Indian J Pure Appl Math (2022) 53:701-719
https://doi.org/10.1007/s13226-021-00164-y

ORIGINAL RESEARCH

Symmetries of modules of differential operators on the
supercircle S'"

J. Boujelben - 1. Safi - Z. Saoudi - K. Tounsi@®

Received: 26 May 2021 / Accepted: 28 July 2021 / Published online: 9 August 2021
© The Indian National Science Academy 2021

Abstract Let §% be the space of tensor densities of degree 2 € C on the supercircle S 1" We consider the
space ’DK’; of k-th order linear differential operators from § to §, as a module over the superalgebra K(n)
of contact vector fields on S'" and we compute the superalgebra of endomrphisms on CDZ]; commuting with
the aff(n|1)-action where aff(n|1) is the affine subalgebra of C(n). This result allows us to determine the
superalgebra of endomrphisms on Z);Z commuting with the osp(n|2)-action for n € {1, 2, 3} where osp(n|2)
is the orthosymlectic superalgebras of S!1".

Keywords Contact structure - Differential operators - Densities

Mathematics Subject Classification 53D55

1 Introduction

This paper is closely related to the classical topic initiated by Veblen [22] in his talk at IMC in 1928, namely the
study of invariant operators also called natural operators. An operator is called invariant if it commutes with the
action of the group of diffeomorphisms, this invariance can be interpreted in terms of the Lie algebras of vector
fields.

Let M be a smooth manifold and Vect(M) be the Lie algebra of vector fields on M. We consider, for every
A € C, the space F, (M) of tensor densities of degree A on M (i.e., the space of sections of the line bundle
A (M) = |A"T*M|®* over M). Clearly, Fo(M) = C°(M) as a Vect(M)-module. Denote D (M) =
Homygigr (]-',\(M ), Fu(M )) the space of linear differential operators from F; (M) to F,(M). This space is an
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702 J. Boujelben et al.

associative (and, therefore, a Lie) algebra with the filtration by the order of differentiation:
DY (M) C D} (M) CDy ,(M)C - .

These families of two-parameter Vect(M)-modules were studied in several works, namely the classification of
these modules, starting from the first work by C. Duval and V. Ovsienko in [8] and then in [2], , [4], [7], [10]
[13], [14], [15], [17] and, in the framework of supergeometry, in the papers [1] ,[2], [3], [5], [12], [18], [19].
Obviously, the classification of Vect(M)-modules D;, ,, (M) is obtained through the study of the existence of
isomorphisms between modules D’,{, u (M), i.e, of linear bijective maps invariant under the Vect(M)-action on
these spaces. More generally, one can consider linear operators actmg on differential operators (not necessary
bijective) commuting with the Vect(M)-action, i.e, linear maps T : Dk " (M) — Df’ M(M) satisfying, forall X
in Vect(M),

(LM, T1:=L5" o T —T o Ly =0, (1.1)

where Eﬁ(’“ stands for the action of the vector field X on the space D’A" . (M). Such operator T is called a
symmetry of the module le‘, u(M). The most important example of symmetries in the case where M = R (or
S is the conjugation of differential operators, this map associates to an operator A the adjoint operator A*. If
A € D’/{’M(R), then A* € le—u,l—k(R)’ so this map defines a symmetry if and only if A + w = 1. In [12], the
algebra of symmetries of the module Df’ S 1) were investigated, a complete description and classification for
all integer k were supplied in this paper.

This paper is a continuation of [20] and [21], in which, we were interested in the study of the analogue
super structures. In [20], we considered the superspace ©; , of differential linear operators A : § — §y,
where §; and §, are the spaces of tensor densities on the supercircle § U of degree A and  respectively.
Naturally the Lie superalgebra Vectc (S 1y acts on ® a, > but, we restricted ourselves in [20] to the orthosymlectic
superalgebra osp(1]2) which can be realized as a subalgebra of Vectc (S 1Ty and we studied which we called the
algebra of Orthosymplectic supersymmetries of the module ’Dk (S My 'i.e., the algebra of endomorphisms of
@k (S 1Ty that commute with the osp(1|2)-action. Namely we proved that only situations where the algebra
of orthosymplectlc supersymmetries has a dimension greater than 2k + 1 are resonant situations, i.e., where
w—A€ lN *.In [21], we considered the most interesting setting, the algebra of contact supersymmetries, i.e.,
we Viewed the space D, (S 11Ty as a module over the superalgebra K (1) of contact vector fields on S'I'. In this
context, we computed the algebra Q:];», " of linear maps on 91)(\ i commuting with the K(1)-action, we established
several results similar to the S'-case. The slightly more interesting result, unlike the case of orthosymlectic
supersymmetries, is the stability of the dimension of ka for k > 3, this result is due to the fact that any contact
supersymmetry is completely determined by its restrlctlon to the subspace of second-order operators. The generic

1 35
particular valuesk = —, 1, -, 2, -,

272 2
Cl)‘h M for these values of k was provided.

k = 3 were investigated, for all (A, n), a complete description of the algebra

Our motivation in the present paper is the study of the general case of the supercircle ' | n € N*. We
consider the superspace DK:IL(SI Iy of differential linear operators of order at most k from 3§45 to §7, where §%
and §, are the spaces of tensor densities on the supercircle S 1" of degree A and y respectively. Naturally the Lie
superalgebra Vectc (S!1") of vector fields on !, and then the Lie subalgebra /C(n) of contact vector fields on S
acton ’D’;Z Evidently the computations in this general case are painful and complicated, so our first main result is
the characterization of aff(n|1)-supersymmetries, i.e., endomorphisms of @X’; that commute with the aff(n|1)-

action where aff(n|1) is the affine subalgebra of Vectc(S!1") which can be realized as a subalgebra of K (n).
This result allows us to determine the algebras of 0sp(2|2)-supersymmetries and of 0sp(3|2)-supersymmetries
where 0sp(2|2) and osp(3|2) are respectively the orthosymlectic superalgebras of S'12 and S'3. We hope to
be able, in the immediate future, using our results, to give a full description of osp(n|2)-supersymmetries and
KC(n)-supersymmetries for arbitrary n.

2 Basic definitions and tools

In this section, we recall the main definitions and facts related to the geometry of the supercircle S'. For more
details see [11], [12] and [16].

