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Abstract Let α and β be two algebraic numbers, F = Q(α, β) and d = [F : Q] ≥ 2. By the primitive element
theorem, for all but finitely many rational numbers r we have F = Q(α + rβ). A straightforward argument
implies that the number of exceptional r , namely, those r ∈ Q for which Q(α + rβ) is a proper subfield of F , is
at most (d − 1)2. We show that the number of exceptional r is at most d. On the other hand, we give an example
showing the number of exceptional r can be greater than

( log d
log log d

)2 for infinitely many d ∈ N.
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1 Introduction

A simplest version of the primitive element theorem asserts that a finite separable extension F of a field K
contains a primitive element, namely, γ ∈ F such that F = K (γ ) (see, e. g., [9, Theorem 4.6], [10, Theorem
5.1], [15] or [2], [12] for some generalizations). A crucial step in its proof is the observation that if α and β are
separable over K then

K (α, β) = K (α + uβ) (1)

for all but finitely many u ∈ K . In terms of

d = [K (α, β) : K ] ≥ 2

the number of u ∈ K for which (1) fails to hold, i.e.

K (α, β) �= K (α + uβ) (2)

(or, equivalently, K (α + uβ) is a proper subfield of K (α, β)), can be bounded above by (d − 1)2.
Indeed, assume that β /∈ K , since otherwise d = [K (α) : K ] and each α + uβ, with u ∈ K and β ∈ K , is a

generator of K (α, β) over K . Likewise, we can assume that α /∈ K , since otherwise α ∈ K and β is a generator
of K (α, β) over K , so u = 0 is the only element of K for which (2) holds. For α, β /∈ K and nonzero u ∈ K ,
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An effective version of the primitive element theorem 721

(2) is true if and only if for some embedding σ of the normal closure of K (α, β) over K satisfying σ(β) �= β

we have

α + uβ = σ(α) + uσ(β). (3)

Then, u is the quotient of α − σ(α) and σ(β) − β, so u ∈ K can take at most (m − 1)(� − 1) distinct values,
where m (resp. �) is the degree of α (resp. β) over K . Since m, � ≤ d, this gives at most (d − 1)2 exceptional
u ∈ K for which (1) fails to hold. Also, for u = 0 we have (2) only if α is of degree less than d. But then
m ≤ d/2, and the claimed bound is also true in view of

(m − 1)(� − 1) + 1 ≤ (d/2 − 1)(d − 1) + 1 ≤ (d − 1)2

for d ≥ 2.
Under additional assumption 1 < m = deg α < d the bound (d −1)2 was improved to d2/2, see [17, Lemma

1]. A stronger upper bound that works even without assumption m < d was suggested to us by an anonymous
referee. We will show that the number of u ∈ K for which (2) is true is less than or equal to e(e + 1)/2, where
d ≥ 2, e = d/p(d) and p(d) is the least prime divisor of d. The argument of a referee is as follows. Fix a basis
v1, v2, . . . , vd of K (α, β) over K . Then, for s, t ∈ Z we have αsβ t = ∑d

k=1 cs,t,kvk with cs,t,k ∈ K . Consider
all such expressions for nonnegative s, t satisfying s + t ≤ e. By the definition of e, K (α + uβ) is a proper
subfield of K (α, β) if and only if [K (α + uβ) : K ] ≤ e, which is the case if and only if the e + 1 vectors
(α + uβ)l , l = 0, 1, . . . , e, are K -linearly dependent. This happens if and only if the (e + 1) × (e + 1) minors
of the d × (e + 1) matrix formed by the coefficients of these e + 1 vectors written in the basis v1, v2, . . . , vd

are all equal to zero. Note that (α + uβ)l = ∑d
k=1 Cl,kvk is a polynomial of degree at most l in the variable

u, and hence so is each coefficient Cl,k . It follows that the above mentioned (e + 1) × (e + 1) minors will be
polynomials of degree at most 1 + 2 + · · · + e = e(e + 1)/2 in u, which establishes the claimed upper bound.

As an ingredient the above (published, but weaker) quadratic estimate d2/2 comes into an upper bound on
the minimal index of the primitive algebraic integers of the field (see the main results in the paper of Thunder and
Wolfskill [17] and also [1], [4], [7], [8], [16] for some other results on the index of a number field). It therefore
seems of interest to find a better upper bound on the number of exceptional u ∈ K and to investigate how sharp
it is.

