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Abstract Let Fn
λ be the space of tensor densities of degree λ ∈ C on the supercircle S1|n . We consider the

space Dn,k
λ,μ of k-th order linear differential operators from Fn

λ to Fn
μ as a module over the superalgebra K(n)

of contact vector fields on S1|n and we compute the superalgebra of endomrphisms on Dn,k
λ,μ commuting with

the aff(n|1)-action where aff(n|1) is the affine subalgebra of K(n). This result allows us to determine the
superalgebra of endomrphisms on Dn,k

λ,μ commuting with the osp(n|2)-action for n ∈ {1, 2, 3} where osp(n|2)

is the orthosymlectic superalgebras of S1|n .

Keywords Contact structure · Differential operators · Densities

Mathematics Subject Classification 53D55

1 Introduction

This paper is closely related to the classical topic initiated by Veblen [22] in his talk at IMC in 1928, namely the
study of invariant operators also called natural operators. An operator is called invariant if it commutes with the
action of the group of diffeomorphisms, this invariance can be interpreted in terms of the Lie algebras of vector
fields.

Let M be a smooth manifold and Vect(M) be the Lie algebra of vector fields on M . We consider, for every
λ ∈ C, the space Fλ(M) of tensor densities of degree λ on M (i.e., the space of sections of the line bundle
�λ(M) = |�nT ∗M |⊗λ over M). Clearly, F0(M) ∼= C∞(M) as a Vect(M)-module. Denote Dλ,μ(M) :=
Homdiff

(Fλ(M),Fμ(M)
)

the space of linear differential operators from Fλ(M) to Fμ(M). This space is an
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702 J. Boujelben et al.

associative (and, therefore, a Lie) algebra with the filtration by the order of differentiation:

D0
λ,μ(M) ⊂ D1

λ,μ(M) · · · ⊂ Dk
λ,μ(M) ⊂ · · · .

These families of two-parameter Vect(M)-modules were studied in several works, namely the classification of
these modules, starting from the first work by C. Duval and V. Ovsienko in [8] and then in [2], , [4], [7], [10]
[13], [14], [15], [17] and, in the framework of supergeometry, in the papers [1] ,[2], [3], [5], [12], [18], [19].
Obviously, the classification of Vect(M)-modules Dλ,μ(M) is obtained through the study of the existence of
isomorphisms between modules Dk

λ,μ(M), i.e, of linear bijective maps invariant under the Vect(M)-action on
these spaces. More generally, one can consider linear operators acting on differential operators (not necessary
bijective) commuting with the Vect(M)-action, i.e, linear maps T : Dk

λ,μ(M) → Dk
λ,μ(M) satisfying, forall X

in Vect(M),
[Lλ,μ

X , T ] := Lλ,μ
X ◦ T − T ◦ Lλ,μ

X = 0, (1.1)

where Lλ,μ
X stands for the action of the vector field X on the space Dk

λ,μ(M). Such operator T is called a

symmetry of the module Dk
λ,μ(M). The most important example of symmetries in the case where M = R (or

S1) is the conjugation of differential operators, this map associates to an operator A the adjoint operator A�. If
A ∈ Dk

λ,μ(R), then A� ∈ Dk
1−μ,1−λ(R), so this map defines a symmetry if and only if λ + μ = 1. In [12], the

algebra of symmetries of the module Dk
λ,μ(S1) were investigated, a complete description and classification for

all integer k were supplied in this paper.
This paper is a continuation of [20] and [21], in which, we were interested in the study of the analogue

super structures. In [20], we considered the superspace Dλ,μ of differential linear operators A : Fλ → Fμ,
where Fλ and Fμ are the spaces of tensor densities on the supercircle S1|1 of degree λ and μ respectively.
Naturally the Lie superalgebra VectC(S1|1) acts on Dλ,μ, but, we restricted ourselves in [20] to the orthosymlectic
superalgebra osp(1|2) which can be realized as a subalgebra of VectC(S1|1) and we studied which we called the
algebra of Orthosymplectic supersymmetries of the module Dk

λ,μ(S1|1), i.e., the algebra of endomorphisms of

Dk
λ,μ(S1|1) that commute with the osp(1|2)-action. Namely we proved that only situations where the algebra

of orthosymplectic supersymmetries has a dimension greater than 2k + 1 are resonant situations, i.e., where
μ − λ ∈ 1

2 N
∗. In [21], we considered the most interesting setting, the algebra of contact supersymmetries, i.e.,

we viewed the space Dλ,μ(S1|1) as a module over the superalgebra K(1) of contact vector fields on S1|1. In this
context, we computed the algebra Ck

λ,μ of linear maps on Dk
λ,μ commuting with the K(1)-action, we established

several results similar to the S1-case. The slightly more interesting result, unlike the case of orthosymlectic
supersymmetries, is the stability of the dimension of Ck

λ,μ for k ≥ 3, this result is due to the fact that any contact
supersymmetry is completely determined by its restriction to the subspace of second-order operators. The generic

particular values k = 1

2
, 1,

3

2
, 2,

5

2
, k = 3 were investigated, for all (λ, μ), a complete description of the algebra

Ck
λ,μ for these values of k was provided.

Our motivation in the present paper is the study of the general case of the supercircle S1|n , n ∈ N
∗. We

consider the superspace Dn,k
λ,μ(S1|n) of differential linear operators of order at most k from Fn

λ to Fn
μ, where Fn

λ

and Fn
μ are the spaces of tensor densities on the supercircle S1|n of degree λ and μ respectively. Naturally the Lie

superalgebra VectC(S1|n) of vector fields on S1|n , and then the Lie subalgebra K(n) of contact vector fields on S1|n ,
act on Dk,n

λ,μ. Evidently the computations in this general case are painful and complicated, so our first main result is

the characterization of aff(n|1)-supersymmetries, i.e., endomorphisms of Dn,k
λ,μ that commute with the aff(n|1)-

action where aff(n|1) is the affine subalgebra of VectC(S1|n) which can be realized as a subalgebra of K(n).
This result allows us to determine the algebras of osp(2|2)-supersymmetries and of osp(3|2)-supersymmetries
where osp(2|2) and osp(3|2) are respectively the orthosymlectic superalgebras of S1|2 and S1|3. We hope to
be able, in the immediate future, using our results, to give a full description of osp(n|2)-supersymmetries and
K(n)-supersymmetries for arbitrary n.

2 Basic definitions and tools

In this section, we recall the main definitions and facts related to the geometry of the supercircle S1|n . For more
details see [11], [12] and [16].
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2.1 The superalgebra K(n)

We consider the supercircle S1|n for n ≥ 1 with local coordinates (x, θ1, . . . , θn), where x is the even variable
and θ1, · · · , θn are the odd variables, i.e., θiθ j = −θ jθi . The superalgebra C∞

C
(S1|n) of smooth fuctions on S1|n

consists of elements of the form

F = f0 +
n∑

s=1

∑

1≤i1<i2···<is≤n

fi1i2···is (x)θi1 · · · θis , (2.1)

where f0, fi1i2···is ∈ C∞
C

(S1). Let us introduce the standard contact structure given by the following 1-form:

αn = dx +
n∑

i=1

θi dθi . (2.2)

On the space C∞
C

(S1|n), we consider the contact bracket

{F, G} = FG ′ − F ′G − 1

2
(−1)|F |

n∑

i=1

Di (F) · Di (G), (2.3)

where Di = ∂
∂θi

− θi
∂
∂x and |F | is the parity of F . Note that the derivations Di are the generators of n-extended

supersymmetry and generate the kernel of the form αn as a module over the ring of functions. Let Vect(S1|n) be
the superspace of vector fields on S1|n :

Vect(S1|n) =
{

F0∂x +
n∑

i=1

Fi∂i | Fi ∈ C∞(S1|n)

}

,

where ∂i = ∂
∂θi

and ∂x = ∂
∂x , and consider the superspace K(n) of contact vector fields on C∞(S1|n). That is,

K(n) is the superspace of vector fields on S1|n preserving the distribution singled out by the 1-form αn :

K(n) = {
X ∈ Vect∞

C
(S1|n) | there exists F ∈ C∞(S1|n) such that LX (αn) = Fαn

}
,

where LX is the Lie derivative along the vector field X . The Lie superalgebra K(n) is spanned by the fields of
the form:

X F = F∂x − 1

2

n∑

i=1

(−1)|F |Di (F)Di , whereF ∈ C∞(S1|n). (2.4)

The fuction F is said to be a contact Hamiltonian of the field X F . The bracket in K(n) can be written as:

[X F , XG] = X{F, G}.

2.2 The subalgebras aff(n|1) and osp(n|2)

In the S1-case, the notions of projective and conformal structures coincide and are defined by the action of the
Lie subalgebra sl(2) of Vect(S1). In the adapted local coordinate x on S1, this action is spanned by three vector
fields:

sl(2) = Span(∂x , x∂x , x2∂x )

corresponding to the fraction linear transformations

x 
→
(ax + b

cx + d

)
, ad − bc = 1.
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704 J. Boujelben et al.

A projective structure on S1 is given by an atlas with fraction linear coordinate transformation, i.e., by an atlas
such that the sl(2)-action is well defined. Note that the affine Lie subalgebra aff(1) of sl(2), and then of Vect(S1),
is defined as

aff(1) = Span(∂x , x∂x ).

