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Abstract The goal of this paper is to present a Dunkl-Gamma type operator with the help of generalization of
the two-variable Hermite polynomials and to derive its approximating properties via the classical modulus of
continuity, second modulus of continuity and Peetre’s K -functional.
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1 Introduction

By now, several research workers have investigated linear positive operators and their approximation properties,
see for instance [1-6] and references so on. Furthermore, many authors have studied linear positive operators
containing generating functions and given some approximation properties of these operators. To see such opera-
tors, we give the references such as Altin et al. [7], Dogru et al. [8], Krech [9], Olgun et al. [10], Sucu et al. [11],
Tagdelen et al. [12], Varma et al. [13,14].

Latterly, with the help of Dunkl exponential function, several authors have defined some linear positive
operators. First of them is a Dunkl analogue of Szdsz operators given in [15] as follows:

e 1 (nx)* [k +2v6;
S”(g’x)‘ev(nx)zyu(k)g<

k=0

o]

) ;neN, v, x €l0,00) (1.1)
n

for g € C[0, 00). Here the Dunkl exponential function is defined by

o0 k
X
v =) 1.2
ey (x) 23 ® (1.2)
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forv > —% and the coefficients y, are given by

2%kII (kv 4+1/2 22K (k4 v +3/2
v (2k) = ( /2 and y, Qk+1) = ( /2 (1.3)
rov+1/2) rov+1/2)
Also, for the coefficients y,, the following recursion relation holds
k+1
WhHD b +k+1). k € No, (1.4)
Y (k)

where 6y is defined by

ek:{O,ifk=2p 0s)

Lifk=2p+1

for p € Np in [16]. Then, I¢6z and Cekim have given a Stancu-type generalization of Szdsz—Kantorovich
operators and ¢ —Szdsz operators with the help of the Dunkl exponential function in [17,18].
Next, Wafi and Rao [19] has introduced Szdsz—Gamma operators based on Dunkl analogue as

00 (nx)k k+2,u9/{+)»+1
D] (x) = 3 ootk =t £ (1), (1.6)
e, (nx) = Vu(k) Dk +2u0 + A + 1”0
where A > 0 and I" is Gamma function defined by
F(x) = [yt e "dt for x > 0. (1.7)

Finally, Aktas et al. [20] has introduced the operator 7,,(f; x) forn € N

1 L hi(na) <k+2u6k)
x —_—
ea;ﬂeu(nx) = V,u(k) n

T.(f;x):=

where ¢ > 0, u > 0 and x € [0, 00), via the Dunkl generalization of two-variable Hermite polynomials,
ht (&, o) in [21] defined as follows

00 4
3 }%r" =", (E1). (1.8)
n=0 K
Here
Wiy — TR E )

n!
and H}' (¢, «) has the following explicit representation
[ 3 ] ak gn —2k

123 —
By §.0) =n! 2 kKl (n—2k)°

We note that H,}' (£, a) reduces to the two-variable Hermite polynomials defined by

_ 7 ké_-n 2k
H, (€, ) = n! Z 0 (1.9)

as u = 0, see detail [22]. In the case of i = 0, the operator T, (f; x) gives the operator G% (f; x) defined by
Krech [9] as follows

o k
fo (f;x) = e—(nx+ax2)z 0 — Hi(n, o{)f( ), X € RS_IZ [0, 00),

k=0
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where Hy is the two variable Hermite polynomial in (1.9). Furthermore, recently, some sequences of Dunkl
operators and Dunkl-Gamma type operators in terms of Appell polynomials have been defined and approximation
properties of these operators have been investigated [23,24].

The paper is organized as follows. In the next section, we introduce a Dunkl-Gamma type operator consisting
of the generalization of two-variable Hermite polynomials. In the third section, the rates of convergence of the
operator are obtained by means of the classical modulus of continuity, second modulus of continuity, Peetre’s
K -functional and the Lipschitz class Lipys (y) .

2 The Dunkl-Gamma type operator

Firstly, before we introduce our operator, let us give some features and results related to /) (&, o) generated by
the Dunkl generalization of two-variable Hermite polynomials in (1.8).
We first recall the following definition and lemma in [16].