@ Springer



Symmetries of modules of differential... 703

2.1 The superalgebra KC(n)

We consider the supercircle S 1" for n > 1 with local coordinates (x, 61, ..., 6,), where x is the even variable
and 6y, - - - , 0, are the odd variables, i.e., 6;0; = —6;0;. The superalgebra C(EO(S””) of smooth fuctions on S
consists of elements of the form

F=fo+Y Y faiis@0h 0y, @.1)

s=1 1<ii<iz---<ig<n

where fo, fijiy-i; € C&(S 1. Let us introduce the standard contact structure given by the following 1-form:

n
ay =dx+ Y 6idb;. (2.2)
i=1

On the space Céo(S 1"y we consider the contact bracket

1 S — —
(F,G}=FG — F'G — E(—1)“F'ZJ),~(F)-D,»(G), (2.3)
i=1
0
Fox
supersymmetry and generate the kernel of the form «,, as a module over the ring of functions. Let Vect(S'!") be
the superspace of vector fields on S!/":

where D; = % —6;-2 and | F| is the parity of F. Note that the derivations D; are the generators of n-extended

n
Veet(S'1") =} Fod + Y Fidy | Fr e C(S'M) 1
i=1

where 0; = % and 9, = -, and consider the superspace K (n) of contact vector fields on C*°(S!/"). That is,

x°

KC(n) is the superspace of vector fields on S!!” preserving the distribution singled out by the 1-form o,
K(n) = {X € Vect¥(S'1") | there exists F € C*(S'") such that £x () = Foty },

where £y is the Lie derivative along the vector field X. The Lie superalgebra KC(n) is spanned by the fields of
the form:

l & -
Xp=Fi -5 Z(—l)‘”Di(F)Di, whereF € C°(s'!"). (2.4)
i=1

The fuction F is said to be a contact Hamiltonian of the field X . The bracket in (n) can be written as:

[(Xr, Xcl = X(F,G)-

2.2 The subalgebras aff(n|1) and osp(n|2)
In the S'-case, the notions of projective and conformal structures coincide and are defined by the action of the
Lie subalgebra sI(2) of Vect(S!). In the adapted local coordinate x on S!, this action is spanned by three vector
fields:

s(2) = Span(dy, xdy, x>dx)

corresponding to the fraction linear transformations

L <ax+b

+d>’ ad — bc = 1.
cx
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A projective structure on S is given by an atlas with fraction linear coordinate transformation, i.e., by an atlas
such that the s1(2)-action is well defined. Note that the affine Lie subalgebra aff (1) of s1(2), and then of Vect(S b,
is defined as

aff (1) = Span(0y, x0y).

In the super setting, a conformal ( or projective) structure on the supercircle S is defined as a local action of
the orthosymlectic Lie superalgebra osp(n|2) C K(n) generated by

05p(n|2) = Span(Xl, Xy, sz, X@i, Xx@,-s Xgl.gj), 1< i,j <n (25)

Forn = 1,the osp(n|2)-action (2.5) is the infinitesimal version of the contact fractional-linear transformations

ax +b+y6 ax+,3~|—99)

0 :
(x,0) = cx+d+10 cx+d+ 10

where ad —bc —af =1, p> + 2yt = 1,ap = at — cy and Bp = bt — dy (see [6]).
The affine superalgebra aff(n|1) is the subalgebra of 0sp(#|2), and then of K(n) spanned by

aff(n|1) = Span((X1, Xx, Xo;, Xo,0,), 1=<i,j<n (2.6)

2.3 Weighted densities on S'I"
For any A € C, we define the space of A-densities on S lin ag
§ = {Fag | F e C°°(S””)} . 2.7)

As a vector space, g} is isomorphic to C& (S 1y the Lie derivative of the density Ga) along the vector field
X € K(n) is given by the rule

5. (Gay) = &k (G)ey, with & = Xp +AF'. (2.8)
The space § is then a module over the contact Lie superalgebra /C(n). Obviously, we can easily see that:

1) The adjoint K(n)-module is isomorphic to §"
2) If n > 2,as a K(n — 1)-module, F7 = 5’;_1 @ HSZII‘ .
2

2.4 Differential operators on weighted densities

We denote by ©f .. the space of differential operators from 3§} to §), for any A, u € C. We can express

any element A € @K# with the vector fields D; = 8; — 6;0y,i = 1, --- , n. Indeed, since 5,-2 = —0,, and
0; = 5,- — 0,-5?, Vi =1,---,n, we can write the operator A as a finite sum
A= Y »D)..D,, (2.9)
0=(Ly,....L,)

where the coefficients by are smooth functions on S " and ¢ € N". That is, forall F = f oz,)l‘ e,

AFY= Y b, 0)D}' ... D, (f)al (2.10)

Fork € %N, we denote by @KZ the subspace of D7 " of differential operators of the form

A= Y bD)..D,. 2.11)

(=(0] . bn)ENT
[]=€]+-+ln <2k
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The superspace ’i);]; is than a KC(n)-module for the natural action:

A =8y 0 A—(=DAIFAG X 1 Xp e K(n). (2.12)
Thus, clearly we have the filtration:
o) o) co cal ol ol @13
Note that we can write the operator A in (2.11) in the form
2k
A=) > a".3 D' ... D" (2.14)
m=0 (s,e:(el,w,en))eNx{O,])"

2s+€)+-tep=m

where @, are smooth functions on S'I". For short, we write

2k
A=Y > al' 9D, (2.15)

m=0 (s,e)eNx{0,1}"
2s+e|l=m

where D° := D}'--- D" and |¢| := €| 4 - - - + €,. We will adapt this writing of differential operators in the
sequel.

2.5 Local supersymmetries

Let us now define the main object of our study. Recall that a linear operator

TPk (s — D)k (51 (2.16)

is said to be local if it preserves the supports of its arguments: Supp(T(A)) C Supp(A), forall A € :Dl;,u(sl Iny.,
That is forall open subset U C S 1 we have

Ay =0= T(A)y = 0; YA € D} ('),

The map 7T is non-local, that is, for some A € CDK’]L(S 1"y vanishing in an open subset U € S'!, the operator
T (A) does not vanish on U.
In the S'-case (see [9]), section 6.4), it has been proven that, if T : @I){’M(Sl) — @')‘L’M(Sl) is a linear operator

commuting with the Vect(S")-action on D} ("), than T is non local if and only if (, u) = (0, 1) and T is

given by
Kod
ey _
T(} o) = (/S a()) od,
£=0

where d is the de Rham differential, which means that the large class of of symmetries of the modules Dﬁ’ u (SH
is given by local linear operators. Thus we focus our study in this work to the large class of local supersymmetries
on S,

Let now T is a local operator as in (2.16). Than, for all (E, € = (€1, ,61)) e N x {0, 1}’* and for
all (s, € = (e, ,ei)) € N x {0, 1}, the operator that associates with the function a € C®(S'I") the

— / — / — —
component with respect to 9° Dil e D;” of T(a 9! Dil e D;") is alocal operator acting between superfunctions,
so, thanks to the renowned Peetre theorem in classical differential geometry, the coefficients of the operator

T(aal 5? .. .5;") appear as derivations of the function a. That s, forall 0 < m < 2k, forall (¢, €) € Nx {0, 1}"

such that 2¢ + |e| = m there exist an integer M,, and some functions Tsz’e, € C°(S") such that