In the super setting, a conformal ( or projective) structure on the supercircle S1|n is defined as a local action of
the orthosymlectic Lie superalgebra osp(n|2) ⊂ K(n) generated by

osp(n|2) = Span(X1, Xx , Xx2 , Xθi , Xxθi , Xθi θ j ), 1 ≤ i, j ≤ n (2.5)

For n = 1, theosp(n|2)-action (2.5) is the infinitesimal version of the contact fractional-linear transformations

(x, θ) 
→
(ax + b + γ θ

cx + d + τθ
,
αx + β + �θ

cx + d + τθ

)
,

where ad − bc − αβ = 1, ρ2 + 2γ τ = 1, αρ = aτ − cγ and βρ = bτ − dγ (see [6]).
The affine superalgebra aff(n|1) is the subalgebra of osp(n|2), and then of K(n) spanned by

aff(n|1) = Span((X1, Xx , Xθi , Xθi θ j ), 1 ≤ i, j ≤ n (2.6)

2.3 Weighted densities on S1|n

For any λ ∈ C, we define the space of λ-densities on S1|n as

Fn
λ =

{
Fαλ

n | F ∈ C∞(S1|n)
}

. (2.7)

As a vector space, Fn
λ is isomorphic to C∞

C
(S1|n), the Lie derivative of the density Gαλ

n along the vector field
X F ∈ K(n) is given by the rule

Lλ
X F

(Gαλ
n ) = Lλ

X F
(G)αλ

n , with Lλ
X F

= X F + λF ′. (2.8)

The space Fn
λ is then a module over the contact Lie superalgebra K(n). Obviously, we can easily see that:

1) The adjoint K(n)-module is isomorphic to Fn−1

2) If n ≥ 2, as a K(n − 1)-module, Fn
λ = Fn−1

λ ⊕ ∏
Fn−1

λ+ 1
2
.

2.4 Differential operators on weighted densities

We denote by Dn
λ,μ the space of differential operators from Fn

λ to Fn
μ for any λ, μ ∈ C. We can express

any element A ∈ Dn
λ,μ with the vector fields Di = ∂i − θi∂x , i = 1, · · · , n. Indeed, since D

2
i = −∂x , and

∂i = Di − θi D
2
i ,∀i = 1, · · · , n, we can write the operator A as a finite sum

A =
∑

�=(�1,...,�n)

b� D
�1
1 . . . D

�n
n , (2.9)

where the coefficients b� are smooth functions on S1|n and � ∈ N
n . That is, forall F = f αλ

n ∈ Fn
λ,

A(F) =
∑

�=(�1,...,�n)

b�(x, θ)D
�1
1 . . . D

�n
n ( f )αμ

n . (2.10)

For k ∈ 1
2 N, we denote by Dn,k

λ,μ the subspace of Dn
λ,μ of differential operators of the form

A =
∑

�=(�1,...,�n )∈Nn

|�|=�1+···+�n≤2k

b� D
�1
1 . . . D

�n
n . (2.11)
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The superspace Dn,k
λ,μ is than a K(n)-module for the natural action:

L
λ,μ
X F

(A) = L
μ
X F

◦ A − (−1)|A||F | A ◦ Lλ
X F

; X F ∈ K(n). (2.12)

Thus, clearly we have the filtration:

Dn,0
λ,μ ⊂ D

n, 1
2

λ,μ ⊂ Dn,1
λ,μ ⊂ D

n, 3
2

λ,μ ⊂ · · · ⊂ D
n,�− 1

2
λ,μ ⊂ Dn,�

λ,μ · · · (2.13)

Note that we can write the operator A in (2.11) in the form

A =
2k∑

m=0

∑

(
s,ε=(ε1,··· ,εn )

)
∈N×{0,1}n

2s+ε1+···+εn=m

am
s,ε∂

s
x D

ε1
1 . . . D

εn
n . (2.14)

where am
s,ε are smooth functions on S1|n . For short, we write

A =
2k∑

m=0

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

am
s,ε∂

s
x D

ε
, (2.15)

where D
ε := D

ε1
1 · · · D

εn
n and |ε| := ε1 + · · · + εn . We will adapt this writing of differential operators in the

sequel.

2.5 Local supersymmetries

Let us now define the main object of our study. Recall that a linear operator

T : Dn,k
λ,μ(S1|n) → Dn,k

λ,μ(S1|n) (2.16)

is said to be local if it preserves the supports of its arguments: Supp
(

T (A)
)

⊂ Supp(A), for all A ∈ Dk
λ,μ(S1|n).

That is forall open subset U ⊂ S1|n , we have

A|U = 0 ⇒ T (A)|U = 0; ∀A ∈ Dn,k
λ,μ(S1|n).

The map T is non-local, that is, for some A ∈ Dn,k
λ,μ(S1|n) vanishing in an open subset U ∈ S1|n , the operator

T (A) does not vanish on U .
In the S1-case (see [9]), section 6.4), it has been proven that, if T : Dk

λ,μ(S1) → Dk
λ,μ(S1) is a linear operator

commuting with the Vect(S1)-action on Dk
λ,μ(S1), than T is non local if and only if (λ, μ) = (0, 1) and T is

given by

T
( k∑

�=0

(
d

dx
)�

)
=

( ∫

S1
a0(x)

)
◦ d,

where d is the de Rham differential, which means that the large class of of symmetries of the modules Dk
λ,μ(S1)

is given by local linear operators. Thus we focus our study in this work to the large class of local supersymmetries
on S1|n .

Let now T is a local operator as in (2.16). Than, for all
(
�, ε = (ε1, · · · , ε1)

) ∈ N × {0, 1}n and for
all

(
s, ε′ = (ε′

1, · · · , ε′
1)

) ∈ N × {0, 1}n , the operator that associates with the function a ∈ C∞(S1|n) the

component with respect to ∂s D
ε′

1
1 . . . D

ε′
n

n of T
(
a∂ l D

ε1
1 . . . D

εn
n

)
is a local operator acting between superfunctions,

so, thanks to the renowned Peetre theorem in classical differential geometry, the coefficients of the operator
T

(
a∂ l D

ε1
1 . . . D

εn
n

)
appear as derivations of the function a. That is, for all 0 ≤ m ≤ 2k, forall (�, ε) ∈ N×{0, 1}n

such that 2� + |ε| = m there exist an integer Mm and some functions T s2,ε
′′

s1,ε′ ∈ C
∞(S1|n) such that

T

( ∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

am
s,ε∂

s
x D

ε
)

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(s1,ε′)∈N×{0,1}n
2s1+|ε′|≤m

∑

(s2,ε′′)∈N×{0,1}n
2s2+|ε′′ |≤Mm

T ε,ε′,ε′′
s,s1,s2

∂s2
x D

ε′′
(am

s,ε)∂
s1
x D

ε′
(2.17)
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3 aff(n|1)-supersymmetries

Our goal in this section is to determine, forall k ∈ 1
2 N, the superalgebra of aff(n|1)-supersymmetries, i.e., the

set of (local) endomorphisms
T : Dn,k

λ,μ(S1|n) → Dn,k
λ,μ(S1|n) (3.1)

commuting with the aff(n|1)-action on Dn,k
λ,μ(S1|n), that is

[Lλ,μ
X F

, T ] := L
λ,μ
X F

◦ T − (−1)|T ||F |T ◦ L
λ,μ
X F

= 0, X F ∈ aff(n|1). (3.2)

Let A =
2k∑

m=0

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

am
s,ε∂

s
x D

ε ∈ Dn,k
λ,μ(S1|n). from section (2.5), T (A) reads

T (A) =
2k∑

m=0

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(s1,ε′)∈N×{0,1}n
2s1+|ε′ |≤m

∑

(s2,ε′′)∈N×{0,1}n
2s2+|ε′′ |≤Mm

T ε,ε′,ε′′
s,s1,s2

∂s2
x D

ε′′
(am

s,ε)∂
s1
x D

ε′
, (3.3)

where T ε,ε′,ε′′
s,s1,s2 are some fuctions in C

∞(S1|n)

Now, by a classic invariance argument, we can deduce that the operator T commutes with the action of the
vector fields X1 = ∂x and Xθi = 1

2∂i + 1
2θi∂x , i = 1, · · · , n if T ε,ε′,ε′′

s,s1,s2 are constant functions, i.e., T ε,ε′,ε′′
s,s1,s2 ∈ C.

Let us now apply the invariance under the vector field

Xx = x∂x + 1

2

n∑

i=1

θi∂i = x∂x + 1

2

n∑

i=1

θi Di (3.4)

Theorem 3.1 Let A =
2k∑

m=0

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

am
s,ε∂

s
x D

ε ∈ Dn,k
λ,μ(S1|n) and T (A) as in (3.3). Then the operator T

commutes with the action of Xx if and only if T (A) reads as

T (A) =
2k∑

m=0

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′|+|ε′′ |≤m

T ε,ε′,ε′′
s,t ∂ t

x D
ε′′

(as,ε)∂
s+ 1

2 (|ε|−|ε′|−|ε′′|)−t
x D

ε′
, (3.5)

where T ε,ε′,ε′′
s,t are constant scalars and ϒ stands for the set

ϒε = {(ε′, ε′′) ∈ ({0, 1}n)2 : |ε| − |ε′| − |ε′′| ∈ 2Z}. (3.6)

Proof Obviously, it suffices to check the invariance of T on homogenous operators of the form A =∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

as,ε∂
s
x D

ε
for some functions as,ε . Indeed we have

L
λ,μ
Xx

(A) = L
μ
Xx

◦ A − A ◦ Lλ
Xx

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

(
x∂x as,ε + 1

2

n∑

i=1

θi Di (as,ε) + (
μ − λ − s − 1

2
|ε|)as,ε

)
∂s

x D
ε

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

L
μ−λ−s− 1

2 |ε|
Xx

(as,ε)∂
s
x D

ε
.