Definition 1 [16] Assume that © € C, x € C. On all entire functions ¢ on C, Rosenblum defines the linear
operator D, as follows:

Dy (9(x) = (Dyugp) (x) = ¢ (x) + %((p(X) —¢(=x), x e C. 2.1)

Lemma 1 [16] Assume that ¢, Y are entire functions. With the help of the linear operator D, the following
relations are satisfied:

() DL:x”—)yﬂ%—(i)j)x”_j, j=0.1,2,..n(neN); D} : 10,

@i) Du(ey) =Dy + oD, (¥), if ¢ is an even function,
(@ii) Dy : e (Ax) — rey (Ax).
By using this definition and Lemma 1, the results in the next lemma hold true (see detail [20]).

Lemma 2 [20] kL (£, «) has the following results

A T3
@ X %t” = (¢ +2ozt)eo”zeﬂ($t),
n=0

o () 2 2.2 2 2
i) > ";ﬂ(n) t" = (&7 + 4Eat +4at” 4 2a)e* e, (Et) + 4ape® e, (—E1).
n=0

Now we can define our operator as follows:
Definition 2 Via i/, (£, @) given in (1.8), we consider the operator S, (f; x), n € N given by

00
1 h]l: (n, o) ' k206141

X
eaﬂeu(nx) =0 Vu (k) 'tk +2ub +1+1)

Sn(fsx):= Jootk At T £ (1) dt 2.2)

where o > 0, p > _71, A > 0and x € [0, c0). We note that the operator in (2.2) is positive and linear. For

a = 0, it reduces to D,{ (x) given by (1.6).
Lemma 3 The following equations can be derived from the definition of the operator S,,(f; x):

(i) Su(l;x) =1,
(i) Splt; x) = x 4 2= 4 2kl

n

i) Syt x) = fl—j {n2 + 4nax + 4a’x? + 2a —1—40(;1,8‘6‘:(_"'1);)
iii

2 (=nx) | 2042 A (42
20 (1 = 200) Y o+ A 0 2aw)x ST,
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Proof From the definition of Gamma function in (1.7), we have

oy, _ PEL 200+ 2 41)
0 kP20t

By using the above equation and the generating function in (1.8), we get the relation (i). Using the definition of
Gamma function again, we have

foootk+2u9k+k+le—ntdt _ Ik +2ub + 2 +2)

k200 +3+2
Thus we get the relations
. 1 Nhi(nya) o pRPOHAEL D420 + A+ 2)
Snlt;x) = o ) ) STkt 200+ A+ 1) nkroaderit?
"w k=0 " MOk
1 (n,(x) k
=—F—) (k+2 9+/\+1)k—x
neox’ eu(nx) Z Hok Y (k)

00 L u
Z( + 26, k( o) U A+1D hk(n’a)xk.

- ne‘”zeu(n Vu (k) ne‘”zeu(nx) Pt Y (k)

The second series in right hand side of the above equation from the generating function in (1.8) is @ Also,
if we use the recursion relation in (1.4) for the first term, we get

! S B Gt D)

S,(t;x) =
n(t: %) ne”‘xzeﬂ(nx) =1 Yk —1) n

While we are substituting £ by £ + 1 and using Lemma 2 (i), we arrive at the relation (ii). From the definition
of Gamma function in (1.7) again, the following equality holds

100 kb2t g Tk +2u0c + 2 +3)

Wk 2uBAA3
from which, it follows
(2 x) = 1 >\ hi(n, oz)xk nk+2u0+a+1 [k + 20 + A+ 3)
n s ea;ﬂeu(nx) = VM(k) F(k 4 2/1/916 + A+ 1) nk+2u0k+)»+3
- ;Z(k+2u9k+k+l)(k+2;w ) %) LG
n2e‘”2eu(nx) Y (k)
A +2) i (n, o) ok
—_— k+2u6
n2eex’ eu(nx) = Z( N Y (k)

(A +2)(+1) hff(n,a)xk
nze‘“zeu(nx) = r (k)

The third term in right hand side of the above equation from the generating function in (1.8) is W’?# Also

by taking into account the recursion relation in (1.4) the for first and second series, we obtain

X hit (@)
Sp(t3x) = —————— S (k4 2ubg1 + A+ 2)FEL Tk
n(%0 = n2e*e, (nx) = Z( o : Y (k)
(h+2)x h;:H(n,Ol)xk A+2)A+1)
nze"‘xzeﬂ(nx) =0 Y (k) n? .
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Using the equation

Ory1 = O + (=D (2.3)
in [16], it yields
(tZ. )C) Z(k +2 Mxk
’ n e“xzeu(n Yu (k)
+ 2px o icx1 (1 @) (=x)
nzeo‘xze“(nx) = Y (k)

2A42)x o My, @ . G+20+D
n2e*e, (nx) = vu(k) n’ .