S1,€
T m 53 ) = T4 < 99D (@ )" D (2.17)
as,e X - §5,81,82 °X as,e X .
(s,€)eNx{0,1} (s,€)eNx{0,1}1 (s1.€)ENX{0, 1} (s9,€”)eNx{0,1}"
2s+|e|l=m 2s+|e|l=m 251 +l€/|<m 25y +|e” |<Mpm
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3 aff(n|1)-supersymmetries

Our goal in this section is to determine, forall k € %N, the superalgebra of aff(n|1)-supersymmetries, i.e., the
set of (local) endomorphisms

T : Dk

Prstn — o0k (st 3.1)

commuting with the aff(n|1)-action on ’Z)K]; (S1M), that is

[ T = 5" o T — (=DTFIT 0 83" =0, Xp € aff(n|D). (3.2)

2k
Let A = Z Z a9’ D e @’;:’;(s”"). from section (2.5), T (A) reads

§,€°X

m=0 (s.€)eNx{0,1}"
2s+|e|l=m

2k
T(A) = T 92D (" )99 D 3.3
W= 2 X 2. TG WD @oaD (3.3)
m=0 (s,e)eNx{0,1}" (s1.€)ENX{0, 1} (sp,e”")eNx{0,1}"
2s+|e|=m 251 +|e/|<m 259 +l€” |<Mpm
e e e in (00 ¢lin
where Ty, 5, are some fuctions in C*°(S'")
Now, by a classic invariance argument, we can deduce that the operator 7 commutes with the action of the

vector fields X1 = 9, and Xo, = 39; + 56;0x,i = 1,--- ,nif Tsff,fz” are constant functions, i.e., Tsf’sﬁzgﬁ e C.
Let us now apply the invariance under the vector field
1 & 1 &
Xx=x8x+§29i8i :xaerEZ;e"D" (34)
i= i=

2k
Theorem 3.1 Let A = Z Z a" 3 D e @;:Z(S”") and T (A) as in (3.3). Then the operator T

s,€9X

m=0 (s,e)eNx{0,1}"
2s+|e|l=m

commutes with the action of X if and only if T (A) reads as

2k
1 ’ " ’
e € nr e’ s+5(lel—le’|—le")—t o€
T =) Y > TS D (age)dy D°, (3.5
m=0 (s.)eNx{0,1}"" (r,e’ e"")eNxYe
2s+l|el=m 2t+e’|+e” | <m

rn
€€ e
where T are constant scalars and Y stands for the set

Ye = {(¢,€") € ({0, 1)")? : |e| — |€'| — |€"| € 27Z}. (3.6)

Proof Obviously, it suffices to check the invariance of 7' on homogenous operators of the form A =

<€ .
E 5,9, D for some functions as .. Indeed we have
(s,€)eNx{0,1}?
2s5+|e|=m

M A) =Ly 0A— Aoy

e~ — 1 _
= Z (xaxas,e + z X]:GiDi (as,e) + (M —A—s— §|€|)as,e)3;D
=

(s.€)eNx{0,1}"

€

2s+|e[=m

gL _
= Y g0

x
(s,€)eNx{0,1}?
2s+|e|l=m

Now we can prove by direct computation that, forall § in C,

— 1
0D (24, (@.0) = 2 (5D @0)
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Thus
1
A _ e, € a5 ll*)\*S*EK‘ SITE
Togy"A) = ) > ) e 9o D" g (a5.0))85' D
(5,€)eNX{0, 1} (51,6 )eNx{0,1}* (sp,e”)eNx{0,1}"*
254|e|=m 251 +le'|<m 259+ | <Mpm
Te: e e p—r—s+s3— 3 (ll=1e"]) ( g€ P
= X X )Y TEEe 92D (4,0))9"D
(5,€)€ENX{0, 1} (s51,e/)eNx{0,1}" (59.€”")eNx{0,1}"
2s+lel=m 2s1+|€/|<m 25y +e”|<Mm
On the other hand,
Aot _ e, " armit s e s175€
SloT)= ) > ) e (02D (45,008 D
(5,€)eNX{0, 1} (51,€/)eNx (0,1} (sp,e”)eNx{0,1}"
2stlel=m 2s1+l€'|<m 25y +e |<Mm

A ’ o .
— Z Z Z T;;l ;2 ,SM —51— 2|6 |(8;2DE (assg))B;I DG

(5,0ENX{0,1} (s7.¢)eNx (0.1} (s.€")eNx (0.1}
2s+el=m 251 +l€’|[<m 25y +|€” |<Mm

Finally, since T o 2;};‘ (A) — Eﬁ(’f oT(A) =0, we get
w—A—5+s— %(|e| —1€") = pu—r—s1 — %|e/|, forall s,s1,5, € Nand €,€,¢” € {0, 1}. That is

st =5 — 52+ 2(le| — |€'] — [€”]) with |e| — |¢/| — |€”| even and s — 55 + $(le| — |€/| — [€”]) > 0, that is,
250 + |€'| + |€”| < 25 + |¢| = m . The theorem is thus proved. |

The next step is to impose to the operator 7" the invariance under the action the vector fields
P — 1 — S
Xo0, = 0;0;0, — 591'[),' + EeiDj L, j=1,---,n,i #j. 3.8)

Let us first prove the two following lemmas

Lemma 3.2 Letk,iy, - ,ig,s,t € {1,--- ,n}suchthatl <ij <--- <ixy <nandi; <s <t < iy Than,
forany £ € N,

9;Di, -+~ Diy 0 X5, =
- - (_1)XBk(T) _ (_l)XBk(S) -
Xoy6, 0 ¢ Dj; -+~ Dy + ; a'D;, -

1 . —1- _ 3.9
..Ds1 XBk(*)...Dt O B

1 ifse B

Where By = {i1, - , ix}and xp, (s) = {0 otherwise

Proof We prove this lemma by induction on the integer k. Let i, s, € {1,--- ,n} suchthats # 7. If i ¢ {s,t},
we have 3£5i o Xo,6, = Xo,6, © afB,

Ifi =s (respi = 1), 3Dy 0 Xo,0, = Xo,0, 0 9Dy + $3ED; (resp 3¢ D, o Xo,6, = Xo,5, 0 3Dy — $3¢Dy)
and formula (3.9) is true for k = 1.

Letnow k > 2and iy, --- ,ix,s,t € {l,--- ,n}suchthatl <i; <--- <iy <nands # t. Than

3f5,’, .. -Bik o Xo,0, = afﬁ,»] .. ~Bik,1 o (Bik o nggl)

— — — X YO X 1 )
=8fDi|. .Dj, o(ng,oDik—F(l) : (1) :

AL AL

51—)((,'k) (‘Y)B;—X(ik}(t)

— — — —l—v — 11—y
—9'D;, ... Dy, 0 Xgg, 0 Dy, + 1 4( DT 5D, ... Dy, o DL WO, MO,

XBp_1 @ Xy I1—xB,_,(s) —l—xp,_{(®) - =
=x%oa ‘Di, ... D; + L =0 E)@D”...DS D, e Dy, Dy,

(1) i} ) . — =y [
LWy Wy, Pl pl ),

where By_1 = {i1, - -+ ,ix—1}. Now we discuss the following cases
If t # ix, than's # ix, x(i,1(5) = Xy (@) =0, xB,_, (8) = xB,(5), xB,_, (t) = xB, (t) and formula (3.9) holds.
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708 J. Boujelben et al.