Now we can prove by direct computation that, forall δ in C,

∂s
x D

ε
(
Lδ

Xx
(as,ε)

)
= L

δ+s+ 1
2 |ε|

Xx

(
∂s

x D
ε
(as,ε)

)
(3.7)
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Thus

T ◦ L
λ,μ
Xx

(A) =
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(s1,ε′)∈N×{0,1}n
2s1+|ε′ |≤m

∑

(s2,ε′′)∈N×{0,1}n
2s2+|ε′′ |≤Mm

T ε,ε′,ε′′
s,s1,s2

∂s2
x D

ε′′(
L

μ−λ−s− 1
2 |ε|

Xx
(as,ε)

)
∂s1

x D
ε′

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(s1,ε′)∈N×{0,1}n
2s1+|ε′|≤m

∑

(s2,ε′′)∈N×{0,1}n
2s2+|ε′′|≤Mm

T ε,ε′,ε′′
s,s1,s2

L
μ−λ−s+s2− 1

2 (|ε|−|ε′′|)
Xx

(
∂s2

x D
ε′′

(as,ε)
)
∂s1 D

ε′ .

On the other hand,

L
λ,μ
Xx

◦ T (A) =
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(s1,ε′)∈N×{0,1}n
2s1+|ε′|≤m

∑

(s2,ε′′)∈N×{0,1}n
2s2+|ε′′|≤Mm

T ε,ε′,ε′′
s,s1,s2

L
λ,μ
Xx

(
∂s2

x D
ε′′

(as,ε)∂
s1
x D

ε′)

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(s1,ε′)∈N×{0,1}n
2s1+|ε′|≤m

∑

(s2,ε′′)∈N×{0,1}n
2s2+|ε′′ |≤Mm

T ε,ε′,ε′′
s,s1,s2

L
μ−λ−s1− 1

2 |ε′|
Xx

(
∂s2

x D
ε′′

(as,ε)
)
∂s1

x D
ε′ .

Finally, since T ◦ L
λ,μ
Xx

(A) − L
λ,μ
Xx

◦ T (A) = 0, we get

μ − λ − s + s2 − 1
2 (|ε| − |ε′′|) = μ − λ − s1 − 1

2 |ε′|, forall s, s1, s2 ∈ N and ε, ε′, ε′′ ∈ {0, 1}. That is
s1 = s − s2 + 1

2 (|ε| − |ε′| − |ε′′|) with |ε| − |ε′| − |ε′′| even and s − s2 + 1
2 (|ε| − |ε′| − |ε′′|) ≥ 0, that is,

2s2 + |ε′| + |ε′′| ≤ 2s + |ε| = m . The theorem is thus proved. ��
The next step is to impose to the operator T the invariance under the action the vector fields

Xθi θ j = θiθ j∂x − 1

2
θ j Di + 1

2
θi D j ; i, j = 1, · · · , n, i �= j. (3.8)

Let us first prove the two following lemmas

Lemma 3.2 Let k, i1, · · · , ik, s, t ∈ {1, · · · , n} such that 1 ≤ i1 < · · · < ik ≤ n and i1 ≤ s < t ≤ ik . Than,
for any � ∈ N,

∂�
x Di1 · · · Dik ◦ Xθsθt =

Xθsθt ◦ ∂�
x Di1 · · · Dik + (−1)χBk (t) − (−1)χBk (s)

4
∂�

x Di1 · · · D
1−χBk (s)
s · · · D

1−χBk (t)
t · · · Dik

(3.9)

Where Bk = {i1, · · · , ik}and χBk (s) =
{

1 i f s ∈ Bk
0 otherwise

Proof We prove this lemma by induction on the integer k. Let i, s, t ∈ {1, · · · , n} such that s �= t . If i /∈ {s, t},
we have ∂�

x Di ◦ Xθsθt = Xθsθt ◦ ∂�
x Di .

If i = s (resp i = t), ∂�
x Ds ◦ Xθsθt = Xθsθt ◦ ∂�

x Ds + 1
2∂�

x Dt (resp ∂�
x Dt ◦ Xθsθt = Xθsθt ◦ ∂�

x Dt − 1
2∂�

x Ds)
and formula (3.9) is true for k = 1.

Let now k ≥ 2 and i1, · · · , ik, s, t ∈ {1, · · · , n} such that 1 ≤ i1 < · · · < ik ≤ n and s �= t . Than

∂�
x Di1 . . . Dik ◦ Xθsθt = ∂�

x Di1 . . . Dik−1 ◦
(

Dik ◦ Xθsθt

)

= ∂�
x Di1 . . . Dik−1 ◦

(
Xθsθt ◦ Dik + (−1)

χ{ik }(t)−(−1)
χ{ik }(s)

4 D
1−χ{ik }(s)
s D

1−χ{ik }(t)
t

)

= ∂�
x Di1 . . . Dik−1 ◦ Xθsθt ◦ Dik + (−1)

χ{ik }(t)−(−1)
χ{ik }(s)

4 ∂�
x Di1 . . . Dik−1 ◦ D

1−χ{ik }(s)
s D

1−χ{ik }(t)
t .

= Xθsθt ◦ ∂�
x Di1 . . . Dik + (−1)

χBk−1
(t)−(−1)

χBk−1
(s)

4 ∂�
x Di1 . . . D

1−χBk−1 (s)
s . . . D

1−χBk−1 (t)
t . . . Dik−1 Dik

+ (−1)
χ{ik }(t)−(−1)

χ{ik }(s)
4 ∂�

x Di1 · · · Dik−1 D
1−χ{ik }(s)
s . . . D

1−χ{ik }(t)
t ,

where Bk−1 = {i1, · · · , ik−1}. Now we discuss the following cases
If t �= ik , than s �= ik , χ{ik }(s) = χ{ik }(t) = 0, χBk−1(s) = χBk (s), χBk−1(t) = χBk (t) and formula (3.9) holds.
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If t = ik , s /∈ {i1, · · · , ik−1}, than χ{ik }(s) = 0, χ{ik }(t) = χBk (t) = 1, χBk−1(s) = χBk (s) = 0, χBk−1(t) = 0.
Thus

∂�
x Di1 . . . Dik ◦ Xθsθt = Xθsθt ◦ ∂�

x Di1 . . . Dik

+ (−1)
χBk

(ik )−(−1)
χBk

(s)

4 ∂�
x Di1 · · · Dik−1 D

1−χBk (s)
s . . . D

1−χBk (ik )

ik

and formula (3.9) holds too.
Finally, if t = ik , s ∈ {i1, · · · , ik−1}, than χBk−1(s) = χBk (s) = 1, χik (s) = 0, χBk−1(t) = 0, χik (t) =

χBk (t) = 1. Thus

∂�
x Di1 . . . Dik ◦ Xθsθt = Xθsθt ◦ ∂�

x Di1 . . . Dik − 1
2∂�

x Di1 · · · D
2
s · · · Dik−1 D

0
ik

+ 1
2∂�

x Di1 · · · · · ·D0
s · · · Dik−1 D

2
ik= Xθsθt ◦ ∂�

x Di1 . . . Dik ,

and formula (3.9) is also true in This case. This ends the proof of the lemma. ��
Remark 3.3 We can state lemma (3.2) as follows:
For any s, t ∈ {1, · · · , n} such that s < t ,

∂�
x D

ε ◦ Xθsθt = Xθsθt ◦ ∂�
x D

ε + 1

2
(εs − εt )∂

�
x D

ε1
1 · · · D

1−εs
s · · · D

1−εt
t · · · D

εn
n (3.10)

Lemma 3.4 Let s, t ∈ {1, · · · , n} such that s < t , than for any a ∈ C∞(S1|n), we have

L
λ,μ
Xθs θt

(
a∂�

x D
ε
)

= Xθsθt (a)∂�
x D

ε − 1

2
(εs − εt )a∂�

x D
ε1
1 · · · D

1−εs
s · · · D

1−εt
t · · · D

εn
n (3.11)

Proof For any λ,μ ∈ C, we have Lλ
Xθs θt

= L
μ
Xθs θt

= Xθsθt . Than, upon using (2.12), (3.8) and (3.10), we get

L
λ,μ
Xθs θt

◦ a∂�
x D

ε = L
μ
Xθs θt

◦ a∂�
x D

ε − a∂�
x D

ε ◦ Lλ
Xθs θt

= Xθsθt ◦ a∂�
x D

ε − a∂�
x D

ε ◦ Xθsθt

= Xθsθt ◦ a∂�
x D

ε − a
(

Xθsθt ◦ ∂�
x D

ε + 1
2 (εs − εt )a∂�

x D
ε1
1 · · · D

1−εs
s · · · D

1−εt
t · · · D

εn
n

)

= Xθsθt ◦ a∂�
x D

ε − aXθsθt ◦ ∂�
x D

ε − 1
2 (εs − εt )a∂�

x D
ε1
1 · · · D

1−εs
s · · · D

1−εt
t · · · D

εn
n

= Xθsθt (a)∂�
x D

ε − 1
2 (εs − εt )a∂�

x D
ε1
1 · · · D

1−εs
s · · · D

1−εt
t · · · D

εn
n

��
We come now to the main theorem in this section. The upshot is

Theorem 3.5 Let T : Dn,k
λ,μ(S1|n) → Dn,k

λ,μ(S1|n) a linear operator as in (3.5). For all i, j ∈ {1, · · · , n} such
that i < j , we denote by τi, j the map defined on N

n by

τi, j

(
(x1, · · · , xi , · · · , x j , · · · , xn)

)
= (x1, · · · , 1 − xi , · · · , 1 − x j , · · · , xn)

and by E0
i, j , E1

i, j , E−1
i, j the sets defined respectively by

E0
i, j = {x = (x1, · · · , xn) ∈ {0, 1}n : xi − x j = 0}

(respectively xi − x j = 1, respectively xi − x j = −1).