For simplicity, in all what follows we will consider only the case when K is the field of rational numbers Q,
although some results hold for fields of characteristic zero. Given an integer d ≥ 2 and two algebraic numbers
α, β satisfying

[Q(α, β) : Q] = d, (4)

we set

Ed(α, β) = {r ∈ Q : Q(α + rβ) �= Q(α, β)}.
For example, for α = 3

√
2 and β = 3

√
4 we have d = Q(

3
√

2,
3
√

4) = Q(
3
√

2) = 3 and E3(α, β) = ∅, while for
α = √

2 + √
3 and β = √

2 − √
3 we have d = 4 and E4(α, β) = {−1, 1}.

As usually, by |S| we denote the cardinality of the set S. With this notation, we will prove the following:

Theorem 1 For each d ≥ 2 and any algebraic numbers α, β satisfying (4) we have

|Ed(α, β)| ≤ [Q(α) : Q] ≤ d. (5)

On the other hand, there are infinitely many d ∈ N for which there exist algebraic numbers α, β satisfying (4)
and

|Ed(α, β)| >
( log d

log log d

)2
. (6)

Theorem 1 implies the following corollary:

Corollary 2 For each d ≥ 2 and any algebraic numbers α, β satisfying (4) we have

Q(α + sβ) = Q(α, β)

for some

s ∈ {0, 1, . . . , d/p(d)},
where p(d) is the least prime divisor of d.
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722 A. Dubickas

Proof The claim is true with s = 0 if m = deg α = d and with s = 1 if m = 1. So, assume that 1 < m < d. Then,
0 ∈ Ed(α, β) and |Ed(α, β)| ≤ m by (5). Since m ≤ d/p(d), at least one element of the set {1, 2, . . . , d/p(d)}
does not belong to Ed(α, β), which implies the corollary. �	

In particular, for d = pk , where p is a prime number and k ∈ N, the assertion of Corollary 2 holds with some
s ∈ {0, 1, . . . , d1−1/k}.

There is a huge gap between d in the upper bound (5) and (
log d

log log d )2 in the lower bound (6). It seems very
likely that the dependence on d in (5) is far from being best possible. However, the next result shows that, in
general, the first inequality |Ed(α, β)| ≤ [Q(α) : Q] of the bound in (5) cannot be improved.

Theorem 3 For each m ∈ N there are d ∈ N and algebraic numbers α, β satisfying (4) and

|Ed(α, β)| = [Q(α) : Q] = m. (7)

In the next section we will give some auxiliary results. Then, in Sections 3 and 4 we will prove Theorems 1
and 3 respectively.

2 Auxiliary results

Lemma 4 If α1, α2, α3 are three distinct conjugates of an algebraic number over Q and x1, x2, x3 are three
nonzero rational numbers satisfying x1 + x2 + x3 = 0 then x1α1 + x2α2 + x3α3 �= 0.

Although the lemma can be derived from some more general results, for convenience of the reader we will
give its short proof following the argument of Smyth in [13]; see also [6, Theorem 4] for a generalization.

Proof Since x1, x2, x3 are nonzero and sum to zero, either one or two numbers xi , i = 1, 2, 3, are positive. If
two xi are positive then we can replace each xi by −xi . Thus, without restriction of generality, we can assume
that exactly one xi , say x1, is positive. Accordingly, x2 and x3 are negative. Assume that

x1α1 + x2α2 + x3α3 = 0.

Then,

α1 = − x2

x1
α2 − x3

x1
α3 = μα2 + να3,

where μ = −x2/x1 > 0 and ν = −x3/x1 > 0 are rational numbers satisfying μ+ν = 1. Take an automorphism
σ of the Galois group of Q(α1)/Q that maps α1 to the largest in modulus conjugate of α1 over Q, say α. (If there
are several α with largest modulus, we select α as any of them.) Then, σ(α2) = α′, σ(α3) = α′′, and α, α′, α′′
are three distinct conjugates of α. By the modulus consideration, from

α = σ(α1) = σ(μα2 + να3) = μα′ + να′′

we must have |α| = |α′| = |α′′|. This implies

1 = μy1 + νy2

with y1 = α′/α ∈ C and y2 = α′′/α ∈ C satisfying |y1| = |y2| = 1 and y1, y2 �= 1. However, by considering
the real parts of both sides, we obtain

1 = �(1) = �(μy1 + νy2) = μ�(y1) + ν�(y2) < μ + ν = 1,

which is impossible. �	
Lemma 5 For each n ≥ 3 we have

n >
log(2nn!)

log log(2nn!) .

123



An effective version of the primitive element theorem 723

Proof Assume first that n ≥ 7. Observe that the function f (x) = log x
log log x is increasing for x > ee = 15.1542 . . ..