Ifr =ix,s ¢ {ir, - ig—1}, than xgiy () = 0, xgipy (1) = xB, (1) = 1, xB,_, () = xB () = 0, xp,_, (1) = 0.
Thus . o o o
3Dy, ... Di, o Xg.9, = Xg,9, 00Dy, ... D

xB, (i) xB,(8) —
I T

ik
BSI_XB]( (s) B _‘ —XBy (73]

ik—1 : le

and formula (3.9) holds too.

Finally, if ¢ = ix, s € {i1, -+ ,ix—1}, than xp,_, (s) = xp,(s) = 1, x5, (s) = 0, xp_, &) = 0, x;, (1) =
xB, (1) = 1. Thus

— — — — — B — )
3¢D;, ... Dy, o Xo,6, = Xo,6, 0 0{Dyy ... Dy — 30LDy, -+~ Dy -+ Dy, D,
— _ - =2
+%8£Di1 T 'D? o Dik—lDik
= Xo,0, © 3fDi] ...Dj,
and formula (3.9) is also true in This case. This ends the proof of the lemma. |
Remark 3.3 We can state lemma (3.2) as follows:
Forany s, ¢ € {1,--- ,n} such thats < 1,
— — 1 — . —1_ —
9D" 0 X0, = Xuy9, 09D + 3 (e — )0{ D ..D¢ ... DD (3.10)
Lemma 3.4 Lets,t € {1,---,n}suchthats < t, than for any a € C°°(S”"), we have
- e 1 e R
i (aafD€> = Xo,0,@d{D° — 5 (& — €)ad, DY’ ..D%..D)“...DY 3.11)

Proof For any X, u € C, we have £§(9 o = 2’;(9 o = X6, Than, upon using (2.12), (3.8) and (3.10), we get
st sVt

Al L _ aMl e e A _ 2% 2%
EXM’ cad,D = EXose, cad;D —ad;D o £X9s9t = Xg,9, 0ad;D —ad;D o Xgg,
—1—e —1—¢

= nggt o aaﬁﬁé — a(nggt @) 3£B€ + %(Gs — Gt)aafﬁ? cen Ds e Dt .. .56")

— — — — 11— — 1= —

= Xo,0, 0ad’! D" —aXgp, 03D — L(es —€)ad!DY ---D; - D, ... D
e e —1- s —1- e

= Xo,0,(@)d.D° — Y(e; — €)ad!DY ---D; ... D, ... D,

n

€n

We come now to the main theorem in this section. The upshot is
Theorem 3.5 Let T : @Kiﬁ(S””) — @K:Z(S””) a linear operator as in (3.5). Forall i, j € {1,---,n} such
thati < j, we denote by t; ; the map defined on N"' by

Ti,j((X1,-~- S Xiy e Xy ,xn)) =, L=x e L=y X))

and by Eg i El.l’ I E; jl the sets defined respectively by

E) = {x=(x, . x) €{0,1}" : x; — x; = 0)

(respectively x; — xj = 1, respectively x; — x; = —1).

Than, the operator T is a aff(n|1)-supersymmetry as soon as, for alli < j € {1,--- ,n}, the scalars T_s;e/’g//

satisfy the following cases

rn
)T =0ife € € Egj, e ¢ Egj (respectively ¢, €” € Egj, e ¢ Egj, respectively €', €" € E?

iJ’
0
€¢E ;)
€1 j(ee” e ) . 0 ;o -1 1 1 -1 . 7 j(e).€’e”
2) Ty, =T, ife ek (€.€)ek  xXE orE  xE,.’ (respectively Ty =
e 1€ .., 0 7 -1 1 1 —1 . 7, j(€).€ " €,1,j(€),€" .
T, ife € E; s (e,€") € E.; xXE;;orkE; xE’7, respectively T =T, if

/" 0 / —1 1 1 -1
€ eEi’j,(e,e)eEi’j in‘jorEi,j in’j).
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3) T;',t"'j(6 e —Te €t (€) ife € E (€, e”) € E‘_‘ X E Lor E1 i x El.lj (respectively Tsf’;"(e)’e -
—TE €70 (€) ife' € E?. (e, e”) € E_.l x E; Yor E1 j X E1 respectively T;",’j(e)’e = —T:”,r"’j(e re if

€’ eE?j,(e,e’)eEi_] x E orE‘.xE}j).
rn
4) TSSC =0ife,e’,e”eEl-lj0r€Eij.

T€ €
s,t
5) Tff"” = QT = IO D e ¢ ") € E} < E; ' Ej L ore Ef ' E} xE] .
TE €
TG €

6) TG < = =g D o e DD e o1 ey ¢ g xE‘ xE LorE;] xE xEl
7) TEE S = =g OO o g€ DD e o ey E1 x ;] xE‘ or E; xE‘ ><E_
Proof Let A = Z as.c9°D° and
(s,e)eNx{0,1}?
2s+|e|l=m
ra= Y S 1D @ 0pst

(5,6)eNx{0,1}"* (t.e/.€")eNxTe
2s+le|=m 2t+€' |+’ |<m

Following lemma (3.4), one has

N €€ € A ‘ e s+l Il 1" —t_G,
‘CXg.g. oT(A) = E E Ts,t Xo0. a'D (as,e)a 5 (lel—=1€"[—=1€"D) D
! 13
! (5, )eNX{0,1) (1€ .€”)eNxTe !
2s+|e|=m 2t+l€! |+le” |<m

o — 1 ’ " —’
Z Z Tsé,’t6 : I:XOI‘G/ (81[)6 (lls,e))as+7(|€|_|€ =l l)_tl)6

(5,€)eNx{0,1}"* (1,¢’ .€”")eNxTe
2st+lel=m  214|e/ |+\€”\<m

—1(e/ = €0 D (ag, )9+ eI NI DT :

Z Z (AR Xoy0, (3 D* (as,e)>3”%(|E|—‘€/|—|‘”‘)_’55/

(5,6)eNX{0,1}" (1.’ ,¢”)eNxYe
2stlel=m 24|/ |+ |<m

1 / /e € are’ s+ (lel—l€ |- |€" ) —t 7T (€)
-3 . Y (6 —NTST D" (a5,0)9 P UTIEEIE D
(5,6)eNx{0,1}"" (t.e’.€")eNxTe
2s-+|e[=m 2+’ |+|e” |<m

and

ToLX“ (A) = ToL',XH ( 3 as,ga;EG)

(s,e)eNx{0,1}?