Than, the operator T is a aff(n|1)-supersymmetry as soon as, for all i < j ∈ {1, · · · , n}, the scalars T ε,ε′,ε′′
s,t

satisfy the following cases

1) T ε,ε′,ε′′
s,t = 0 if ε, ε′ ∈ E0

i, j , ε′′ /∈ E0
i, j (respectively ε, ε′′ ∈ E0

i, j , ε′ /∈ E0
i, j , respectively ε′, ε′′ ∈ E0

i, j ,

ε /∈ E0
i, j )

2) T
ε,τi, j (ε

′),ε′′
s,t = T

ε,ε′,τi, j (ε
′′)

s,t if ε ∈ E0
i, j , (ε

′, ε′′) ∈ E−1
i, j × E1

i, j or E1
i, j × E−1

i, j (respectively T
τi, j (ε),ε

′,ε′′
s,t =

T
ε,ε′,τi, j (ε

′′)
s,t if ε′ ∈ E0

i, j , (ε, ε
′′) ∈ E−1

i, j × E1
i, j or E1

i, j × E−1
i, j , respectively T

τi, j (ε),ε
′,ε′′

s,t = T
ε,τi, j (ε

′),ε′′
s,t if

ε′′ ∈ E0
i, j , (ε, ε

′) ∈ E−1
i, j × E1

i, j or E1
i, j × E−1

i, j ).
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3) T
ε,τi, j (ε

′),ε′′
s,t = −T

ε,ε′,τi, j (ε
′′)

s,t if ε ∈ E0
i, j , (ε

′, ε′′) ∈ E−1
i, j × E−1

i, j or E1
i, j × E1

i, j (respectively T
τi, j (ε),ε

′,ε′′
s,t =

−T
ε,ε′,τi, j (ε

′′)
s,t if ε′ ∈ E0

i, j , (ε, ε
′′) ∈ E−1

i, j × E−1
i, j or E1

i, j × E1
i, j , respectively T

τi, j (ε),ε
′,ε′′

s,t = −T
ε,τi, j (ε

′),ε′′
s,t if

ε′′ ∈ E0
i, j , (ε, ε

′) ∈ E−1
i, j × E−1

i, j or E1
i, j × E1

i, j ).

4) T ε,ε′,ε′′
s,t = 0 if ε, ε′, ε′′ ∈ E1

i, j or ∈ E−1
i, j .

5) T ε,ε′,ε′′
s,t = −2T

τi, j (ε),τi, j (ε
′),ε′′

s,t = −2T
τi, j (ε),ε

′,τi, j (ε
′′)

s,t if (ε, ε′, ε′′) ∈ E1
i, j ×E−1

i, j ×E−1
i, j or ∈ E−1

i, j ×E1
i, j ×E1

i, j .

6) T ε,ε′,ε′′
s,t = −2T

τi, j (ε),ε
′,τi, j (ε

′′)
s,t = −2T

ε,τi, j (ε
′),τi, j (ε

′′)
s,t if (ε, ε′, ε′′) ∈ E1

i, j × E1
i, j × E−1

i, j or E−1
i, j × E−1

i, j × E1
i, j .

7) T ε,ε′,ε′′
s,t = −2T

τi, j (ε),τi, j (ε
′),ε′′

s,t = −2T
ε,τi, j (ε

′),τi, j (ε
′′)

s,t if (ε, ε′, ε′′) ∈ E1
i, j × E−1

i, j × E1
i, j or E−1

i, j × E1
i, j × E−1

i, j .

Proof Let A =
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

as,ε∂
s
x D

ε
and

T (A) =
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′|≤m

T ε,ε′,ε′′
s,t ∂ t

x D
ε′′

(as,ε)∂
s+ 1

2 (|ε|−|ε′|−|ε′′|)−t
x D

ε′
.

Following lemma (3.4), one has

Lλ,μ
Xθi θ j

◦ T (A) =
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′|+|ε′′ |≤m

T ε,ε′,ε′′
s,t Lλ,μ

Xθi θ j

(
∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|ε|−|ε′|−|ε′′|)−t D

ε′)

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′|≤m

T ε,ε′,ε′′
s,t

[
Xθi θ j

(
∂ t D

ε′′
(as,ε)

)
∂s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′

− 1
2 (ε′

i − ε′
j )∂

t D
ε′′

(as,ε)∂
s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
τi, j (ε

′)]

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′|≤m

T ε,ε′,ε′′
s,t Xθi θ j

(
∂ t D

ε′′
(as,ε)

)
∂s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′

− 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′|+|ε′′ |≤m

(ε′
i − ε′

j )T
ε,ε′,ε′′
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|ε|−|ε′|−|ε′′|)−t D

τi, j (ε
′)

,

and

T ◦ Lλ,μ
Xθi θ j

(A) = T ◦ Lλ,μ
Xθi θ j

( ∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

as,ε∂
s
x D

ε
)

= T
( ∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

Xθi θ j (as,ε)∂
s
x D

ε
)

− 1

2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

(εi − ε j )T
(

as,ε∂
s D

τi, j (ε)
)

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′|+|ε′′ |≤m

T ε,ε′,ε′′
s,t ∂ t D

ε′′(
Xθi θ j (as,ε)

)
∂s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′

− 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

(εi − ε j )
∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′ |≤m

T
τi, j (ε),ε

′,ε′′
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|τi, j (ε)|−|ε′|−|ε′′|)−t D

ε′

=
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′|+|ε′′ |≤m

T ε,ε′,ε′′
s,t Xθi θ j

(
∂ t D

ε′′
(as,ε)

)
∂s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′

+ 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′|≤m

(ε′′
i − ε′′

j )T
ε,ε′,ε′′
s,t ∂ t D

τi, j (ε
′′)

(as,ε)∂
s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′

− 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

(εi − ε j )
∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′ |≤m

T
τi, j (ε),ε

′,ε′′
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|τi, j (ε)|−|ε′|−|ε′′|)−t D

ε′
.
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But if εi − ε j �= 0 we have
|τi, j (ε)| = |ε| + 2(1 − εi − ε j ) = |ε|. (3.12)

Therefore,

T ◦ Lλ,μ
Xθi θ j

(A) =
∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′|≤m

T ε,ε′,ε′′
s,t Xθi θ j

(
∂ t D

ε′′
(as,ε)

)
∂s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′

+ 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′|+|ε′′ |≤m

(ε′′
i − ε′′

j )T
ε,ε′,ε′′
s,t ∂ t D

τi, j (ε
′′)

(as,ε)∂
s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′

− 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

(εi − ε j )
∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′|≤m

T
τi, j (ε),ε

′,ε′′
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|ε|−|ε′|−|ε′′|)−t D

ε′
.

Then

[Lλ,μ
Xθi θ j

, T ](A) = Lλ,μ
Xθi θ j

◦ T (A) − T ◦ Lλ,μ
Xθi θ j

(A)

= − 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′|+|ε′′ |≤m

(ε′
i − ε′

j )T
ε,ε′,ε′′
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|ε|−|ε′|−|ε′′|)−t D

τi, j (ε
′)

− 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′|+|ε′′ |≤m

(ε′′
i − ε′′

j )T
ε,ε′,ε′′
s,t ∂ t D

τi, j (ε
′′)

(as,ε)∂
s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′

+ 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

(εi − ε j )
∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′|≤m

T
τi, j (ε),ε

′,ε′′
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|ε|−|ε′|−|ε′′|)−t D

ε′
.

By change of variables and taking into account (3.12), we get

[Lλ,μ
Xθi θ j

, T ](A) = 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′ |≤m

(ε′
i − ε′

j )T
ε,τi, j (ε

′),ε′′
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|ε|−|ε′|−|ε′′|)−t D

ε′

+ 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′ |≤m

(ε′′
i − ε′′

j )T
ε,ε′,τi, j (ε

′′)
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|ε|−|ε′|−|ε′′|)−t D

ε′

+ 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

(εi − ε j )
∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′ |≤m

T
τi, j (ε),ε

′,ε′′
s,t ∂ t D

ε′′
(as,ε)∂

s+ 1
2 (|ε|−|ε′|−|ε′′|)−t D

ε′

= 1
2

∑

(s,ε)∈N×{0,1}n
2s+|ε|=m

∑

(t,ε′,ε′′)∈N×ϒε
2t+|ε′ |+|ε′′ |≤m

(
(ε′

i − ε′
j )T

ε,τi, j (ε
′),ε′′

s,t + (ε′′
i − ε′′

j )T
ε,ε′,τi, j (ε

′′)
s,t + (εi − ε j )T

τi, j (ε),ε
′,ε′′

s,t

)

∂ t D
ε′′

(as,ε)∂
s+ 1

2 (|ε|−|ε′|−|ε′′|)−t D
ε′
.