Also, by Stirling’s formulae,

2nn! < 2ne1−nnn+1/2 < nn,

since 2ne1−n√
n < 1 for n ≥ 7. Hence, for n ≥ 7, as 277! > 16, we obtain

log(2nn!)
log log(2nn!) <

log nn

log log nn
= n

log n

log(n log n)
< n,

whence the result. For n ∈ {3, 4, 5, 6} the inequality of the lemma is verified directly. �	
Lemma 6 Let ξ1, . . . , ξm be the conjugates of an algebraic number of degree m over Q with Gal(Q(ξ1, . . . , ξm)/Q)

being the full symmetric group Sm. Then, for any rational ci , i = 1, . . . , m, the number
∑m

i=1 ciξi is of degree
m! if and only if c1, . . . , cm are pairwise distinct.

Proof We first show that if α = ∑m
i=1 ciξi has degree m! then ci , i = 1, . . . , m, are pairwise distinct. Indeed,

if c j = ck for some j �= k then the permutation τ that swaps ξ j and ξk and leaves the remaining ξi untouched
maps α to itself, so α is of degree strictly less than m!. (In fact, deg α ≤ m!/2.)

Assume now that the coefficients ci are all distinct. Note that the conjugates of α are all of the form∑m
i=1 cτ(i)ξi , where τ is a permutation of the set {1, . . . , m}. So, the degree of α is m! except when equal-

ity
∑m

i=1 ciξi = ∑m
i=1 cτ(i)ξi holds for some τ satisfying τ( j) �= j for at least one j ∈ {1, . . . , m}. This implies∑m

i=1(ci − cτ(i))ξi = 0, and hence

m∑

i=1

eiξi = 0 (8)

with ei = ci − cτ(i) ∈ Q, i = 1, . . . , m. Since τ is not the identity permutation, not all ei are zeros. So, as∑n
i=1 ei = ∑m

i=1(ci − cτ(i)) = 0, not all ei are equal. This gives a nontrivial additive relation with conjugate
algebraic numbers (8), which is impossible by, e. g., [14, Lemma 1]. (The same conclusion follows under weaker
assumption when Gal(Q(ξ1, . . . , ξm)/Q) is 2-transitive [5]). �	

Finally, we need the next lemma.

Lemma 7 Let γ1, . . . , γn be the zeros of xn + (−1)n(x − 1). Choose a square root of each γi , and let c1, . . . , cn
be nonzero rational numbers satisfying ci �= ±c j for i �= j . Then, the field Q(

√
γ1, . . . ,

√
γn) has degree 2nn!

and

c1
√

γ1 + · · · + cn
√

γn

is an algebraic number of degree 2nn! over Q.

Its proof is given in [3, Proposition 12] (see also [3, Proposition 10]). To be precise, Proposition 12 there is
stated for ci = i only, but the proof is exactly the same for any nonzero rational numbers c1, . . . , cn satisfying
ci �= ±c j for i �= j . Indeed, then the conjugates of α = ∑n

i=1 ci
√

γi over Q are of the form

n∑

i=1

cτ(i)θi
√

γi , (9)

where τ runs over all permutations of the set {1, . . . , n} and θi ∈ {−1, 1} for each i . These 2nn! conjugates are
all distinct. In the case when some ci = 0 or ci = ±c j for some i �= j some two numbers in (9) are equal, so
the degree of α = ∑n

i=1 ci
√

γi over Q is less than 2nn!. Then, Q(α) is a proper subfield of Q(
√

γ1, . . . ,
√

γn),
so the degree of α is at most 2n−1n!.
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724 A. Dubickas

3 Proof of Theorem 1

As it was already observed in the introduction, we have |Ed(α, β)| ≤ 1 if α ∈ Q or β ∈ Q. In all what follows
we will assume that α, β /∈ Q.

Let r ∈ Ed(α, β) and r �= 0. Then, as we already observed in the introduction, (3) holds for some auto-
morphism σ of the normal closure of Q(α, β) over Q satisfying σ(β) �= β. Since r �= 0, we must also have
σ(α) �= α.

Let α1 = α, α2, . . . , αm be the conjugates of α over Q and let β1 = β, β2, . . . , β� be the conjugates of β

over Q. Assume that v, r ∈ Ed(α, β), where r, v �= 0 and r �= v. Then, for some j, k, t, i > 1, by (3), we must
have

α1 − α j = r(βk − β1) and α − αt = v(βi − β1). (10)

It remains to show that j and t are distinct. Then, Ed(α, β) contains at most m − 1 distinct nonzero rational
numbers plus possibly 0 (if m < d), so |Ed(α, β)| ≤ m, as claimed.

For a contradiction assume that j = t . It is clear that then k �= i , since otherwise r = v by (10), which is not
the case. For j = t from (10) it follows that r(βk − β1) = v(βi − β1), and hence

wβk − βi + (1 − w)β1 = 0,

where w = r/v ∈ Q \ {0, 1}. However, the coefficients w,−1, 1 − w sum to zero and β1, βi , βk are distinct
conjugates of β, which is impossible by Lemma 4. This completes the proof of j �= t , and hence that of (5).