2s+|e|=m
€ 7; i (€
=7( Y Xao@oRD) =5 Y (e —epT(a s D)
(s,€)eNx{0,1} (s,€)eNx{0,1}"
2s+|e|=m 2s+|e|=m

roorn L — 1 ’ " —’
= Y Y D (Xee (ag0)ar I

(5,€)eNx{0,1})"" (t,e’,")eNxTe
2stlel=m  2r4lel|+le” |<m

i '€ —€" 1 ’ ” —
S T e R L

(5,€)eNx{0,1}" (t,€’ €")eNxTe
2s-+le|=m 21+l€! | +le" | <m

roon — 1 ’ ” —’
= Y Y 1 K, (0D (@00 I

(5,€)eNx{0, 1} (t,¢' €’")eNxTe
2stlel=m 24| |+ |<m

1 1 1\ €€ € i (€") s+4 (lel—1€ |- le" N —t e
+1 E : § (€] _Ej)Ts,t 9'D (as.¢)d 2 (el=l€'l=1e"D—1p
(s,€)eNx{0,1}"* (1,¢’ ."")eNxTe
2stlel=m  2it|e! |+l |<m

5 (€).€ € e’ 30T j@l=le' =" D=1 €
1Y @y Y TWONTYD @0t
(s.€)eNx{0,1}" (1€’ ,€"")eNxTe
2s+|e|l=m 2t4|€ |+ |<m
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Butif ¢; —€; # 0 we have

lzij(€) = lel +2(1 — € —€;) = |el]. (3.12)
Therefore,
rhm _ €€ € 3D s +3Uel—le'I—le"D—1 ¢
T ) X99 (A) = Tt&',l X@,Oj (aS,G)
(5,6)eNx{0,1}* (r,€/ €”)eNxTe
2stlel=m 24|l |+e” |<m
1 " 1N €€ €’ a1 i€ s+1el—I€'|-le"D -1 T5€
+1 2 : E : (€] _Ej)Ts,t 9D (ag.¢)d 2 (el=le'l=1e"D =1
(5,€)eNx{0, 1} (t,¢ €’")eNxTe
2stlel=m  2t+|e/|+|e" |<m
1 7, j(€).€ € 1=5€” s+1(lel=1€ |- -t
2 § (€i —¢€)) E Ty 0'D" (as)a* T2 (ImIEImlh=rDT,
(s,e)eNx{0,1}7 (t.€/ .€")eNxYe
2s5+|e|=m 2+€ |+|e |<m
Then

[EXH T](A)=£§(’:0 oT(A)—ToEXM (A)
_ _% Z Z (6;—61) ee ,€” 9" D¢ (a )as-',- L(lel-1e'|-1€" D~ [Bfi,j(G)

(5,€)eNx{0,1}"* (t,e/,e")eNxTe
2s+le|=m 2t+|e |+ |<m

1 ” 1y €€ a7t (€7 s+1(lel=1€1=1e" -t

-3 D > (¢ —EeNTS D (as,¢)d* T2 el=lel=eD=rp
(5,6)eNx{0,1}" (r.€/,e")eNxTe
2s+lel=m 2t+e’|+e” | <m

7 j(€),€ €, =€’ s+5(el—l€' |-l )= ¢
E (ei —€j) E Ly 0D (a5,6)0 "2 mlemed=rD
(s,€)eNx{0,1}1 (t,€/ .€’")eNxTe
2s+|e|=m 2+l |+|e” |<m

+
ol —

By change of variables and taking into account (3.12), we get

1 / s\ € Tini (€€ e’ s+L(lel-1€'|-1e")—tT7E
[EXso TI(A) = ;3 2 E (€; — €Ty, "D (as.¢)0 2 (el=le'l=1e" D=1y
(5,€)eNX{0, 1} (1,€/ ,"")eNxTe
2s+|e|l=m 2+l |+1e” | <m

e, 1 i(€") ==€" Lilel—le 1—1e” 1) —f=<€’
_'_% 2 : 2 : (6;/ _E}/)Tst ij azD (asye)aH—z(\el le"[—]€e"]) tD
(5,€)eNx{0, 1} (1,e/ . ”)eNxTe
2stlel=m  2ut|e!|+]e” |<m

Tl ‘(6),6/,6// 75// l _ n_ My 76/
+3 Y. (G- YT 3D (a.)dsT2Uel=I€I=IED—T

(s,€)eNx{0, 1} (t.€!,€")eNxTe
2s+|e|=m 2e+e’ |+ |<m
1 / € Tij (€)),€” ” 11y i€ 5T j (€7) 7, j(€).€',€”
-1 > (et + (e = eNT; + (e — )T}

(5,€)eNx{0, 1} (1,€/,€"")eNxTe
2s+|e|l=m 2t+|e! |+ |<m

0D (g a1 D=1
Thus, the invariance of T under the action of Xp,¢, means that, for all 5, 7, €, €, e,

r,j(e)ee erlj(e)e €€ T,](G)

€ — €Ty + (] — €, )T +(6”—6”)T =0 (3.13)

Now, we shall discuss according to the values of €; — €, e. € i and 6 6;-/ to obtain the cases stated in the

proposition. The points 1), 2), and 3) are immediate. By an argument of symmetry, we can write

er,,(e)e r,/(e)ee

(€ - T, (e —epr IO~ Gy

—(& — 6])

and
€€ r,}(e

— (¢ — GJ)T + (Ez/ . 6})Tsl:it.j(€),fi.j(€ )T j(€7) (€] " //)szJ(E) e’ —0. (3.15)
Thus, (3.13)(3.14)~(3.15) induces that that if ¢; — €; = —(¢/ — €/) = —(¢] — €7) # 0 then T, f,,@ €'

/ "
or equivalently 7, =0if & —¢; = ¢/ —€j = ¢/ — €] # 0 and 4) is thus proved.

By the same idea, and thanks to equalities (3.13) - (3.14) + (3.15) and (3.13)+ (3.14) - (3.15), we obtain 5), 6),
and 7) stated in the proposition. This this concludes our proof. O
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4 osp(n|2)-supersymmetries for n € {1, 2, 3}

In this esction, we plan the cases of osp(n|2)-supersymmetries for n € {1, 2, 3}, i.e., the set of (local) endomor-
phisms

T: 97 (s — 2k (51
commuting with the osp(n|2)-action on D’ ot (S my for n € {1, 2, 3}. Let then denote by O the set of such

supersymmetries. It is easy to prove, by dlrect computation, that the operator 7' given in (3. 5) 1s even for any n
in N*, So, the 0sp(n|2)-invariance of map 7 means that

[sﬁ(‘v Tl = )‘X“ioT Tos“‘_o Viell, -, n)

4.1 The algebra O){]L

This case has been studied in [20], we have given a complete description of the algebra O and we have

Al
explicitly determine the dimension of (’)}L’ o for all k, A, . Let us recall the results of [20].