Thus, the invariance of T under the action of Xθi θ j means that, for all s, t, ε, ε′, ε′′,

(εi − ε j )T
τi, j (ε),ε

′,ε′′
s,t + (ε′

i − ε′
j )T

ε,τi, j (ε
′),ε′′

s,t + (ε′′
i − ε′′

j )T
ε,ε′,τi, j (ε

′′)
s,t = 0 (3.13)

Now, we shall discuss according to the values of εi − ε j , ε
′
i − ε′

j and ε′′
i − ε′′

j to obtain the cases stated in the
proposition. The points 1), 2), and 3) are immediate. By an argument of symmetry, we can write

−(εi − ε j )T
ε,τi, j (ε

′),ε′′
s,t − (ε′

i − ε′
j )T

τi, j (ε),ε
′,ε′′

s,t + (ε′′
i − ε′′

j )T
τi, j (ε),τi, j (ε

′),τi, j (ε
′′)

s,t = 0, (3.14)

and
−(εi − ε j )T

ε,ε′,τi, j (ε
′′)

s,t + (ε′
i − ε′

j )T
τi, j (ε),τi, j (ε

′),τi, j (ε
′′)

s,t − (ε′′
i − ε′′

j )T
τi, j (ε),ε

′,ε′′
s,t = 0. (3.15)

Thus, (3.13)–(3.14)–(3.15) induces that that if εi − ε j = −(ε′
i − ε′

j ) = −(ε′′
i − ε′′

j ) �= 0 then T
τi, j (ε),ε

′,ε′′
s,t = 0

or equivalently T ε,ε′,ε′′
s,t = 0 if εi − ε j = ε′

i − ε′
j = ε′′

i − ε′′
j �= 0 and 4) is thus proved.

By the same idea, and thanks to equalities (3.13) - (3.14) + (3.15) and (3.13)+ (3.14) - (3.15), we obtain 5), 6),

and 7) stated in the proposition. This this concludes our proof. ��
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4 osp(n|2)-supersymmetries for n ∈ {1, 2, 3}

In this esction, we plan the cases of osp(n|2)-supersymmetries for n ∈ {1, 2, 3}, i.e., the set of (local) endomor-
phisms

T : Dn,k
λ,μ(S1|n) → Dn,k

λ,μ(S1|n)

commuting with the osp(n|2)-action on Dn,k
λ,μ(S1|n) for n ∈ {1, 2, 3}. Let then denote by On,k

λ,μ the set of such
supersymmetries. It is easy to prove, by direct computation, that the operator T given in (3.5) is even for any n
in N

∗. So, the osp(n|2)-invariance of map T means that

[Lλ,μ
Xxθi

, T ] = L
λ,μ
Xxθi

◦ T − T ◦ L
λ,μ
Xxθi

= 0, ∀i ∈ {1, · · · , n}

4.1 The algebra O1,k
λ,μ

This case has been studied in [20], we have given a complete description of the algebra O1,k
λ,μ and we have

explicitly determine the dimension of O1,k
λ,μ for all k, λ, μ. Let us recall the results of [20].

Theorem 4.1 ([20]) The algebra O1,k
λ,μ of osp(1|2)-supersymmetries is given by the set of linear operators

T : D1,k
λ,μ −→ D1,k

λ,μ such that

T
(

a� D
�
)

=
�∑

i=0

T �
i Di (a�)D

�−i
,∀� ∈ {0, 1, · · · , 2k},

where T �
i are arbitrary constants satisfying the following equations: forall � in {1, 2, · · · , 2k},

{
0 = (

(1 − (−1)�)λ + [
�
2

])
T �−1

2i − (
(1 − (−1)�)λ + [

�
2

] − i
)

T �
2i + (2μ − 2λ − � + i)T �

2i+1,

0 = (
(1 − (−1)�)λ + [

�
2

])
T �−1

2i+1 + (
(1 + (−1)�)λ + [

�−1
2

] − i
)

T �
2i+1 − (i + 1)T �

2i+2.
(4.1)

where 0 ≤ i ≤ [
�−1

2

]
for the first equation and 0 ≤ i ≤ [

�
2

] − 1 for the second one.

Theorem 4.2 ([20]) Let k ∈ N
∗. Then

i) dim
(
O1,k

λ,μ

)
=

⎧
⎨

⎩

2k + 2 if (λ, μ) = (0, 1
2 )

2k + 2s − 2 j + 1 if (λ, μ) = (
−k+ j

2 ,
k+ j−s+1

2 ), 1 ≤ j < s ≤ k
2k + 1 otherwise.

ii) dim
(
O1,k+ 1

2
λ,μ

)
=

⎧
⎪⎪⎨

⎪⎪⎩

2k + 3 if (λ, μ) = (0, 1
2 )

2k + 3 if (λ, μ) = (−k
2 , k−s+2

2 ); 1 ≤ s ≤ k + 1
2k + 2s − 2 j + 3 if (λ, μ) = (

−k+ j−1
2 ,

k+ j−s+1
2 ); 1 < j ≤ s ≤ k + 1

2k + 2 otherwise.

4.2 The algebra O2,k
λ,μ

Let A = as∂
s D1 + bs∂

s D2 ∈ D
2,s+ 1

2
λ,μ (S1|2), and T (A) as in (3.5):

T (A) =
∑

1−|ε′|−|ε′′|∈2Z

∑

2t+|ε′|+|ε′′|≤2s+1

T (1,0),ε′,ε′′
s,t ∂ t

x D
ε′′

1
1 D

ε′′
2

2 (as)∂
s+ 1

2 (1−|ε′|−|ε′′|)−t
x D

ε′
1

1 D
ε′

2
2

+
∑

1−|ε′|−|ε′′|∈2Z

∑

2t+|ε′|+|ε′′|≤2s+1

T (0,1),ε′,ε′′
s,t ∂ t

x D
ε′′

1
1 D

ε′′
2

2 (as)∂
s+ 1

2 (1−|ε′|−|ε′′|)−t
x D

ε′
1

1 D
ε′

2
2

(4.2)
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Now, upon using theorem (3.5), we get the following conditions:
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

T (1,0),(1,0),(1,1)
s,t = −T (0,1),(0,1),(1,1)

s,t ; T (1,0),(0,1),(1,1)
s,t = T (0,1),(1,0),(1,1)

s,t

T (1,0),(1,1),(1,0)
s,t = −T (0,1),(1,1),(0,1)

s,t ; T (1,0),(0,0),(1,0)
s,t = −T (0,1),(0,0),(0,1)

s,t

T (1,0),(1,1),(0,1)
s,t = T (0,1),(1,1),(1,0)

s,t ; T (1,0),(0,0),(0,1)
s,t = T (0,1),(0,0),(1,0)

s,t

T (1,0),(1,0),(0,0)
s,t = −T (0,1),(0,1),(0,0)

s,t ; T (1,0),(0,1),(0,0)
s,t = T (0,1),(0,1),(1,1)

s,t .

Thus we can state the following lemma

Lemma 4.3 Let A = as∂
s D1 + bs∂

s D2 ∈ D
2,s+ 1

2
λ,μ (S1|2), then following theorem (3.5), T (A) reads

T (A) =
s−1∑

t=0

T 1
s,t

(
∂ t

x D1 D2(as)∂
s−t−1 D1 + ∂ t

x D1 D2(bs)∂
s−t−1 D2

)

+T 2
s,t

(
∂ t

x D1 D2(as)∂
s−t−1 D2 − ∂ t

x D1 D2(bs)∂
s−t−1 D1

)

+
s−1∑

t=0

T 3
s,t∂

t
x

(
D1(as) + D2(bs)

)
∂s−t−1 D1 D2 +

s∑

t=0

T 4
s,t∂

t
x

(
D1(as) + D2(bs)

)
∂s−t

+
s−1∑

t=0

T 5
s,t∂

t
x

(
D2(as) − D1(bs)

)
∂s−t−1 D1 D2 +

s∑

t=0

T 6
s,t∂

t
x

(
D2(as) − D1(bs)

)
∂s−t

+T 7
s,t

(
∂ t

x (as)∂
s−t D1 + ∂ t

x (bs)∂
s−t D2

)
+ T 8

s,t

(
∂ t

x (as)∂
s−t D2 − ∂ t

x (bs)∂
s−t D1

)
,

(4.3)

and by a similar reasoning, we can again prove the following result

Lemma 4.4 Let A = cs+1∂
s+1 + ds+1∂

s D1 D2 ∈ D2,s+1
λ,μ (S1|2), then following theorem (3.5), T (A) reads

T (A) =
s∑

t=0

T 9
t ∂s+1,t

x D1 D2(cs+1)∂
s−t +

s−1∑

t=0

T 10
s+1,t∂

t
x D1 D2(cs+1)∂

s−t−1 D1 D2

+
s∑

t=0

T 11
s+1,t

(
∂ t

x D1(cs+1)∂
s−t D1 + ∂ t

x D2(cs+1)∂
s−t D2

)