Finally using the recursion relation in (1.4) in the first series, from Lemma 2 (i) for the second and third series
and Lemma 2 (ii) for the first series, we complete the proof of (iii). O

Remark 1 In case of o = 0, the results of Lemma 3 reduce to the results in the paper of Wafi and Rao in [19].

Lemma 4 From the results of Lemma 3 and the linearity of the operator, we can obtain the next results for Sy
operator
2ax? + A+ 1

AL =8t —xix) = —

Ay = Su((t —x)%; %)

1 [x? _
_! [x_ <4x2a2 + e + 10a) +2x (;ﬂ( ) 4 1) + —(”“,f”z)} : 2.4)

n n e, (nx)

‘—u(_x)
eu(x)

EM(—X)

eﬂ(x)

§1f0rx20andu>%1and — 0as x — o0 in[25], we

have the following theorem.

Theorem 1 Assume that the function g on the interval [0, 00) is uniformly continuous bounded function. For
each function g on [0, 00), we can give

uniformly

Sn(gix) = gx)
on each compact set A C [0, 0c0) when n — 0.

Proof In view of Lemma 3

1im$,,(ﬂ';x>=xi L i=0.1.2

n—o0

is verified where the convergence holds uniformly in each compact subset of [0, o). Then, using well known
Korovkin Theorem in [26], we give the desired result. m]

3 The convergence rates of operator S,

In this part, we obtain some rates of convergence of the operator S,.

Theorem 2 Ifh € Lipy (y), which satisfies the inequality
lh(s) —h @] <Mls —1|"
where s,t € [0,00), 0 <y <land M > 0, we have
S (h: x) — h ()] < M (M)

where A» is given in Lemma 4.
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Proof From the linearity of operator and & € Lipy (y) , we get

|Sn (h; %) = h ()| < S (1h (1) = h (x)]5 %) < MS, (It = xI” 5 x).

Under favour of Holder’s inequality and Lemma 4, we can give the following required inequality

S (3 x) = h ()] < M [Az]7 .
Theorem 3 The operator S, in (2.2) satisfies the inequality
ey (—nx)

2 1
ISn (g5 x) —g ()] < (1 + \/% (4x20% 4+ 4ho + 10c) + 2x (MW + 1) + W) 1) (g;

ﬁ) ’
where g € c [0, 00), which is the space of uniformly continuous functions on [0, 00), and the modulus of
continuity is defined by

w(g;8):= sup

1§ (s) — g ()] (3.1
s,t€[0,00)
ls—]<é
forg e 5[0, Q).

Proof Firstly we note that the modulus of continuity verifies the following inequality

[t — x|
lg () —g ()| < w(g;d) <T+l>'

(3.2)
Under favour of the linearity of operator, Cauchy—Schwarz’s inequality, and Lemma 4, respectively, it follows

1Sn (85 %) — g ()| = Sp (I8 (1) — g (X)]; %)

< (1 + ésn (i —x|;x)>w<g; 5)

1
< (1+5\/A7>w<g;8).

By choosing § = \/lﬁ, we complete the proof.

Lemma 5 Forh € C% [0, 00), which is denoted by

C2[0, 00) = {h € Cg[0, 00) : k', " € Cg[0, o0)} (3.3)
with the norm

”h”cg[o,oo) = 12l g10,00) + ||h/”CB[O,OO) + ||h//”CB[O,OO)

where Cg[0, 00) is the space of continuous and bounded functions on [0, co) with the norm

Il cgo.00) = sup  |A(x)]
xel0,00)
the following inequality holds true
1
Ay 5
|Sp (h; x) —h (x)] < > 24+ A5 ||h||c§[o,oo) )
where A, is given by in Lemma 4.