Theorem 4.1 ([20]) The algebra (’) of osp(1]2)-supersymmetries is given by the set of linear operators
T : @i]; — @i]; such that

4
T (agﬁl) =3 T!Di@)D T Ve e (0,1, 2k),

i=0
where Ti[ are arbitrary constants satisfying the following equations: forall £ in {1, 2, --- , 2k},
{o = (1= D92+ [E]) I ' = (A = (=DOHA+ [5] —i) T4, i+ Qu—2%—L+DTS, @1)
0= (1~ O+ [T+ (0 + 002+ [F1] =) Ty — 6+ DT
where 0 < i < [%]for the first equation and 0 <i < [%] — 1 for the second one.
Theorem 4.2 ([20]) Let k € N*. Then
L 2k +21if () = (0, 3) o
i) dim(O)L:lJ =1 2k 25 — 2 + 1if G p) = (F5EL KEESEL) i g <k
2k + 1 otherwise.
2% 430 0 0) = 0, )
o Lk+1 2k +3if (h, ) = , Y+2 1<s<k+1
ii) dim (O)L,L 2) = S0 1) = (2 ); k+] 1 k+J —s+1
’ 2k+2s—2]+3lf()»/x)—( LY, < j<s<k+1
2k + 2 otherwise.
2,k
4.2 The algebra Ox,u
— — 1
Let A = a,0° Dy + bs0*D; € @i’f;z (§11%), and T'(A) as in (3.5):
T = Y S 100y B B e B b
I—|e'|—|€"|€2Z 2t4|e'|+|e”|<2s+1 42)
" Z Z Tyﬁ?’l)’e,’g//aiD Dez( A)as+ 51— l€’|—1e")— IB?DZZ

1—|€'|—|€"|€2Z 2t+e'|+|e”|<25+1
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Now, upon using theorem (3.5), we get the following conditions:

TY(},O),(I,O),(I,]) — _TY(’(?,I),(O,]),(I,]) : T(] 0),(0,1),(1,1) T(O,l),(l,O),(],l)
T(l,O),(l,l),(l,O) _ _T(O,l),(l,l),(O,l) T(l 0),(0,0),(1,0) __ _T(O 1),(0,0),(0,1)
7n(1,0),(1,1),(0,1) 7~(0 1) (1,1),(1,0) ]w(l 0),(0,0),(0,1) 7~(0 1) (0,0),(1,0)
Ts(‘i,O),(l,O).(O,O) — _Ts(,(t) 1),(0,1),(0,0) : Ts(,lt ,0),(0,1),(0,0) — Ts(,? 1),(0,1),(1, 1).

Thus we can state the following lemma

— _ S
Lemma 4.3 Let A = a;0°Dy + bgd* D, € @if? (SY12), then following theorem (3.5), T (A) reads

T(A) =

s—1
> 194D D2t~ Dy + 9D Do) ' D )

+T52” (8;5152(%)85#7152 - 8§5152(bs)3s—t7151)

s—1 K
+ 3130 (Dra) + Dab))o ' Dy Do + Y Tk (Dita) + Dah) )0 ™ (43)
_ =0
s—1 ls
£ (Da@) = D110~ =Dy D + Y 78,04 (Datas) = Diby) )0~
t=0

+T7t (af(aé)af Dy + 9L (by)d*~ ’Dz) + T8, (a; ()8~ Dy — 8! (bs)af—fﬁl),

and by a similar reasoning, we can again prove the following result

Lemma 4.4 Let A = ¢;119*H +d;110° DD, € @i’j:rl(S”z), then following theorem (3.5), T (A) reads

T(A)

A
=Y 1705 Dy Doy 41)0" Z 1,9 D1 Da(cs )3~ D1 D

t=0

S
+L T (D1 (ee)? D1 + 9D (es41)0* D)
+T3+21 ,(8;52<cs+1>aH51 — LD 1(c11) ' Da) + T, ,0L(cs41)0° " D1 Dy
s+1

s—1
+Z 00 ) T T 00D 1 Da(d1)0° ' D1 Dy (4.4)
=0

+Z 210D Da(ds )8 + T, (80D (dy41)9° Dy + 8 Da(dy )9 D)

+Ts‘f1 (D200~ D1 = 04 D1(d)9* D2 ) + T2, 9%(dy )9 D1 Dy
s+1
+ Z Tsz-l(-)l tax (d5+1)as7t+l

The next step, in order to impose the invariance of operators (4.3) and (4.4) under the action of the vector
fields X g, and X,p,, we may firstly establish the following results

Lemma 4.5 Let a € C®°(S"12), thus we have

@ Springer

1)2@‘ (@d?) = 2"‘“3( )as — CDa5-1D,
2) i @3yDy) = “ - 2(a)as L+ E0G 20 4 )98 + 162a05D,

(4.5)

3) " (@ D) = £ : 2 (0)a5D 2 — V591D Dy — L62a08D)
1
_ _1ylal _
4) 2};;1 @d D\ Dy) = 2;%: 5= 1(61)3360102 + ED%a@h 45 + D3 Dy
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Proof
1) z:?ggl (@d) = Ly , o @) - (=Dl (@d?) o S,
= x01a'9S + x01ad’H + %(xﬁl @35 + (—1)xadsDy + 6,6, D (a)ds
+(=1)"0,0,a95D5 + Melaa;‘) - (—1)lﬂla(a;(xelax + 1D, +6,6:D5) + wl))

—a— —1)lal -
= &4 @3y — SF=sad; ' Dy

2) £4! @dDy) = £ 0 (@} D) — (=D Jadi Dy o £,
= x0,0,(ad* D) — Lz”’” (51 (x61)D1(ad! D) + D2(x61) D2 (aa;ﬁl)) + 101ads Dy
+(=)ad; Dy (x61 + D1 (x60)D1 + $D2(x61)D2 + 401 )
= x01a'3 D) + x0,ad ' Dy + %(xﬁl @Dy — (—~Dxads*! + 6,6,D1(a)3° D,
—616:(=1)1ad D1 Dy] + ;wlaa;ﬁl) + (—1)"‘|a(%x8;+1 — x01+ Dy + (A + 35)08
—0+ 5+ 000D + 36200 D; + 1616:0'D1 Dz )
- si;:“"%(a)agﬁl + CVN0 0 + )88 + 16203 Ds
and by an analogous calculation one can easily obtain 3) and 4). O

Lemma 4.6 Leta € C®(S'?), thus we have
(s0) = 8
2001 (2 ) @) = —ﬂ;;?+s+%(a;51 (@) + 3087 D2(a) + 321 = 1) + )8 (@) “6)
30D (2 @) = —2?(;?+S+%(a§52(a)) — 3020YD1(a) — 3597 D1 Ds(a) |
93,7 DiD2(L5 @) = £ 037 DiD2(@) — §2n = ) + )8 Da(a)