+T 12
s+1,t

(
∂ t

x D2(cs+1)∂
s−t D1 − ∂ t

x D1(cs+1)∂
s−t D2

) + T 13
s+1,t∂

t
x (cs+1)∂

s−t D1 D2

+
s+1∑

t=0

T 14
s+1,t∂

t
x (cs+1)∂

s−t+1
s−1∑

t=0

T 15
s+1,t∂

t
x D1 D2(ds+1)∂

s−t−1 D1 D2

+
s∑

t=0

T 16
s+1,t∂

t
x D1 D2(ds+1)∂

s−t + T 17
s+1,t

(
∂ t

x D1(ds+1)∂
s−t D1 + ∂ t

x D2(ds+1)∂
s−t D2

)

+T 18
s+1,t

(
∂ t

x D2(ds+1)∂
s−t D1 − ∂ t

x D1(ds+1)∂
s−t D2

)
+ T 19

s+1,t∂
t
x (ds+1)∂

s−t D1 D2

+
s+1∑

t=0

T 20
s+1,t∂

t
x (ds+1)∂

s−t+1

(4.4)

The next step, in order to impose the invariance of operators (4.3) and (4.4) under the action of the vector
fields Xxθ1 and Xxθ2 , we may firstly establish the following results

Lemma 4.5 Let a ∈ C∞(S1|2), thus we have

1)L
λ,μ
Xxθ1

(a∂s
x ) = L

μ−λ−s
Xxθ1

(a)∂s
x − (−1)|a|

2 sa∂s−1
x D1

2)L
λ,μ
Xxθ1

(a∂s
x D1) = L

μ−λ−s− 1
2

Xxθ1
(a)∂s

x D1 + (−1)|a|
2 a(2λ + s)∂s

x + 1
2θ2a∂s

x D2

3)L
λ,μ
Xxθ1

(a∂s
x D2) = L

μ−λ−s− 1
2

Xxθ1
(a)∂s

x D2 − (−1)|a|
2 as∂s−1

x D1 D2 − 1
2θ2a∂s

x D1

4)L
λ,μ
Xxθ1

(a∂s
x D1 D2) = L

μ−λ−s−1
Xxθ1

(a)∂s
x D1 D2 + (−1)|a|

2 a(2λ + s + 1)∂s
x D2

(4.5)
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Proof

1) L
λ,μ
Xxθ1

(a∂s
x ) = L

μ
Xxθ1

◦ (a∂s
x ) − (−1)|a|(a∂s

x ) ◦ Lλ
Xxθ1

= xθ1a′∂s
x + xθ1a∂s+1

x + 1
2

(
x D1(a)∂s

x + (−1)|a|xa∂s
x D1 + θ1θ2 D2(a)∂s

x

+(−1)|a|θ1θ2a∂s
x D2 + μθ1a∂s

x

)
− (−1)|a|a

(
∂s

x (xθ1∂x + 1
2 (x D1 + θ1θ2 D2) + λθ1)

)

= L
μ−λ−s
Xxθ1

(a)∂s
x − (−1)|a|

2 sa∂s−1
x D1

2) L
λ,μ
Xxθ1

(a∂s
x D1) = L

μ
Xxθ1

◦ (a∂s
x D1) − (−1)(|a|+1) 1

2 a∂s
x D1 ◦ Lλ

X F

= xθ1∂x (a∂s D1) − (−1)|xθ1|
2

(
D1(xθ1)D1(a∂s

x D1) + D2(xθ1)D2(a∂s
x D1)

)
+ μθ1a∂s

x D1

+(−1)|a|a∂s
x D1

(
xθ1 + 1

2 D1(xθ1)D1 + 1
2 D2(xθ1)D2 + λθ1

)

= xθ1a′∂s
x D1 + xθ1a∂s+1

x D1 + 1
2

(
x D1(a)∂s D1 − (−1)|a|xa∂s+1

x + θ1θ2 D2(a)∂s D1

−θ1θ2(−1)|a|a∂s
x D1 D2] + μθ1a∂s

x D1

)
+ (−1)|a|a

(
1
2 x∂s+1

x − xθ1∂
s+1 D1 + (λ + 1

2 s)∂s
x

−(λ + s + 1
2 )θ1∂

s
x D1 + 1

2θ2∂
l
x D2 + 1

2θ1θ2∂
l D1 D2

)

= L
μ−λ−s− 1

2
Xxθ1

(a)∂s
x D1 + (−1)|a|

2 a(2λ + s)∂s
x + 1

2θ2a∂s
x D2

and by an analogous calculation one can easily obtain 3) and 4). ��
Lemma 4.6 Let a ∈ C∞(S1|2), thus we have

1) ∂s
x

(
L

μ−λ
Xxθ1

(a)
)

= L
μ−λ+s
Xxθ1

(∂s(a)) + s
2∂s−1

x D1

2) ∂s
x D1

(
L

μ−λ
Xxθ1

(a)
)

= −L
μ−λ+s+ 1

2
Xxθ1

(∂s
x D1(a)) + 1

2θ2∂
s
x D2(a) + 1

2 (2(μ − λ) + s)∂s
x (a)

3) ∂s
x D2

(
L

μ−λ
Xxθ1

(a)
)

= −L
μ−λ+s+ 1

2
Xxθ1

(∂s
x D2(a)) − 1

2θ2∂
s
x D1(a) − 1

2 s∂s−1
x D1 D2(a)

4) ∂s−1
x D1 D2

(
L

μ−λ
Xxθ1

(a)
)

= L
μ−λ+s
Xxθ1

(∂s−1
x D1 D2(a)) − 1

2 (2(μ − λ) + s)∂s−1
x D2(a)

(4.6)

Proof

1) ∂s
x (L

μ−λ
Xxθ1

(a)) = ∂s
x

(
xθ1a′ − (−1)|xθ1|

2 (D1(xθ1)D1(a) + D2(xθ1)D2(a)) + (μ − λ)θ1a
)

= xθ1a(s+1) + 1
2 (x D1(a(s)) + θ1θ2 D2(a(s)) + (μ − λ + s)θ1a(s) + s

2∂s−1 D1(a)

= L
μ−λ+s
Xxθ1

(∂s(a)) + s
2∂s−1

x D1(a)

2) ∂s
x D1(L

μ−λ
Xxθ1

(a)) = D1

(
xθ1a(s+1) + 1

2 (x D1(a(s)) + θ1θ2 D2(a(s)))

+(μ − λ + s)θ1a(s) + s
2∂s−1 D1(a)

)

= −xθ1 D1(a(s+1)) + 1
2

(
x D1(D1(a(s))) + θ1θ2 D2(D1(a(s))) − θ2∂

s D2(a)
)

+(μ − λ + s + 1
2 )θ1 D1((a(s))) + (μ − λ + s

2 )∂s(a)

and by an analogous calculation one can easily obtain 3) and 4). ��
Now, we can characterize the algebra O2,k

λ,μ of osp(2|2)-supersymmetries. The main result of this subsection is
the following

Theorem 4.7 For all k ∈ 1
2 N

∗, the algebra O2,k
λ,μ of osp(2|2)-supersymmetries is given by the set of linear

operators

T : D2,k
λ,μ −→ D2,k

λ,μ

given, for k ∈ N
∗ (resp k ∈ 1

2 + N), by

1) ∀s such that 2s + 1 ≤ 2k (resp 2s + 1 ≤ 2k + 1)

T (as∂
s D1 + bs∂

s D2) = �1
s

(
as∂

s D1 + bs∂
s D2

)
+ �2

s (as∂
s D2 − bs∂

s D1)
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2) ∀s such that 2s ≤ 2k (resp 2s ≤ 2k + 1)

T
(

cs∂
s + ds∂

s−1 D1 D2

)
= �3

s cs∂
s−1 D1 D2 + �4

s cs∂
s + �5

s ds∂
s−1 D1 D2 + �6

s ds∂
s,

where the scalars �1, · · · , �6 satisfy the following conditions
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2λ + s)�1
s = 0 (1)

s�6
s − (2λ + s)�2

s = 0 (2)

s�2
s + (2λ + s)�3

s = 0 (3)

s�1
s = s�5

s (4)

�1
s = �4

s+1 (5)

(s + 1)�6
s+1 − (2λ + s + 1)�2

s = 0 (6)

(s + 1)�2
s + (2λ + s + 1)�3

s+1 = 0 (7)

(4.7)

