup

In this section, we use the extension of polygroups by polygroups [3] in cano-nical hypergroup theory. Also,
in [22] it is calculated the commutativity degree of this extension. We can see the extension as a new way to
construct canonical and i.p.s. hypergroups.

Let H1= < H1, ·, e,−1 >, H2 = < H2, ·, e,−1 > be two canonical hypergroups of which elements have been
renamed, so that H1 ∩ H2 = {e}, where e is the identity of canonical hypergroups H1 and H2.

Definition 5 A system H1[H2] is called the extension of canonical hypergroup H1 by canonical hypergroup H2
if:

H1[H2]= < M, ∗, e,I >,

where

M = H1 ∪ H2, eI = e, x I = x−1, e ∗ x = x ∗ e = x , for any x ∈ M.

For any x , y ∈ M\{e}, we have

x ∗ y =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x · y x , y ∈ H1
x x ∈ H2 , y ∈ H1
y x ∈ H1 , y ∈ H2

x · y x , y ∈ H2, y �= x−1

x · y ∪ H1 x , y ∈ H2, y = x−1

(4)

If we consider H1 = {e, a1, a2, . . . , an−1} and H2 = {e, b1, b2, . . . , bm−1}, where n, m ∈ N
∗ , we can

illustrate in the next table

∗ e a1 … an−1 b1 … bi … bm−1
e e a1 … an−1 b1 … bi … bm−1
a1 a1 a1a1 … a1an−1 b1 … bi … bm−1
.
.
.

.

.

.
.
.
. …

.

.

.
.
.
. …

.

.

. …
.
.
.

an−1 an−1 an−1a1 … an−1an−1 b1 … bi … bm−1
b1 b1 b1 … b1 b1b1 … b1bi ∪ H1 … b1bm−1
.
.
.

.

.

.
.
.
. …

.

.

.
.
.
. …

.

.

. …
.
.
.

bi bi bi … bi bi b1 ∪ H1 … bi bi … bi bm−1
.
.
.

.

.

.
.
.
. …

.

.

.
.
.
. …

.

.

. …
.
.
.

bm−1 bm−1 bm−1 … bm−1 bm−1b1 … bm−1bi … bm−1bm−1

Without loss the generality, we suppose that for i fixed, bi = b−1
1 and for each element b j , there is a unique

element bk such that b j = b−1
k with i , j , k ∈ 1, m − 1.

Theorem 7 If H1= < H1, ·, e,−1 > and H2 = < H2, ·, e,−1 > are two cano-nical hypergroups, then H1[H2]
is a canonical hypergroup.

Proof First of all we prove that H1[H2] is a hypergroup, i.e.,

(1): (a ∗ b) ∗ c = a ∗ (b ∗ c) ,

for any a, b, c ∈ H1[H2] and

(2): a ∗ H1[H2] = H1[H2] ∗ a,

for any a ∈ H1[H2]. We remark that the behavior of polygroups is a similar to that of canonical hypergroups,
so the proof of associativity is similar to that one for polygroups [2]. Therefore, we analyze the relation (2) and
the commutativity.
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690 A. C. Sonea, B. Davvaz

For the commutativity of “∗′′, we have x ∗ y = y ∗ x , for any x, y ∈ M. As H1 and H2 are canonical
hypergroups, it follows that x · y = y · x , for any x, y ∈ H1 and x · y = y · x , for any x, y ∈ H2. If x ∈ H1 and
y ∈ H2, then x ∗ y = y and y ∗ x = y so we equality holds. Now, if x ∈ H2, y ∈ H1 we obtain x ∗ y = y ∗ x = x .
Also, if x, y ∈ H2, where x �= y−1 and y �= x−1 the equality is obvious. Remains to show that if y = x−1 it
follows that x = y−1. We have

y = x−1, which implies e ∈ y · x , i.e. x ∈ y−1 · e, so x = y−1.

Therefore, for x, y ∈ H2, where x = y−1 it follows that x ∗ y = y ∗ x . In conclusion, H1[H2] is commutative.
The second condition:

a ∗ H1[H2] = H1[H2] ∗ a = H1[H2], for any a ∈ H1[H2]. (5)

So, we can write in the following

a ∗ M = M ∗ a = M , for any a ∈ M.

We have

a ∗ M =
⋃

b∈M

(a ∗ b) =
⎛

⎝
⋃

b∈H1

(a ∗ b)

⎞

⎠
⋃

⎛

⎝
⋃

b∈H2

(a ∗ b)

⎞

⎠ .