Now we will prove (6). Let γ1, γ2, . . . , γn be as in Lemma 7. Then, the numbers

α = q
√

γ1 + q2√γ2 + · · · + qn√
γn, (11)

where the integer q ≥ 2 will be chosen later, and

β = −√
γ1 − 2

√
γ2 − · · · − n

√
γn (12)

are both is of degree 2nn! over Q. Since F = Q(
√

γ1, . . . ,
√

γn) is of degree 2nn!, both α and β are generators
of F . Hence, F = Q(α, β).

Consider the number

α + rβ = (q − r)
√

γ1 + (q2 − 2r)
√

γ2 + · · · + (qn − nr)
√

γn

with r ∈ Q. By Lemma 7 (see also the observation below Lemma 7), it has degree less than 2nn! only if
qi − ri = 0, qi − ri = q j − r j or qi − ri = −q j + r j for some i, j ∈ {1, . . . , n}, i < j . This happens if
r = qi/ i for i = 1, . . . , n, r = (q j − qi )/( j − i) for i < j , or r = (q j + qi )/( j + i) for i < j . Note that all
these

2

(
n

2

)
+ n = n2

numbers

qi

i
,

q j − qi

j − i
,

q j + qi

j + i
(13)

are positive.
We will show that they are pairwise distinct for q large enough. Indeed, each equality between any two of

those n2 numbers gives equation of the form

e1qk1 + e2qk2 + e3qk3 + e4qk4 = 0 (14)

with rational ei , i = 1, . . . , 4, where e4 > 0, and integer ki satisfying 1 ≤ k1 < k2 < k3 < k4 ≤ n. In fact, since
each denominator i, j − i, j + i in (13) is at most 2n − 1, we have e4 > 1/(4n2). Also, it is clear that |ei | < 2
for i = 1, 2, 3 (possibly ei = 0). Hence, the left hand side of each equality as in (14) is greater than

qk4

4n2 − 3 max
1≤i≤3

|ei |qki >
qk4

4n2 − 6qk4−1.
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An effective version of the primitive element theorem 725

It is positive for each q > 24n2, so (14) cannot hold for q > 24n2.
Consequently, α + rβ is of degree 2nn! for all but exactly n2 rational numbers r . Since d = [Q(α, β) : Q] =

2nn!, by Lemma 5, for each n ≥ 3 we obtain

|Ed(α, β)| = n2 >
( log(2nn!)

log log(2nn!)
)2 =

( log d

log log d

)2
.

This implies (6) for d = 2nn!, where n ≥ 3 is an integer, and α, β are algebraic numbers defined in (11) with
integer q > 24n2 and (12).

4 Proof of Theorem 3

For m = 1 we can take, for instance, α = 1 and any algebraic number β of degree d ≥ 2. Then, [Q(α, β) : Q] = d
and Ed(α, β) = {0}, so that |Ed(α, β)| = 1. Similarly, for m = 2 we can select α = √

2 and β = √
2 + √

3.
Then, d = [Q(α, β) : Q] = 4 and E4(α, β) = {−1, 0}. Hence, |E4(α, β)| = 2.

In all what follows we assume that m ≥ 3. Select ξi , i = 1, . . . , m, as in Lemma 6. For example, we can
take ξi to be all roots of the polynomial xm − x − 1 by [11, Corollary 3]. Let F = Q(ξ1, . . . , ξm) be the splitting
field of xm − x − 1. Then, [F : Q] = m!.

Set d = m! and choose

α = ξ1 and β =
m∑

i=1

ciξi

with rational 0 < c1 < · · · < cm . Then, β is of degree m! over Q by Lemma 6, which implies F = Q(β) =
Q(α, β) and [Q(α, β) : Q] = d. Hence, α and β satisfy (4). Since the degree of α over Q is equal to m, it remains
to show that

|Ed(α, β)| = m. (15)

Assume that r ∈ Ed(α, β). Then,

α + rβ = (1 + rc1)ξ1 + r
m−1∑

i=2

ciξi

must be of degree less than d. By Lemma 6, this happens only if r = 0 (since m ≥ 3) or 1 + rc1 = rci with
some i ∈ {2, . . . , m}. The latter means that r = 1/(ci − c1).

Note that the numbers 0 and 1/(ci − c1), i = 2, . . . , m, are all distinct, so the set

Ed(α, β) = {0, 1/(c2 − c1), 1/(c3 − c1), . . . , 1/(cm − c1)}
contains precisely m elements. This completes the proof of (15) and so that (7).
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