Proof Let A = as∂
s D1 + bs∂

s D1 and T (A) as in lemma (4.3). Using lemmas (4.5) and (4.6), [Lλ,μ
Xxθ1

, T ](A) =
L

λ,μ
Xxθ1

◦ T (A) − T ◦ L
λ,μ
Xxθ1

(A) = 0 if and only if the following conditions hold

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T 3
s,t = T 5

s,t = 0; 0 ≤ t ≤ s − 1
T 4

s,t = T 6
s,t = 0; 0 ≤ t ≤ s

(2λ + s)T 14
s,t − (2λ + s − t)T 7

s,t = 0; 0 ≤ t ≤ s − 1
(2λ + s)T 9

s,t − (2λ + s − t − 1)T 1
s,t = 0; 0 ≤ t ≤ s − 1

sT 16
s,t − (2λ + s − t − 1)T 2

s,t = 0; 0 ≤ t ≤ s
sT 20

s,t − (2λ + s − t)T 8
s,t = 0; 0 ≤ t ≤ s

(s − t − 1)T 1
s,t − sT 15

s,t = 0; 0 ≤ t ≤ s − 2
(s − t − 1)T 2

s,t + (2λ + s)T 10
s,t = 0; 0 ≤ t ≤ s − 2

(s − t)T 8
s,t + (2λ + s)T 13

s,t = 0; 0 ≤ t ≤ s − 1
(s − t)T 7

s,t − sT 19
s,t = 0; 0 ≤ t ≤ s − 1

(2μ − 2λ − 2s + t)T 1
s,t − (−1)|as |((2λ + s)T 12

s,t = 0; 0 ≤ t ≤ s − 1
T 1

s,t + (t + 1)T 8
s,t+1 + (−1)|bs |sT 17

s,t = 0; 0 ≤ t ≤ s − 1
(2μ − 2λ − 2s + t)T 2

s,t − (−1)|bs |((2λ + s)T 18
s,t = 0; 0 ≤ t ≤ s − 1

−T 2
s,t + (t + 1)T 7

s,t+1 + (−1)|as |((2λ + s)T 11
s,t = 0; 0 ≤ t ≤ s − 1

(2μ − 2λ − 2s + t)T 1
s,t + (−1)|bs |sT 17

s,t = 0 : 0 ≤ t ≤ s − 1
T 1

s,t + (t + 1)T 8
s,t+1 − (−1)|as |(2λ + s)T 12

s,t = 0; 0 ≤ t ≤ s − 1
(2μ − 2λ − 2s + t)T 2

s,t − (−1)|as |(2λ + s)T 11
s,t = 0; 0 ≤ t ≤ s − 1

(−1)|bs |sT 18
s,t − T 2

s,t + (t + 1)T 8
s,t+1 = 0; 0 ≤ t ≤ s − 1

(4.8)
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Similarly, the condition [Lλ,μ
Xxθ1

, T ](A) = 0 when A = cs+1∂
s+1 + ds+1∂

s D1 D2 leads to the following system

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T 11
s+1,t = T 12

s+1,t = T 17
s+1,t = T 18

s+1,t = 0; 0 ≤ t ≤ s
(2μ − 2λ − 2s + t + 1)T 9

s,t + (−1)|ds+1|(s + 1)T 6
s,t = 0; 0 ≤ t ≤ s

(2μ − 2λ − 2s + t − 1)T 16
s+1,t + (−1)|ds+1|(2λ + s)T 4

s,t = 0; 0 ≤ t ≤ s
(t + 1)T 20

s+1,t+1 − (2λ + s + 1)T 6
s,t = 0; 0 ≤ t ≤ s

(t + 1)T 14
s+1,t+1 − (−1)|ds+1|(s + 1)T 4

s,t = 0; 0 ≤ t ≤ s
(2μ − 2λ − 2s + t − 1)T 10

s+1,t + (−1)|ds+1|(s + 1)T 5
s,t = 0; 0 ≤ t ≤ s − 1

(2μ − 2λ − 2s + t − 1)T 15
s+1,t − (−1)|ds+1|(2λ + s + 1)T 3

s,t = 0; 0 ≤ t ≤ s − 1
(t + 1)T 19

s+1,t+1 − (−1)|ds+1|(2λ + s + 1)T 5
s,t = 0; 0 ≤ t ≤ s − 1

(t + 1)T 13
s,t+1 − (−1)|ds+1|(s + 1)T 3

s,t = 0; 0 ≤ t ≤ s − 1
(s + 1)T 1

s,t − (s − t)T 9
s,t = 0; 0 ≤ t ≤ s − 1

(2λ + s + 1)T 2
s,t − (s − t)T 16

s+1,t = 0; 0 ≤ t ≤ s − 1
(s + 1)T 7

s,t − (s − t + 1)T 14
s+1,t = 0; 0 ≤ t ≤ s

(s − t + 1)T 20
s,t − (2λ + s + 1)T 8

s,t = 0; 0 ≤ t ≤ s
(2λ + s − t)T 10

s+1,t + (s + t)T 2
s,t = 0; 0 ≤ t ≤ s − 1

(2λ + s − t + 1)T 19
s+1,t − (2λ + s + 1)T 7

s,t = 0; 0 ≤ t ≤ s
(2λ + s − t + 1)T 15

s+1,t − (2λ + s + 1)T 1
s,t = 0; 0 ≤ t ≤ s − 1

(s + 1)T 8
s,t + (2λ + s − t + 1)T 13

s+1,t = 0; 0 ≤ t ≤ s − 1

(4.9)

Now, by solving systems (4.8) and (4.9), we check the following result

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T 19
s+1,t = 0; 0 ≤ t ≤ s

T 13
s+1,t = 0; 1 ≤ t ≤ s

T 7
s,t = 0; 1 ≤ t ≤ s − 1

T 8
s,t = 0; 1 ≤ t ≤ s

T 2
s,t = 0; 1 ≤ t ≤ s − 2

T 1
s,t = 0; 0 ≤ t ≤ s − 1

T 9
s+1,t = 0; 0 ≤ t ≤ s

T 16
s+1,t = 0; 0 ≤ t ≤ s − 1

T 15
s+1,t = 0; 0 ≤ t ≤ s − 1

T 20
s+1,t = 0; 1 ≤ t ≤ s + 1

T 14
s+1,t = 0; 1 ≤ t ≤ s + 1

T 10
s+1,t = 0; 1 ≤ t ≤ s − 2

(4.10)

Finally, if we impose the invariance under the vector field Xxθ2 we find the adding conditions T 7
s,s = 0 and

T 16
s+1,s = 0, which leads thank to systems (4.8) and (4.9) to T 2

s,s−1 = T 10
s+1,s−1 = 0. The theorem is thus proved.

��
Finally, we are able to compute the dimension of the algebra O2,k

λ,μ for all k in 1
2 N

∗.

Theorem 4.8 Let k ∈ N
∗. Then

i) dim
(
O2,k

λ,μ

)
=

⎧
⎨

⎩

k + 4 if λ = − s
2 ; 1 ≤ s ≤ k − 1

k + 3 if λ ∈ {0,− k
2 }

k + 2 otherwise.

ii) dim
(
O2,k+ 1

2
λ,μ

)
=

⎧
⎨

⎩

k + 4 if λ = − s
2 ; 1 ≤ s ≤ k

k + 3 if λ = 0
k + 2 otherwise.

Proof Clearly, using equations (1), (2), (3), (4) in (4.7), we can deduce that

dim
(
O2,k+ 1

2
λ,μ

)
=

⎧
⎨

⎩

dim
(
O2,k

λ,μ

)
+ 1 if λ = − k

2

dim
(
O2,k

λ,μ

)
otherwise,
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and thanks to equations (5), (6), (7) in (4.7), one has

dim
(
O2,k+1

λ,μ

)
=

⎧
⎨

⎩

dim
(
O2,k+ 1

2
λ,μ

)
+ 2 if λ = − k+1

2

dim
(
O2,k+ 1

2
λ,μ

)
+ 1 otherwise.

So by induction we find

dim
(
O2,k+ 1

2
λ,μ

)
=

⎧
⎨

⎩

dim
(
O2, 1

2
λ,μ

)
+ k + 2 if λ = − s

2 ; 1 ≤ s ≤ k

dim
(
O2, 1

2
λ,μ

)
+ k otherwise,

and dim
(
O2,k+1

λ,μ

)
=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dim
(
O2, 1

2
λ,μ

)
+ k + 3 if λ = − s

2 ; 1 ≤ s ≤ k

dim
(
O2, 1

2
λ,μ

)
+ k + 2 if λ = − k+1

2

dim
(
O2, 1

2
λ,μ

)
+ k + 1 otherwise.

Since dim
(
O2, 1

2
λ,μ

)
=

{
3 if λ = 0
2 otherwise, our theorem is thus proved ��

4.3 The algebra O3,k
λ,μ

In this subsection, we apply the same approach followed in the previous case, the proofs here are similar to this
case. Namely we have

Lemma 4.9 Let A = a1∂
s D1 + a2∂

s D2 + a3∂
s D3 + a4∂

s−1 D1 D2 D3 ∈ D
3,s+ 1

2
λ,μ (S1|3), then following theorem

(3.5), T (A) reads

T (A) =
s∑

t=0

T 1
s,t

(
∂ t

x (a1)∂
s−t D1 + ∂ t

x (a2)∂
s−t D2 + ∂ t

x (a3)∂
s−t D3

)

+T 2
s,t

(
∂ t

x D1(a1) + ∂ t
x D2(a2) + ∂ t

x )D3(a3

)
∂s−t

+
s−1∑

t=0

T 3
s,t

(
∂ t

x D2(a1)∂
s−t−1 D1 D2 − ∂ t

x D1(a2)∂
s−t−1 D1 D2 + ∂ t

x D3(a1)∂
s−t−1 D1 D3

+∂ t
x D2(a3)∂

s−t−1 D2 D3 + ∂ t
x D3(a2)∂

s−t−1 D2 D3 − ∂ t
x D1(a3)∂

s−t−1 D1 D3

)

+
s−1∑

t=0

T 4
s,t

(
∂ t

x D1 D2(a1)∂
s−t−1 D2 + ∂ t

x D1 D3(a1)∂
s−t−1 D3 − ∂ t

x D1 D2(a2)∂
s−t−1 D1

+∂ t
x D2 D3(a3)∂

s−t−1 D2 + ∂ t
x D2 D3(a2)∂

s−t−1 D3 − ∂ t
x D1 D3(a3)∂

s−t−1 D1

)