If a ∈ H1, then
⋃

b∈H1

(a ∗ b) = H1, because H1 is a hypergroup and

⋃

b∈H2

(a ∗ b) =
⋃

b∈H2

(a · b) =
⋃

b∈H2

b = H2.

So, in this case we obtain a ∗ M = H1 ∪ H2 = M . The condition M ∗ a = M follows from the commutativity
relation “∗′′. If a ∈ H2, then

⋃
b∈H2

(a · b) = H2, because H2 is a hypergroup, and

⋃

b∈H2

(a ∗ b) =
⋃

b �=a−1

(a · b)
⋃(

a ∗ a−1
)

=
[

H2\(a · a−1)
]

∪
[
(a · a−1)

⋃
H1

]

= H2 ∪ H1 = M.

Consequently, we have a ∗ M = M ∗ a = M , for any a ∈ M . This completes the proof. ��
In what follows, we establish a connection between the hearts of canonical hypergroups H1 , H2 and H1[H2].

Theorem 8 If H1= < H1, ·, e,−1 > and H2 = < H2, ·, e,−1 > are canonical hypergroups, then ωH1[H2] =
H1 ∪ ωH2 .

Proof First of all, we show that

H1 ∪ ωH2 ⊆ ωH1[H2]. (6)

Let x ∈ H1 ∪ωH2 , it follows that x ∈ H1 or x ∈ ωH2 . If x ∈ H1, we notice that exists z1, z2 ∈ H2 with z1 = z−1
2

such that

{e, x} ⊆ z1 ∗ z−1
2 = z1 · z−1

1 ∪ H1 ⇒ x ∈ ωH1[H2].

If x ∈ ωH2 . Using the definition from the heart of hypergroup implies that there are b1, b2, . . . , bp ∈ H2, p ≥ 1
as

{e, x} ⊆ b1b2 . . . bp.

Because e ∈ b1b2 . . . bp, means that exist i , j ∈ {1, 2, . . . , p} such that bi = b−1
j . We consider zk = bk ,

k ∈ {1, 2, . . . , p} and

S = z1 ∗ z2 ∗ · · · ∗ zi−1 ∗ zi+1 ∗ · · · ∗ z j−1 ∗ z j+1 ∗ · · · ∗ z p
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and

S ∗ (zi ∗ z−1
i ) = (

z1z2 . . . zi−1zi . . . z p
) ∪ (S ∗ H1)

= (
z1z2 . . . zi−1zi . . . z p

) ∪ S

= z1z2 . . . zi−1zi . . . z p.

So, there is zk ∈ M , zk = bk , k ∈ {1, 2, . . . , p} with the next property

{e, x} ⊆ z1 ∗ z2 ∗ · · · ∗ z p ⇒ x ∈ ωH1[H2].

Therefore, H1 ∪ ωH2 ⊆ ωH1[H2]. In what follows, we prove the second inclusion:

ωH1[H2] ⊆ H1 ∪ ωH2 . (7)

Let x ∈ ωH1[H2], means that exists z1, z2, . . . , z p ∈ M such that

{e, x} ⊆ z1 ∗ z2 ∗ · · · ∗ z p. (8)

We analyze several cases. If for any i ∈ {1, 2, . . . , p}, we have zi ∈ H1, the relation 8 becomes

{e, x} ⊆ z1z2 . . . z p ⇒ x ∈ H1.

If there is j ∈ {1, 2, . . . , s}, s < p, such that z j ∈ H2 and zi ∈ H1, i �= j . The indexes could be renumbered.

z1 ∗ z2 ∗ · · · ∗ z p = (z1 ∗ ... ∗ z j )︸ ︷︷ ︸
∈ H2

∗ (
z j+1 · z j+2 · · · · · z p

)
︸ ︷︷ ︸

∈ H1

= z1 ∗ · · · ∗ z j ,

because, if we consider A = z1 ∗ · · · ∗ z j , B = z j+1 · z j+2 · · · · · z p and using the relation’s “∗′′ definition, we
have

A ∗ B =
⋃

a∈A,b∈B

(a ∗ b) =
⋃

a∈A

a = A.