(34)
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Proof With the help of the Taylor’s series of the function 4, it follows that

(s —x)?

h(s)=hx)+ (6 —x)h &)+ 5

h" ()

where ¢ between x and s. Then, by applying S, to this equality and using the linearity of the operator, we get

h//
Sp(h;x) —h(x) =h" () Sy (s —x3x) + 2(;) As.
Using Lemma 4 and
i 1
Sn(Is —x|:x) < (Sn ((s —x)z;x))z = A3,

the following inequality is satisfied

1
|Sp (h; x) —h ()] < A; Hh/HCB[O,oo) + % | ”cB[o,oo)

M (54l
< 5 24+ A; ||h||c%[o,oo)-

For any f € Cp[0, 00) and 6 > 0, Peetre’s K -functional is given by
K (f;6):=inf {||f — gllego.00 + 88" [ ey0.00 * 8 € CHIO. oo)} ,

where C%; [0, 00) = {g € Cp[0,00) : g, g" € Cp[0, c0)} and the second modulus of continuity ws (f; ) is
defined as

a)z(f;«/§>:: sup sup |f(x+25)—2F (x+8)+ f @)l (3.5)

0<s<+/8 X€[0,00)

Also, the inequality holds

Ka(f;8) < can(f; Vo) , ¢ >0, (3.6)

between Peetre’s K -functional and second modulus of continuity w; (see [27]).

Lemma 6 For g € C% [0, 00) and x = 0, o, A > 0, we get

[Sn (8:2) = g )] < Y (n.x) Hg” Hcglo,oo)

where

Su(g:x) =S (g:0) +8(x) — g (x + —2"”2#“)

and

T(n,x) = AT+ Ay,
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Proof Because of the linearity property of the operator §n (g;x)=8,(g;x)+gx)—g (x + M) , for
t € [0, 0o) we get g’n (t—x;x)=0.Forg e C% [0, 00), the Taylor’s expression is
() =g(x) + (t —x)g (x) + [{(t = v)g W)dv, t €[0,0).
If we apply S, to the last equality and then use S, (t —x;x) =0, we have
S (g0 = g0 =8, (J1t = v)g" )dv: x)
20x24A+1
=S, (fxt(t —v)g (v)dv; x) — f;+ (x4 2‘”2,!;)‘“ —v)g (v)dv,
from which, it follows
S0 (850 = 8@ = |80 (J1 = 018" @)dws x )|
x+2ax2+)~+1 ) p
+ 1 /x n (x4 2L et (v)d| . (3.7)
Since
t " 2 "
t— d ‘ < (t— H , 3.8
[t —v)g (v)dv| < (t —x)" g Cal0.00) (3.8)
we have
20x24A+1
T 2ox a4l N 2ax? 4412 H "
I (- 20525y v < (2R ) (3.9)
From (3.7), (3.8) and (3.9),
S (g:x) — 02 2ottt ||,
185 (g:) = g(0)] = {Sn (=% x) + (255l } G .
=Y. g ,
(n,x)|g Cal0.00)
where Y'(n, x) = A% + As. |

Theorem 4 Let f € Cy[0, 00) and ¢ > 0. The following inequality holds
[Su (f12) = f ()] < can (f; %m) +o (fiA).
Proof For f € Cp[0, 00) and g € C3[0, 00), we get
Si(f =g =Su(f = g0+ (=) = (f = g) (v + 25t )
=Sy (f50+ f(@) = f (x+ 25850) - 5, (g.0).
On the other hand, we give
81 () = F00) =85 (F = ) + 8, (g:0) = g0 + 800 + f (v + 2525 ) — £(x) = £ ()
=8, (f &0 = (f0) = g(0) + 8, (g5 = g) + f (v + 25 ) — £ (x).
Using Lemma 6, thus we have
1S (50 = FOI S (80 (f = 0]+ 1£00) = )] + |8, (g5 = g0 + | £ (v + 2252 - p()|

<41 = glegoon + Y00 ¢ | Horia.

Cpl0,00
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From the inequality (3.6) between Peetre’s K -functional and the second modulus of continuity w;, we have the
desired result. ]

Data Availability Data sharing not applicable to this article as no datasets were generated or analysed during the current study.
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