Proof

D (2K (@) = 03 (x610' — S5 (D1 (x0)Di1(@) + Da(x6)D2(@)) + (1 — )ra)
= x01a%*D + 1(xD1 (@) + 616,D2(a®) + (1 — A + 5)61a®) + 53° 71D ()
= &4, @ @) + 397 Di@)
2) a;ﬁl(s’;z (a)) = D (x@la(“'l) + 1(xD1(@¥) + 616, D2(a™))
(= A+ 9)01a® + 371D, (a))
= —x0D(@" ") + %(x51(51(a(“))) + 016, D2(D1 (@) — 923s52(a)>
(= 245+ HOD1(@®) + (u— A+ 5)d%(a)
and by an analogous calculation one can easily obtain 3) and 4). O

Now, we can characterize the algebra C’)i]; of 0sp(2]2)-supersymmetries. The main result of this subsection is
the following

Theorem 4.7 For all k € %N* , the algebra Oii of 0sp(2]2)-supersymmetries is given by the set of linear
operators

T: i)i]; — ’Diz
given, for k € N* (resp k € % +N), by
1) Vs such that2s +1 <2k (resp2s +1 <2k +1)

T(a;8°Di + b,8°Dy) =T (aﬁsﬁl T bsaSBz) +T2(a,0°Dy — by9*Dy)
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2) Vs such that 2s < 2k (resp 2s <2k +1)

T(csé)s + dsas‘15152> = 36,8 D Dy + e, d° + I3d,0°~' Dy Dy + T4y o°,

where the scalars T'', - .. | T satisfy the following conditions
Qr+s)T =0 (1)
sTO — QA+ 5)T2 =0 )
sT2 4+ 2A 452 =0 (3)
sTl = s 4) 4.7
ri=Ty, 5)
(s+DIS, —Q@ri+s+DI2=0 (6)
(s+ DI+ Qr+s+ DI, =0 (1)

Proof Let A = a;d° D + bgd° Dy and T (A) as in lemma (4.3). Using lemmas (4.5) and (4.6), [2’;(’:21, TI(A) =

2@{;1 oT(A)—T o 2%1 (A) = 0 if and only if the following conditions hold
T3, =T),=0; 0<t<s—1
4 % )
Tl =T =0, 0<t<s
Qr+ 9T —@r+s—0T], =0; 0<r<s5s-1
Qh+ )T, — Qh+s—1—DT}, =0, 0<r<s—1
sTJf—(ZA—{—s—t—l)Tf,:O; 0<t<s
ST — Q45 —0TS =0; 0<t<s
(s—t—=DT}, —sT)?=0; 0<r=<s-2
(s —t—DTL + QA+ )TN0 =0; 0<r<s5—2
(s —DTS +QL+ 9T} =0; 0<r<s5s-1
(s = DT, —sT)9=0; 0<t<s5—1
Qu—2x=2s+ 0T}, — (—DsI(@L+ T2 =0; 0<r=<s5-1
T+ @+ DTS+ DT =0 0<r<s—1
Qu—2x=2s+ 0T — (D@L + 9T =0; 0<r<s5-1
T3+ @+ DT+ (Del(@r+ 9T =0; 0<r<s—1
Qu—=2x=2s+ 0T} + (DT =0: 0<r <51
T+ @+ DT8,  — (D2 +9T7 =0, 0<r<s5—1
Qu—=2x=2s+ 0T} — (=D + )T =0, 0<r<s—1
(=DslsT8 72 L ¢+ DTS, =0; 0<t<s—1

s,t s,t s,t+1

(4.8)
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Similarly, the condition [L;”; ,T1(A) =0 when A = ¢y, 10°t! 4 dy;10° D1 D, leads to the following system
x0)

11 _712 _ 717 _ 718 _ .
Ts+1,t - Tx+1,t - Ts+1,z — Ts+1,t - O’ 0 =r=s
Qu—2x—2s +1+ DT), + (=DIb+1l(s + DTS, =0; 0<1 <5

Qu =2 =25 +1 = DT, + (=)@ 49T =0; 0<i<s

s+1,t
(t + 1)Ts24(r)l,t+l —@r+s+ DTS?! =0 0<r=s
@+ DT = Dl + DT =00 0<7 <5

Qu—=20=2s+1t—DTR  +(=Drls + DT, =0; 0<t<s—1
Qu—2x—2s+1— DT —(=Ddl2h+5+ DT}, =0, 0<r=<s5—1
4+ DT — (D@45 + DT, =0, 0<r<s—1

(t + 1)Ts{,3+l — (=DMls + DT}, =0; 0<r<s—1 4.9)

(s+ DT}, = (=0T}, =0, 0<t=<s—1
Qr+s+ DT} —(s =T , =0, 0<r<s—1
(s+DT],—(s—t+ DT, =0, 0<1<5
(s—t+ DT - Qr+s+DTE =0; 0<r<s
Qrh+s—0DT}  +(+0T3H =0 0<r<s—1

Qh+s—14+ DTN, —Qr+s+1DT], =0; 0<t<s

Qh+s—14+ DTN, —Qr+s+ DT}, =0; 0<r<s—1
s+ DTS +Qr+s—t+ DTS, =0, 0<r<s—1

Now, by solving systems (4.8) and (4.9), we check the following result

19 _ .
%?J—O,Oftgs
Q#Jzo;lftgs

T/, =0; 1<t<s—1
Tﬁtzo; 1<t<s

ﬁ%=0;15zgs—2
Th =0, 0<r<s—1 10
T),,, =0 0=t=s 10
T, =0 0<r<s—1
ﬁ&J=O;O§t§s—l
Tsﬁ’l’tzo; 1<tr<s+1
Tsljuzo; 1<tr<s+1
QﬁJzo;lftgs—z

Finally, if we impose the invariance under the vector field X4, we find the adding conditions TZS = 0 and

Tslfl’s = 0, which leads thank to systems (4.8) and (4.9) to TS%S_ | = TSL(L)LS_I = 0. The theorem is thus proved.
[}

Finally, we are able to compute the dimension of the algebra Oi]; for all k in %N*.

Theorem 4.8 Let k € N*. Then

k+4ifr=-51<s<k-1
i) dim (024) = L k+3ifh € (0,-4)
k + 2 otherwise.
k+4ifr=-31<s<k
): k+3ifr=0
k + 2 otherwise.