The relation 8 becomes

{e, x} ⊆ z1 ∗ · · · ∗ z j .

e ∈ z1 ∗ · · · ∗ z j , it follows that there are k, l ∈ {1, 2, . . . , j} such that zk = z−1
l , so

z1 ∗ · · · ∗ z j = (
z1 · · · zk−1 · zk+1 · zl−1 · zl+1 · · · · z j

) ∗ (zk ∗ z−1
k ).

We proceed in a similar manner as in the previous case where x ∈ ωH2 . Therefore we get that exists z j ∈ H2,
j ∈ {1, 2, . . . , s}, s < p such that

{e, x} ⊆ z1 · z2 · · · · z j ⇒ x ∈ ωH2 .

If zi ∈ H2, for any i ∈ {1, 2, . . . , p}, then proceeding analogously we have x ∈ ωH2 . So, ωH1[H2] ⊆ H1 ∪ωH2 .
Consequently, we have

ωH1[H2] = H1 ∪ ωH2 .

This completes the proof. ��
We wish to apply Euler’s function for the extension. It is necessary to find a connection between the periodicity

of elements from H1[H2] and H2.

Proposition 2 The periodicity of elements from canonical hypergroup H1[H2] is the same as the periodicity of
elements from canonical hypergroup H2

p(x)H1[H2] = p(x)H2 , for all x ∈ H2.
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Proof We recall the definition of periodicity as it follows p(x) = min{k ∈ N
∗|xk ⊆ ωH }. So, according to

canonical hypergroup H1[H2], the definition has the next form

p(x) = min{k ∈ N
∗|xk ⊆ ωH1[H2]} (9)

= min{k ∈ N
∗|xk ⊆ H1 ∪ ωH2}.

We note p(x)H1[H2] = m . For x ∈ H1 we have p(x) = 1, but if x ∈ H2\H1 we obtain xm ⊆ H1 ∪ ωH2 . If xm

⊆ ωH2 , then p(x)H2 = m, which implies p(x)H1[H2] = p(x)H2 . In the case xm ⊆ H1 we using the definition
of “∗” and we have only the situation when

x ∗ x−1 = x · x−1 ∪ H1 = {0} ∪ H1, i.e. p(x)H1[H2] = 2.

But

x · x−1 = {0} ⊆ ωH2 , i.e. p(x)H2 = 2.

So p(x)H1[H2] = p(x)H2 , for any x ∈ H2. ��
In what follows, we give the connection between ϕ(H1[H2]) and ϕ (H2) .

Theorem 9 Let H1= < H1, ·, e,−1 > and H2 = < H2, ·, e,−1 > be canonical hypergroups, then ϕ(H1[H2]) =
ϕ (H2) .

Proof The proof is based on Theorem 8 and Proposition 2. From the Proposition 2, we can remark that the
elements from H1 has the periodicity one and for calculate the Euler’s totient function in H1[H2] it is necessary
only the elements from canonical hypergroup H2. Therefore, exp (H1[H2]) = exp (H2) and we obtain

ϕ(H1[H2]) = |{x ∈ M : p(x) = exp (H1[H2])}|
= |{x ∈ H2 : p(x) = exp (H2)}|
= ϕ (H2) .

This completes the proof. ��
Corollary 2 If all the elements have the periodicity equal to one, then results that ωH1[H2] = H1 ∪ H2, which
implies ϕ (H1[H2]) = |H1| + |H2| − 1.

Remark 3 This method could represent a way to construct finite canonical hypergroups and an essential instru-
ment for deducting how is there form. In this method, we could determine only a part of them.

5 The Euler’s totient function in i.p.s. hypergroups

In this section, we introduce a new class of canonical hypergroups, i.e., i.p.s hypergroups. The name, given
by Corsini [5], originally comes from Italy, when i.p.s. means “identità parziale scalare”, in English represents
“partial scalar identity”. Corsini obtained the form of i.p.s. hypergroup to the cardinal with order 9, [4,6,7].
Also, Cristea [9] studied the fuzzy grade for i.p.s. hypergroups. In what follows, we will give the terminology
connected with the notion of identity in a hypergroup (H, ◦) .

Let (H, ◦) be a hypergroup. An element x ∈ H is called scalar, if |x ◦ y| = |y ◦ x | = 1, for any y ∈ H . An
element e ∈ H is called the partial identity at left( at right), if exists x ∈ H such that x ∈ e ◦ x/ x ∈ x ◦ e. An
element u ∈ H is called partial identity of x , if x ∈ u ◦ x ∪ x ◦ u. An element u ∈ H is called scalar partial
identity of x , if x ∈ x ◦ u ⇒ x = x ◦ u, x ∈ u ◦ x ⇒ x = u ◦ x .