+
s−2∑

t=0

T 5
s,t

(
∂ t

x D2 D3(a1) − ∂ t
x D1 D3(a2) − ∂ t

x D1 D2(a3)
)
∂s−t−2 D1 D2 D3

+T 6
s,t

(
∂ t

x D1 D2 D3(a1)∂
s−t−2 D2 D3 − ∂ t

x D1 D2 D3(a2)∂
s−t−2 D1 D3

−∂ t
x D1 D2 D3(a3)∂

s−t−2 D1 D2

)

+
s−1∑

t=0

T 7
s,t∂

t
x (a4)∂

s−t−1 D1 D2 D3 + T 8
s,t∂

t
x D1 D2 D3(a4)∂

s−t−1

(4.11)
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Lemma 4.10 Let A = a1∂
s D1 D2 +a2∂

s D2 D3 +a3∂
s D1 D3 +a4∂

s+1 ∈ D3,s+1
λ,μ (S1|3), then following theorem

(3.5), T (A) reads

T (A) =
s∑

t=0

T 1
s+1,t

(
∂ t

x (a1)∂
s−t D1 D2 + ∂ t

x (a2)∂
s−t D2 D3 + ∂ t

x (a3)∂
s−t D1 D3

)

+
s∑

t=0

T 2
s+1,t

(
∂ t

x D1(a1)∂
s−t D2 − ∂ t

x D2(a1)∂
s−t D1 + ∂ t

x D2(a2)∂
s−t D3

−∂ t
x D3(a2)∂

s−t D2 + ∂ t
x D1(a3)∂

s−t D3 − ∂ t
x D3(a3)∂

s−t D1

)

+
s−1∑

t=0

T 3
s+1,t

(
∂ t

x D3(a1) − ∂ t
x D1(a2) − ∂ t

x D2(a3)
)
∂s−t−1 D1 D2 D3

+
s∑

t=0

T 4
s+1,t

(
∂ t

x D1 D2(a1) + ∂ t
x D2 D3(a2) + ∂ t

x D1 D3(a3)
)
∂s−t

+
s−1∑

t=0

T 5
s+1,t

(
∂ t

x D1 D3(a1)∂
s−t−1 D2 D3 − ∂ t

x D2 D3(a1)∂
s−t−1 D1 D3 − ∂ t

x D1 D3(a2)∂
s−t−1 D1 D2

+∂ t
x D1 D2(a2)∂

s−t−1 D1 D3 − ∂ t
x D1 D2(a3)∂

s−t−1 D2 D3 + ∂ t
x D2 D3(a3)∂

s−t−1 D1 D2

)

+
s−1∑

t=0

T 6
s+1,t

(
∂ t

x D1 D2 D3(a1)∂
s−t−1 D3 − ∂ t

x D1 D2 D3(a2)∂
s−t−1 D1 − ∂ t

x D1 D2 D3(a3)∂
s−t−1 D2

)

+
s+1∑

t=0

T 7
s+1,t∂

t
x (a4)∂

s−t+1
x +

s∑

t=0

T 8
s+1,t

(
∂ t

x D1(a4)∂
s−t
x D1 + ∂ t

x D2(a4)∂
s−t
x D2 + ∂ t

x D3(a4)∂
s−t
x D3

)

+
s−1∑

t=0

T 9
s+1,t

(
∂ t

x D1 D2(a4)∂
s−t−1
x D1 D2 + ∂ t

x D1 D3(a4)∂
s−t−1
x D1 D3 + ∂ t

x D2 D3(a4)∂
s−t−1
x D2 D3

)

+
s−2∑

t=0

T 10
s+1,t∂

t
x D1 D2 D3(a4)∂

s−t−2 D1 D2 D3.

(4.12)

Lemma 4.11 Let a ∈ C∞(S1|3), thus we have

1)L
λ,μ
Xxθ1

(a∂s
x ) = L

μ−λ−s
Xxθ1

(a)∂s
x − (−1)|a|

2 sa∂s−1
x D1

2)L
λ,μ
Xxθ1

(a∂s
x D1) = L

μ−λ−s− 1
2

Xxθ1
(a)∂s

x D1 + (−1)|a|
2 a(2λ + s)∂s

x + 1
2θ2a∂s

x D2 + 1
2θ3a∂s

x D3

3)L
λ,μ
Xxθ1

(a∂s
x D2 D3) = L

μ−λ−s− 1
2

Xxθ1
(a)∂s

x D2 D3 − (−1)|a|
2 as∂s−1

x D1 D2 D3 − 1
2θ2a∂s

x D1 D3

+ 1
2θ3a∂s

x D1 D2

4)L
λ,μ
Xxθ1

(a∂s
x D1 D2 D3) = L

μ−λ−s− 3
2

Xxθ1
(a)∂s

x D1 D2 D3 + (−1)|a|
2 a(2λ + s + 2)∂s

x D2 D3,

and for j in {2, 3},
5)L

λ,μ
Xxθ1

(a∂s
x D j ) = L

μ−λ−s− 1
2

Xxθ1
(a)∂s

x D j − (−1)|a|
2 as∂s−1

x D1 D j − 1
2θ2a∂s

x D1

6)L
λ,μ
Xxθ1

(a∂s
x D1 D j ) = L

μ−λ−s−1
Xxθ1

(a)∂s
x D1 D j − (−1)|a|

2 a(2λ + s + 1)∂s
x D j − 1

2θ3a∂s
x D2 D3.

(4.13)
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Lemma 4.12 Let a ∈ C∞(S1|3), thus we have

1) ∂s
x (L

μ−λ
Xxθ1

(a)) = L
μ−λ+s
Xxθ1

(∂s(a)) + s
2∂s−1

x D1(a)

2) ∂s
x D1(L

μ−λ
Xxθ1

(a)) = −L
μ−λ+s+ 1

2
Xxθ1

(∂s
x D1(a)) + 1

2θ2∂
s
x D2(a) + 1

2θ3∂
s
x D3(a)

+ 1
2 (2(μ − λ) + s)∂s

x (a)

3) ∂s
x D2 D3(L

μ−λ
Xxθ1

(a)) = L
μ−λ+s+1
Xxθ1

(∂s
x D2 D3(a)) + 1

2θ2∂
s
x D1 D3(a − 1

2θ3∂
s
x D1 D2(a)

+ 1
2 s∂s−1

x D1 D2 D3(a)

4) ∂s
x D1 D2 D3(L

μ−λ
Xxθ1

(a)) = −L
μ−λ+s+ 3

2
Xxθ1

(∂s
x D1 D2 D3(a)) + 1

2 (2(μ − λ) + s + 2)∂s
x D2 D3(a)

and for j in {2, 3},
5) ∂s

x D j (L
μ−λ
Xxθ1

(a)) = −L
μ−λ+s+ 1

2
Xxθ1

(∂s
x D j (a)) − 1

2θ2∂
s
x D1(a) − 1

2 s∂s−1
x D1 D j (a)

6) ∂s
x D1 D j (L

μ−λ
Xxθ1

(a)) = L
μ−λ+s+1
Xxθ1

(∂s
x D1 D j (a)) + 1

2θ3∂
s
x D2 D3(a)

− 1
2 (2(μ − λ) + s + 1)∂s

x D j (a).

(4.14)

Theorem 4.13 For all k ∈ 1
2 N

∗, the algebra O3,k
λ,μ of osp(3|2)-supersymmetries is given by the set of linear

operators

T : D3,k
λ,μ −→ D3,k

λ,μ

given, for k ∈ N
∗ (resp k ∈ 1

2 + N), by

1) ∀s such that 2s + 1 ≤ 2k (resp 2s + 1 ≤ 2k + 1)

T
(

a1∂
s D1 + a2∂

s D2 + a3∂
s D3 + a4∂

s−1 D1 D2 D3

)
= ϒ1

s

(
a1∂

s D1 + a2∂
s D2 + a3∂

s D3

)

+ϒ2
s a4∂

s−1 D1 D2 D3
2) ∀s such that 2s ≤ 2k (resp 2s ≤ 2k + 1)

T
(

a1∂
s−1 D1 D2 + a2∂

s−1 D2 D3 + a3∂
s−1 D1 D3 + a4∂

s
)

=
ϒ3

s

(
a1∂

s−1 D1 D2 + a2∂
s−1 D2 D3 + a3∂

s−1 D1 D3

)
+ ϒ4

s a4∂
s,

where the scalars ϒ1, · · · , ϒ4 satisfy the

following conditions

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

sϒ3
s = sϒ1

s
ϒ1

s = ϒ4
s+1

sϒ3
s+1 = sϒ2

s
(2λ + s)ϒ4

s = (2λ + s)ϒ1
s

(2λ + s)ϒ3
s = (2λ + s)ϒ2

s
(2λ + s + 1)ϒ3

s+1 = (2λ + s + 1)ϒ1
s .

(4.15)

The main result of this subsection is the following

Theorem 4.14 Let k ∈ N
∗. Then

i) dim
(
O3,k

λ,μ

)
=

{
2 if λ = 0, or λ = − s

2 ; 1 ≤ s ≤ k − 1
1 otherwise.

ii) dim
(
O3,k+ 1

2
λ,μ

)
=

{
2 if λ = 0, or λ = − s

2 ; 1 ≤ s ≤ k
1 otherwise.
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