L 2.k+3
ii) dim ((’)}L M 2

Proof Clearly, using equations (1), (2), (3), (4) in (4.7), we can deduce that
2.4+ dim (Oi”; +lifa=-%
dim (07,7 ) = b
’ dim ((’))L” ) otherwise,
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and thanks to equations (5), (6), (7) in (4.7), one has
dim (02 k+2) +2ifn =~k

. 2,k+1
dim (Ok,u ) = . 2k+
dim (OML 2) + 1 otherwise.
So by induction we find
2,1
1 d1m<(9 2)+k+21f)\_—5;1<s<k
dim (Oi:’;ﬂ) — i 2
dim (OMZJ + k otherwise
1
dim (0}2) +k+3ifh==3: 1=s <k
1
and dim (OF1) = { dim (07 ) + & +2if 2 = —44!
1
dim ((’)i Z) + k + 1 otherwise.
oy [3ifa=0 .
Since dim (Ok, M) =1 2 otherwise. our theorem is thus proved O

4.3 The algebra Ox L

In this subsection, we apply the same approach followed in the previous case, the proofs here are similar to this
case. Namely we have

— — — — — — 3944
Lemmad4.9 Let A = a10°D; +a20°Ds +a30° D3+ asd5 "D D2 D3 € Z)A’jjz (S'13), then following theorem
(3.5), T(A) reads

s
T(A) =) T}, (a; (a1)d3 "Dy 4 8'(a2)d* "Dy + 0! (a3)as—f53)
+T2, (3;51 (a1) + 3. Da(an) + a;)53(a3)as—f
s—1
+y 1, (a;ﬁz(al)a“’*ﬁlﬁz —08'D1(a2)9* " "'D 1Dy + 9 D3(a1)d* ' ~'D D3
+8'D2(a3)d* ' "'DyD3 + 3! D3(a2)d* '~ 'D, D3 — 3. Dy (a3)8s”’15153)

+ Z T:; (3;5152(a1)33_t_152 + 8}65153(5:1)8““153 — 8;5152(a2)8s_1_151

@11

+0.D3D3(a3)0" """ D3 + 0L D2 D3(a2)9* "' D3 — 3§5153(a3)3“’7151)
s—=2
+ Z T, (8;D2D3(al) — 3, D1D3(a2) — 3§D102(as)>3s_t_2DlDzDs

+T6t(3 D1D2D3(a1)8Y = 2D2D3—3"D1D2D3((12)3Y = 2D1D3
—3§DlDzD3(a3)3S = 2D1D2)

§—
+ Z T 9! (a4)3* " "'"D\ Dy D3 + T3,0: D Dy D3(as)0* ™' ~!

s, 17 x 5,17x
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Lemma 4.10 Let A = a10°D 1 D2+ a23* D2 D3+ az3* D1 D3 +as 31! € @i‘jj_l (S113), then following theorem
(3.5), T(A) reads

T(A) = Z 210 (9@ Dy D2 + 929 DD + 8,a3)0* D1 Ds )

+Z +1,(a D1(a)d* "Dy — 8. D2(a1)d* "Dy + 8. D2(a2)d* ' D3
—3ID3(a2)3“ ID2+3I Di(a3)d*~ tD3—3tD3(a3)3“ le)

+ Z 21 (94D — 04D (@) — 04 Da(a3) )9~ =" Dy D2 D
+ Z * ,(a;ﬁlﬁz(al) +8'DyDs(a) + 3;5153(543))35—’

+ Z S, t<3§5153(a1)3s—t—15253 — 3D, D3(a)d* ' "'DyD3 — 8.DD3(a2)d* ' ~'D D,
+31D1D2(a2)35_t_15153 — 8;5152(613)33_[_15253 + 8;5253(413)8“"15152)

+ Z s+1, z(3§515253(a1)3s_’_153 — 3D\ D2D3(a2)d° "' Dy — 8;515253(513)35—’—152)

s+1

+Z Vo 0t (an)ds” ‘+1+Z +1,(a D1(ag)d "Dy + 9. Dy(as)d’ "Dy + 0. D3(as)d’~ ’D3)
=0

+Z +1,(a D1 Da(as)d* ™" "'D1Ds + 8" Dy D3(as)d’ "' D D3 + 9. DaD3(ag)d '~ 1D2D3)

+Z w100y 3! D1 Dy D3(as)d* "> D1 Dy Ds.

4.12)
Lemma 4.11 Let a € C®°(S'1), thus we have
_— _1)lal I
D g @d) = L4 1 (@) — S sady Dy
_ gL _ a _ _
2) ,g“‘ @d;Dy) = £ hos 2(a)aSD + (‘1" ‘a(z)\ +5)8) + 162405 Dy + 163095 D5
3)2” (@D D3) = £ “ " ()83 DaDs — CV 450315 DD — 1620051 D
+ 93“3 ?‘D2 (4.13)
4) gy (aaSD1D2D3)— T2(@)3 D1 D23 + EV a2 + 5 4+ 2)93 Dy Ds,
andfor] in {2, 3},
5) " @Dy = g 2(@)asD ﬂa 36‘*1513 — 16,a0°D,

6)2“‘ @D\ D; >_£“ hose l(a)B D1D _

a(ZA +s5+ 1o} D — —93613SD2D3
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718 J. Boujelben et al.

Lemma 4.12 Leta € C*®(S'®), thus we have
D a3k @) = £ (0 @) + 3937 Dia)

2>3SDI<£“ M) = -2k “”%aw (@) + 16205 D (a) + 1639: D3(a)
+1 (2<u ) + )05 (a)

3)9,D2Ds(g (@) = s’;{x;*”i (YD1 D3(a)) + 36203 D1 D3(a — 36381 D2 (a)
+lsaS*IDlz)2D3(a)

—— (4.14)
49D\ D2 D& @) = —gy +Z(afDlDzD3<a>>+z(zw 3 + 5 +2)3: D2 D3 ()
and for j in {2, 3}
5) 9D (L A(a)) =gk ?“*%asz) (@) — 16,0:Dy(a) — L5057'D1 D (a)

6)3D, D, (2 (@) = “ O @D1D (@) + 3630, D2Ds(@)
(Z(M 2 +s+ I)B;D, (@).
Theorem 4.13 For all k € IN* the algebra (9 of osp(3|2)-supersymmetries is given by the set of linear
operators
. 3.k 3.k

T : QMA — Qk,u
given, fork € N* (resp k € % + N), by
1) Vs such that2s +1 <2k (resp2s +1 <2k +1)

T(a] 3‘Y51 + aza‘YBQ + a33x53 + a48“—1515253> = Tsl (a1 3‘Y51 + azasﬁz + a33S53)

+T3a43s71515253
2) Vs such that 2s < 2k (resp 2s <2k + 1)

T(alas_lﬁlﬁz + a283_15253 + a383_15153 + a485> =

_ _ _ where the scalars Y1, .., Y4 satisfy the
13 (ala“‘ DiDs + a29* ' Dy D + a3~ D1D3> + Thas0°,
following conditions
ST3 = ST}
Ti=h
o1, = o2 (4.15)

QCr+)TH= @21 +9)T!
(2A+S)T3 (2A+s)T2
Q@r+s+1) S+1_(2)»+s+l)T‘

The main result of this subsection is the following

Theorem 4.14 Let k € N*. Then

. 3k ifA=0, Ork——— 1<s<k-1
i) dim (OMJ - { 1 otherwise.

T 3k+} 2ifx =0, ork_—‘— 1<s<k
ii) dim (OM‘ ) { 1 otherwise.
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