We denote by Ip(x) the set of all partial identities of x , by Ips(x) the set of all partial scalar identities of x ,
and by Sc(H) the set of all scalars of H . So, Ips(x) = Ip(x) ∩ Sc (H).

Definition 6 A hypergroup (H, ◦) is called i.p.s. hypergroup, if it is a canonical hypergroup and satisfies the
following condition:

x ∈ a ◦ x ⇒ x = a ◦ x , for any a, x in H.

Proposition 3 [14] If (H, ◦) be an i.p.s. hypergroup, then

123



The Euler’s totient function in canonical hypergroups 693

(1) For any element x in H, the set x ◦ x−1 is a subhypergroup of H.
(2) For any element x in H, x different by x �= 0 : x scalar in H or exists u in Sc (H) \{0} such that u ∈ x ◦ x−1.

Moreover, |Sc (H) | ≥ 2.

(3) If x is a scalar from H, then 0 ∈ Ip(x). Otherwise, Ips (x) ⊆ Sc (H) ∩ x ◦ x−1 and therefore |Ips(x)| ≥ 2.

Proposition 4 Let (H, ◦) be an i.p.s. hypergroup. For any scalar u in H and for any element x in H, it exists
and is unique y from H, such that u ∈ x ◦ y.

In the previous section, we obtained that canonical hypergroup extension by canonical hypergroup is also a
canonical hypergroup, Theorem 7. Also, we see that there is a strong connection between canonical hypergroups
and i.p.s. hypergroup, so we aim to prove that the extension of i.p.s. hypergroup by i.p.s. hypergroup is an i.p.s.
hypergroup.

Theorem 10 If H1= < H1, ·, e,−1 > and H2 = < H2, ·, e,−1 > are i.p.s. hypergroups, then H1[H2] is an i.p.s.
hypergroup.

Proof We know that (H, ◦) is an i.p.s. hypergroup if (H, ◦) is a canonical hypergroup and it satisfies the condiţion
x ∈ a ◦ x ⇒ x = a ◦ x , for any a, x in H. Using Theorem 7 and Definition 6 we obtained that H1[H2] is a
canonical hypergroup. Therefore, we want to prove the following relation: if x ∈ a ∗ x , then x = a ∗ x , where
x , a belongs to M and M = H1 ∪ H2.

We will analyze many cases. We consider a, x in H1, then the condition x ∈ a ∗ x becomes to x ∈ a · x , but
H1 is an i.p.s. hypergroup, which means that x = a · x = a ∗ x . Let a in H1 and x in H2 and using the way of
definition “∗′′, then a ∗ x = x . For a ∈ H2 and x ∈ H1, then a ∗ x = a, so x ∈ a ∗ x if and only if x = a = e. In
this case, we obtain x = a ∗ x . If we consider that a, x belongs to H2 with x �= a−1. In this situation, the relation
x ∈ a ∗ x becomes to x ∈ a · x . We know that H2 is an i.p.s. hypergroup, which means that x = a · x = a ∗ x .
The last case represents a, x are from H2 with x = a−1, then x ∈ a ∗ x could be write thus a−1 ∈ a · a−1 ∪ H1.
If a �= e, it is obvious that a−1 /∈ H1 , because a belongs to H2. So, the only possibility is a−1 ∈ a · a−1, whence
a−1 = a ·a−1, due to i.p.s. hypergroup H2 . We obtain a−1 = e, means that a = x = e. So, the relation x ∈ a ∗ x
with x = a−1 holds on if and only if a = x = e which conclude to x = a ∗ x . Therefore, H1[H2] is an i.p.s.
hypergroup. ��
Remark 4 Let H1 = (

H1, ·, 0,−1
)

, H2 = (
H2, ·, 0,−1

)
be i.p.s. hypergroups, where H1 = {0, 1, 2, 3} and

H2 = {0, 4, 5, 6}. The tables for i.p.s. hypergroups H1 and H2 are the following

H1: · 0 1 2 3
0 0 1 2 3
1 2 0 3
2 1 3
3 {0, 1, 2}

H2: · 0 4 5 6
0 0 4 5 6
4 {0, 5} 4 6
5 0 6
6 {0, 4, 5}

So, using the definition (5) of “∗”, we obtain the next representation for H1[H2]:
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We prove that the i.p.s. hypergroup H1[H2] is isomorph to the following i.p.s hypergroup, which was
determined by Corsini [7]

where H6 = H\{6} and H = {0, 1, 2, 3, 4, 5, 6}.
We consider the function f : H1[H2] → H

f (x) = x, x ∈ H1;
f (4) = 5, f (5) = 4, f (6) = 6.

H1[H2]: ∗ 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 2 0 3 4 5 6
2 1 3 4 5 6
3 {0, 1, 2} 4 5 6
4 {0, 5} ∪ H1 4 6
5 {0} ∪ H1 6
6 {0, 4, 5} ∪ H1

We notice that for any x , y ∈ H1 we have the relation f (x ∗ y) = f (x) · f (y). If x ∈ H1 and y ∈ H2, then
f (x ∗ y) = f (y) = f (x) · f (y). We will analyze what happens when x , y ∈ H2.

H: · 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 2 0 3 4 5 6
2 1 3 4 5 6
3 {0, 1, 2} 4 5 6
4 {0, 1, 2, 3} 5 6
5 {0, 1, 2, 3, 4} 6
6 H6

f (4 ∗ 4) = f ({0, 1, 2, 3, 5}︸ ︷︷ ︸
A

) =
⋃

x∈A

f (x) = {0, 1, 2, 3, 4},

f (4) · f (4) = 5 · 5 = {0, 1, 2, 3, 4}.
f (4 ∗ 5) = f (4) = 5; f (4) · f (5) = 5 · 4 = 5.

f (4 ∗ 6) = f (6) = 6; f (4) · f (6) = 5 · 6 = 6;
f (5 ∗ 5) = f ({0, 1, 2, 3}︸ ︷︷ ︸

x∈B

) =
⋃

x∈B

f (x) = {0, 1, 2, 3},

f (5) · f (5) = 4 · 4 = {0, 1, 2, 3}.
f (5 ∗ 6) = f (6) = 6, f (5) · f (6) = 4 · 6 = 6.

f (6 ∗ 6) = f (H6) =
⋃

x∈H6

f (x) = {0, 1, 2, 3, 4, 5};

f (6) · f (6) = 6 · 6 = H6 = {0, 1, 2, 3, 4, 5}.
Therefore we can state that f (x ∗ y) = f (x)∗ f (y), for any x , y ∈ H1[H2] and f (0) = 0, where 0 is the identity
for i.p.s. hypergroups H1 and H2, then we have a strongly homomorphism. Moreover, f is a bijective function.
In consequence, the i.p.s. hypergroups (H1[H2], ∗) and (H, ·) are isomorphic.

In conclusion, the extension of i.p.s. hypergroup by i.p.s. hypergroup represents an easy way to construct finite
i.p.s. hypergroups, also we obtain similar results in context of i.p.s. hypergroups as for canonical hypergroups.

Proposition 5 The periodicity of elements from i.p.s. hypergroup H1[H2] is the same as the periodicity of
elements from i.p.s. hypergroup H2
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Proposition 6 If H1= < H1, ·, e,−1 > and H2 = < H2, ·, e,−1 > are i.p.s. hypergroups, then ϕ(H1[H2]) =
ϕ (H2) .

6 Conclusions and future researches

In this paper, we generalize Euler’s function in a hypergroup context. More precisely, we choose the canonical
hypergroup and i.p.s. hypergroups. We use the periodicity of an element from hypergroup instead of the order of
an element from a group. So, according to Definition 3 we have to use the heart of hypergroup, which is essential
for our proves. For canonical hypergroup (Cn, ◦) we obtain a strong connection between the Euler’s function and
the heart of Cn . In polygroup theory exists the principle of the extension polygroups by polygroups and we remark
that the canonical hypergroups and polygroups have similar behavior, so this is the reason for which analyze
the concept of the extension in the context of canonical hypergroups. For this extension, we established equality
between arithmetic function associated with the extension H1[H2] and H2. Also, we study i.p.s. hypergroups,
and we remark that the extension represents a way to construct finite i.p.s. hypergroups, which is very useful.

In the future, we want to determine a connection between ϕ (H) and ϕ (|H |), where H is a canonical
hypergroup and to establish a relationship between ϕ (K ) and ϕ (H), where K represents the subhypergroup of
H .
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